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Abstract

In teresting patterns sho w up in large graphs in

a v ariet y of settings: p o w er-la ws and \b o w-tie"

structure in the W orld Wide W eb, small diam-

eter for P eer-to-P eer o v erla y graphs, and man y

others. Disco v ering suc h patterns and regular-

ities has man y wide-ranging applications, from

understanding viral propagation to criminology

and la w-enforcemen t. The N etM ine system in-

cludes a to olb o x of patterns that sho w up in

real graphs. Apart from previously studied pat-

terns suc h as p o w er-la ws degree-distributions, it

adds the new \min-cut plot", whic h our recen tly

prop osed R - M AT [13 ] generator (also a part of

N etM ine ) can matc h w ell. W e also prop ose

adding a no v el to ol called A - pl ots to the graph

miner's arsenal, and sho w ho w this can b e used

to �nd in teresting patterns and outliers in large

real-w orld graphs.

1 In tro duction

There is increasing in terest in �nding common

patterns in large graphs dra wn from a surpris-

ingly div erse n um b er of settings. The W orld

Wide W eb exhibits p o w er la ws as w ell as a \b o w-

tie" structure [11 ]; most real graphs ha v e surpris-

ingly small diameters (ab out 19 for the w eb [6],

ab out 5-6 for the In ternet autonomous-system

top ologies [18 ]). Similar p o w er la ws and \small

w orld" phenomena app ear in p eer-to-p eer o v er-

la y graphs [29 ] and in the epinions.com who-

trusts-whom net w ork [28 ]. Exactly b ecause of

the imp ortance of large graphs, there are sev eral

graph generators that try to create syn thetic, but

realistic-lo oking graphs [23 , 5 , 13]. Suc h gener-

ators are useful for sim ulations (eg., of in ternet

routing proto cols, or virus propagation analysis),

extrap olations and what-if scenarios (\What will

the in ternet lo ok lik e, when it is double its cur-

ren t size?", \Ho w will a virus propagate, if w e

imm unize only the highest degree no des?")

Disco v ering patterns, la ws and regularities in

large real net w orks has n umerous applications:

Analysis of virus propagation patterns, on b oth

so cial/e-mail as w ell as ph ysical-con tact net-

w orks [33 ]; link analysis, for criminology and la w

enforcemen t [15 ]; fo o d w ebs, to help us under-

stand the imp ortance of an endangered sp ecies;
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net w orks of regulatory genes; net w orks of in ter-

acting proteins [7 ] and so on.

Ho w could w e analyze suc h large graphs auto-

matically? Whic h patterns should w e b e lo oking

for? Ho w can w e sp ot suspicious/erroneous sub-

graphs quic kly? These are the questions that our

N etM ine system fo cuses on. The main con tri-

butions of this pap er are that

� it prop oses the \min-cut plots", an in terest-

ing pattern to c hec k for while analyzing a

graph

� it prop oses the \ A - pl ots " as a to ol for

quic kly �nding suspicious subgraphs/no des

� it scales v ery w ell with size of the graph

for all its tasks, and th us is able to quic kly

handle graphs of h undreds of thousands of

no des

� it sho ws ho w to in terpret these plots, and

ho w w e found surprising patterns and out-

liers on real graphs

The la y out of the pap er is as follo ws. Section 2

details previous w ork in the �eld of graph min-

ing. W e then describ e our prop osed ideas for

mining graphs in Section 3. This is follo w ed b y

exp erimen ts in Section 4. W e �nally conclude in

Section 5.

2 Bac kground and Related

W ork

Let's establish some terminology �rst: A gr aph

G = ( V ; E ) is a set V of N no des and a set E of

E edges b et w een them. F or example, the net-

w ork of In ternet routers and their ph ysical links

is an (undirected) graph. First w e discuss imp or-

tan t patterns that ha v e b een disco v ered in real

graphs, and then w e discuss some existing graph

generators.

P atterns and \La ws" : Sev eral in teresting

patterns often sho w up in real-w orld graphs.

They can mainly b e group ed in to p o w er-la ws and

small-diameter phenomena.

Power laws: Sk ew ed distributions, and la ws of

the form y = x

a

, app ear v ery often. Suc h a

la w comes out as a line of slop e a , when w e plot

y v ersus x in log-log scales. Plotting the n um-

b er of no des ( c

k

) with a certain degree k , v er-

sus their degree k on a log-log scale giv es the

degree-plot, whic h often exhibits a p o w er-la w.

Suc h p o w er-la w degree distributions are found

in the In ternet top ology [18 ], the W orld Wide

W eb [21 ], the citation graph [27 ] and man y oth-

ers. The eigen v alues of the adjacency matrix,

when plotted v ersus their rank in log-log scales

(called the \scree-plot"), also sho w a p o w er-la w.

V ery recen tly , deviations from the p o w er la ws

ha v e b een observ ed [26 ], whic h ma y b e explained

using lognormal distributions [8 ].

Diameter - smal l world phenomena: Most real

graphs ha v e surprisingly small diameters: the fa-

mous \six degrees of separation" in so cial net-

w orks [24 ], 19 for the W eb [6], and lo w diameters

for the In ternet top ology [32 ].

Network values of no des: The elemen ts v

1 ;i

in

the �rst eigen v ector ~v

1

of the adjacency matrix

roughly corresp ond to the \net w ork v alues" of

no des in an undirected graph [28 ]. F or a directed

graph, the corresp onding v alues are giv en b y the

�rst left singular v ector ~v

1

and the �rst righ t sin-

gular v ector ~u

1

. W e use these net w ork v alues in

our A - pl ots , and p oin t out sev eral striking pat-
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terns whic h sho w up.

Me asur es : There is a h uge list of measures in

the literature of computer net w orks, so cial net-

w orks and graph theory , including the follo w-

ing. F or a no de, w e ha v e the clustering co ef-

�cien t, \prestige", and \imp ortance" [14 ]; for

a whole net w ork, w e can compute the \expan-

sion", \resilience" and \distortion" [31 ], and the

c haracteristic path length [12 ]; for eac h edge, the

\stress" [19 ].

Graph Generators : There are sev eral

metho ds for generating graphs. The earli-

est mo del w as the random graph mo del b y

Erd} os and R � en yi [16 ], but it do es not matc h

p o w er-la ws. Giv en a degree distribution (t ypi-

cally follo wing a p o w er-la w), sev eral mo dels try

to �nd a graph that matc hes this degree distribu-

tion [2 , 3 , 22 , 25 ]. Other mo dels try to pro vide

a simple set of rules of placing edges b et w een

no des; the t ypical represen tativ e here is the

Barab� asi-Alb ert (BA) metho d [4] with the \ pr ef-

er ential attachment " idea: Keep adding no des;

new no des prefer to connect to no des with high

degrees. Sev eral mo di�cations and alternativ es

ha v e b een suggested [5, 21 , 12 , 26 , 23 ]. Another

class of generators consider geometry [10 , 17 ].

A recen tly prop osed graph generator is

R - M AT [13 ], whic h has successfully matc hed

man y of the patterns men tioned b efore. The

R - M AT (for R ecursiv e MA T rix) mo del re-

cursiv ely sub divides the adjacency matrix in to

four equal-sized partitions, and distributes edges

within these partitions with unequal probabili-

ties: Starting o� with an empt y adjacency ma-

trix, w e \drop" edges in to the matrix one at a

time. Eac h edge c ho oses one of the four parti-

tions with probabilities a; b; c; d resp ectiv ely . Of

course, a + b + c + d = 1. The c hosen partition

is again sub divided in to four smaller partitions,

and the pro cedure is rep eated un til w e reac h a

simple cell (=1 � 1 partition).

N etM ine pro vides patterns and c hec kp oin ts

whic h an y graph generator m ust matc h, if it is

to realistically mo del real-w orld graphs. Th us,

the N etM ine to olkit w ould b e essen tial to ev al-

uating the p erformance of graph generators.

3 Prop osed Ideas

The con tributions outlined here are t w ofold: (1)

w e presen t the \min-cut plot", a new c hec kp oin t

for comparing a syn thetically-generated graph

to a real one, and (2) w e presen t a no v el to ol

called A - pl ots for in teractiv e insp ection of graphs

and for �nding erroneous/outlier no des and sub-

graphs. Both of these are describ ed b elo w.

\Min-cut plots": Sev eral criteria ha v e b een

previously prop osed to compare a syn thetic

graph to a real-w orld graph. These include

degree distributions, hop-plots, scree-plots and

others. N etM ine includes all these, and adds

\min-cut plots".

A min-cut of a graph G = ( V ; E ) is a parti-

tion of the set of v ertices V in to t w o sets V

1

and

V � V

1

suc h that b oth partitions are of appro x-

imately the same size, and the n um b er of edges

crossing partition b oundaries is minimized. The

n um b er of suc h edges in the min-cut is called

the min-cut size. Min-cut sizes of v arious classes

of graphs has b een studied extensiv ely , and are

kno wn to ha v e imp ortan t e�ects on other prop er-

ties of the graphs [30 ]. F or example, Figure 1(a)

sho ws a regular 2D grid graph, and one p ossible

min-cut of the graph. W e see that if the n um b er
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of no des is N , then the size of the min-cut (in

this case) is O (

p

N ).

The min-cut plot is built as follo ws: giv en a

graph, its min-cut is found, and the set of edges

crossing partition b oundaries deleted. This di-

vides the graph in to t w o disjoin t graphs; the min-

cut algorithm is then applied recursiv ely to eac h

of these sub-graphs. This con tin ues till the size

of the graph reac hes a small v alue (set to 20 in

our case). Eac h application of the min-cut algo-

rithm b ecomes a p oin t in the min-cut plot. The

graphs are dra wn on a log-log scale. The x-axis

is the n um b er of edges in a giv en graph. The

y-axis is the fraction of that graph's edges that

w ere included in the edge-cut for that graph's

separator.

Figure 1(b) sho ws the min-cut plot for the 2D

grid graph. In plot (c), the v alue on the y-axis

is a v eraged o v er all p oin ts ha ving the same x-

co ordinate. The min-cut size is O (

p

N ), so this

plot should ha v e a slop e of � 0 : 5, whic h is exactly

what w e observ e.

A - pl ots : A simple w a y to �nd suspicious

no des/subgraphs in a large graph could b e v ery

useful in a v ariet y of situations. Ho w ev er, the ob-

vious approac h of trying to visualize the graph

do es not w ork v ery w ell: visualization of large

graphs is notoriously tough and time consuming,

and is a researc h topic in its o wn righ t. Our pro-

p osed solution, called A - pl ots , consists of three

t yp es of plots for undirected graphs: (1) the plot

of the adjacency matrix with no des sorted in de-

creasing order b y their net w ork v alues ( R V - R V

plot, for Rank of net w ork V alue), (2) the plot

of the degree of a no de v erses its rank of net-

w ork v alue ( D - R V plot, for Degree v erses Rank

of net w ork V alue), and (3) the plot of the ad-

jacency matrix with no des sorted in decreasing

order b y their degrees ( R D - R D plot, for Rank

of Degree). T ogether, these plots often rev eal

in teresting patterns and prop erties of the graph.

W e prop ose these as v aluable to ols for getting an

o v erall view of an undirected graph.

4 Exp erimen ts

W e p erformed exp erimen ts to answ er the follo w-

ing questions:

� Q1: Ho w do the min-cut plots lo ok for

real-w orld graphs, and do es R - M AT matc h

them?

� Q2: Ho w can A - pl ots b e used for analyzing

large graphs?

W e used sev eral natural and syn thetic datasets

in our exp erimen ts. Epinions is a graph of who-

trusts-whom from www.epinions.com . Luc ent is

an undirected graph of net w ork routers, obtained

from www.isi.edu/scan/mercator /map s.ht ml .

R outer is a larger graph (the SCAN+Lucen t

map) from the same URL, whic h subsumes

the Luc ent graph. Clickstr e am is a bipartite

graph linking user-ids to w eb-domains. Go o gle

is a graph of w ebpage connectivit y from the

Go ogle [1] programming con test. Characteristics

of these datasets are sho wn in T able 1.

4.1 [ Q 1] Min-cut Plots

W e plotted min-cut sizes for a v ariet y of graphs.

F or eac h graph listed w e used the Metis graph

partitioning library [20 ] to generate a separa-

tor, as describ ed b y Blandford, Blello c h, and

Kash [9 ].
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(a) A grid and its min-cut (b) 2D grid min-cut plot (c) Av eraged min-cut plot

Figure 1: Plot (a) sho ws a p ortion of a regular 400x400 2D grid, and a p ossible min-cut. Plot (b)

sho ws the full min-cut plot, and plot (c) sho ws the a v eraged plot. If the n um b er of no des is N , the

length of eac h side is

p

N . Then the size of the min-cut is O (

p

N ), whic h leads to a slop e of � 0 : 5,

whic h is exactly what w e observ e.

Gr aph No des Edges

Epinions 75888 508837

Lucen t 112969 181639

Router 284805 898492

Clic kstream 222704 952580

Go ogle 916428 5105039

T able 1: List of datasets used in the exp erimen ts

and their details.

Figure 2 sho ws min-cut sizes of some real-

w orld graphs. F or random graphs, w e exp ect

ab out half the edges to b e included in the cut.

Hence, the min-cut plot of a random graph w ould

b e a straigh t horizon tal line with a y-co ordinate

of ab out log (0 : 5) = � 1. A v ery separable graph

(for example, a line graph) migh t ha v e only one

edge in the cut; suc h a graph with N edges w ould

ha v e a y-co ordinate of log (1 = N ) = � log ( N ),

and its min-cut plot w ould th us b e on the line

y = � x . As w e can see from Figure 2, the plots

for real-w orld graphs do not matc h either of these

situations, meaning that real-w orld graphs are

quite far from either random graphs or simple

line graphs.

Observ ation 1 (Noise) We se e that r e al-

world gr aphs se em to have a lot of \noise" in

their min-cut plots, as shown by the �rst r ow of

Figur e 2.

Observ ation 2 (\Lip") The r atio of min-cut

size to numb er of e dges de cr e ases with incr e as-

ing e dges, exc ept for gr aphs with lar ge numb er of

e dges, wher e we observe a \lip" in the min-cut

plot.

The min-cut plot con tains imp ortan t informa-

tion ab out the graph [30 ]. Hence, an y syn theti-

cally generated graph mean t to sim ulate a real-

w orld graph should matc h the min-cut plot of

the real-w orld graph. In Figure 3, w e compare

the mincut-plots for the Epinions graph with a

graph generated R - M AT . As can b e seen, the

basic shap e of the plot is the same in b oth cases,
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Figure 2: These are the min-cut plots for sev eral datasets. W e plot the ratio of mincut-size to edges

v ersus n um b er of edges on a log-log scale. The �rst ro w sho ws the actual plots; in the second ro w,

the cutsize-to-edge ratio is a v eraged o v er all p oin ts with the same n um b er of edges.

though the R - M AT plot app ears to b e shifted

sligh tly from the original.

Observ ation 3 The gr aphs gener ate d

by R - M AT app e ar to match the b asic shap e of

the min-cut plot for sever al r e al-world gr aphs.

4.2 [ Q 2] A - pl ots

Figures 4 and 5 sho w A - pl ots for the Router

dataset. Figure 4 sho ws the R V - R V and

R D - R D plots, and Figure 5 sho ws the D - R V

plot under di�eren t scalings. W e can mak e the

follo wing observ ations:

Observ ation 4 (\W ater-Drop") The

R V - R V plot has a cle an and smo oth oval-shap e d

b oundary for the e dges in the gr aph.

Explanation: The b oundary of the edges is

de�ned b y the one-degree no des in the graph.

There are man y suc h no des b ecause of the p o w er

la w distribution of the degrees. Let I

i

denote the

net w ork v alue of no de i ; if no de i has a degree of

one and no de j is the only no de it is connected

to, the prop erties of sp ectral decomp osition of a

matrix imply that

I

i

= 1 =�

1

� I

j

(1)

where �

1

is the largest eigen v alue of the adja-

cency matrix of the graph [34 ]. Therefore the

b oundary of edges in the R V - R V plot can b e cal-

culated from the �rst eigen v alue and eigen v ector.

Figure 4(b) sho ws just this; the solid curv e rep-

resen ts degree-one no des. These are ob viously
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Figure 3: Here, w e compare min-cut plots for the Epinions dataset and a dataset generated b y

R - M AT , using prop erly c hosen parameters (in this case, a=0.5, b=0.2, c=0.2, d=0.1) W e see from

plot (c) that the shap es of the min-cut plots are similar.

the b oundary curv es for plot (a).

W e also see that there is no edge at all outside

of the b oundary . Let no de i ha v e net w ork v alue

I

i

, and ha v e no de j with net w ork v alue I

j

as its

most \imp ortan t" neigh b or (in the sense of high

net w ork v alue). Then, I

i

� 1 =�

1

� I

j

. Therefore

all edges are con�ned within the b oundary in the

R V-R V plot.

Observ ation 5 (Nested W ater-Drops)

Ther e ar e a p air of \se c ondary" lines within the

b oundary of the e dges in the R V - R V plot.

Explanation: These lines are the results of

some t w o-degree no des. When a no de i has t w o

degrees and the t w o no des it is connected to

ha v e ab out the same net w ork v alues (sa y , I

j

), w e

can calculate where the in v olv ed edges will sho w

up in the R V - R V plot similar to the one-degree

case:

I

i

= 2 =�

1

� I

j

(2)

The dashed lines in Figure 4(b) sho w the re-

sults, whic h matc h with the R V - R V plot. The

presence of these \secondary" lines in the plot

means that a signi�can t n um b er of the t w o-

degree no des in the graph are connected to t w o

\similar" (similar as is de�ned b y similar net-

w ork v alues) no des. The presence of the fain t

\tertiary" lines can b e explained accordingly .

Observ ation 6 (Diagonal) Ther e is mor e or

less a solid line that go es thr ough the diagonal

of the R V - R V plot even though the adjac ency

matrix do es not include any self-e dges.

Explanation: This means a no de is more lik ely

to b e connected with \similar" no des.

Observ ation 7 (White Strip es) Ther e

ar e white strip es (b oth vertic al and horizontal)

visible in b oth the R V - R V and the D - R V plots.

Explanation: The strip es come from a large

n um b er of no des that are connected to exactly

the same no des, usually just one or t w o. Since

no des that are connected the same w a y ha v e ex-

actly the same net w ork v alues, they sho w up as

a group and b ecome visible in the R V - R V and

D - R V plots (Figures 4(a) and 5(a, b) resp ec-

tiv ely).

Observ ation 8 (Isolated Comp onen ts)

The lar gely empty white squar e in the c orner

of the R D - R D plot r esults fr om c onne ctions b e-

twe en one-de gr e e no des.

7



Stripes

Degree-1
nodes

Degree-2
nodes

(a) R V - R V plot (b) Estimated b oundaries (c) R D - R D plot

Figure 4: A - pl ots for the \Router" graph: Plot (a) sho ws the R V - R V plot, and a v ery in teresting

\W ater-Drop" pattern is immediately apparen t. The outermost \b oundary strip es" are due to

no des of degree one (solid curv e) and t w o (brok en curv e), whose p ositions can b e calculated using

Equations 1,2 as sho wn b y plot (b). Plot (c) sho ws the R D - R D plot.

Explanation: An y dots (edges) in this area cor-

resp ond to t w o-no de isolated comp onen ts.

Observ ation 9 (Degree vs. Imp ortance)

Figur e 5(c) shows sever al p oints in the D - R V

plot having high de gr e e, but low network value

(and thus low r ank). Thus, high de gr e e do es not

imply high \imp ortanc e".

Explanation: The D - R V plot in Figure 5(c)

sho ws that the t w o highest-degree no des actu-

ally ha v e lo w `net w ork v alue'. This is coun ter-

in tuitiv e - ho w could it p ossibly b e the case, in

a p o w er-la w graph? Is it a data collection error?

The answ er is surprising, and actually also ex-

plains the white strip e in Figure 5(a,b): The

t w o highest-degree no des (lab eled `Spik e1' and

`Spik e2'), and a large n um b er of t w o-degree

no des, form a subgraph lik e the one sho wn in

Figure 5(d). `Spik e1' and `Spik e2', b eing a w a y

from the core of the net w ork, ha v e m uc h lo w er

net w ork v alue than what their high degree w ould

promise. Their satelites (= all the 2-degree

no des connected to them) ha v e iden tical, rela-

tiv ely high net w ork v alues, whic h cause the white

strip in Figure 5(a,b). W e are curren tly in v esti-

gating with domain exp erts the reasons for suc h

a w eird sub-graph. Ho w ev er, our p oin t is that

the prop osed D - R V and R V - R V plots exactly

sp otted this strange pattern, whic h w ould go un-

detected if w e only used the traditional, or ev en

recen t to ols, lik e degree-plots, scree-plots etc.

5 Conclusions

W e prop ose sev eral new to ols for mining large

graphs. Our emphasis is on scalable algorithms

that can handle arbitrarily large graphs. When

applied on real graphs, our new to ols disco v ered

patterns that w ere not visible with the kno wn

to ols (lik e degree plots, hop-plots etc).

The con tributions of this w ork are:

� A - pl ots : These plots pro vide new view-

p oin ts for insp ecting large graphs. W e no-
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Figure 5: A - pl ots for the \Router" dataset: Plot (a) sho ws the D - R V plot, and plot (b) sho ws a

blo wup of a p ortion, clearly demonstrating the \white strip es" phenomenon. Plot (c) sho ws the

D - R V plot in the linear-linear scale; no des with the highest degree do not ha v e the highest net w ork

v alue. Plot (d) sho ws the actual net w ork con�guration of routers in v olv ed in the strip e and spik es.

An explanation is pro vided in Observ ation 9 in the text.

ticed some striking patterns (\w ater-drops",

strip es, \lone" p oin ts), and w e sho w ed ho w

to in terpret them.

� Min-cut plots: They sho w the relativ e size

of the minim um cut in a graph partition.

F or regular 2-d and 3-d grid-st yle net w orks

(lik e Delauna y triangulations for �nite el-

emen t analysis), these plots ha v e a slop e

that dep ends on the in trinsic dimensional-

it y of the grid. Ho w ev er, for real graphs,

these plots sho w signi�can tly more `noise',

as w ell as a `lip'. W e w ere pleasan tly sur-

prised when our recen tly prop osed R - M AT

mo del [13 ] sho w ed a v ery similar b eha vior.

Thanks to the prop osed to ols, w e w ere able

to mak e sev eral in teresting observ ations. W e

sho w ed ho w A - pl ots can b e used to sp ot out-

liers, and mak e observ ations ab out the degree of

no des, b y simply lo oking at the adjacency matrix

in di�eren t w a ys.

F uture w ork could fo cus on the in tro duction of

additional to ols. These ha v e to b e selected care-

fully so that they are orthogonal to the existing

to ols; moreo v er, their implemen tation has also

to b e done carefully , so that they are scalable for

large graphs (10

4

� 10

9

no des and edges).

References

[1] Go ogle programming con test(2002).

http://www.google.com/prog ram ming -con tes t/ .

[2] William Aiello, F an Ch ung, and Lin yuan

Lu. A random graph mo del for massiv e

graphs. In STOC , pages 171{180, 2000.

[3] William Aiello, F an Ch ung, and Lin yuan

Lu. Random ev olution in massiv e graphs.

In F OCS , 2001.

[4] R. Alb ert and A.-L. Barab� asi. Emergence of

scaling in random net w orks. Scienc e , pages

509{512, 1999.

[5] R. Alb ert and A.-L. Barab� asi. T op ology of

complex net w orks: lo cal ev en ts and univ er-

salit y . Physic al R eview L etters , 2000.

9



[6] R. Alb ert, H. Jeong, and A.-L. Barab� asi.

Diameter of the w orld-wide w eb. Natur e ,

401:130{131, Septem b er 1999.

[7] A.-L. Barab� asi. Linke d: The New Scienc e of

Networks . P erseus Publishing, �rst edition,

Ma y 2002.

[8] Zhiqiang Bi, Christos F aloutsos, and Flip

Korn. The DGX distribution for mining

massiv e, sk ew ed data. In KDD , pages 17{

26, 2001.

[9] Daniel Blandford, Guy E. Blello c h, and Ian

Kash. Compact represen tations of separable

graphs. In SOD A , 2003.

[10] B.M.W axman. Routing of m ultip oin t con-

nections. IEEE Journal on Sele cte d A r e as

in Communic ations , 6(9), Decem b er 1988.

[11] Andrei Bro der, Ra vi Ku-

mar, F arzin Maghou1, Prabhak ar Ragha-

v an, Sridhar Ra jagopalan, Ra ymie Stata,

Andrew T omkins, and Janet Wiener. Graph

structure in the w eb: exp erimen ts and mo d-

els. In WWW Conf. , 2000.

[12] T. Bu and D. T o wsley . On distinguishing

b et w een in ternet p o w er la w top ology gener-

ators. In INF OCOM , 2002.

[13] Deepa y an Chakrabarti, Yiping Zhan, and

Christos F aloutsos. R-MA T: A recursiv e

mo del for graph mining. In SIAM Data

Mining , 2004.

[14] Soumen Chakrabarti. Mining the Web: Dis-

c overing Know le dge fr om Hyp ertext Data .

Morgan Kaufmann, 2002.

[15] H. Chen, J. Sc hro eder, R. Hauc k, L. Ridge-

w a y , H. A tabaksh, H. Gupta, C. Boarman,

K. Rasm ussen, and A. Clemen ts. Coplink

Connect: Information and kno wledge man-

agemen t for la w enforcemen t. CA CM ,

46(1):28{34, Jan uary 2003.

[16] P . Erd} os and A. R � en yi. On the ev olution of

random graphs. Public ation of the Mathe-

matic al Institute of the Hungarian A c adamy

of Scienc e , 5:17{67, 1960.

[17] Alex F abrik an t, Elias Koutsoupias, and

Christos H. P apadimitriou. Heuristically

optimized trade-o�s: A new paradigm for

p o w er la ws in the in ternet (extended ab-

stract), 2002.

[18] Mic halis F aloutsos, P etros F aloutsos, and

Christos F aloutsos. On p o w er-la w relation-

ships of the in ternet top ology . In SIG-

COMM , pages 251{262, 1999.

[19] Christos Gk an tsidis, Milena Mihail, and

Ellen Zegura. Sp ectral analysis of in ternet

top ologies. In INF OCOM , 2003.

[20] George Karypis and Vipin Kumar. A fast

and high qualit y m ultilev el sc heme for par-

titioning irregular graphs. T ec hnical Rep ort

TR 95-035, 1995.

[21] J. Klein b erg, S. R. Kumar, P . Ragha v an,

S. Ra jagopalan, and A. T omkins. The

w eb as a graph: Measuremen ts, mo dels

and metho ds. In Pr o c e e dings of the Inter-

national Confer enc e on Combinatorics and

Computing , 1999.

[22] S. R. Kumar, P . Ragha v an, S. Ra jagopalan,

and A. T omkins. Extracting large-scale

10



kno wledge bases from the w eb. In VLDB ,

Edin burgh, Scotland, 1999.

[23] A. Medina, I. Matta, and J. By ers. On

the origin of p o w er la ws in in ternet top olo-

gies. In SIGCOMM , v olume 30, pages 18{

34, 2000.

[24] S. Milgram. The small-w orld problem. Psy-

cholo gy T o day , 2:60{67, 1967.

[25] Christopher R. P almer and J. Gregory Stef-

fan. Generating net w ork top ologies that

ob ey p o w er la ws. In GLOBECOM , No v em-

b er 2000.

[26] Da vid M. P enno c k, Gary W. Flak e, Stev e

La wrence, Eric J. Glo v er, and C. Lee Giles.

Winners don't tak e all: Characterizing the

comp etition for links on the w eb. Pr o c e e d-

ings of the National A c ademy of Scienc es ,

99(8):5207{5211, 2002.

[27] Sidney Redner. Ho w p opular is y our pap er?

an empirical study of the citation distribu-

tion. Eur op e an Physic al Journal B , 4:131{

134, 1998.

[28] M. Ric hardson and P . Domingos. Min-

ing kno wledge-sharing sites for viral mark et-

ing. In SIGKDD , pages 61{70, Edmon ton,

Canada, 2002.

[29] M. Rip ean u, I. F oster, and A. Iamnitc hi.

Mapping the gn utella net w ork: Prop erties

of large-scale p eer-to-p eer systems and im-

plications for system design. IEEE Internet

Computing Journal , 6(1), 2002.

[30] Arnold L. Rosen b erg and Len w o o d S.

Heath. Gr aph Sep ar ators, with Applic a-

tions . Klu w er Academic/Plen um Pulishers,

2001.

[31] H. T angm unarunkit, R. Go vin-

dan, S. Jamin, S. Shenk er, and W. Will-

inger. Net w ork top ologies, p o w er la ws, and

hierarc h y . T ec hnical Rep ort 01-746, Univ er-

sit y of Southern California, 2001.

[32] S. L. T auro, C. P almer, G. Siganos, and

M. F aloutsos. A simple conceptual mo del

for the in ternet top ology . In Glob al Inter-

net, San A ntonio, T exas , 2001.

[33] Chenxi W ang, J. C. Knigh t, and M. C. El-

der. On computer viral infection and the

e�ect of imm unization. In A CSA C , pages

246{256, 2000.

[34] Y. Zhan. T o ols for graph mining. Master's

thesis, Carnegie Mellon Univ ersit y , 2003.

11


