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For the attribute values that we have no information about, the typical assumption is the uniformityassumption [8].This is typically the information that we keep track of, in order to estimate selectivities for queryoptimization. In this work, we propose an alternative, more realistic assumption, and we show that it canhelp us model multiplicity distributions in a more accurate way, and therefore to provide better estimates,as well as to allow extrapolations for subsets or supersets of the relation.The scenarios/applications we have in mind include the following. For concretenes, consider a relationof sales(product-name, customer-id, amount-spent). Also assume that we keep the high-end histogramsfor product-name, and, of course the total number of distinct products F0 and the total number of salesrecords N .� estimates for subsets: given the above information, focus on sales of $100 and above, and estimatethe number of distinct products involved in such sales� median and percentiles: how many (distinct) products account for 50% of the sales? or 90% ofthe sales?� extrapolations for supersets: suppose that the above relation concerns the domestic sales only;what is our best estimate for the number of distinct products for the international sales, when weonly know the total number of sales Ninternational? What is our best estimate for the total amountof the international sales?� self-joins selectivity estimation what is our best estimate for the moments Fq of the distribution?The q-th moment corresponds to the cardinality of q successive joins of the relation with itself.� spatial databases consider a geographic database, with the schema: cities( lattitude, longtitude,name); consider a multi-dimensional histogram, which stores the count of cities in each grid-cell; thegoal is to estimate the selectivity of spatial queries, given the above histogram. For example, a rangequery would be: estimate the number of cities in Colorado; a spatial-join query would be estimatethe number of pairs of cities that are closer than 10 miles to each other [2].For all the above scenarios, we propose to assume that the unknown multiplicities were derived froma multi-fractal distribution (which is a more general case than the familiar `80-20 law'); based on thisassumption, we can estimate the parameters of the multi-fractal distribution, and subsequently extrapolate,to answer all of the above classes of questions.We illustrate the reasons why a multi-fractal distribution should appear often in real datasets, howincludes the uniform distribution as a special case, and how its predictions compare with the predictionsof the uniformity assumption.Section 2 gives the survey and background information. Section 3 de�nes the problem and the proposedsolution. Section 4 shows experimental results on real data. Section 5 lists the conclusions and futureresearch directions. 2



2 Survey - BackgroundHere we present the state of the art in histogram methods, a discussion on previous models for skeweddistributions (`Zipf' and `generalized Zipf' [16] etc) and some related methods for estimation using sampling;we also give an introduction to multi-fractals.2.1 HistogramsDeWitt and Muralikrishna [11] studied multi-dimensional histograms. Ioannidis and Poosala [9] suggestkeeping the frequencies of a few frequent attributes, and making the uniformity assumption for the rest.These are called 'high-biased' histograms, and seem to be the state of the art, in current commercialsystems. Ioannidis and Christodoulakis [8] showed that they have the smallest error among several classesof histograms for self-joins.In our previous work [5] [1] we have proposed on-line algorithms to maintain probabilistically the �rstn multiplicities, as well as a few frequency moments Fq =PmqiThere are two main ideas that distinguish the present work from the current state-of-the-art: The �rstis the proposal to use the multi-fractal assumption, as opposed to the uniformity assumption. The secondidea is to also use information about the frequency moments, to help us better estimate the parameters ofthe multi-fractal distribution.To make the discussion more concrete, we need the following de�nitions:De�nition 2.1 The q-th frequency moment Fq of a frequency distribution ~m is de�ned asFq �Xi=1mqi (1)Example 2.1 For the frequency (� multiplicity) vector~m = (5; 3; 2; 2; 1; 1; 1; 1) (2)we have F0 = 50 + 30 + 20 + 20 + 10 + 10 + 10 + 10 = 8F1 = 51 + 31 + 21 + 21 + 11 + 11 + 11 + 11 = 16F2 = 52 + 32 + 22 + 22 + 12 + 12 + 12 + 12 = 462Obviously, F0 gives the number of distinct values (or `vocabulary', borrowing terminology from textdatabases) and F1 � N (the total number of records). It is computationally more e�cient to groupidentical multiplicities together:De�nition 2.2 Let cm denote the number (= count ) of distinct attribute values that have multiplicitym. 3



Then, the frequency moments can also be computed as follows:Fq = Xm=1 cmmq (3)Example 2.2 For the multiplicity vector of Example 2.1, we have c5 = 1, c3 = 1, c2 = 2, c1 = 4 and wecan compute the moments as follows, using Eq. 3:F0 = 1 � 50 + 1 � 30 + 2 � 20 + 4 � 10 = 8F1 = 1 � 51 + 1 � 31 + 2 � 21 + 4 � 11 = 16F2 = 1 � 52 + 1 � 32 + 2 � 22 + 4 � 12 = 46 (4)2The above de�nitions of the frequency moments can be extended for non-integer values of q, too. Theprobabilistic algorithms of [1] can easily handle keep track of such frequency momentsThe frequency moments are useful to characterize the skeweness of the distribution. Intuitively, the q-thfrequency moments gives the size of joining the table q times with itself on the attribute under discussion.We typically use the following plots, to study the skeweness of a distribution.De�nition 2.3 The rank-frequency plot of a set of multiplicities sorted in descending order is the plotof mr versus the rank r, with both axes logarithmicFigure 1 shows the rank-frequency plots for the �rst names from a telephone book (`VFN' dataset, asdescribed in section 4).
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Figure 1: rank-frequency plot of �rst names from a telephone directory2.2 Models for nonuniformityProbably the earliest model for non-uniform distributions is the Zipf distribution [16]. According to thismodel, the i-th highest multiplicity mi is given by the formula:mr � C=r� (5)4



For � = 1 we have the Zipf distribution; for � 6= 1 we have a `generalized Zipf' distribution with parameter�. Speci�cally for text (English, as well as several other languages, as Zipf showed experimentally [16])Schroeder [14] gives the following formula (its notation is adapted to our notation):mr � Nr ln(1:78F0) (6)Several models for non-uniform distributions have appeared; however, we focus on the ones that seemto match real-life distributions.There are two weaknesses of the Zipf (and generalized Zipf) distributions:� As even Zipf himself noted, real datasets typically show the 'top-concavity', that neither the Zipfdistribution nor any generalized Zipf distribution can match.� there is no explanation for these distribution: there is no physical process that would generate a(plain or generalized) Zipf distribution. Moreover, these distributions can not help us predict thechances that a new record will introduce a brand-new attribute value (as opposed to have one ofthe already existing attribute values). Thus, the Zipf distributions can not do extrapolations forsupersets, when given a sample of a relation.For these reasons, we do not examine the Zipf distribution any further.2.3 SamplingOne of the uses of a good model for a skewed distribution is the ability to do extrapolations from a subset.As we show later, we can estimate the number of distinct values F0 for a subset or a superset of a givenrelation. The state of the art in this area seems to be the work of Haas et al [6] which uses two di�erentestimators, and, depending on the perceived skeweness, it chooses the appropriate one each time. Previouswork includes [7] etc., whose estimators are superseded by [6].As we show later, our proposed multi-fractal assumption leads to very good estimates, with estimationerror about the same as the best available estimator.2.4 Introduction to Multi-fractalsAn excellent introduction to multifractals is in [13]. Their relationship with the 80-20 `law' is very close,and seem to appear often: Schroeder [14] claim that several real distributions follow a rule reminiscent ofthe 80-20 rule in databases. For example photon distributions in physics, or commodities (water, gold,etc) distributions on earth etc., follow a rule like `the �rst half of the region contains a fraction p of thegold, and so on, recursively, for each sub-region.' Similarly, �nancial data and salary distributions followsimilar patterns (Pareto's law of income distribution [10]).With the above rule, we assume that the address space (eg., the unit interval) is recursively decomposedat k levels; each decomposition halves the input interval in two. Thus, eventually we have 2k sub-intervals(=buckets = slots) of length 2�k .We consider the following distribution of probabilities, as illustrated in Figure 2: At the �rst level, theleft half is chosen with probability (1 � p), while the right one with p; the process continues recursively,5
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Symbol De�nitionN total number of recordsp `bias': fraction of `mass' that goes to the right half,in each subdivision of the multi-fractalk order of multifractal distr. (number of subdivisions)mmax =m1: the highest multiplicitycm count for multiplicity m (number of distinct attr. valueswith multiplicity m)Fq frequency moment of order qF0 = V number of distinct values = vocabularyCmn combinations m-choose-nTable 1: Symbol tabletimes on the average.The problem is to choose the p and k parameters that will match the given set of multiplicities andother information about the distribution.More speci�cally, we have:� Given{ the �rst few of the multiplicities mi, i = 1; 2; : : : ; h and{ the number of distinct attribute values F0.� Estimate the p and k parameters to yield a multifractal distribution that will match the given dataAs we mentioned, this problem is very realistic: most of the commercial systems keep some `high-end biased' histograms [9] for query optimization; probabilistic on-line algorithms for maintaining suchhistograms have just recently been proposed [5]There are two sets of results: The �rst set tries to express the p and k parameters as functions of thegiven data. The second set tries to estimate other quantities of interest (eg, median value etc), for a givenmultifractal distribution with parameters p and k. Table 1 contains the symbols and their de�nitions.3.1 Estimating the p and k parametersWe use the following observations:Theorem 3.1 The parameter p can be estimated asp = (mmax=N)1=k (9)Proof: The highest multiplicity mmax = m1 will be on the average N � pk. QED7



Theorem 3.2 For a binomial multifractal distribution with N records, bias p and order k, the expectednumber of distinct values F̂0 is given by the following equationF̂0 = F0(N; p; k) = kXa=0Cka(1� (1� pa)N ) (10)where pa = pk�a(1� p)a (11)Proof: The idea is to focus on one of the 2k buckets. We can estimate the probability that this speci�cbucket will be hit at least once by one of the N records, and then, average over all these buckets. QEDThus our estimation algorithm needs only mmax, F0 and N ; it works as shown in Figure 3Input: N , mmax and F0Output: the p and k parameters1 let k = dlogF0e as a �rst estimate2 estimate p using Theorem 3.1.3 estimate F̂0 using Eq. 10 It will be an under-estimate of the real F0.4 k + +, and repeat the steps 2-4, until F̂0 matches F0 (actually, is within a desiredtolerance �)Figure 3: Algorithm to estimate the bias p and order k of a multi-fractal distribution3.2 ExtrapolationsIf our distribution follows a multifractal distribution with (known) parameters p and k, we can use thisfact to estimate several useful measures.Estimation of number of distinct values for subsets/supersets We can use our 'multifractalassumption' to do extrapolation from a sample of N 0 records, out of the total N records. Given thesample, we compute its p and k parameters; if the full collection comes from a multifractal distribution, itwill have the same parameters p and k - thus, we just substitute the values N , p and k in the formula forF̂0 (Eq. 10), to obtain an estimate for the number of distinct values of the collection.Thus, if the original distribution is approximated by a multi-fractal with N records, bias p and order k,for a subset of N 0 records we estimate its `vocabulary' F̂ 00 as given byF̂ 00 = F0(N 0; p; k) = kXa=0CkaCN 0m pma (1� pa)(N 0�m) (12)8



Median and percentiles Salaries and incomes follow very skewed distributions [14, p. 35] [12], [10]Our upcoming experiments (see section 4 show that sales patterns seem to do the same. Thus, givena relation with salaries, the question is to �nd the median salary, given little information (eg., the �rstfew top salaries). Assuming a multi-fractal distribution, we can compute p and k, and estimate severalstatistics (median, percentiles etc).De�nition 3.1 The median rank r50% of a multiplicity vector ~m (sorted in descending order) is thesmallest rank, so that the elements up to and including that rank r50% account for at least 50% of theoccurrencies: r50%�1Xr=1 mr � 0:5 N < r50%Xr=1 mr (13)De�nition 3.2 Median frequency mr50% is the frequency of the element with the median rank.Example 3.1 For the multiplicity vector of Example 2.1, the median rank r50%=2 and the median fre-quency mr50%=3. 2In a real setting, where we are given a high-end histogram with the highest h multiplicities m1; : : : ; mh,we estimate the median rank r50% as follows: we use the given �rst h multiplicities as well as the estimatesfor the rest of the multiplicities from Eqs. (7-8). we keep including more multiplicities, until we reach orexceed 50% of the number of records N .Estimating the frequency moments If the given multiplicity vector was the result of a binomialmultifractal process, with a parameter p and k, then we would haveFq = Xm (cmmq)= Xm �Cka �Npk�a(1� p)a�q�Fq = N q (pq + (1� p)q)k (14)which allows a fast estimate of the moments, given the parameters N , p and k of the multifractal distri-bution. Recall that k is the order of the multi-fractal, that is, the number of recursive subdivisions of theaddress space, resulting in 2k possible distinct values.The question is: how accurate our predictions are. This is the topic of the experimental section.4 ExperimentsWe used several real datasets:� 'VFN' were the �rst names (actually: 'very �rst names', by omitting middle names etc), from anon-line telephone catalog [4].� 'SALES' the dollar amounts of sales for customers, with accuracy 1, 10 and 100 dollars, respectively,for SALES1, SALES10 and SALES100. 9



Dataset N F0 mmaxVFN 11657 3269 288SALES1 213603 246 71565SALES10 21507 246 7157SALES100 2309 246 716BIBLE 791448 12561 63924PSALMS 42732 2884 2884JEREMIAH 42729 2592 3838PJ 85461 3944 6722GENESIS 38520 2448 3678ROMANS 9439 1317 597WUTHERING 120951 10042 4747Table 2: Datasets and their characteristics� 'BIBLE': the words in the Bible (Old and New Testament), along with their occurrence frequency;also `GENESIS' (the book of Genesis), `ROMANS' (the letter to the Romans), `PSALMS' (thePsalms), `JEREMIAH' (the prophesies of Jeremiah), `PJ' (the PSALMS and JEREMIAH datasetscombined, to provide a � 10% sample of the BIBLE).� `WUTHERING': the book 'Wuthering Heights'
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VFN SALES1Figure 4: (log) rank-frequency plots of our real datasets.Table 2 shows the characteristics of each dataset. Figures 4-6 show the rank-frequency plots for ourdatasets ('diamonds'), along with our predictions ('crosses') and also some straight lines. The straight lineswould correspond to a Zipf and generalized Zipf distribution, respectively. For our predictions we usedEq. 7-8. Notice that the actual curves can not be approximated with a straight line of any slope.10
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ROMANS WUTHERINGFigure 6: (log) rank-frequency plots of our real datasets.4.1 Estimation of vocabulary of a sampleThe question is: given a high-biased histogram mi; i = 1; :::h of length h, the number records N and thenumber of distinct values F0, estimate the number of distinct values for a subset of N 0 records.As mentioned before, assuming a multi-fractal distribution, we compute the N , p, k parameters, andthen use Eq. 10 to estimate the vocabulary of the sub-set/super-set.Under the uniformity assumption, the best we can do is to consider a generalization of Cardenas' formula[3]: we know that we have F0 buckets and N 0 records; we also know the frequency that the �rst h bucketsare chosen; thus each bucket is chosen with probability pi, which is computed as follows:pi = mi=N i � h (15)pi = pu = (N �Nh)=N=(F0 � h) h < i � F0 (16)where Nh is the sum of the frequencies of the histogram.11



Then, the expected number F̂ 0unif of non-empty buckets (after N 0 choices) is estimated byF̂ 0unif = F0Xi=1(1� (1� pi)N 0)= hXi=1(1� (1� pi)N 0) + (F0 � h)(1� (1� pu)N 0) (17)where the probabilities pi are given by Eq. 15-16Table 3 gives the results of these estimators on the real datasets. Based on the BIBLE dataset, weestimated the samples of it (ROMANS, PSALMS and JEREMIAH). Notice that the work of Haas et al.[6] is not directly applicable, because it assumes that we know all the multiplicities of the given dataset,as opposed to only the h highest, that is our setting. Notice that our estimates give low errors (40-60%),which are comparable to the errors of much more sophisticated estimation algorithms: Haas et al [6],using all the statistics about the dataset, report that, for a 10% sample of 'highly skewed' distributions,the relative error (� jF̂0 � F0j=F0) was on the average 23% (maximum: 95%) for the so-called Shlosserestimator, which was the best performer for 'high-skew distributions'. Interestingly, among the methodsthey tried, the worst competitor had 158% average and 1235% maximum relative error.Dataset Size N Vocabulary size(in words) uniformity multifractal actualestimate rel. error F0ROMANS 9,439 4686 1963 49% 1,317PSALMS 42,732 11036 4,208 45% 2,884JEREMIAH 42,729 11035 4,208 62% 2,592Table 3: Estimates for the vocabulary of a sample from the BIBLE (N=791,448 p=0.84557 k=15). Forthe `uniform', h=20 highest multiplicities kept.Table 4 shows the reverse: given a sub-set (eg., the PJ set), we can estimate the vocabulary of thesuperset (BIBLE). In this case, the uniformity assumption gives poor results, exactly because it does nothave the ability to predict the appearance of new words in the larger set. Again, the 54% relative errorcompares well with the errors of the more sophisticated algorithms by Haas et al (23% average, 95%maximum).4.2 Estimation of median & percentilesTable 5 shows the estimates for the median rank and the median frequency for several datasets. We usedthe multifractal and the uniformity assumption; in either method, we exploited the fact that the �rst hmultiplicities are known, and we estimated the unknown multiplicities mh+1; : : :, and summed them, untilwe reached 50% of the count. Notice that the estimates of the uniformity assumption are often 1 or 2orders of magnitude away. 12



Dataset Size N Vocabulary size(in words) uniformity multifractal actualestimate rel. errorBIBLE 791,448 3944 5749 54.5% 12561Table 4: Estimates for the vocabulary of the BIBLE from a sample (PJ set: N=85461, p=0.822349 k= 13)Dataset uniformity multifractal actualvalue value median F0VFN (h=20) 1178 227 130 3269SALES1 (h=0) 123 5 3 246SALES10 (h=0) 123 5 3 246SALES100 (h=0) 123 8 4 246SALES100 (h=2) 31 5 4 246BIBLE (h=0) 6281 90 43 12561BIBLE (h=20) 2419 64 43 12561ROMANS (h=20) 267 48 39 1317PSALMS (h=20) 547 52 35 2884GENESIS (h=20) 460 50 39 2448JEREMIAH (h=20) 437 46 37 2592WUTHERING (h=20) 2539 94 68 10042Table 5: Estimates for the median of a sample5 ConclusionsWe have shown the multifractal theory is closely related to the 80-20 'law'; that it includes the uniform caseas a special case (p=0.5) and that matches reality better than the Zipf distribution. Using multifractaltheory, we provided a simple, but accurate way to estimate the multiplicity vector, given only easy-to-maintain values: the highest multiplicity mmax, the number of records N and the number of distinctvalues V . Compared the the 'uniformity assumption', our approach gives signi�cantly better estimates.The theory of multifractals formalizes the well-known, informal 80-20 `law', and it helps in doing extrap-olations for several useful statistical quantities, both of the original relation, as well as of super-sets andsub-sets of it. For example, it can help compute percentiles and median values (how many of our customersaccount for 90% of our sales/, or how many distinct products would the female portion of our customerbase be interested in?). Such estimates are useful in numerous applications, such as (a) traditional queryoptimization, supplementing the high-end histogram methods that is currently the state of the art [9] (b)decision support systems, where extrapolations for subsets and supersets are important.Experiments on several real datasets showed that the multifractal assumption gives signi�cantly better13



estimates than the 'uniformity' assumption, for several useful statistical quantities.Future work could examine the application of multifractals to several other settings, such as join sizeestimation and selectivity estimation in spatial databases.References[1] N. Alon, Yossi Matias, and M. Szegedi. The space complexity of approximating the frequency moments.In Proc. 28th ACM Symp. on Theory of Computing, May 1996.[2] Alberto Belussi and Christos Faloutsos. Estimating the selectivity of spatial queries using the `corre-lation' fractal dimension. Proc. of VLDB, pages 299{310, September 1995.[3] A.F. Cardenas. Analysis and performance of inverted data base structures. CACM, 18(5):253{263,May 1975.[4] Christos Faloutsos and H.V. Jagadish. On b-tree indices for skewed distributions. In 18th VLDBConference, pages 363{374, Vancouver, British Columbia, August 1992. Also available as.[5] P. Gibbons, Yossi Matias, and A. Witkowski. Practical maintenance algorithms for high-biased his-tograms using probabilistic �ltering. unpublished manuscript, December 1995.[6] Peter J. Haas, Je�rey F. Naughton, S. Seshadri, and Lynne Stokes. Sampling-based estimation of thenumber of distinct values of an attribute. Proc. of VLDB, pages 311{322, September 1995.[7] Wen-Chi Hou and Gultekin Ozsoyoglu. Statistical estimators for aggregate relational algebra queries.ACM TODS, 16(4):600{654, December 1991.[8] Yannis E. Ioannidis and Stavros Christodoulakis. Optimal histograms for limiting worst-case errorpropagation in the size of join results. ACM TODS, 18(4):709{748, December 1993.[9] Yannis E. Ioannidis and Viswanath Poosala. Balancing histogram optimality and practicality for queryresult size estimation. ACM SIGMOD, pages 233{244, June 1995.[10] B.B. Mandelbrot. The stable paretian income distribution when the apparent exponent is near zero.Int. Econ. Rev., 4:111{115, 1963.[11] M. Muralikrishna and David J. DeWitt. Equi-depth histograms for estimating selectivity factors formulti-dimensional queries. Proc. ACM SIGMOD, pages 28{36, June 1988.[12] V. Pareto. Oeuvres Completes. Droz, Geneva, 1896.[13] Heinz-Otto Peitgen, Hartmut Juergens, and Dietmar Saupe. Chaos and Fractals: New Frontiers ofScience. Springer-Verlag New York Inc., 1992.[14] Manfred Schroeder. Fractals, Chaos, Power Laws: Minutes From an In�nite Paradise. W.H. Freemanand Company, New York, 1991. 14



[15] P.G. Selinger, D.D. Astrahan, R.A. Chamberlain, R.A. Lorie, and T.G. Price. Access path selectionin a relational database management system. Proc. ACM-SIGMOD, pages 23{34, 1979.[16] G.K. Zipf. Human Behavior and Principle of Least E�ort: an Introduction to Human Ecology. AddisonWesley, Cambridge, Massachusetts, 1949.A AWK code for the estimation of F0Here we give the code to estimate the number of distinct values F0, for a multi-fractal distribution with Nsamples, bias p and order k. The �le is ready to execute under UNIX(TM).#! /bin/sh -f# echo "$0 working on $1" >&echo $1 $2 $3 | nawk '# reads N, p, k of a binomial multifractal# and estimates the number of distinct values F0# function power ( x, y ) {res = exp( y * log(x) );return( res );} # end function powerfunction comb( NN, MM){cres = 1;for( ii=1; ii<=MM; ii++ ){cres = cres * (NN - ii + 1) / ii;}return ( cres );} # end function comb# estimates F0, the expected number of distinct valuesfunction estF0( NN, pp, kk){rres = 0;for(aa=0; aa<=kk; aa++){pa = power(pp, kk-aa) * power( 1-pp, aa)if( pa*NN > 50 ) { tmp = 0.0 } # guard against underflow of power()else { tmp = power( 1-pa, NN); }rres = rres + comb(kk,aa) * ( 1 - tmp );}return (rres)} # end function estF0 15



{ N = $1 # number of recordsp = $2 # bias factor (split probability)k = $3 # number of divisions}END{print "number of records N=", Nprint "bias p=", pprint "number of splits k=", kF0hat = estF0(N,p,k)print "est. number of distinct values F[0]=", F0hat}'
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