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Abstract—Density Peaks (DP) is a recently proposed clustering algorithm that has distinctive advantages over existing clustering

algorithms. It has already been used in a wide range of applications. However, DP requires computing the distance between every pair

of input points, therefore incurring quadratic computation overhead, which is prohibitive for large data sets. In this paper, we study

efficient distributed algorithms for DP. We first show that a na€ıve MapReduce solution (Basic-DDP) has high communication and

computation overhead. Then, we propose LSH-DDP, an approximate algorithm that exploits Locality Sensitive Hashing for partitioning

data, performs local computation, and aggregates local results to approximate the final results. We address several challenges in

employing LSH for DP. We leverage the characteristics of DP to deal with the fact that some of the result values cannot be directly

approximated in local partitions. We present formal analysis of LSH-DDP, and show that the approximation quality and the runtime can

be controlled by tuning the parameters of LSH-DDP. Experimental results on both a local cluster and EC2 show that LSH-DDP

achieves a factor of 1.7–70x speedup over the na€ıve Basic-DDP and 2x speedup over the state-of-the-art EDDPC approach, while

returning comparable cluster results. Compared to the popular K-means clustering, LSH-DDP also has comparable or better

performance. Furthermore, LSH-DDP could achieve even higher efficiency with a lower accuracy requirement.

Index Terms—Density peaks, distributed clustering, MapReduce
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1 INTRODUCTION

CLUSTERING is a common technique widely used in many
fields, including data mining, machine learning, infor-

mation retrieval, image processing, and bioinformatics.
Density Peaks [1] (DP) is a new clustering algorithm pro-
posed in 2014.

Given a set of points, DP computes two metrics for every
point p: (i) r, the local density, which is the number of points
within a specified distance from p; and (ii) d, the minimum
distance from p to other points with higher densities. It is
observed that the center of a cluster sees the highest local
density among its neighbor points, and has a relatively large
distance from other points with higher densities. Therefore,
cluster centers can be determined by identifying the points
with both high r and high d.

While DP is attractive for its effectiveness and its simplic-
ity, the application of DP is limited by its computational cost.
In order to obtain r and d, DP computes the distance between
every pair of points. That is, givenN points in the input data

set, DP’s computational cost is O(N2). As a result, it can be
very time consuming to performDP for large data sets.

In this paper, we study efficient distributed algorithms
for DP so that this promising clustering algorithm can be
more broadly used. In particular, we design distributed DP

algorithms in MapReduce, which is one of the most popular
big data processing paradigms today.

Why DP Clustering is Promising. Compared with previous
clustering algorithms, DP has the following four advantages.

� First, DP does not require a priori knowledge about
the point distribution. In many well-known algo-
rithms, such knowledge is important for choosing
good algorithm parameters (e.g., the number of clus-
ters in K-means [2], " andminPts in DBSCAN [3]). In
comparison, the clustering results of DP have been
shown to be robust against the initial choice of algo-
rithm parameters.

� Second, DP supports arbitrarily shaped clusters. Its
effectiveness does not rely on the distribution of the
data. This is in contrast to K-means and related algo-
rithmswhich assume the clusters are “balls” in space.

� Third, DP is deterministic. It always computes con-
sistent cluster results, while many clustering algo-
rithms (e.g., K-means and EM clustering [4]) may
converge to different local minimums with different
initial iterative states.

� Last but not least, (r, d) provides a two dimensional
representation of the input point data, which can
be in very high dimensions. It is straightforward to
visualize (r, d) in a 2D decision graph. From the
graph, users can gain new insights into the data dis-
tribution and intuitively determine cluster centers.

Due to its effectiveness and novelty, DP algorithm is
originally published in Science Magazine [1] in June, 2014.
In the past two years since its publication, DP has already
been employed in a wide range of applications, such as neu-
roscience [5], geoscience and remote sensing [6], molecular
biology [7], computational biophysics [8], image processing
[9], time series mining [10], and computer vision [11].
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Challenges for Distributed DP. In a baseline implementa-
tion (Basic-DDP, Basic Distributed DP), we compute r and d

values in two subsequent MapReduce jobs. The two jobs
have similar computation procedures: The Map and the
shuffling stages are mainly used to send and prepare the
input data, while the Reduce stage performs the actual com-
putation of r and d, respectively. However, the algorithm
has to shuffle every point to every other points and compute
distances of all pairs of points, incurring quadratic compu-
tation and communication cost. Such cost will be prohibitive
for large data sets that have millions of points, which are
becoming more and more common in the big data era.

We consider approximate algorithms in order to reduce
the computation and communication cost of distributed DP.
We observe that DP takes advantage of the local characteris-
tics (such as local density) of the data points for clustering.
Therefore, it is natural to employ Locality-Sensitive Hashing
(LSH) [12] to partition the input data so that closer points
are more likely to be assigned to the same partition. Typi-
cally, an LSH-based algorithm performs local computation
within each partition, and then aggregates the local results
from all partitions to obtain the final approximate results.

There are several challenges in employing LSH for DP.
The first challenge is the computation of d. While the local
density r is a local property, d is the theminimumdistance to
other points with higher r. Given a point p, it is possible that
other points with higher r are far away from p and thus do
not reside in p’s local partition. The second challenge is to
provide guarantees for approximation accuracy of d and r. It
would be nice if LSH parameters such as the number of hash
functions and the number of local partitions can be derived
from the approximation accuracy target specified by the
user. Finally, the LSH parameters may also impact the run-
time of the solution. Therefore, it is important to study the
tradeoff between approximation quality and efficiency.

Our Solution: LSH-DDP. To address the above chal-
lenges, we propose an approximate algorithm for DP,
called LSH-DDP (LSH based Distributed DP). Specifically,
we exploit the fact that cluster centers have both high r

and high d. Therefore, given a point p, if we cannot find
another point with higher r in the local partition, then we
will consider p as a candidate cluster center. Moreover, we
analyze LSH-DDP and prove the approximation accuracy
guarantees for r and d. Based on this analysis, we derive
the relationship between LSH parameters and the expected
approximation quality. Finally, we evaluate the accuracy
and performance of LSH-DDP by comparing LSH-DDP
with Basic-DDP using real-world data sets with up to 11.6
million data points. Experimental results show that com-
pared to Basic-DDP, LSH-DDP obtains very similar cluster-
ing results, while achieving up to 70� speedup.

Contributions. The contributions of the paper are three-
fold: First, we propose LSH-DDP, an efficient distributed
algorithm that approximates r and d values in the DP algo-
rithm. Second, we present formal analysis of LSH-DDP.
Given a specific result quality requirement, users can tune
the parameters to balance between effectiveness and effi-
ciency. Finally, We conduct extensive experiments on real
data sets. Experimental results demonstrate that LSH-DDP
achieves a factor of 1.7–70� speedup over the na€ıve Basic-
DDP and 2� speedup over the state-of-the-art EDDPC

approach, while returning comparable cluster results. Com-
pared to the widely used K-means clustering, LSH-DDP has
comparable or better efficiency.

The remainder of the paper is organized as follows.
Section 2 describes background on DP and MapReduce.
Section 3 introduces the basic MapReduce implementation
of DP as baseline. Section 4 proposes and analyzes our LSH-
based approximate solution. Section 5 discusses parameter
tuning. Section 6 reports the experimental results. Section 7
discusses related work and Section 8 concludes the paper.

2 DENSITY PEAKS CLUSTERING PRELIMINARIES

In this section, we review the standard DP algorithm. Density
Peaks Cluster [1] is a novel clustering algorithm recently pro-
posed by Rodriguez and Laio. The algorithm is based on two
observations: (i) cluster centers are often surrounded by
neighborswith lower local densities, and (ii) they are at a rela-
tively large distance from any points with higher local densi-
ties. Correspondingly, DP computes two metrics for every
data point: (i) its local density r and (ii) its distance d fromother
points with higher density. DP uses the two metrics to locate
density peaks, which are the cluster centers.

The local density ri of data point i is computed as

ri ¼
X
j

xðdij � dcÞ (1)

where xðxÞ ¼ 1 if x < 0 and xðxÞ ¼ 0 otherwise, and dc is
called the cutoff distance. That is, ri is equal to the number
of data points within the cutoff distance dc.

The di distance of data point i is computed as

di ¼ min
jjrj > ri

ðdijÞ: (2)

It is the minimum distance from point i to any other point
whose local density is higher than that of point i. Suppose
j ¼ argminjjrj > ri

ðdijÞ. We say that point i is assigned to point

j, and point j is referred to as the upslope point of point i.
If point i has the highest density among all data points,
i.e., i ¼ argmaxtrt, then we set di ¼ maxjðdijÞ. This point is
called the absolute density peak.

Fig. 1 illustrates the process of DP clustering through a
concrete example. Fig. 1a shows the distribution of a set of
data points. Fig. 1b depicts the corresponding density con-
tour view based on the local density r of each point. The
warmer the color, the higher the density. Clearly, the peaks
of the density mountains (a.k.a. density peaks) correspond
to the cluster centers. Then we compute d. For a normal
point i on the slope of a mountain, the closest point that has
higher density than i is the next upslope point on the same
mountain. This holds for all the points except the density
peaks, who will be assigned to points on other higher
mountains. This process forms an assignment chain as
shown in Fig. 1d, where the height of each point indicates
its density r. Therefore, the density peaks are distinguished
from other points as they have the highest local density r and a
large d. A point i is depicted on a decision graph as shown
in Fig. 1c by using (ri, di) as its x-y coordinate. Then the den-
sity peaks can be identified as outliers in the top right region
of the decision graph. Given the selected density peaks
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(cluster centers), it is straightforward to follow the assign-
ment chain of a point to determine the density peak and the
corresponding cluster that it belongs to.

DP requires the computation of pair-wise distances. A
sequential implementation can be improved with the fol-
lowing techniques: (1) For computing r, we can employ the
triangle inequality to filter unnecessary distance computa-
tions. (2) For computing d, we can first sort the points
according to descending r values. To compute di, we only
need to consider i’s distance to the points ahead of point i.
Note that these techniques are orthogonal to our proposed
techniques and can be easily employed in the sub-tasks of
the distributed computation in this paper.

3 BASELINE METHOD

In this section, we describe a basic MapReduce implementa-
tion of distributed DP, Basic-DDP. We analyze its cost and
then discuss improvement opportunities.

3.1 Basic Stategy

In the following, we describe the four steps of Basic-DDP: a
preprocessing step for choosing dc, two key steps for com-
puting r and d values, and the final step for cluster assign-
ment. Table 1 lists the notations used in this paper.

Preprocessing Step: Choosing dc. The cutoff distance dc is a
key parameter in DP. dc specifies the meaning of local in the
computation of the local density r in Equation (1). While the
DP paper [1] shows that varying dc (by a factor of 20) produ-
ces mutually consistent results, we still need to choose a
reasonable dc without a priori knowledge of the input data.
As a rule of thumb, one can choose dc so that the average
number of neighbors is around 1-2 percent of the total
number of points in the data set [1]. Suppose the distances
between all pairs of points DSEQ ¼ fd12; d13; . . . ; d21; . . .g are
known, the 1 or 2 percent position of the ascending ordered
set OrdaðDSEQÞ can be approximately seen as dc

1. Consider-
ing that distributed sorting is an expensive task, we rely on
sampling (where Reservoir Sampling [13] is used to retrieve
a set of sample points) and run a preprocessing MapReduce
job to estimate a reasonable dc

Step 1: Computing r. As shown in Equation (1), the com-
putation of r requires to know the pairwise distance
between all pairs of points. Basic-DDP employs blocking
technique for pairwise distance computation to save the

shuffle cost. The points set S is partitioned into n disjoint
subsets, i.e., S ¼ [1�k�nSk, where Sk \ Sl ¼ ;ð8k 6¼ lÞ and Pk

contains the point ids of Sk. The block partitioning is per-
formed by the map() function. Since only the upper trian-
gular of the symmetric distance matrix is needed, it sends
each subset Sk only to fSljk � l � ng rather than all the sub-
sets. The reduce() function is then applied to each pair of
subsets (Sk; Sl), where k < l � n, or the diagonal subsets Sk.
Based on distance computation, for (Sk; Sl), reduce() out-

puts two sets Vl
k ¼ frlij8i 2 Pkg where rli ¼

P
j2Pl xðdij � dcÞ

and Vk
l ¼ frki j8i 2 Plg where rki ¼

P
j2Pk xðdij � dcÞ. Simi-

larly, for the diagonal subsets Sk, it outputs frki j8i 2 Pkg
where rki ¼

P
j2Pk xðdij � dcÞ. Finally, Basic-DDP runs

another MapReduce job to combine the results of rli for all

1 � l � n, i.e., ri ¼
Pn

l¼1 r
l
i.

Step 2: Computing d. As shown in Equation (2), the com-
putation of d requires to know all points’ density values
V ¼ frij8i 2 Pg as well as the pairwise distance matrix. Sim-
ilar to the blocking method for computing r values, the map
() function dispatchs the block pairs, and the reduce()

function computes the pairwise distance values of two

input blocks (Sk; Sl) and outputs two sets Dl
k ¼ fdlij8i 2 Pkg

where dli ¼ minjj8j2Pl;rj > ri
ðdijÞ and Dk

l ¼ fdki j8i 2 Plg where

dki ¼ minjj8j2Pk;rj > ri
ðdijÞ. Besides, each point i’s upslope

point ul
i ¼ argminuj8u2Pl;ru > ri

ðdiuÞ is also recorded along

with its dli value. Obviously, dli is not the final result. Another

TABLE 1
Notations

Notation Definition

S the set of points
P the set of point ids
V the set of r values, V ¼ frij8i 2 Pg
D the set of d values, D ¼ fdij8i 2 Pg
V̂ the set of approx. r values, V̂ ¼ fr̂ij8i 2 Pg
D̂ the set of approx. d values, D̂ ¼ fd̂ij8i 2 Pg
PðSÞ an LSH partition of S
n the number of subsets
i or j the point id
k or l the subset index
M the number of LSH partition layouts
m the index of LSH partition layout
c the cluster id
ui point i’s upslope point id

Fig. 1. Illustrative figures for DP algorithm.

1. Please refer to the implementation code of [1].
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MapReduce job is required to select the smallest di value

among the candidates dli, i.e., di ¼ minld
l
i, and to record its

corresponding upslope point.
Step 3: Density Peaks Selection and Point Assignment. As

shown in Fig. 1c, the decision graph plays a key role on
density peaks selection. A point i is depicted on the deci-
sion graph by using (ri, di) as its x-y coordinate. The den-
sity peaks are identified as outliers in the top right of
decision graph. However, drawing a visible figure with
millions of points is not feasible. To address this problem,
we combine a set of close points with small (ri, di) as a
supernode but leaving the points with large (ri, di) drawn
separately since only the points with large (ri, di) could be
considered as density peaks. Note that it is possible to
design certain criteria for choosing the peaks automatically.
However, we believe it is better to retain this user-
algorithm interaction, since the visualized reference (i.e.,
decision graph) provides users with an opportunity to bet-
ter understand the data and choose the preferred cluster-
ing result. This is a key feature that distinguishes DP from
other clustering algorithms (e.g., Kmeans and DBSCAN),
which require users to face the challenge of specifying key
algorithm parameters in advance.

Given the chosen density peaks (i.e., cluster centers), we
follow the upslope point for each point to assign it to a clus-
ter as illustrated in Fig. 1d. Each point is embedded with
five pieces of information including point id i, ri, di, upslope
point id ui, assigned cluster id c, i.e., hi; ri; di; ui; ci, and these
points are stored using a fixed-size array structure. To
achieve efficient implementation, the points are assigned to
a cluster in the descending order of their r values. The den-
sity peaks with highest r values are first labeled with cluster
ids. Since a point’s upslope point must have a larger r and
its upslope point should already be assigned to a cluster,
the point is simply assigned to the cluster where its upslope
point belongs. By this way, the point assignment process is
achieved by a single pass of these points. Commonly, this
step can be done in memory in a centralized manner.2 As
the data size exceeds the memory space limit, it is easy to
implement a disk-based or a distributed version since only
one pass of the data is required.

3.2 Cost Analysis and Improvement Opportunities

From the above description, we see that the most expensive
steps in Basic-DDP are the computation of r (Step 1) and d

(Step 2). The blocking technique still has to send every point

dnþ1
2 e times during the shuffling phase in Step 1 as well as in

Step 2. This incurs significant shuffle overhead especially
when the point set S is large. Moreover, Basic-DDP com-

putes jSjðjSj�1Þ
2 distances in both Step 1 and Step 2. The

computational cost is quadratic with respect to the total
number of points jSj.

To improve performance, an ideal strategy is to partition
S into n disjoint subsets fSkj1 � k � ng such that the r and
d computation could be self-contained within each partition.
First, distances are computed only inside a partition,
fdijj8i 2 Pk; 8j 2 Pkg. Second, to guarantee the correctness

of r, the subset Sk must contain each point i’s dc-length
neighbors. We have to put more points into every Sk to
form S0

k, i.e., P0
k ¼ Pk [ fjj8i 2 Pk; dij < dcg. Note that,

S0
k [ S0

l is typically not empty. Recent technology in kNN
search [14] or triangle inequality might be employed to
select additional points to include in each S0

k. However, the
d computation becomes infeasible. Each point i in Sk is only
aware of the distance to the subset S0

k of points, i.e.,
fdi;jj8j 2 P0

kg. The points with higher density are likely not
in S0

k. Copying all the higher density points will incur exces-
sive shuffle cost.

While the above ideal partitioning approach does not
work, it inspires us to develop an alternative approximate
solution, as will be detailed in the next section.

4 LSH BASED APPROACH

In this section, we propose an approximate distributed algo-
rithm, LSH-DDP, for DP. Intuitively, a locality preserving
partition strategy is desirable for DP. This is because the
computation of ri is based on the neighbors within a dis-
tance of dc from point i, and the computation of d looks for
the nearest point with higher density. Hence, closer points
play a more important role in the computation. As sug-
gested by the name, LSH-DDP leverages Locality-Sensitive
Hashing [15] to partition points so that closer points are
more likely to be assigned to the same partitions.

To improve approximation accuracy, we partition the
point set S usingM LSH partition layouts, P1ðSÞ;P2ðSÞ; . . . ;
PMðSÞ. An LSH partition layout PmðSÞ is a partition of the
data space. S is split into multiple partitions such that
PmðSÞ ¼ Sm

1 [ Sm
2 [ . . ., where Sm

k \ Sm
l ¼ ;ð8k 6¼ lÞ. With

a larger M, it is more likely that points that are close will
collide in the same partition in at least one partition layouts.

LSH-DDP computes the distances of pairs of points
within each partition Sm

k , and derives a set V̂m
k of approxi-

mate r values within partition Sm
k . The computation on mul-

tiple PmðSÞ can be performed in parallel. Then, LSH-DDP

aggregates the multiple approximations, V̂m
k , to obtain more

accurate results, V̂. The approximation of d values follows
the same strategy. With the previously approximated r̂i
values, LSH-DDP finds the upslope point ui for each point i

and computes d̂i within each partition. The multiple approx-

imations, D̂m
k , are further aggregated to obtain more accu-

rate results, D̂.

4.1 Step 0: LSH Partition

LSH Background. The Locality-Sensitive Hashing function
has the property that points that are closer to each other
have a higher probability of colliding than points that are
farther apart [15]. It has been widely adopted in solving
approximate nearest neighbor search problem [16], [17],
[18], [19], [20].

The commonly used LSH function for euclidean distance
is as follows [12]

hðpÞ ¼
�
a � pþ b

w

�
; (3)

where a is a d-dimensional random vector, each entry of
which is chosen independently from a p-stable distribution

2. A mid-range server with 32GB memory can process up to 1.6 bil-
lion points.
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[21], b is a real number chosen from ½0; w�, and w is also a
real number representing the width of the LSH function.

The distance-preserving property of LSH allows us to
partition the set of points based on their hash values. If two
points i and j are hashed to the same bucket, we know that
i and j are close to each other with certain confidence.
Therefore, we can assign them to the same partition. How-
ever, it is possible that two distant points happen to be
hashed to the same bucket according to Equation (3). To
reduce such false positives, a group G of p hash functions
G ¼ ðh1; h2; . . . ; hpÞ are employed. That is, only points shar-
ing all the p hash values are placed in the same partition.
Thus, each point i is labeled with GðpiÞ ¼ ½h1ðpiÞ; h2ðpiÞ;
. . . ; hpðpiÞ�, which is considered as a partition id. Multiple
partitions are formed and assigned to multiple workers3 for
parallel processing. The resulting data partition result is
referred to as an LSH partition layout P. The formal defini-
tion of LSH partition layout is as follows:

Definition 1 (LSH Partition Layout). Given a set of points
S, and a group of hash functions G ¼ ðh1; h2; . . . ; hpÞ, an LSH
partition layout is obtained by hashing every point pi 2 S
using G and assigning pi to the partition as identified by hash
key GðpiÞ ¼ ½h1ðpiÞ; h2ðpiÞ; . . . ; hpðpiÞ�. The point set S is
accordingly split into multiple disjoint subsets, i.e., PðSÞ ¼
S1 [ S2 [ . . . , where Sk \ Sl ¼ ;; 8k 6¼ l.

However, it is also possible that points that are close hap-
pen to be hashed to different partitions, especially when p is
large, incurring false negatives. To reduce the number of false
negatives, we employ a combination of M hash groups,
ðG1; G2; . . . ; GMÞ. That is, the point set is partitioned inM dif-
ferent ways. Suppose by applying a hash group Gm, we
obtain an LSH partition PmðSÞ ¼ Sm

1 [ Sm
2 [ . . ., where

Sm
k \ Sm

l ¼ ;; 8k 6¼ l. Similarly, by applying M groups of
hash functions ðG1; G2; . . . ; GMÞ, we will have M LSH parti-
tions ðP1;P2; . . . ;PMÞ of the set S. For example, Fig. 2 illus-
trates two possible LSH partitions of point set S.4

We achieve multiple LSH partition layouts in the map
phase. The map() function invocation on a point pi com-
putesM hash keysG1ðpiÞ; G2ðpiÞ; . . . ; GMðpiÞ and then sends
the intermediate key-value pairs, hG1ðpiÞ; pii, hG2ðpiÞ; pii, . . .,
hGMðpiÞ; pii, to reducers. Each reduce() function will

receive a subset Sm
k of points under a certain LSH partition

layout PmðSÞ. In this way, M LSH partition layouts are cre-
ated. We can also estimate dc through sampling in the same
MapReduce job to save cost.

4.2 Step 1: Approximating r

Local Computation of r̂mi . For a certain LSH partition PmðSÞ, a
subset Sm

k is shuffled to a reduce() function. The reduce()
function first computes the distances between any pairs of
points in Sm

k . Then it computes a density value r̂mi for each
point i, i.e., r̂mi ¼Pjjj2Pm

k
xðdij � dcÞ.

However, r̂mi is not necessarily equal to ri. As shown in
Fig. 2a, point p2 in LSH partition layout 1 is located near the

border line between S1, S4, and S5. The computation of r̂12 is
limited only to the points that are in S1. However, it is clear
that a large number of points that are close to p2 are located

in S4 and S5. Therefore, r̂
1
2 < r. The use of multiple hash

groups mitigates the problem. As shown in Fig. 2b, all p2’s
dc-length neighbors reside in the same partition as p2. There-

fore, r̂22 ¼ r.
To study the probability of Pr½r̂mi ¼ ri�, we give the fol-

lowing two lemmas.

Lemma 1. Given a point pi and an LSH function hðpiÞ ¼
ba�piþb

w c, for the points fpjjj 2 P; dij � dcg, the probability that

all these points are hashed to the same bucket is as follows:

Prðw; dcÞ ¼ Pr
�
hðpiÞ ¼ hðpjÞ; 8j 2 P; dij � dc�

� 1� 4dcffiffiffiffiffiffi
2p

p
w
:

(4)

Proof. Fig. 3 depicts the idea of the proof intuitively. Let us
consider a number line, where each point is a real number.
yi ¼ a � pi þ b is a point on the number line. By floor divid-
ing w, the number line is divided into a sequence of
w-width slots. According to the LSH function, all the
points in the same w-width slot share the the same hash
key. The points that are close to pi are all hashed to the
points close to yi on the number line. The position of yi is
important. If yi is close to the center of the slot, it is more
likely that all dc-length neighbors of pi are in the same slot.

According to the definition of p-stable distribution
[12], given a d-dimensional random vector a each entry
of which is chosen independently from a standard gauss-
ian distribution Nð0; 1Þ, for two points pi and pj, the
distance between their projections ja � pi � a � pjj is dis-
tributed as dijx, where x is the absolute value of a standard
gaussian random variable. Therefore, for any pj where
dij < dc, we havemaxjjyi�yjj¼maxjja � pi � a � pjj< dcx.

Moreover, yi ¼ a � pi þ b is uniformly distributed in a
certain slot. To ensure that yi and all its dc-length neigh-
bors are in the same slot, yi has to be located in the inter-
val of ½awþ dcx; ðaþ 1Þw� dcxÞ for some a, as shown in

Fig. 2. r computation in two partition layouts (in plane view).

Fig. 3. Graphic interpretation of Lemma 1.

3. That is, each hash bucket is assigned to a distributed computation
unit, e.g., a reducer. Here, we use the termworker for ease of exposition.

4. Note that, Figs. 2 and 4 are only illustrative figures. The real LSH
partition might not be linearly separable. The number of partitions is
dependent on the LSH parameter w and p as will be discussed in
Section. 5.2
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Fig. 3. The probability that yi resides in such an interval

is w�2dcx
w ¼ 1� 2dcx

w . The probability density function of

the absolute value of the standard gaussian distribution

is fpðxÞ ¼ 2e�x2=2ffiffiffiffi
2p

p , where x � 0. Therefore, the probability

becomes 1� 2dcx
w ¼ R10 ð1� 2dcx

w ÞfpðxÞdx, and a further cal-

culation shows that the probability is 1� 4dcffiffiffiffi
2p

p
w
. tu

Further, it is obvious to obtain Lemma 2. The proof can
be found in Section 1 of the supplementary file, which can
be found on the Computer Society Digital Library at http://
doi.ieeecomputersociety.org/10.1109/TKDE.2016.2609423.

Lemma 2. For an LSH partition Pm with p hash functions, we
have Pr½r̂mi ¼ ri� � Prðw; dcÞp.
Aggregation of Multiple r̂mi . The point set is partitioned in

M LSH partition layouts ðP1;P2; . . . ;PMÞ. Accordingly, for
each point i, we will obtain M approximate density values

ðr̂1i ; r̂2i ; . . . ; r̂Mi Þ. These candidates (that are retrieved from
multiple distributed reducers) are aggregated in the second
MapReduce job. Since r̂mi � r, we choose r̂i ¼ maxmr̂

m
i . We

hope that the aggregate value is closer to the exact value.
Employing M LSH partitions reduces the chances that

a point’s dc-length neighbors reside in different partitions.
As a result, it reduces the number of false negatives, and
thus significantly increases Pr½r̂i ¼ ri�.
Theorem 1. With M LSH partitions ðP1;P2; . . . ;PMÞ, we have

Pr½r̂i ¼ ri� � 1� �1� Prðw; dcÞp
�M

.

Proof. r̂mi � maxmr̂
m
i � r̂i. If maxmr̂

m
i 6¼ ri, then 8m ¼

1; . . . ;M, r̂mi 6¼ ri. From Lemma 2, Pr½r̂mi ¼ ri� �
Prðw; dcÞp. Since Gmð1 � m � MÞ is independently and
randomly generated, we have the following:

Pr½r̂i ¼ ri� ¼ 1�
YM
m¼1

ð1� Pr½rmi ¼ ri�Þ

� 1� �1� Prðw; dcÞp
�M

:
tu

4.3 Step 2: Approximating d

The computation of d depends on r values. Therefore, after
Step 2, LSH-DDP associates each point pi with its approxi-
mate r̂i value. Then, Step 3 follows the same idea as approx-
imating r. LSH-DDP partitions the points using M LSH
layouts P1;P2; . . . ;PM with the map() function. Then it
performs local computation for dmi values as follows.

Local Computation of dmi . Let us consider a reduce()

function working on a partition Sm
k in a certain LSH parti-

tion layout Pm. LSH-DDP computes the distances between
all pairs of points in Sm

k . Then, using the approximate den-

sity fr̂jjj 2 Pm
k g, it approximates d̂mi ¼ minjjj2Pm

k
;r̂j > r̂i

ðdijÞ for
any i 2 Pm

k . For the point with the highest density in Sm
k , i.e.,

point i ¼ argmaxiji2Pm
k
r̂i, we set d̂mi ¼ 1.

However, even though the approximated r̂i were exactly
equal to ri, d

m
i might not be equal to di, since the computa-

tion is constrained within a subset of points. For example, in
LSH partition layout 1 as shown in Fig. 4a, since point p2’s
real upslope point resides in a different partition, the local d
approximation returns a wrong result, an incorrect upslope

point on another density mountain. Fortunately, in LSH
partition layout 2 as shown in Fig. 4b, p2 and its upslope
point are assigned in the same partition, and the correct d2
can be computed.

Assume r̂i ¼ ri, we study the probability of Pr½d̂mi ¼ di� in
the following lemmas. First, based on the property of LSH
and p-stable distribution (refer to Datar’s paper [12]), we
have Lemma 3. Further, we have Lemma 4 based on LSH
properties, and the proof can be found in Section 2 of the
supplementary file, available online.

Lemma 3. Given a point pi and an LSH function hðpiÞ ¼
ba�piþb

w c, suppose pi’s upslope point is pui (if exist) and diui is

the distance from i to ui (i.e., diui ¼ di), we have

Pdiðdiui ; wÞ ¼ Pr
�
hðpiÞ ¼ hðpuiÞ

�
¼
Z w

0

1

diui
fp

x

diui

� �
1� x

w

	 

dx

¼ 2norm
w

diui

� �
� 1� 2diuiffiffiffiffiffiffi

2p
p

w
1� e

� w2

2d2
iui

 !
;

where fpðxÞ denotes the probability density function of the
absolute value of a standard gaussian distribution, and
normð�Þ is the cumulative distribution function (cdf) for a ran-
dom variable that is distributed asNð0; 1Þ.

Lemma 4. Suppose point pi’s real upslope point is pui (if exist),
by a certain LSH partition Pm with p hash functions, we have

Pr½d̂mi ¼ di� ¼ Pdiðdiui ; wÞp

Aggregation of Multiple d̂mi . For each point i, we will obtain

M approximate values ðd̂1i ; d̂2i ; . . . ; d̂Mi Þ in various LSH lay-
outs. We hope that at least one of them is equal or close to
the exact value. According to Equation (2), the smallest one
is more likely to be the exact di. Therefore, we aggregate

these approximate ðd̂1i ; d̂2i ; . . . ; d̂Mi Þ in a MapReduce job and

set d̂i ¼ minmd̂
m
i . Similar to r approximation, the probability

Pr½d̂i ¼ di� is enlarged as follows.

Theorem 2. Given a point i’s upslope point ui, with M LSH

partitions ðP1;P2; . . . ;PMÞ, we have Pr½d̂i ¼ di� ¼ 1��
1� Pdiðdiui ; wÞp

�M
.

4.4 Step 3: Further Correction of d̂

From Theorem 2, we can see that the probability Pr½d̂i ¼ di�
highly depends on diui or di, i.e., the distance from point i

to its “nearest” neighbor with higher density. Generally

Fig. 4. d computation in two partition layouts (in contour view).
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speaking, as shown in Fig. 1d, diui is small for most points

and therefore the probability Pr½d̂i ¼ di� is correspondingly
high for most points. However, this is not true if point i is
distant from its upslope point (i.e., diui or di is large). This

leads to a very interesting situation. d̂i is more accurate for
smaller di but inaccurate for larger di.

Furthermore, since the density peaks are with large di,
they are distant from each other and are unlikely to be
hashed to the same bucket under a locality-preserving hash
function. Therefore, LSH-DDP may wrongly recognize
these density peaks as the absolute density peak in a parti-

tion and therefore assign d̂i ¼ 1. Although these points are
very likely to be the local density peaks and also probably
be chosen as density peaks in the density peak selection
step, a few wrong selections of density peaks will change
the cluster result and result in more fine-grained clusters.

To rectify these d̂i values, we should first find the points

whose d̂i are highly likely to be wrongly approximated, i.e.,

fpijd̂i 6¼ dig. Suppose r is correctly approximated. Given a
lower bound accuracy Ad of the d approximation, we have

Pr½d̂i ¼ di� ¼ 1� �1� Pdiðdiui ; wÞp
�M � Ad: (5)

Considering the representation of Pdiðdiui ; wÞ in Lemma 3,
diui is the only variable in (5). By solving this equation

(using Trust-Region with DogLeg method [22]), we can
obtain the minimum diui that satisfies this lower bound

accuracy requirement , i.e., diui � g where g is solution of

the equation and the lower bound distance to its upslope
point. Furthermore, point i’s di is the distance to its nearest

neighbor with higher density. Its approximation d̂i cannot

be less than its real value di, i.e., d̂i � di or diûi � diui (where

ûi is observed upslope point by approximation). We
have diûi � diui � g. With the probability guarantee, if

the observed diûi is larger than g, the approximation of di
are more likely inaccurate and should be further rectified.

Therefore, our further correction step will rectify these d̂i

values whose d̂i ¼ diûi � g.

However, precisely rectifying these d̂i requires to com-
pute point i’s distance to all the points with higher density.
This results in significant computational and communica-
tion cost (if implemented distributively). Instead, we rely on
rough rectification. Given that di computation only consid-
ers the distance to higher density points, we sample the
points with larger r̂ values. The larger a point’s r̂i value is,
the higher probability the point is sampled. Only these sam-
pled points are considered as the candidate points for dis-

tance measurement when rectifying d̂i values. Though this
approach is simple, our empirical results show that it is
effective enough.

4.5 MapReduce Implementation

To sum up, the MapReduce implementation of LSH-DDP
consists of five MapReduce jobs and a centralized program
(for density peak selection and point assignment). The first
job performs LSH partition (Map1) and local computation
of r̂mi (Reduce1). The second job aggregates the r̂mi values
(Reduce2). Similarly, LSH partition (Map3) and local com-

putation of d̂mi (Reduce3) are carried out in the third job. The

fourth job aggregates the d̂mi values (Reduce4). The central-
ized program first drafts a decision graph based on the

obtained r̂ and d̂ values and then let users select a set of den-

sity peaks with r̂ value at least rpeak and d̂ value at least dpeak,

i.e., fpijr̂i > rpeak; d̂i > dpeakg. The fifth job further corrects d̂

values. The points whose d̂i � g are filtered for further cor-
rection (Map5). At the same time, the points are sampled

with probability 1

1þeðr̂i�rpeakÞ if r̂i � rpeak and b � 1

1þeðr̂i�rpeakÞ if

r̂i < rpeak where b is a given sample rate (Map5). For each

to-be-corrected point i, its distance to higher density

sampled points are measured, and the d̂i is updated once a

smaller d̂i is found (Reduce5). Finally, the centralized
density peak selection and point assignment step is

re-performed with the corrected d̂ values.

5 PARAMETERS TUNING

To launch LSH-DDP, there are three parameters to be deter-
mined, the number of hash groups M, the number of hash
functions in each group p, and the width of hash function
w. A reasonable selection of these parameters is crucial to
approximation accuracy and performance. The determina-
tion of these three parameters is an optimization problem,
which takes two factors into account: the accuracy of result
and the cost (including shuffle cost and computational
cost). In this section, we discuss the parameter determina-
tion with a certain accuracy expectation.

5.1 Problem Formulation

Accuracy. The LSH-DDP algorithm makes the cluster assign-
ment for each point based on their approximated r̂ and d̂

values. The accuracy of each point assignment should be

Pr½r̂i ¼ ri� � Pr½d̂i ¼ di� ¼ Ar � Ad. However, according to

Theorem 2 the accuracy of an approximated d̂i greatly
depends on the real di, which is unknown in advance. We
would like to only analyze the accuracy of the approxi-
mated r̂ values. According to Theorem 1, we define the
expected accuracy as follows:

Arðw;p;MÞ ¼ 1� �1� Prðw; dcÞp
�M

; (6)

where Prðw; dcÞ is defined in Equation (4) and dc is fixed.
Shuffle Cost. ForM LSH partition layouts, LSH-DDP shuf-

fles M copies of each point in the r approximation and d

approximation, respectively, which is 2M � jSj. It also aggre-

gates V̂m;m ¼ 1; 2; . . . ;M and D̂m;m ¼ 1; 2; . . . ;M. But since

in general either jV̂j or jD̂j is much smaller than jSj, the shuf-
fle cost of r̂ values set D̂ and d̂ values set V̂ can be ignored.

In the correction step, since the d̂i values of only a subset of
points should be corrected and only a small portion of high
density points are sampled, the shuffle cost of the rectifica-
tion job are ignored for simplicity. Therefore, the shuffle cost.
(or the size of shuffled data) can be simplified as

Csðw;p;MÞ ¼ 2M � jSj: (7)

Computational Cost. The computations occur in the LSH
partition, the distance calculations, and r̂ and d̂ approxima-
tions. Among them, the distance calculations are the most
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costly. We consider the number of distance calculations in
the r and d approximation steps as the computational cost,
which are from the generations of distributed distance
matrices Dm

kk; 8k; 1 � m � M where Dm
kk is the pair-wise dis-

tance matrix of subset Sm
k and is a Nm

k �Nm
k matrix (Nm

k is
the number of points in Sm

k ). Therefore, the expected compu-
tational cost can be represented as

E
�Ccðw;p;MÞ� ¼ E

�XM
m¼1

X
k¼1

ðNm
k Þ2
�
¼ M �

XK
k¼1

Nk
2; (8)

where K is the expected number of partitions andPK
k¼1 Nk ¼ N .
We aim to minimize both the shuffle cost and the compu-

tational cost while satisfying a certain accuracy guarantee.
This is a multi-objective optimization problem. Apparently,
this multi-objective optimization problem can be trans-
formed to a single objective optimization problem by unify-
ing the costs into time cost. Suppose the ratio of the time
unit for shuffling each byte to the time unit for each distance
calculation is m, which varies for different clusters and can
be estimated in a MapReduce job (e.g., [0.02-0.1] for our
local cluster and [0.1-0.3] for our EC2 cluster). The single
optimization problem can be described as follows:

min: m � 2M � jSj þM �
XK
k¼1

Nk
2

s.t. 1� �1� Prðw; dcÞp
�M � required value.

(9)

We can see that the parameters w;p;M play a key role in
solving this optimization problem.

5.2 Analysis of Parameter Variations

From Theorem 1, it is obvious that the accuracy increases
with the increase ofM and w, and with the decrease of p.

For both shuffle and computational cost, it is obvious that
they increase with the increase of M. The computational
cost also increases with the increase of the sum of squaresPK

k¼1 Nk
2, where

PK
k¼1 Nk ¼ N . The value of

PK
k¼1 Nk

2

depends on the data distribution and affected by w and p.
We do not make any assumption of data distribution and

would like to study the relationship between
PK

k¼1 Nk
2 and

the parameters w and p. Intuitively, small w leads to narrow
partition, and large p leads to a fine partition of the space.
That is, small w and large p lead to a large number of small

Nk and probably small
PK

k¼1 Nk
2. Therefore, the computa-

tional cost should decrease with the decrease of M and w,
and with the increase of p.

Based on the above analysis, we see that the impacts of
the three parameters on the expected accuracy and on per-
formance are reverse. As a result, there is a tradeoff between
approximation accuracy and performance.

5.3 Offline Parameter Tuning

We tuneM, p, and w to minimize the runtime while guaran-
teeing a given accuracy requirement. Since the computa-

tional cost (mainly determined by
P

k Nk
2) depends on not

only LSH parameters fM;p; wg but also the data distribu-
tion, the optimization problem cannot be solved without
knowledge of the data. We employ offline parameter tuning

by sampling the data points. v groups ofN 0 points5 are sam-
pled through distributed reservoir sampling. We perform
LSH partitions on these v samples sets according to various
parameter combinations and obtain v LSH layouts, i.e., v

results of
P

k N
0
k
2 values.6 We then compute the average

and scale it by ðNN 0Þ2 to predict
P

k Nk
2, i.e.,

PvP
k
N 0
k
2

v
� ðNN 0Þ2.

We use the following greedy heuristic to look for the opti-
mal parameters set.

First, assume M and p are fixed as M0 and p0 respec-
tively. We compute the minimum value of w (i.e., w0) that
satisfies a given accuracy requirement A, i.e., solving equa-

tion 1� �1� Prðw; dcÞp
�M
0

¼ A for the variable w. Therefore,

given M0, p0 and the predicted
P

k Nk
2, the total cost T0 can

be obtained according to Equation (9).
Next, we try Mþx ¼ M0 þ x (x is the stepsize and x 2 Zþ)

aswell asM�x ¼ M0 � xwhile fixing p0 and repeat the above
process to obtain Tþx and T�x. We fix the M that results in
smaller total cost, and then try pþy and p�y. Similarly the p

with smaller total cost is chosen. We repeat this process by
alternatively varying M and p until the total cost T is not
decreased no matter increasing or decreasing M and p. The
resulted fM;p; wg are returned as the parameters set.

It is noticeable that the complexities in distributed envi-
ronment (e.g., load unbalance, synchronization barrier, net-
work congestion, node failure, in-memory or external sort)
impact the prediction accuracy. But it can provide a rela-
tively reasonable parameter setting with regard to the data
distribution. Our experimental results (Section 6.5) shows
its effectiveness. Our empirical study also shows that the
runtime is stable when M is large enough, and a recom-
mended parameters setting range is provided.

6 EXPERIMENTAL EVALUATION

6.1 Experimental Setup

Machine Configuration. The experiments are performed both
on our local cluster of machines and on EC2 cloud. Our local
cluster contains 1 master and 4 slave workers, each
equipped with an Intel I5-4690 3.3G 4-core CPU, 4 GB mem-
ory, running Hadoop 1.2.1. The EC2 cluster consists of 64
m1.medium instances.

Data Sets. Table 2 lists the data sets that we use in our
experiments. There are two small sized 2D data sets, four
real world medium sized high-dimensional data sets, and
three large high-dimensional data sets.7,8,9 We use the 2D
data sets to visualize the clustering results, the medium data
sets to evaluate the efficiency in our local cluster, and the
large data sets to evaluate the efficiency in large EC2 cluster.

6.2 DP versus Previous Algorithms

Before evaluating LSH-DDP, we would like to understand
DP’s advantages over previous clustering algoritms. Fig. 5a
depicts the ground truth. Figs. 5b, 5c, 5d, 5e, and 5f compare

5. The sample rate can be chosen based on data size and cluster
performance.

6. The average of multiple
P

k N
0
k
2 from multiple random LSH parti-

tions would be more accurate.
7. http://cs.joensuu.fi/sipu/datasets/
8. https://archive.ics.uci.edu/ml/datasets.html
9. http://www.cs.unipaderbom.de/en/fachgebiete/agbloemer/

research/clustering/streamkmpp
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the clustering results of DP and four previous representa-
tive algorithms, including agglomerative hierarchical clus-
ter (connectivity-based), K-means (centroid-based), EM
(distribution-based), DBSCAN (density-based). Table 3 lists
the key features of the clustering algorithms.

The input parameter dc of DP_Cluster is estimated as the 2
percent position of the ascending ordered distance set
(see Section 3.1). For the algorithms that take the number of
clusters k as the input parameter, k is set to the number of clus-
ters in the ground truth. DBSCAN’s input parameter " is set to
dc, and theminimumnumber of points in a cluster is set to 1.

Fig. 5 shows the results for the Aggregation data set, which
is a shaped data set. In addition, we compare the algorithms
using seven other shaped data sets and see similar trends. For
space limitation, we focus only on the Aggregation data set
here. There are seven clusters in the ground truth. The hierar-
chical and the DBSCAN algorithms correctly identify three
clusters, but make mistakes for the other clusters. The two
algorithms cannot easily separate clusters that are close to
each other. On the other hand, K-means and EM can correctly
identify four clusters, while they work poorly for non-oval
shapes. In contrast, DP correctly identifies all the seven clus-
ters, achieving the best clustering results.

6.3 Effectiveness of LSH-DDP

Visualized Cluster Result. In order to visualize the cluster
result, we run Basic-DDP and LSH-DDP on a small sized 2D
data set, S2. In LSH-DDP, we setA ¼ 0:99;M ¼ 10;p ¼ 3.

Figs. 6a and 6b show the decision graphs for Basic-DDP
and LSH-DDP, respectively. The decision graph of Basic-
DDP is generated using the computed exact (r, d) values,
while the decision graph of LSH-DDP is drawn using the

approximate (r̂, d̂) values. We show a possible selection of
peaks on the two decision graphs (i.e., all points that satisfy
r > 40 and d > 14).

We see that the decision graphs of Basic-DDP and
LSH-DDP are roughly the same. Thanks to the d̂ correction

technique, most of the wrongly approximated d̂i values are
corrected. The only difference is that one more peaks is
chosen in LSH-DDP decision graph. This is reflected in the
cluster result as shown in Fig. 7. One more group of points
is clustered in LSH-DDP. However, the cluster results of
Basic-DDP and LSH-DDP are almost the same. Differences
exist only at boundary points and/or for deciding whether
a set of points should be clustered at a finer granularity.

Expected Accuracy of r̂. We further evaluate the accuracy
of LSH-DDP. Since the cluster result of a large multi-
dimensional data set cannot be easily visualized, we focus on

TABLE 2
Data Sets

data set # instances # dimensions

Aggregation 788 2
S2 5,000 2
Facial 27,936 300
KDD 145,751 74
3Dspatial 434,874 4
BigCross500K 500,000 57
USCensus 2,458,285 68
BigCross 11,620,300 57
Activity 43,930,257 16

Fig. 5. Cluster results of different algorithms for Aggregation dataset (k ¼ 7).

Fig. 6. Decision graphs (S2).

Fig. 7. Cluster result (S2).

TABLE 3
Key Features of Various Clustering Algorithms

iterative cluster shape
assumption

predefined #
of clusters

complexity embarrassingly
parallel

interactivity

hierarchical no yes no Oðn3Þ no no
k-means yes yes yes Oðn � k � IÞ yes no
EM yes yes yes Oðn � k � IÞ yes no
DBSCAN no no no Oðn2Þ no no
DP no no no Oðn2Þ yes yes
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measuring the accuracy of r̂. We define two metrics t1 and t2
to characterize the accuracy of the approximation. t1 ¼
jfr̂ij8i2P;r̂i¼rigj

N is the fraction of correctly approximated r

values. Larger t1 means that the r̂ of more points are approxi-
mated correctly. When every r̂ is approximated correctly,

t1 ¼ 1. t2 ¼ 1�
P

i
jri�r̂ijP
i
ri

. It is 1 minus the normalized abso-

lute error. Hence, the smaller the error, the larger the t2.
When the error approaches 0, t2 grows to 1.

We have run experiments for all the four medium sized
data sets and see similar results. For space limitation, we
focus on BigCross500K in Fig. 8. On the x-axis, we vary the
expected accuracyA. Given aA, we set the LSH-DDPparam-
eters accordingly and then run the algorithm. The resulting
t1 and t2 are reported in Figs. 8a and 8b, respectively. From
the figures, we see that both t1 and t2 increase as the
expected accuracyA increases. Both metrics approach 1 asA
approaches 1. Note that the definition of t1 corresponds to
the accuracy target. It is clear that t1 points reside closely
around the diagonal line. This shows that LSH-DDP has suc-
cessfully realized the accuracy target as specified byA.

Effect of d̂ Correction. As discussed in Section 4.4, the

approximated d̂i is more accurate for smaller di but inaccu-
rate for larger di. Moreover, a few points with large d values
could be misidentified as local density peaks. This might
lead to more clusters than expected. In order to rectify the

wrongly approximated d̂ values and help identify the real

density peaks, we propose d̂ correction technique.
To verify the effect of the d̂ correction step, Table 4 shows

the ratio of wrongly approximated d̂ values and the number
of local density peaks (i.e., no other denser points found
after LSH partition) before and after correction. We can see

that large amount of wrongly approximated d̂ values are
corrected. Furthermore, all the misidentified density peaks
are rectified.

6.4 Efficiency of LSH-DDP

Runtime. We run Basic-DDP and LSH-DDP on four data
sets, i.e., Facial, KDD, 3Dspatial, and BigCross500K on the
local cluster of machines. The parameters of LSH-DDP are
set as follows: A ¼ 0:99;M ¼ 10;p ¼ 3, and the block size
parameter of Basic-DDP is set as 500. As shown in Fig. 9a,
LSH-DDP is dramatically better than Basic-DDP, achieving
1.7–24� speedups. Moreover, the larger the data set size,
the more benefit LSH-DDP brings. To understand the per-
formance benefit, we delve into the communication cost
and the computation cost in the following.

Shuffle Cost. Fig. 9b compares the total amount of data
shuffled in the MapReduce jobs of Basic-DDP and LSH-DDP.
Basic-DDP has to send every point to every other point using
the Map and the shuffle stages. In contrast, LSH-DDP sends
only the local results computed from LSH local partitions,
thereby avoiding the quadratic communication cost. As
shown in Fig. 9b, LSH-DDP reduces the amount of shuffled
data by 5–87� compared to Basic-DDP. Since the amount of
shuffled data in Basic-DDP grows quadratically, LSH-DDP
sees larger savings for larger data sets.

Computational Cost. Fig. 9c reports the number of distance
measurements computed in Basic-DDP versus LSH-DDP.
The computation cost of Basic-DDP grows quadratically,
while LSH-DDP sees only linear growth. Consequently,
the savings of LSH-DDP grow as the input data set size
increases. We see a 1.7–6.1� savings for computational cost.

Comparison to EDDPC. EDDPC [23] is a recently work on
parallelizing DP algorithm. It leverages Voronoi diagram
and careful data replication/filtering to reduce the huge
amount of useless distance measurement cost and data
shuffle cost. Rather than approximation, EDDPC will return
the exact r and d values. We also compare our approach
with EDDPC for clustering the BigCross500K data set. The
results are listed in Table 5. We can see that LSH-DDP
requires less runtime and much less shuffled data though
higher number of distance measurements (i.e., # dist.). Note

Fig. 8. Expected accuracyA versus t1 and t2 (S2).

TABLE 4
Effect of d̂ Correction

dataset before after

wrong d̂ # peaks wrong d̂ # peaks

Facial 14.92% 129 10.72% 1
KDD 6.75% 271 3.36% 1
BigCross500K 4.86% 43 1.45% 1

Fig. 9. Basic-DDP versus LSH-DDP for different data sets.
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that, LSH-DDP will result in even higher efficiency with
lower accuracy requirement.

Large Scale Experiments on EC2. In order to see the perfor-
mance of LSH-DDP for very large data sets in large scale
distributed environments, we run the algorithms on the
three large data sets (USCensus, BigCross, Activity) on our
EC2 cluster.

As known, the number of reducers plays a key role in dis-
tributed computing performance. Large number of reducers
helps increase parallelization but results in more task initiali-
zation overhead. Fig. 10 shows the runtime of LSH-DDP on
the BigCross data set when varying the number of reducers.
Job 1 and Job 3 perform LSH partition and local approxima-
tions of r̂ values and d̂ values respectively, which are rela-
tively heavy loaded.While Job 2 and Job 4 only aggregate the

local approximations of r̂ values and d̂ values respectively,

which are relatively light loaded. Job 5 further corrects the d̂
values, which is also light loaded.We can see that it is prefer-
able to choose a larger number of reducers for heavy loaded
job while a smaller number of reducers for light loaded job.
Once the overhead of task initializations overwhelms the
potential benefit of parallelization, the runtime prolongs
with the increase of number of reducers.

Table 610 shows the runtime of LSH-DDP and Basic-DDP
on different data sets. We only consider the runtime of the
r/d computation runtime for LSH-DDP and Basic-DDP. The
number of reducers is 256 for job1/job3 and 64 for job2/
job4/job5. The runtime of 5 jobs is listed separately. The
parameters settings are as follows: A ¼ 0:99;M ¼ 10;p ¼ 3.
Additionally, we run the popular K-means algorithm.
The number of centers k is predefined as 256. Since the con-
vergence of Kmeans algorithm depends on the application
requirement (it is common to require tens of iterations,
and more iterations result in more accurate result), we only

report its average runtime per iteration. We can see that
LSH-DDP achieves up to 70� speedup over Basic-DDP and
exhibits comparable performance with Kmeans. It is also
possible to lower the accuracy requirement to speedup
LSH-DDP further.

6.5 Effect of LSH Parameters

We study the effect of LSH-DDP’s parameters M and p. We
run LSH-DDP on the BigCross500Kdata set on our local clus-
ter of machines. We set A ¼ 0:99. Our offline parameter tun-
ing (Section 5.3) approach returns M ¼ 5 and p ¼ 3. We
further varyM and p. Figs. 11a and 11b report the impact of
the parameters on the runtime and the accuracy metric t2,
respectively. As shown in Fig. 11a, when p ¼ 3, the runtime
increases asM increases. However, this is not true for larger
p. When p ¼ 20, the trend actually reverses. This is because
that the workload is quite skewed when M is small and p is
large, leading to degraded performance. Fig. 11b shows the
impact of the choice of parameters on t2. When M is less
than 5, t2 is unexpectedly low and this could reduce the qual-
ity of the clustering result. On the other hand, when M is
larger than 5, t2 is stable, achieving 99 percent accuracy for
almost all cases. Taking both runtime and accuracy into con-
sideration, we recommend to setM ¼ ½10; 20� and p ¼ ½3; 10�.

7 RELATED WORK

Clustering Techniques. Previous clustering algorithms
include connectivity based clustering (e.g., hierarchical clus-
tering [24]), centroid-based clustering (e.g., k-means [2]),
distribution-based clustering (e.g., EM clustering [4]), and
density-based clustering (e.g., DBSCAN [3]). As described
in Section 1, Density Peaks [1] is a newly proposed cluster-
ing algorithm. DP has several distinctive advantages over
previous clustering algorithms: It does not require a priori
knowledge, it supports arbitrarily shaped clusters, it is
deterministic, and it provides a 2D representation to visual-
ize the input data. As a result, DP has already been
employed in a wide variety of applications [5], [6], [7], [8],
[9], [11]. Moreover, researchers in the AI community are

TABLE 5
Comparison to EDDPC on BigCross500K

runtime (s) shuffle (GB) # dist. (�109)

Basic-DDP 8,104 166.6 250
EDDPC 667 5.7 13.3
LSH-DDP 327 1.9 40.7

Fig. 10. Runtime of LSH-DDP when varying the number of reducers
(BigCross).

TABLE 6
Runtime on EC2 (Seconds)

dataset LSH-DDP Basic
DDP

kmeans
per iter.job1 job2 job3 job4 job5

USCensus 926 101 909 78 108 71,153 121.3
BigCross 1,300 156 1,353 116 134 164,172 189.4
Activity 4,319 222 4,415 158 339 - 242.8

Fig. 11. Runtime and actual accuracy t2 when varying M and p
(BigCross500K).

10. The runtime of Basic-DDP on Activity dataset is shown ‘-’
because we cannot finish the computation in 5 days.
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interested in extending DP in various aspects [25], [26], [27],
[28], [29]. In this paper, we propose and evaluate LSH-DDP,
an efficient distributed DP algorithm. While we focus on the
original DP, we believe that it is feasible to modify our solu-
tion to support variants of DP.

MapReduce Parallelization of Sequential Algorithms. As a
popular distributed programming paradigm, MapReduce
has been used in parallelizing a wide range of algorithms
for processing big data. This includes text processing [30],
crowdsourcing [31], kNN join [32], nonnegative matrix fac-
torization (NMF) [33], and spatial data query [34]. In this
paper, we also choose MapReduce as the programming
model for distributed DP algorithms.

All-Pair Computation in MapReduce. The computation of r
and d is related to a set of problems where computation is
required for all pairs of input data elements. Kiefer et al.
reduced the communication overhead of all-pair computa-
tion by using replication of set elements to enable partition-
ing, and by aggregating the results gathered for different
copies of an element [35]. Ture et al. presented an
LSH-based scalable MapReduce implementation of the sort-
based sliding window algorithm for extracting pair-wise
similarity [36]. In this paper, we also employ LSH in our
solution. Note that Ture et al.’s work cannot be applied
since r and d are not similarity measurements.

Approximate Algorithms Using LSH. The LSH method was
first proposed by Datar [12]. Since its introduction, LSH has
been used to optimize a wide range of applications. Stupar
et al. exploited LSH to answer kNN query [37]. Zhang et al.
extended this work to solve kNN join problem [32]. Liu
et al. employed LSH to optimize distributed graph summa-
rization [38]. Yu et al. supported scalable content-based
music retrieval through LSH [39]. Pillutla gave an approxi-
mate algorithm for distance based outlier detection using
LSH [40]. We also employ LSH in our solution. As discussed
in Section 1, there are several challenges in applying LSH to
DP. We leverage the characteristics of DP to deal with these
challenges. We present formal analysis of LSH-DDP, and
show that the approximation quality and the runtime can
be controlled by tuning LSH-DDP parameters.

8 CONCLUSION

In this paper, we present an efficient distributed algorithm
LSH-DDP for Density Peaks clustering. We perform theo-
retical analysis of LSH-DDP, which allows users to specify
the expected approximation accuracy. Compared to the
na€ıve MapReduce implementation (Basic-DDP), LSH-DDP
significantly reduces the amount of shuffled data and the
computational cost, thereby achieving a factor of 1.7–70�
speedups when clustering large real-world data sets. It
also achieves 2� speedup over EDDPC with a very high
accuracy requirement. Compared to the popular K-means
clustering algorithm, LSH-DDP has comparable or better
performance. In this paper, we only focus on optimizing
clustering in euclidean space. By using corresponding LSH
variants, LSH-DDP can be extended to support other dis-
tance metrics, such as Jaccard distance, hamming distance,
cosine distance, and edit distance. In conclusion, LSH-DDP
is a promising solution that makes DP algorithm feasible
for clustering large real-world data sets.

ACKNOWLEDGMENTS

This work was partially supported by the National Natural
Science Foundation of China (61672141, 61528203, 61433008,
61300023), Fundamental Research Funds for the Central
Universities (N141605001). The second author is partially
supported by the CAS Hundred Talents program, by NSFC
project No. 61572468, and by NSFC Innovation Research
Group No. 61521092. S. Chen is the corresponding author.

REFERENCES

[1] A. Rodriguez and A. Laio, “Clustering by fast search and find of
density peaks,” Science, vol. 344, no. 6191, pp. 1492–1496,
Jun. 2014.

[2] S. Lloyd, “Least squares quantization in PCM,” IEEE Trans. Inf.
Theory, vol. 28, no. 2, pp. 129–137, Sep. 2006.

[3] A. Dempster, N. Laird, and D. Rubin, “A density-based algo-
rithm for discovering clusters in large spatial databases with
noise,” in Proc. 2nd Int. Conf. Knowl. Discovery Data Mining, 1996,
pp. 226–231.

[4] A. Dempster, N. Laird, and D. Rubin, “Maximum likelihood from
incomplete data via the em algorithm,” J. Roy. Statistical Soc. Series
B, vol. 39, no. 1, pp. 1–38, 1977.

[5] D. Kobak, W. Brendel, C. Constantinidis, C. E. Feierstein,
A. Kepecs, Z. F. Mainen, X. Qi, R. Romo, N. Uchida, and
C. K. Machens, “Demixed principal component analysis of neural
population data,” eLife, vol. 5, no. 1, pp. e10989, Apr. 2016.

[6] K. Sun, X. Geng, and L. Ji, “Exemplar component analysis: A fast
band selection method for hyperspectral imagery,” IEEE Geosci.
Remote Sens. Lett., vol. 12, no. 5, pp. 998–1002, May 2015.

[7] S. Zamuner, A. Rodriguez, F. Seno, and A. Trovato, “An efficient
algorithm to perform local concerted movements of a chain mole-
cule,” PloS One, vol. 10, no. 3, 2015, Art. no. e0118342.

[8] D. Yu, X. Ma, Y. Tu, and L. Lai, “Both piston-like and rotational
motions are present in bacterial chemoreceptor signaling,” Scien-
tific Reports, vol. 5, 2015, Art. no. 8640.

[9] Y. Chen, D. Lai, H. Qi, J. Wang, and J. Du, “An efficient algorithm
to perform local concerted movements of a chain molecule,”
PLOS ONE, vol. 10, no. 3, pp. 0118342, Mar. 2015.

[10] N. Begum, L. Ulanova, J. Wang, and E. Keogh, “Accelerating
dynamic time warping clustering with a novel admissible pruning
strategy,” in Proc. Int. Conf. Knowl. Discovery Data Mining, 2015,
pp. 49–58.

[11] K. Dean, et al., “High-speed multiparameter photophysical analy-
ses of fluorophore libraries,” Analytical Chemistry, vol. 87,
pp. 5026–5030, 2015.

[12] M. Datar, N. Immorlica, P. Indyk, and V. S. Mirrokni, “Locality-
sensitive hashing scheme based on p-stable distributions,” in
Proc. 20th Annu. Symp. Comput. Geometry, 2004, pp. 253–262.

[13] J. S. Vitter, “Random sampling with a reservoir,” ACM Trans.
Math. Softw., vol. 11, no. 1, pp. 37–57, 1985.

[14] W. Lu, Y. Shen, S. Chen, and B. C. Ooi, “Efficient processing of
k nearest neighbor joins using MapReduce,” Proc. VLDB Endow-
ment, vol. 5, no. 10, pp. 1016–1027, Jun. 2012.

[15] P. Indyk and R. Motwani, “Approximate nearest neighbors:
Towards removing the curse of dimensionality,” in Proc. 30th
Annu. ACM Symp. Theory Comput., 1998, pp. 604–613.

[16] J. Gan, J. Feng, Q. Fang, and W. Ng, “Locality sensitive hashing
scheme based on dyanmic collision counting,” in Proc. ACM
SIGMOD Int. Conf. Manage. Data, 2012, pp. 541–552.

[17] Y. Tao, K. Yi, C. Sheng, and P. Kalnis, “Quality and efficiency
in high dimensional nearest neighbor search,” in Proc. ACM
SIGMOD Int. Conf. Manage. Data, 2009, pp. 563–576.

[18] Q. Lv, W. Josephson, Z. Wang, M. Charikar, and K. Li, “Multi-
probe LSH: Efficient indexing for highdimensional similarity
search,” in Proc. 33rd Int. Conf. Very Large Data Bases, 2007,
pp. 950–961.

[19] A. Gionis, P. Indyk, and R. Motwani, “Similarity search in high
dimensions via hashing,” in Proc. 25th Int. Conf. Very Large Data
Bases, 1999, pp. 518–529.

[20] Y. Liu, J. Cui, Z. Huang, H. Li, and H. T. Shen, “SK-LSH: An effi-
cient index structure for approximate nearest neighbor search,”
Proc. VLDB Endowment, vol. 7, pp. 745–756, 2014.

ZHANG ET AL.: EFFICIENT DISTRIBUTED DENSITY PEAKS FOR CLUSTERING LARGE DATA SETS IN MAPREDUCE 3229



[21] V. Zolotarev, “One-dimensional stable distributions,” Translations
Math. Monographs, vol. 65, pp. 270–277, 1986.

[22] M. Rojas, S. A. Santos, and D. C. Sorensen, “Algorithm 873:
LSTRS: MATLAB software for large-scale trust-region subpro-
blems and regularization,” ACM Trans. Math. Softw., vol. 34, no. 2,
pp. 11:1–11:28, Mar. 2008. [Online]. Available: http://doi.acm.
org/10.1145/1326548.1326553

[23] S. Gong and Y. Zhang, “EDDPC: An efficient distributed density
peaks clustering algorithm,” J. Comput. Res. Develop., vol. 53, no. 6,
pp. 1400–1409, Jun. 2016.

[24] L. Kaufman and P. Rousseeuw, Finding Groups in Data: An Intro-
duction to Cluster Analysis. New York, NY, USA: Wiley, 1990.

[25] J. Xu and G. Wang. “Leading tree in DP_CLUS and its impact on
building hierarchies,” 2015. [Online]. Available: http://arxiv.org/
abs/1506.03879

[26] Z. Xie, L. Jiang, T. Ye, and X. Li, “A synthetic minority oversam-
pling method based on local densities in low-dimensional space
for imbalanced learning,” Database Systems for Advanced Applica-
tions. Berlin, Germany: Springer, 2015.

[27] A. Decelle and F. Ricci-Tersenghi, “Solving the inverse ising prob-
lem by mean-field methods in a clustered phase space with many
states,” arXiv:1501.03034, 2015.

[28] S. Wang, D. Wang, C. Li, and Y. Li, “Comment on clustering by
fast search and find of density peaks,” arXiv: 1501.04267, 2015.

[29] W. Zhang and J. Li, “Extended fast search clustering algorithm:
Widely density clusters, no density peaks,” arXiv: 1505.05610,
2015.

[30] J. Lin and C. Dyer, Data-Intensive Text Processing with MapReduce.
San Mateo, CA, USA: Morgan and Claypool, 2010.

[31] P. Langhans, C. Wieser, and F. Bry, “Crowdsourcing mapreduce:
Jsmapreduce,” in Proc. 22nd Int. Conf. World Wide Web, 2013,
pp. 253–256.

[32] C. Zhang, F. Li, and J. Jestes, “Efficient parallel kNN joins for large
data in MapReduce,” in Proc. 15th Int. Conf. Extending Database
Technol., 2012, pp. 38–49.

[33] C. Liu, H.-C. Yang, J. Fan, L.-W. He, and Y.-M. Wang,
“Distributed nonnegative matrix factorization for web-scale
dyadic data analysis on MapReduce,” in Proc. 19th Int. Conf. World
wide web, 2010, pp. 681–690.

[34] A. Eldawy, M. F. Mokbel, S. Alharthi, A. Alzaidy, K. Tarek, and
S. Ghani, “SHAHED: A MapReduce-based system for querying
and visualizing spatio-temporal satellite data,” in Proc. IEEE 31st
Int. Conf. Data Eng., 2015, pp. 1585–1596.

[35] T. Kiefer, P. B. Volk, and W. Lehner, “Pairwise element computa-
tion with MapReduce,” in Proc. 19th ACM Int. Symp. High Perfor-
mance Distrib. Comput., 2010, pp. 826–833.

[36] F. Ture, T. Elsayed, and J. Lin, “No free lunch: Brute force versus
locality-sensitive hashing for cross-lingual pairwise similarity,” in
Proc. 34th Int. ACM SIGIR Conf. Res. Development Inf. Retrieval,
2011, pp. 943–952.

[37] A. Stupar, S. Michel, and R. Schenkel, “RankReduce processing
k-nearest neighbor queries on top of MapReduce,” in Proc. 8th
Workshop Large-Scale Distrib. Syst. Inf. Retrieval, pp. 13–18, 2010.

[38] X. Liu, Y. Tian, Q. He, W.-C. Lee, and J. McPherson, “Distributed
graph summarization,” in Proc. 23rd ACM Int. Conf. Inf. Knowl.
Manage., 2014, pp. 799–808.

[39] Y. Yu, R. Zimmermann, Y. Wang, and V. Oria, “Scalable content-
based music retrieval using chord progression histogram and
tree-structure LSH,” IEEE Trans. Multimedia, vol. 15, no. 8,
pp. 1969–1981, Dec. 2013.

[40] M. R. Pillutla, N. Raval, P. Bansal, K. Srinathan, and C. V. Jawahar,
“LSH based outlier detection and its application in distributed
setting,” in Proc. 20th ACM Int. Conf. Inf. Knowl. Manage., 2011,
pp. 2289–2292.

Yanfeng Zhang received the PhD degree in
computer science from Northeastern University,
China, in 2012. He is currently an associate
professor with Northeastern University, China.
His research consists of distributed systems and
big data processing. He has published many
papers in the above areas. His paper in SoCC
2011 was honored with “Paper of Distinction”.

Shimin Chen received the PhD degree from Car-
negie Mellon University, in 2005. He is a profes-
sor at ICT CAS. He worked as a researcher,
senior researcher, and research manager at Intel
Labs , Carnegie Mellon University, and HP Labs
before joining ICT. His research interests include
data management systems, computer architec-
ture, and big data processing.

Ge Yu received the PhD degree in computer
science from the Kyushu University of Japan, in
1996. He is now a professor with Northeastern
University, China. His current research interests
include distributed and parallel database, OLAP
and data warehousing, data integration, graph
data management, etc. He has published more
than 200 papers in refereed journals and confer-
ences. He is a member of the IEEE, the ACM and
the CCF.

" For more information on this or any other computing topic,
please visit our Digital Library at www.computer.org/publications/dlib.

3230 IEEE TRANSACTIONS ON KNOWLEDGE AND DATA ENGINEERING, VOL. 28, NO. 12, DECEMBER 2016



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


