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Abstract
Current non-rigid structure from motion (NRSfM) algorithms are limited with

respect to: (i) the number of images, and (ii) the type of shape variability they can
handle. This has hampered the practical utility of NRSfM for many applications
within vision. Deep Neural Networks (DNNs) are an obvious candidate to help
with such issue. However, their use has not been explored in recovering poses and
3D shapes from an ensemble of vector-based 2D landmarks. In this proposal, we
present a novel deep neural network to recover camera poses and 3D points solely
from an ensemble of 2D image coordinates. The proposed neural network is built
upon our prior work on compressible structure form motion – extending the origi-
nal single-layer sparsity constraint to a multi-layer one. The network architecture is
mathematically interpretable as a multi-layer block sparse dictionary learning prob-
lem.

Our network is capable of handling problems of unprecedented scale in terms of
samples and parameterization – allowing us to effectively recover 3D shapes deemed
too complex by previous state-of-the-art. We further propose a generalization mea-
sure (based on the network weights) for guiding training to efficiently avoid over-
fitting, circumventing the need for 3D ground-truth. Once the networks weights are
estimated (for a non-rigid object) we show how our approach can be used to recover
3D shape from a single image without 3D supervision. We shall propose how to
extend our current framework to handle missing data, and identify new applications
– such as Structure from Category (SfC) – where our approach can have substantial
impact within computer vision.
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Chapter 1

Introduction

Building an AI capable of inferring the 3D structure and pose of an object from a single image
is a problem of immense importance. Training such a system using supervised learning requires
a large number of labeled images – how to obtain these labels is currently an open problem
for the vision community. Rendering [50] is problematic as the synthetic images seldom match
the appearance and geometry of the objects we encounter in the real-world. Hand annotation
is preferable, but current strategies rely on associating the natural images with an external 3D
dataset (e.g. ShapeNet [13], ModelNet [64]), which we refer to as 3D supervision. If the 3D
shape dataset does not capture the variation we see in the imagery, then the problem is inherently
ill-posed.

Non-Rigid Structure from Motion (NRSf M) offers computer vision a way out of this quandary
– by recovering the pose and 3D structure of an object category solely from hand annotated 2D
landmarks with no need of 3D supervision. Classically [9], the problem of NRSf M has been ap-
plied to objects that move non-rigidly over time such as the human body and face. But NRSf M
is not restricted to non-rigid objects; it can equally be applied to rigid objects whose object cate-
gories deform non-rigidly [32]. Consider, for example, chairs. Each chair in isolation represents
a rigid shape, but the set of all shapes describing “chair” is non-rigid. In other words, each object
instance can be modeled as a deformation from its category’s general shape.

Current NRSf M algorithms [15, 34, 35] all suffer from the difficulty of processing large-
scale image sequences, limiting their ability to reliably model complex shape variations. This
additionally hinders their ability to generalize to unseen images. Deep Neural Networks (DNNs)
are an obvious candidate to help with such issue. However, the influence of DNNs has been most
noticeable when applied to raster representations (e.g. raw pixel intensities [20]). While DNNs
have recently exhibited their success to 3D point representations (e.g. point clouds) [29, 44], their
use has not been explored in recovering poses and 3D shapes from an ensemble of vector-based
2D landmarks.

In this proposal, we present a novel DNN to solve the problem of NRSf M. Our employ-
ment of DNNs moves from an opaque black-box to a transparent “glass-box” in terms of its
interpretability. The term “black-box” is often used as a critique of DNNs with respect to the
general lack of understanding surrounding the inner workings. We demonstrate how the prob-
lem of NRSf M can be cast as a multi-layer block sparse dictionary learning problem. Through
recent theoretical innovations [42], we then show how this problem can be reinterpreted as a
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feed-forward DNN auto-encoder that can be efficiently solved through modern deep learning
environments.

The salient features of the proposed work are
• Our deep NRSf M is capable of handling hundreds of thousands of images and learning

large parameterizations to model non-rigidity.
• Our proposed approach is completely unsupervised in a 3D sense, relying solely on the

projected 2D landmarks of the non-rigid object or object category to recover the pose and
3D shape.

• The considerable capacity of modeling non-rigidity allows us to efficiently apply it to
unseen data. This facilitates an accurate 3D reconstruction of objects from a single view
with no aid of 3D ground-truth.

• We propose a measure of generalization quality (using coherence and trained parameters),
which improves the practical utility of our model in the real world applications.

• Our proposed work can be easily implemented via modern deep learning packages (e.g. Ten-
sorflow, PyTorch).

2
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Chapter 2

Background

Reconstructing the 3D geometry of objects from 2D images is a fundamental task in computer
vision. With the remarkable success in Structure from Motion (Sf M), which is now capable of
reconstructing entire cities using large-scale photo collections [2] and real-time visual SLAM
on embedded and mobile devices [52], the computer vision community is starting to explore the
possibility of constructing a 3D model of an object from a single image [46, 62, 63, 69, 70].
Since estimating 3D geometry from a single view is an inherently ill-posed problem, all of these
approaches need to employ 3D supervision.

In this chapter, we first visit a methods of single image 3D reconstruction using dense CAD
models in Section 2.1. This work as a representative shows how heavily the current solutions
rely on the 3D supervision. That followed is the central problem of this proposal—NRSf M—
in Section 2.2, where we define the problem and visit classical assumptions along with their
corresponding algorithms.

2.1 Single Image 3D Reconstruction using CAD Models

Given a single image of a certain object, our method seeks to estimate camera position and
reconstruct a 3D dense model by utilizing the 2D landmark and silhouette information. We
assume that the landmark positions have been labeled/detected and the image has been segmented
beforehand. To achieve the goal, we first leverage the 3D CAD models in the object category
by building up a graph, which we refer to as the Local Dense Correspondence (LDC) graph,
to describe the dense correspondence between each pair of CAD models. We then propose a
two-step approach: (1) estimate a coarse camera position and select the CAD model from the
LDC graph to best register the 2D landmarks; (2) refine the camera position and deform the best
CAD model by linear combination with its neighbors in the LDC graph to fit both the landmarks
and the silhouette. Figure 2.1 shows the proposed LDC graph and our two-step coarse-to-fine
method.
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Figure 2.1: Overview of the method using 3D CAD models to solve single image 3D recon-
struction problem. Given a single image with annotated/detected landmarks and silhouette, we
build up a local dense correspondence graph (right), followed by a coarse estimate of camera
position and CAD model by landmark registration, and final refinement creating a deformable
dense model to fit both landmarks and silhouette

2.1.1 Local Dense Correspondence Graph

Local Dense Correspondence (LDC) graph is a directed graph with CAD models as nodes and
the dense correspondence as edges. As each model here is manually and independently designed
and does not necessarily share the same number of vertices or the same structure of meshes,
dense correspondence based on vertex matching is not feasible. Instead, to build up the dense
correspondence from model S1 to S2, we find a matching point on the surface of S2 for each
vertices of S1. Therefore, such correspondence from S1 to S2 is not identical to that of S2 to S1,
implying that the LDC graph is directed.

Creating graph

To create the LDC graph, we exploit the non-rigid ICP algorithm [6] to find a matching point for
each vertex. We propose a distance metric to establish match quality. More specially, to build
up dense correspondence from S1(V1,E1) to S2(V2,E2) where V,E indicates the vertices and
triangulation respectively, we warp the source, S1 in this case, to the target, S2 by non-rigid
ICP, such that the warped S1 can represent the same shape as S2. For convenience, we denote the
positions of warped vertices as V2

1, and the warped surface as S2
1 (V2

1,E1), since the triangulation
should not change during the warp. We define that if the warped surface S2

1 represents the target
S2 successfully, the warped vertices V2

1 are the dense correspondence from S1 to S2. To estimate
the success of the warping, in other words, the similarity between the warped surface and the
target, we propose the following metric1:

E12 =
1

|V2
1|
∑

vi∈V2
1

e(vi,S2; θ) +
1

|V2|
∑

vi∈V2

e(vi,S2
1 ; θ), (2.1)

1As measuring the similarity between two surfaces is not a main contribution of our paper, we utilize this simple
metric. More accurate metrics including 3D descriptors could be used to boost performance.
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where function

e(v,S; θ) =

{
1 if dist(v,S) > θ

0 otherwise.
(2.2)

The value θ was chosen through a cross-validation such that consistent LDC graphs are formed
across object categories.

Once we have measured warping quality, we establish dense correspondence according to
a predefined threshold. Warps which score below the threshold are ignored. Note that, due to
failure of nonrigid ICP in some cases, we found that indirect warping typically does not improve
the performance. More specifically, given Si, i = 1, 2, 3, the indirect warping sequence S1 →
S2 → S3 typically does not outperform the direct deformation S1 → S3. Therefore, when
creating our LDC graph, we only consider direct warping.

Figure 2.1 (right) shows an example of the proposed LDC graph, which has 30 nodes and 87
edges. The numbers besides the nodes are the indices of the corresponding CAD models. The
size of nodes showed in the figure is proportional to the number of edges starting from that node.
Note that due to the difficulty of non-rigid matching, not every edges are bidirectional. This
can be caused by many factors: unbalanced numbers of vertices/meshes between two nodes,
unbalanced sizes between two models and etc.

LDC subgraphs

Due to the nonexistence of global dense correspondence, the LDC graph is never fully connected.
Therefore, we explore the local properties and sparsity structure of the LDC graph in this section.
We divide the LDC graph into multiple subgraphs such that each subgraph has a node as center
and contains all nodes that have dense correspondence from the center. Specifically, denote Ω
as an index set pointing to the nodes in a certain subgraph with Sc as the center. The definition
of subgraph implies that dense correspondence Vi

c always exist for any i ∈ Ω. Therefore, a
deformable model S(V,E) can be created by linear combination:

V = ωcVc +
∑
i∈Ω

ωiV
i
c, E = Ec, (2.3)

where V’s, E’s are matrices containing the vertex position and triangulation respectively and ω’s
are combination weights. As a result, each LDC subgraph actually defines one deformable dense
model controlled by the combination weights ω’s. This insight is at the heart of our paper. Ben-
efiting from this insight, the dense 3D reconstruction task could be addressed by first searching
all subgraphs to find the best one, and then estimating the weights ω’s.

Before visiting all possible subgraphs, we are curious how many subgraphs exist there, and
how big these subgraphs are. From its definition, one can learn that the number of subgraphs
equals to the number of nodes in the LDC graph2, while the size of it varies from the smallest 1
(the center itself) to the number of nodes (the whole graph.)

2As the subgraph is the largest subset of nodes connected from its center, one node has and only has one subgraph
expanded from it.
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2.1.2 Landmark Registration
Given the LDC graph and a single image, we now want to decide which subgraph or which
deformable dense model is the best option for a dense 3D reconstruction task. Even though
exhaustively searching all possible subgraphs is a strategy to achieve the best performance, it is,
however, computationally infeasible, especially when using large-scale 3D model dataset, like
ShapeNet [13]. Therefore, instead of visiting all possible subgraphs, we propose a landmark
registration algorithm to rapidly select the “closest” single node to the given image, and use the
subgraph extended from this node as the optimal LDC subgraph.

Give the single image I, we assume a certain landmark detection algorithm has been ex-
ploited, such that the 2D positions of landmarks on the image plane are known as wp, for
p = 1, ..., P . Since some landmarks may not be visible, due to occlusion or self-occlusion,
we denote an index set, P , to indicate landmark visibility. By using the weak-perspective pro-
jection, we denote R ∈ R2×3 as the first two rows of rotation matrix, t as the translation, s as
the scale of camera. We define the i-th column in matrix Yp ∈ R3×N , where N is the number
of models, as the 3D position of p-th landmark in i-th model. Instead of trying all possible can-
didates exhaustively, we propose to use sparsity constraint for simultaneously selecting the best
CAD model and estimating the camera parameters:

argmin
R,s,t,c

1

2

∑
p∈P

∥∥∥sRYpc + t−wp

∥∥∥2

2

s.t. RRT = I2, ‖c‖0 = 1,

(2.4)

where ‖ · ‖0 is the `0 norm and c contains either zero or one, indicating which model is ac-
tive. This objective can be minimized efficiently by Alternating Direction Method of Multipliers
(ADMMs) [8].

From ADMMs, an auxiliary variable Z is introduced and the Equation 2.4 can be identically
expressed as:

argmin
M,Z,t,c

1

2

∑
p∈P

∥∥∥ZYpc + t−wp

∥∥∥2

2

s.t. MMT = s2I2, ‖c‖0 = 1, Z = M,

(2.5)

where M = sR for convenience. The augmented Lagrangian of Equation 2.5 is formulated as:

L =
1

2

∑
p∈P

∥∥∥ZYpc + t−wp

∥∥∥2

2
+

〈Λ,M− Z〉+
ρ

2

∥∥M− Z
∥∥2

F
,

(2.6)

where Λ is the lagrangian multiplier, ρ is a penalty factor to control the convergence behavior,
and< ·, · > is Frobenius product of two matrices. ADMMs decomposes an objective into several
sub-problems and iteratively solves them till convergence occurs [8]. We update Z by:

Z+ = argmin
Z
L

=
(∑
p∈P

(wp − t)cTYT
p + Λ + ρM

)(∑
p∈P

YpccTYT
p + ρI

)†
,

(2.7)

6



November 26, 2018
DRAFT

and update M by:

M+ = argmin
M

L = U

[
(σ1 + σ2)/2

(σ1 + σ2)

]
VT , (2.8)

where
Z− 1

ρ
Λ = U

[
σ1

σ2

]
VT , (2.9)

and update c by:

c = argmin
c
L = argmin

c

1

2

∑
p∈P

∥∥∥ZYpc + t−wp

∥∥∥2

2
,

s.t. ‖c‖0 = 1,

(2.10)

which can be solved by Orthogonal Matching Pursuit (OMP) [57] efficiently, and update t by:

t = argmin
t
L =

∑
p∈P wp − ZYpc

|P|
, (2.11)

where |P| indicate the number of visible points, and update Lagrangian multipliers and penalty
factor by:

Λ = Λ + (M− Z), ρ = min(ρ ∗ τ, ρmax), (2.12)

where τ is the updating rate, and ρmax is the upper bound of ρ. The whole algorithm is shown in
Algorithm 1.

Algorithm 1: Landmark registration by ADMMs
Initialize variables: M =

[
1, 0, 0
0, 1, 0

]
, t =

[
0
0

]
,Z = M,Λ = 0;

while not converge do
Update Z by Equation 2.7;
Update M by Equation 2.8;
Update c by Equation 2.10;
Update t by Equation 2.11;
Update lagrangian multiplier Λ and penalty ρ;

end

2.1.3 Silhouette Fitting
After landmark registration, we now have a rough estimate of camera position and a selected node
which is considered to be “closest” to the given image. By treating this node as center, we extend
an LDC subgraph to undertake our silhouette fitting step. We assume that a certain segmentation
method has been executed so that the given image I has been segmented into foreground and
background which means the silhouette is known. The main idea of this step is to simultaneously
refine camera position and estimate combination weights such that as many vertices of the created
model as possible are projected inside the silhouette.

In particular, by denoting the center as Sc, Ω as the index set pointing to the nodes in the LDC
subgraph, the deformable model S(V,E) can be represented by Equation 2.3 with landmark

7



November 26, 2018
DRAFT

positions X = ωcXc +
∑

i∈Ω ωiX
i
c, where Xc,X

i
c are the 3D position of landmarks on model Sc

and S ic respectively. The silhouette fitting problem can then be written as minimizing the energy
function, with respect to the camera estimate R, t3 and combination weights ω’s:

E(R, t,ω)

=
1

2

∑
p∈P

∥∥∥sR(ωc[Xc]p +
∑
i∈Ω

ωi[X
i
c]p
)

+ t−wp

∥∥∥2

2
+

µ

N∑
p=1

C
(
sR
(
ωc[Vc]p +

∑
i∈Ω

ωi[V
i
c]p
)

+ t
)

+
γ

2

∑
i∈Ω

ω2
i ,

(2.13)

where [·]p is the p-th column of the matrix, N is the number of vertices, and µ, γ are penalty
weights. The first term is the reprojection error as in Equation 2.4, the second term penalizes the
vertices whose projection is outside of silhouette, where C is the Chamfer distance map from the
segmentation of I, and the third term is an `2 regularization.

By using exponential map to depict the change of rotation, we can identically express the
energy function as

E(ξ, t,ω)

=
1

2

∑
p∈P

∥∥∥sRe[ξ]×
(
ωc[Xc]p +

∑
i∈Ω

ωi[X
i
c]p
)

+ t−wp

∥∥∥2

2
+

µ

N∑
p=1

C
(
sRe[ξ]×

(
ωc[Vc]p +

∑
i∈Ω

ωi[V
i
c]p
)

+ t
)

+
γ

2

∑
i∈Ω

ω2
i ,

(2.14)

where [·]× is the skew-symmetric matrix. To minimize the proposed energy, we use gradient
descent. The gradient of the energy with respect to ωi’s is∑

p∈P

(
sR
(
ωc[Xc]p +

∑
i∈Ω

ωi[X
i
c]p
)

+ t−wp

)T
sR[Xi

c]p+

µ
N∑
p=1

∇CT sR[Vi
c]p + γωi,

(2.15)

where∇C is the derivative of Chamfer distance. The gradient of the energy with respect to ξ is∑
p∈P

(
sR
(
ωc[X

∗
c ]p +

∑
i∈Ω

ωi[X
i
c]p
)

+ t−wp

)T
(
sR

∂[ξ]×
ξj

(
ωc[Xc]p +

∑
i∈Ω

ωi[X
i
c]p
))

+

µ

N∑
p=1

∇CT
(
sR

∂[ξ]×
ξj

(
ωc[Vc]p +

∑
i∈Ω

ωi[V
i
c]p
))
.

(2.16)

3The scale in camera position is absorbed by ω’s
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The gradient of the energy with respect to translation t is

∑
p∈P

(
sR
(
ωc[Xc]p +

∑
i∈Ω

ωi[X
i
c]p
)

+ t−wp

)
+ µ

N∑
p=1

∇C. (2.17)

We use backtracking to decide step sizes in each iteration4.

2.1.4 Experiments
We evaluate our method by three metrics: (i) 2D landmark reprojection error, (ii) pose error,
and (iii) structure error. More specifically, the 2D landmark reprojection error measures the
accuracy of reprojected landmarks, which is computed as mean Euclidean distance between the
projected landmarks of estimated dense model and the labeled landmarks on the image plane:
err2d = 1

|P|
∑

p∈P

∥∥∥sR(ωc[Xc]p+
∑

i∈Ω ωi[X
i
c]p
)
+t−wp

∥∥∥
2
,following the same notations in Section

6. The pose error measures the accuracy of estimated pose (rotation): errrot = ‖R∗−R‖F , where
R∗,R are the estimated and ground truth rotation matrices respectively. The structure error
measures the quality of reconstructed dense model against the ground truth, following the same
metrics shown in Equation 2.1.

As described in previous sections, our method consists of two steps where the silhouetting
fitting involves three key components: (i) `2 regularization, (ii) refining camera position, and (iii)
estimating the weights of linear combination. To show the performance boost introduced by the
silhouetting fitting against the landmark registration with/without each components, extensive
experiments are conducted using both synthetic and real images. To our best knowledge, the
most related work [30, 61] reconstruct 3D dense models purely from 2D images without any
access to 3D CAD models. Therefore, a direct comparison of our method against theirs is not fair.
However, from visual evaluation (Figure 2.5), one can clearly observe the deformation of CAD
models and their detailed geometry, which outperforms the state-of-the-art dense reconstruction
algorithms.

Learned LDC Graphs

To show the generalization of the proposed method in various object categories, we learn LDC
graphs for eight categories: diningtable, bicycle, car, chair, motorbike, sofa, aeroplane, and bus.
To learn the graph, we randomly sample approximately 30 CAD models from the ShapeNet
dataset [13] in each object category and manually annotate landmarks on each CAD models.

The learned LDC graphs are shown in Figure 2.2. One can observe that the density of con-
nection varies significantly among different object categories, e.g. bicycle is the sparsest and
diningtable is the densest. This connection density actually reflects the intra-category variations.
Moreover, by visualizing the size of nodes in the graph proportional to the number of edges
starting from that node, one can see that in some categories, like aeroplane, some nodes have an
obviously larger size against others. This implies that these categories are more likely to share
the same basic structures which is consistent to the common sense that aeroplanes have similar
structure (wings in the middle of body, etc.) due to the same functionality.

4To be general, we initialized ωc = 1 and ωi = 0 for i ∈ Ω
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Figure 2.2: Learned LDC graphs from ShapeNet dataset for eight object categories.

Synthetic Experiments

We first evaluate the performance of our method using synthetic images projected by weak-
perspective cameras. To generate these synthetic images, we visit all CAD models used as ground
truth in PASCAL3D+ dataset [65]. By randomly generating weak-perspective camera positions,
we project these CAD models into the image plane and estimate the corresponding segmentation
and landmark positions. The results of this experiment is shown in Figure 2.3, demonstrating
the performance increased by silhouette fitting and dense model combination. This evaluation
shows that the silhouette fitting step with all components not only creates a deformable dense
model closer to actual object geometry by LDC graph but also balances well between camera
refinement and model combination.

Figure 2.3: Evaluating our method using synthetic images in terms of pose error (top), and
structure error (bottom). The x-axis shows the results of (1) landmark registration, (2) silhouette
fitting with all components, (3) silhouette fitting without `2 regularization, (4) silhouette fitting
without camera refinement, and (5) silhouette fitting without dense model combination.

Pascal3D+

To evaluate the performance of our framework over perspective projection and missing land-
marks, we apply our proposed method to reconstruct 3D dense models of the PASCAL3D+ [65]
natural images. For evaluation, we utilize the ground truth camera position, CAD models, and
their annotated landmarks associated with the dataset to compute the pose, structure, and re-
projection errors. The results are summarized in Figure 2.4 and Table 2.1. For all these eight
categories except “bus”, our method with full components achieves the best performance in terms
of dense 3D models, camera positions and balancing between them.

Some qualitative results are shown in Figure 2.5. The models estimated by landmark reg-
istration (the second and forth columns) shows that landmark registration itself is not sufficient
to select a correct model or estimate precise pose due to the limited information offered by
sparse points. Further, the comparison between models reconstructed by landmark registration
and silhouette fitting in both 2D and 3D shows that our proposed method not only refines the
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Component din-
ingtable bicycle car chair motor-

bike sofa aero-
plane bus

LR 0.2227 0.3216 0.2484 0.1964 0.8674 0.3430 0.4527 0.1699
Full SF 0.1948 0.3944 0.2777 0.1858 0.8037 0.2682 0.3507 0.2148
SF-l2 0.1966 0.4036 0.2842 0.1901 0.8138 0.2918 0.3401 0.2116

SF-Cam 0.2227 0.3216 0.2484 0.1964 0.8674 0.3430 0.4527 0.1699
Po

se
E

rr
or

SF-Ome 0.2434 0.4081 0.3009 0.1917 0.9070 0.3495 0.5355 0.2198
LR 1.2936 0.3424 0.2541 0.3316 0.1954 0.4838 0.3709 0.0998

Full SF 0.6441 0.3314 0.2004 0.3046 0.1830 0.3872 0.3098 0.1197
SF-l2 0.7912 0.3409 0.2012 0.3130 0.1934 0.4831 0.3058 0.1164

SF-Cam 0.9265 0.3479 0.2217 0.3137 0.1862 0.4486 0.2997 0.1267

St
ru

ct
E

rr
or

SF-Ome 1.2936 0.3424 0.2541 0.3236 0.1954 0.4839 0.3709 0.0998
LR 30 32 45 21 33 29 39 25

Full SF 23 41 40 19 33 22 44 38
SF-l2 22 42 39 17 33 20 43 38

SF-Cam 25 39 43 19 35 24 45 38

R
ep

ro
jE

rr
or

SF-Ome 29 40 52 22 36 29 46 37

Table 2.1: Pose, structure and reprojection error obtained by landmark registration (LR), sil-
houette fitting with all components (Full SF), silhouette fitting without `2 regularization (SF-l2),
silhouette fitting without refining camera position (SF-Cam), and silhouette fitting without model
deformation (SF-Ome) for eight object categories.

object pose but also deforms the dense model to be consistent with 2D images, e.g. changing the
length-width ratio of table, diminishing arms of a chair, and even warping a van into a sedan.
We also compare our results again volumetric representation which is directly voxelized from
ground truth 3D models. It is clear to see that the volumetric representation suffers from low res-
olution and is too coarse to represent any finer geometry. As shown in Figure 2.4 and Figure 2.5,
our method fails in “bus” category. This is caused by either the strong perspective effect or the
high occlusion of buses in PASCAL3D+ image set. Note that our method would fail if the large
amount of object silhouette is broken or invisible.

Figure 2.4: Evaluating our method using PASCAL3D+ natural images in terms of pose error
(top), and structure error (bottom). The x-axis shows the results of (1) landmark registration,
(2) silhouette fitting with all components, (3) silhouette fitting without `2 regularization, (4)
silhouette fitting without camera refinement, and (5) silhouette fitting without dense model com-
bination.
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Input image LR SF LR SF Ground truth Volume

Figure 2.5: Visual evaluation of estimated 3D models by our proposed methods for eight object
categories including diningtable, bicycle, car, chair, motorbike, sofa, aeroplane, and bus. We
denote green nodes as labelled landmarks, red nodes as projected landmarks, and red number as
landmarks index. The columns here shows respectively (1) the input images with landmarks and
silhouette, (2) projection of dense model estimated by landmark registration, (3) projection of
dense model estimated by silhouette fitting with all components, (4) the dense model estimated
by landmark registration, (5) the dense model estimated by silhouette fitting with all components,
(6) ground truth, and (7) volumetric representation of ground truth. The failure case is shown in
red in the last row. Best viewed in color.
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2.2 Non-rigid Structure from Motion
NRSf M under weak perspective deals with the problem of factorizing an image measurement
matrix W as the product of camera motion (projection) matrix M and a shape S, such that,

W = MS (2.18)

where S is the 3D structure consisting of P points deforming over F frames, resulting in a 3F×P
concatenated matrix of points[9].

Weak perspective cameras is a reasonable assumption for objects whose variation in depth is
small compared to their distance from the camera. In general, the measurement matrix is assumed
to be already centered, so the camera matrix reduces to a 2F × 3F block diagonal matrix whose
blocks M1 · · ·MF are each 2× 3 matrices. The weak perspective camera assumption implies an
orthonormal constraint such that MfM

T
f = σ2I2.

A commonly used reshape [9, 66] on the shape matrix S is S] = C]B] where B] ∈ RK×3P , C] ∈
RF×K and S] is a F × 3P reshape of S such that

W = M(C] ⊗ I3)B = ΠB (2.19)

where I3 is a 3×3 identity matrix, B is the 3K×P reshape of the matrix B] and Π = M(C]⊗I3).

2.2.1 Representative Shape Priors and algorithms
For a rigid 3D structure,

S] =

sTx , sTy , sTz
...

...
...

sTx , sTy , sTz

 , S =
[
sx, sy, sz . . . sx, sy, sz

]T (2.20)

it is clear that the rank of S] must be one (K = 1) where sx, sy and sz are the P dimensional
components of the x−, y− and z− coordinates of the rigid 3D structure. From Equation 2.20
this implies that S must have a rank of less than or equal to three due to the reshaping operation
on S]. This insight was used to great effect through the seminal work of Tomasi & Kanade [54]
who demonstrated that one can compute the decomposition W = Π̂B̂ via an SVD by preserving
the first three modes of variation. Tomasi & Kanade also noted that the decomposition is non-
unique, such that any nonsingular G can be inserted to form a valid factorization W = Π̂B̂ =
Π̂GG−1B̂ = ΠB. The matrix G is referred to in literature as the corrective transformation [66].

Low-Rank assumption

Bregler et al. [9] extended the work of Tomasi & Kanade by assuming that S] must be of fixed
rank K > 1 for non-rigid structure. From this insight, a recent work of Dai et al. [16], proposed
an approach with a prior that the non-rigid 3D structure could be represented by a linear sub-
space of known rank K. In this work, Dai et al. proposed a strategy for estimating the corrective
transformation matrix G whereby both the camera motion M and the 3D structure S can be
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obtained. This approach offered a practical breakthrough to the problem of low-rank NRSf M,
which had previously been touted [66] as being theoretically impossible to solve without addi-
tional prior/constraints. Further, from another perspective their algorithm answers the question:
what are the minimal set of constraints/priors required to find a unique solution to the problem
of low-rank NRSf M.

Based on the low-rank NRSf M, numerous innovations have followed, most of them centered
around introducing additional “priors” to make the NRSf M problem less ambiguous. Notable
examples of additional priors include: basis [66], temporal [4, 56, 72], articulation [43, 59],
and camera motion [25] constraints. These priors are demonstrated useful for making the low-
rank NRSf M problem tractable but considerably limit its applicability to scenarios where these
constraints do not hold.

Manifold assumption

Another type of prior is manifold assumption [25, 45] which replace the low-rank assumption
with learning a non-linear manifold. Most notable is the recent work of Gotardo and Mar-
tinez [25] who demonstrated how the “kernel trick” could be employed to model 3D shape
as a non-linear subspace. A more recent work [34] proposed an objective from a Grassman-
nian perspective to solve NRSf M problem in dense scenario i.e. the number of points is large. A
drawback to these approaches, however, was its reliance on additional priors except this manifold
assumption, e.g. [25] further assumes k basis constraints and [34] assumes temporal consistency
i.e. shapes move continuously along frames. These additional priors limit approaches’ applica-
bility to real world application.

It is worth mentioning that there is some overlap between this manifold assumption and
the later proposed union of subspaces prior, as it has been demonstrated [18] that the field of
manifold learning has a strong link to the recovery of compressed signals. Specifically, it has
been demonstrated that a set of K sparse signals forms a K-dimensional Riemannian manifold.
Further, it can be shown [18] that many manifold models can be expressed as an infinite union
of subspaces.

Union-of-subspaces assumption

Recently, Zhu et al. [72] demonstrated a strategy for utilizing a union of local subspaces assump-
tion within NRSf M. Specifically, the authors utilized an adaptation of Dai et al. [16] approach
- which simultaneously reconstruct the 3D structure and affinity matrix. The affinity matrix is
of importance as it naturally encodes the cluster/subspace membership of each projected shape
sample. Experiments exhibit superior performance to Dai et al.’s approach for 3D structures that
do not adhere to the low-rank assumption. However, their method relies on a sequence of other
priors (i) the 3D structure is in a known temporal order, (ii) the camera motions are known, and
(iii) the sparse basis is known a priori.
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Chapter 3

Compressible Structure from Motion

One can view much of the literature of low-rank NRSf M drawing heavily upon the fact that one
can obtain a solution to the rank constrained factorization problem

argmin
Π,B

||W −ΠB||2F , s.t. rank(Π) = 3K (3.1)

through an Singular Value Decomposition (SVD). Even though the SVD returns a unique solu-
tion {Π̂, B̂} it is easy to demonstrate that this solution is just one of many possible solutions to
W = Π̂B̂ = Π̂GG−1B̂ = ΠB, where the corrective matrix G is any non-singular matrix. The
ambiguity of this factorization is problematic for NRSf M problems as additional constraints are
required to obtain a unique solution.

For rigid NRSf M (i.e.K = 1) the application of camera constraints [54] is typically sufficient
in order to find a correction matrix G that gives a unique solution. Xiao et al. [66] famously
demonstrated for K > 1 that one cannot determine a unique G since the space of solutions lies
in a nullspace of rank 2K2 −K. Akhter et al. [3] additionally demonstrated that even though G
is not unique, any solution to G that satisfies the camera constraints returns a valid 3D shape and
camera motion pair. In this chapter, we want to explore whether moving away from canonical
rank constraints and instead assuming that Π is block-sparse could result in a far less ambiguous
factorization thus resulting in an NRSf M algorithm that can circumvent current theoretical and
practical limitations.

3.1 Uniqueness of Block Sparse Dictionary Learning

3.1.1 Uniqueness of Sparse Dictionary Learning
The uniqueness of Sparse Dictionary Learning (SDL) is explored in literature [28]. In general
terms, the problem of SDL can be described as

argmin
D,Z

‖X−DZ‖2
F s.t. ‖zi‖0 = K, i = 1, ..., N (3.2)

where we are trying to recover the concatenation of a sparse coefficient matrix Z and dictionary
basis D from a known set of signals in X ∈ RD×N . Specifically, the sparse coefficient matrix is
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the concatenation of K−sparse coefficient vectors Z =
[
z1, . . . , zD

]
, and concatenation of D =[

d1, . . . ,dM
]

dictionary basis vectors. An important question to ask in the context of applying
SDL to NRSf M is how unique is the solution to Equation 3.2?

Hillar et al. [28] recently characterized theoretically the answer to this question. The authors
define that if any valid solution {D̂, Ẑ} to the SDL objective in Equation 3.2 is ambiguous up
to a M ×M permutation matrix P and a diagonal invertible weighting matrix Λ such that D̂ =
DPΛ, and Ẑ = Λ−1PTZ, they say that X has a unique SDL. Moreover, they proved theoretically
that, given large enough N , the uniqueness of SDL is achieved if and only if the dictionary D
satisfies the spark condition1:

Dz1 = Dz2 for K-sparse z1, z2 ∈ RM ⇒ z1 = z2. (3.3)

Coherence as a proxy

The spark condition provides a complete characterization on the uniqueness of SDL. However,
verifying whether a matrix D satisfies the spark condition is an NP-hard problem, which has to
visit all

(
M
K

)
subspaces. It is preferable in practice to use properties of D that are easily com-

putable such as mutual coherence—which measures the largest absolute inner product between
any two column vectors in the matrix—and with high probability is indicative of the spark con-
dition of the matrix. In the experimental portion of this chapter we shall demonstrate how the
coherence of a matrix can be utilized to predict the reconstructibility of a 3D structure solely
from its 2D projections.

3.1.2 Block Sparse Dictionary Learning and Uniqueness
As we will discuss in the next section, there is a strong connection between compressible NRSf M
and Block Sparse Dictionary Learning (BSDL). BSDL is a generalization of the SDL objective
in Equation 3.2:

argmin
D,Z

||X−DZ||2F s.t. ||Zi||0,α = K, i = 1, ..., N/β, (3.4)

where Zi ∈ RD×β is a submatrix of Z, i.e. Z =
[
Z1, ...,ZN/β

]
. Each Zi is divided into M/α

blocks of size α × β and ‖Zi‖0,α counts the number of blocks of which at least one element is
non-zero. α and β need to be chosen such thatD andM are perfectly divisible. One of particular
importance in our compressible NRSf M problem is 3× 2 block-sparsity which we will describe
in more detail in the next section on compressible NRSf M.

Definition 1 If any valid solution {D̂, Ẑ} to the objective in Equation 3.4 is ambiguous only up
to a M ×M block permutation matrix Pα and a block-diagonal invertible weighting matrix Λα

such that
D̂ = DPαΛα, Ẑ = Λ−1

α PT
αZ, (3.5)

we say X has a unique BSDL.

1Refer to [28] for the proof and a lower bound of N
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The block permutation matrix is actually defined as Pα = P⊗Iα where P is an arbitrary (M/α)×
(M/α) permutation matrix and Iα is a α × α identity matrix. The block-diagonal invertible
weighting matrix Λα has a α × α block structure. We now ask the same question: what is the
sufficient and necessary condition for the uniqueness of BSDL?

Theorem 1 There exist K
(
M/α
K

)2 K-block-sparse vectors Z1, ...,ZN/β , i.e. N = βK
(
M/α
K

)2, such
that the uniqueness of BSDL holds if and only if the matrix D satisfies the block spark condition:

DZ1 = DZ2 for K-block-sparse Z1,Z2 ∈ RM×β ⇒ Z1 = Z2. (3.6)

3.1.3 Proof
Let’s first prove Theorem 1 in the case when β = 1 and once it is proven, the general case β > 1
is simple to handle: We can split sparse causes Zi into [zi1, · · · , ziβ], where zij ∈ RD×1 and then

DZi = D[zi1, · · · , ziβ] = D̂Ẑi = D̂[ẑi1, · · · , ẑiβ] (3.7)

is equivalent to Dzij = D̂zij , which degenerates to the situation where β = 1.

A simple case when K = 1

To better understand Theorem 1 and prepare for the proof in full generality, let us start from a
simple case when K = 1. Denote eLi as a L-dimensional column vector that has one in its i-th
coordinate and zeros elsewhere. For convenience, let L = M/α. Now let us produce M block
vectors

zij = (eLi ⊗ eαj ), i = 1, · · · , L, j = 1, · · · , α, (3.8)

which denotes that its j-th coordinate in i-th block is one and zeros elsewhere, and L
(
α
2

)
block

vectors zijk = zijk + zijk, for any i and j 6= k.
Now we claim that the uniqueness of BSDL in this simple case can be achieved by these

M + L
(
α
2

)
block vectors, which is less than K

(
M/α
K

)2 assuming M � α.
Proof: There exists a matrix D̂ and 1-block-sparse vector ẑij = (eLπ(i,j) ⊗ Iα)λij , for some
mapping π : {1, ..., L} × {1, ..., α} → {1, ..., L} and λij ∈ Rα, such that

Dzij = D(eLi ⊗ eαj ) = D̂ẑij = D̂(eLπ(i,j) ⊗ Iα)λij, (3.9)

We claim that π(i, j) is only dependent on i, not j. From Equation 3.9, we know that for any
j 6= k,

Dzijk = D(zij + zik) = Dzij + Dzik = D̂ẑij + D̂ẑik = D̂(ẑij + ẑik). (3.10)

Since zijk is 1-block-sparse, this implies that ẑij + ẑik should also be 1-block-sparse. Therefore,
π(i, j) = π(i, k), that is, π : {1, ..., L} → {1, ..., L} and

D(eLi ⊗ eαj ) = D̂(eLπ(i) ⊗ Iα)λij. (3.11)
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Let us now prove that Λi = [λi1, . . . ,λiα] is invertible. Let Zi = [zi1, . . . , z
i
α] and Ẑi =

[ẑi1, . . . , ẑ
i
α]. From Equation 3.11, it follows that

DZi = D[zi1, . . . , z
i
α] = D[(eLi ⊗ eα1 ), ..., (eLi ⊗ eαα)] = D(eLi ⊗ Iα) (3.12)

and
DZi = D̂Ẑi = D̂(eLπ(i) ⊗ Iα)

[
λi1, ...,λiα

]
= D̂(eLπ(i) ⊗ Iα)Λi. (3.13)

Therefore,
D(eLi ⊗ Iα) = D̂(eLπ(i) ⊗ Iα)Λi. (3.14)

Due to the fact that D satisfies the block spark condition, rank(D(eLi ⊗ Iα)) = α. From Equa-
tion 3.14, rank(D̂(eLπ(i) ⊗ Iα)Λi) = α. We know that rank(XY) ≤ min(rank(X), rank(Y)),

for any matrix X,Y. So rank(Λi) ≥ α. As Λi ∈ Rα×α, rank(Λi) = α.
Now, let us show π is necessarily injective. Suppose π(i) = π(j), with i 6= j, then from

Equation 3.14,

D(eLi ⊗ Iα) = D̂(eLπ(i) ⊗ Iα)Λi = D̂(eLπ(j) ⊗ Iα)ΛjΛ
−1
j Λi = D(eLj ⊗ Iα)Λ−1

j Λi. (3.15)

Since D satisfies the block spark condition, which implies D can never map two different 1-
block-sparse vectors to the same measurement, this is possible only if i = j. Thus, π is injective.

Let Pπ and D be generated by

Pπ =
[
eLπ(1) . . . eLπ(K)

]
,Λ =

Λ1 · · · 0
... . . . ...
0 · · · ΛL

 . (3.16)

Since π is injective, Pπ is a permutation matrix. Let us stack Equation 3.14 from left-to-right on
both sides, and it follows that on left sides,

[D(eL1 ⊗ Iα), . . . ,D(eLL ⊗ Iα)] = D, (3.17)

and on right sides,

[D̂(eLπ(1) ⊗ Iα)Λ1, . . . , D̂(eLπ(L) ⊗ Iα)ΛL] = D̂(Pπ ⊗ Iα)Λ. (3.18)

Hence, we proved Theorem 1 for the simple case, where K = 1.

Preparation

We use the same notation reported in [28]: Denote [L] as the set {1, . . . , L} and
(
[L]
K

)
as the

K-element subset of [L]. Moreover, let the dictionary D = [D1, . . . ,DL] with Di ∈ RD×α, and
denote span{DS} as a subspace expanded by Di, i ∈ S.

To prove Theorem 1 in general situations, we offer a lemma at first.
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Lemma 1 Suppose that D satisfies the block spark condition and

κ :

(
[L]
K

)
→
(

[L]
K

)
(3.19)

is a mapping with the following property: for all S ∈
(
[L]
K

)
,

span{DS} = span{D̂κ(S)}. (3.20)

Then, there exist a permutation matrix Pκ ∈ RL×L and an invertible block diagonal matrix
Λ ∈ RM×M such that D = D̂(Pκ ⊗ Iα)Λ.
Proof: Here we demonstrate, through induction, that if our K = 1 case holds, then, K > 1
case should also hold. First, let us show function κ is injective. Suppose that S,S ′ ∈

(
[L]
K

)
are

different and κ(S) = κ(S ′) holds. Then by Equation 3.20,

span{DS} = span{D̂κ(S)} = span{D̂κ(S′)} = span{DS′}. (3.21)

As D satisfies the block spark condition, every K + 1 block columns of D are linearly indepen-
dent. From Lemma 2 (see below), it turns out that S = S ′, which implies κ is injective.

Denote η = κ−1 as the inverse of κ. Fix S = {i1, ..., iK−1} ∈
(

[L]
K − 1

)
, and set S1 = S ∪ {p}

and S2 = S ∪ {q} for some fixed p, q 6∈ S with p 6= q. Since K < L, L− (K − 1) > 1, thus, it
is always possible to find such p and q. From Equation 3.20, we obtain:

span{Dη(S1)} = span{D̂S1}, (3.22)

span{Dη(S2)} = span{D̂S2}. (3.23)

Let us intersect Equation 3.22 and Equation 3.23, and from Lemma 3 (see below) it follows that

span{D̂S1} ∩ span{D̂S2} = span{Dη(S1)∩η(S2)}. (3.24)

Since span{D̂S} ⊆ span{D̂S1} ∩ span{D̂S2}, it follows that span{D̂S} ⊆ span{Dη(S1)∩η(S2)}.
The number of the elements in η(S1) ∩ η(S2) is K − 1, since η(p) 6= η(q), with p 6= q, by
injectivity of η. Moreover the number of the elements in S is also K − 1, which implies that

span{D̂S} = span{Dη(S1)∩η(S2)}. (3.25)

The association S → η(S1) ∩ η(S2) from Equation 3.25 defines a function σ :
(

[L]
K − 1

)
→
(

[L]
K − 1

)
,

with property that span{D̂S} = span{Dσ(S)}.
Finally, let’s show that σ is injective. Suppose S,S ′ ∈

(
[L]

K − 1

)
, and σ(S) = σ(S ′), it follows

that
span{D̂S} = span{Dσ(S)} = span{Dσ(S′)} = span{D̂S′}. (3.26)

As every K block columns of D are linear independent, and κ is injective, every K block
columns of D̂ are also linear independent. From Lemma 2, it follows that S = S ′, which
implies σ is injective. Hence, let ξ = σ−1, with properties: for all S ∈

(
[L]

K − 1

)
, span{DS} =

span{D̂ξ(S)}.
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Lemma 2 If any set ofK+1 block columns of matrix D = [D1, . . . ,DL] are linear independent,
then for S,S ′ ∈

(
[L]
K

)
,

span{DS} = span{DS′} ⇒ S = S ′. (3.27)

Proof: Suppose that S 6= S ′ ∈
(
[L]
K

)
satisfying span{DS} = span{DS′}. Then without loss

of generality, there is an i ∈ S with i 6∈ S ′, but atoms Di ∈ span{DS′}, which implies that
the K + 1 block columns indexed by S ′ ∪ {i} are not linear independent, a contradiction to the
assumption.

Lemma 3 If matrix D satisfies the block spark condition, then for S,S ′ ∈
(
[L]
K

)
,

span{DS∩S′} = span{DS} ∩ span{DS′}. (3.28)

Proof: The inclusion “⊆” is trivial, so let us prove “⊇”. Suppose a block vector x ∈ span{DS}∩
span{DS2}. Express x as a linear combination of K atoms of D indexed by S and, separately,
as a combination of K atoms of D indexed by S ′. By the block spark condition, these linear
combinations must be identical. In particular, x was expressed as a linear combination of atoms
of D indexed by S ∩ S ′, and thus is in span{DS∩S′}

Proof of Theorem 1 when β = 1

First, we produce a set ofN = K
(
M/α
K

)2 vectors si ∈ RαK in general linear position (i.e. any sub-
set ofK of them are linearly independent). One possible strategy is to produce a “Vandermonde”
matrix [58]. Next, we form K-block-sparse vectors z1, ..., zN by taking si for the support value
of zi where each possible support set is represented K

(
M/α
K

)
times. We claim that these zi always

guarantee the uniqueness of BSDL.
Proof: Suppose there exists an alternate dictionary D̂ and a set of K-block-sparse vectors
ẑ1, ..., ẑN such that Dzi = xi = D̂ẑi. As there are K

(
M/α
K

)
xi for each support indexed by

S, the “pigeon-hole principle”2 implies that there are at least K vectors ẑi1 , ..., ẑiK using the
same support S ′. Thus, span{xi1 , ...,xiK} ⊆ span{D̂S′}. By the general linear position and the
block spark condition, span{xi1 , ...,xiK} = span{DS}. Therefore span{DS} ⊆ span{D̂S′}.
As the dimension of span{D̂S′} is less and equal to K, span{DS} = span{D̂S′}.

By Lemma 1, Theorem 1 is proved.

3.2 Modeling via Block Sparsity
Let us assume that the unknown 3D structures S] are compressible, that is, the 3D structure
in each frame (each row of S]) can be approximated by only K basis shapes (K rows of B].)

2The pigeon-hole principle states that if n items are put into m containers, with n > m, then at least one
container must contain more than one item [11].
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Therefore, the factorization S] = C]B] results in a set of coefficients C] ∈ RF×L whose rows
are each K-sparse.

S] = C]B], s.t. ‖C]
i‖0 < K, (3.29)

where ‖ · ‖0 counts the number of active elements of argument vector/matrix and C]
i is the

i-th row of C]. Note that one never has access to the 3D structure S] a priori only the 2D
projections W. Interestingly, however, if we know S] is compressible then from Equation 2.19
(i.e. Π = M(C] ⊗ I3)), Π must be 2 × 3 block sparse as the camera matrix M is 2 × 3 block-
diagonal. It is this insight that forms the crucial component of our algorithm. From a known
measurement matrix W and desired K,L, one can factorize WT through a 3 × 2 block sparse
dictionary learning process. Note: for NRSf M W = ΠB, whereas for BSDL this would be
expressed as WT = BTΠT where X = WT ,D = BT , and Z = ΠT .

Theorem 2 If one can recover B̂ using a 3×2 BSDL such that D = B̂T satisfies the block spark
condition, then it can be shown that the transpose of B̂] satisfies the canonical spark condition,
where B̂] is an L× 3P reshape of B̂. Further, for such BSDL to be unique, K must be less than
or equal to P/3− 1.

Proof: Suppose two K-sparse vectors z1 and z2 such that (B̂])Tz1 = (B̂])Tz2. Then from the
reshape, it follows that B̂T (z1 ⊗ I3) = B̂T (z2 ⊗ I3). As B̂T satisfies the block spark condition,
it follows that z1 = z2, therefore, (B])T satisfies the canonical spark condition. Further, the
uniqueness of the BSDL factorization requires B̂T to satisfy the block spark condition. This
implies that any P × 3(K + 1) submatrices generated by concatenating K + 1 block columns of
B̂T needs to be full column rank. Consider, a counterexample for contradiction: if K = 2, and
b1,b2,b3 are 3 linear dependent block columns of B̂T . In addition, suppose any 2 of them are
linear independent. Then subspace spanned by {b1,b2} are identical to one by {b1,b3}, which
breaks the block spark condition. Therefore K need to be less than or equal to P/3− 1.

Theorem 2 actually tells us that the uniqueness of the BSDL factorization on 2D projections
automatically guarantees the uniqueness of the SDL factorization on the unknown 3D structures.
Interestingly, the converse is not always true. This result highlights a drawback in our proposed
approach, that is, we cannot recover all compressible structures but the subsets where Π̂ is suf-
ficiently sparse (K ≤ P/3 − 1) and B̂ satisfies the block spark condition. In the experiments
section, we show a strategy that can be utilized in practice to improve the incoherence of B̂ and
push it to satisfy the block spark condition.

3.3 Solving via Block Sparse Dictionary Learning

3.3.1 BSDL algorithms

In this section, we describe our BSDL algorithm that adapts K-SVD [49], OMP [57] and FO-
CUSS [23] to the block sparse situation respectively. However, any valid BSDL method can be
employed here as long as it returns a valid factorization W = Π̂B̂.
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Block K-SVD

Similar to regular K-SVD, block K-SVD is an iterative algorithm with 2 steps: 1) Fixing dictio-
nary, solve block-sparse representation by block OMP or block FOCUSS, and 2) Fixing block-
sparse pattern, update dictionary by SVD. The only alternation from regular K-SVD is to keep
the first α singular values instead of one when updating each block columns of the dictionary.
For compressible NRSf M, α = 3. The techniques to get rid of local minimal reported in [49] are
also valid and serve in block K-SVD.

Block OMP

To solve block sparse approximation problem, we extend regular Orthogonal Matching Pursuit
(OMP) [57] to block OMP. Both of them are greedy algorithms picking the first K atoms in
dictionary describing the signal best. Specifically, in each iteration, block OMP computes the
inner product of residual and each dictionary atoms left, and picked the atoms corresponding to
least inner product value. Then it computes coefficients, associates with chosen atoms, updates
residual and repeats until the number of chosen atoms hits the known number K. Block OMP
is efficient compared to block FOCUSS, but it succeeds only when the dictionary is sufficient
incoherent.

Block FOCUSS

Serving the same function as block OMP, we adapt FOcal Underdetermined System Solver (FO-
CUSS) [23] to block FOCUSS to estimate the block sparse approximation. Block FOCUSS
and FOCUSS are iterative algorithms solving the `p-norm (p < 1) relaxation of block sparse
approximation and regular sparse approximation respectively. The only difference between
them is the design of the weight matrix Wpk (refer to [23] for more detail.) Other than let-
ting Wpk = diag(xk−1), block FOCUSS updates Wpk by the Frobenius norm of each block in
xk−1, which promotes elements in one block to be either all active or all zeros. A regulariza-
tion technique [47] serves also in block FOCUSS balancing the approximation error and sparsity
of estimated coefficients. Block FOCUSS can often achieve successful block-sparse estimation
even in circumstances where block OMP fails. One drawback, however, is its speed as it is
dramatically slower than block OMP.

Initialization

The BSDL factorization itself is inherently an NP-hard problem, therefore it is important to have
a good initialization. We relax the BSDL objective using a block `1-norm, and solve the relaxed
problem by Alternating Direction Method of Multipliers (ADMM) [1, 8, 10, 21]. Even though
the relaxed problem is not convex either, ADMM splits the objective into several small convex
sub-problems by introducing several auxiliary variables. A stationary point can be achieved for
our ADMM initialization through the judicious choice of parameters [10].
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3.3.2 Camera and Structure Recovery
As the scale of camera and size of structures are inherently relative, we simply set the camera
scale σ to unity, such that MfM

T
f = I2. Assuming that W = Π̂B̂ has a unique BSDL, from

Definition 1, the corrective matrix G must be of form G = (P ⊗ I3)Λ. As the permutation
ambiguity has no bearing on camera motion and 3D structure, we set P to identity, therefore
G = Λ.

Denote Gj as j-th block on diagonal of G, and Π̂j,Πj ∈ R2F×3 as the j-th coloumn-triplet
of Π̂,Π respectively. From the structure of corrective matrix, it follows that Πj = Π̂jGj ,
for j = 1, ..., L. Define Ωj as the set of indices pointing to the block Π̂ij ∈ R2×3 that is active,
i.e. Ωj = supp(Π̂j) = {i|1 ≤ i ≤ F, Π̂ij 6= 0}. If a certain Ωj is empty, it is implied that the
corresponding atom in the dictionary has never been used. We can then decrease L, and re-learn
the dictionary so that Ωj is never empty.

From Equation 2.19 (i.e. W = M(C] ⊗ I3)B = ΠB), it is known that Πij = cijMi, where
cij is ij−th elements of C]. Thus, since Ωj can never be empty, Π̂ijGj = Πij = cijMi, for
each i ∈ Ωj. From camera constraints, it follows that

Π̂ijGjG
T
j Π̂

T

ij = c2
ijMiM

T
i = c2

ijI2, i ∈ Ωj, (3.30)

and for convenience, let Qj = GjG
T
j . Since cij is unknown, let us eliminate it and rewrite

Equation 3.30 as
(Π̂ijQjΠ̂

T

ij)11 = (Π̂ijQjΠ̂
T

ij)22, (Π̂ijQjΠ̂
T

ij)12 = 0, (3.31)

where (·)ij denotes the (i, j)-th elements. Now, denote qj = vec(Qj) as the vectorization of
Qj . Let us rewrite Equation 3.31 in a compact way with the fact that vec(Π̂ijQjΠ̂ij) = (Π̂ij ⊗
Π̂ij)qj: [

Π̂ij ⊗ Π̂ij(1, :)− Π̂ij ⊗ Π̂ij(4, :)

Π̂ij ⊗ Π̂ij(2, :)

]
qj = Aijqj = 0, (3.32)

where Π̂ij ⊗ Π̂ij(k, :) denotes k-th row of Π̂ij ⊗ Π̂ij . Stacking all such equations for all i ∈ Ωj ,
we obtain

Ajqj = 0. (3.33)

Circumventing the nullspace

One benefit of Equation 3.33 is that Aj ∈ R2|Ωj |×9, where |Ωj| is the number of elements in
set Ωj , with high possibility will be overcomplete as F � L. This result is important as it
circumvents the nullspace issue faced by low-rank NRSf M. This null space issue can be prob-
lematic in many practical scenarios due to its sensitivity to noise. Similar to Tomasi-Kanade’s
method [54], we simply pick up the eigenvector corresponding to the least eigenvalue of AT

j Aj

and then Qk ∈ S3
+ holds automatically.

Once Qj is estimated, the absolute value of cij can be computed by Equation 3.30. The sign
of cij , however, is not able to be determined, which actually is an inherent ambiguity without
assuming any temporal prior of camera or structures. Considering equation W = MS, any
block diagonal matrix blkdiag(±I3) can be inserted between M and S, but the compressibility
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assumption and camera constraint still hold. Dai et al. [16] breaks their “prior-free” assertion by
restricting the camera movement between frames to at most ±90◦ to determine the sign of cij .
In our paper, however, we claim that the absolute sign of cij cannot be determined by current
assumption, but the relative sign in each column can. Thus, the camera matrix and structures can
be recovered but up to a sign ambiguity.

Enforcing camera consistency

Let us consider the submatrix Gj in isolation,

Π̂ijGj = cijMi, for i ∈ Ωj. (3.34)

One can recover the camera matrices {Mi}i∈Ωj by solving the system of equations above. Fur-
ther, if one was to then choose another Gk where j 6= k, such that one or more indexes in Ωj

are shared with Ωk, one can equally recover the camera matrices {M∗
i }i∈Ωk . An inconsistency

arises, however, such that we cannot guarantee that

M∗
i = Mi, for i ∈ Ωj ∩ Ωk. (3.35)

This inconsistency does not just occur across pairs of submatrices within G, but actually
across all possible submatrices of G with overlapping active blocks. We attempt to resolve
this inconsistency in a recursive manner by solving for an orthonormal matrix Hk such that
M∗

iHk = Mi. First, we choose an arbitrary Gj (typically the one with most active blocks) and
solve for the cameras {Mi}i∈Γ, where we initially set Γ = Ωj . Then we choose a Gk whose
|Γ ∩ Ωk| is largest. We solve for the cameras {M∗

i }i∈Ωk , and then find an orthonormal Hk such
that,

argmin
Hk,η

∑
i∈Γ∩Ωk

‖Mi − ηiM∗
iHk‖F s.t. HT

kHk = I, ηi = {+1,−1}, (3.36)

where ηi contains the relative sign of elements in C] for Γ. For the element in C] that are not
explicitly defined through η, we set them arbitrarily to be positive. We then update Γ← Γ ∪ Ωk

and repeat the process until all cameras and relative signs in C] are known. The structure matrix
S is then recovered by (C] ⊗ I3)H−1G−1B, where H is a matrix with H1, ...,HL on main
diagonal.

3.4 Experiments

3.4.1 Compressibility
Our first experiment explores the compressibility of real 3D structures from the CMU Motion
Capture dataset, where we learned various dictionaries with different dictionary size L and spar-
sity level K. Figure 3.1 clearly shows that the real 3D structures are modeled well by our
compressibility assumption and the coherence of the learned dictionary is being controlled by
balancing the approximation error. This result offers a strategy to achieve a unique BSDL fac-
torization at the cost of approximating structures less precisely, which extends the application of
our method.
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Figure 3.1: The results of SDL factorization for Motion-4 by Subject-5 in CMU Motion Capture.
Left: The approximation error. Right: The coherence of learned dictionary. With the decrease
of K and L, the coherence of learned dictionary becomes better at the cost of approximating
structures less precisely.

3.4.2 Recovering temporal order

In Figure 3.2 we demonstrated that the sparse codes recovered using our method have a natural
temporal coherence. This indicates our prior-less approach could be useful for the recovery of
the temporal order of 3D structures in future applications. The full analysis of this phenomena is
outsize of the scope of this paper.

Figure 3.2: Top: 10 learned basis structures for Motion-4 by Subject-5 in CMU Motion Capture
when K = 2, L = 10. These bases are learned from 3D shape sequences and identical to those
learned from 2D image sequences, due to the uniqueness of BSDL. Bottom: The visualization of
coefficients. The coefficients of each atoms varies gradually in a shape of Gaussian distribution,
which reveals the temporal information of video sequence. It is not used in NRSf M, but may be
useful for recovering the temporal order of 3D structure in future applications.

3.4.3 High-rank performance

To verify the performance of the proposed method on high-rank and full-rank structures, we
conducted experiments with synthetic data where the rank of structures is easily controlled. We
utilized Dai et al.’s work as a baseline, which demonstrated that it outperforms other low-rank
NRSf M methods in [16].Note that for a fair comparison, we visit all possible rank k for [16] to
ensure a best baseline estimation.
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Figure 3.3: Left: The error of estimated camera matrix. Right: The error of estimated structures.
The error matrices follows [4, 16, 24]. Our methods obtained nearly perfectly results irrespective
to rank of structures.

The compressible structure S, with 100 frames and 30 points in each frames, are generated by
random dictionary of size L, such that rank(S) = 3L. We repeat the proposed method as well as
Dai et al.’s method 50 times for each L from 3 to 12. The results are summarized in Figure 3.3. It
is seen that our method works perfectly and robustly on structures with any rank, while the low-
rank NRSf M fails in high-rank and full-rank situations. Moreover, even in low-rank situation,
the proposed method outperforms the Dai et al.’s method.

3.4.4 Noise performance
To evaluate the performance under noise, we repeat the experiments on low-rank structures (with
L = 5) at different noise ratios, defined as ‖W−W0‖F

‖W0‖F
. The Figure 5.3 demonstrates that our

method is sensitive to noise. However, it still works no worse than Dai et al.’s method even at
high noise ratios.

Figure 3.4: Left: The error of estimated camera matrix. Right: The error of estimated structures.
Both x- and y-axis are in logarithm space. Our method is sensitive to noise, while it still works
no worse than the baseline even at high noise.

3.4.5 Practical performance
The proposed method is evaluated on real compressible structures: Motion-4, -5, -6, -7, -8 by
Subject-5, and Motion-2, -4 by Subject-1, Motion-5 by Subject-2, Motion-3, -4 by Subject-3 and
Motion-13 by Subject-6 in CMU Motion Captures, and a Shark sequence in [56]. The visual

26



November 26, 2018
DRAFT

evaluation shows that our method obtains impressive results in Figure 3.5, 3.6, 3.7, while it
fails in Figure 3.8. Actually, this failure is able to be forecast even without ground truth. The
coherence of the learned dictionary for sequence Shark is too poor to guarantee the uniqueness
of the BSDL factorization. This insight offers an effective way to predict the reconstructibility
of 3D structure when the ground truth structure are not available in practice.

Figure 3.5: Random Sampled frames from Motion-4,-5,-6 by Subject-5.

Figure 3.6: Random Sampled frames from Motion-3,-4 by Subject-3 and Motion-13 by Subject-
6.

Figure 3.7: Random Sampled frames from Motion-2,-4 by Subject-1 and Motion-5 by Subject-2.

Figure 3.8: Random Sampled frames from Shark sequence.
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Chapter 4

Structure from Categories

This chapter introduces the method of Structure from Category (Sf C) to infer 3D structures of
objects in images stemming from the same object category. Sf C is built upon the insight that the
shape space describing an object category (e.g. aeroplane) is inherently non-rigid, even though
individual instances of the category may be rigid. In other words, the shape of each instance can
be modeled as a deformation from its category’s general shape. Based on this observation, we
frame Sf C through an augmented sparse shape-space model that estimates the 3D shape of an
object as a sparse linear combination of a set of rotated shape bases.

The proposed Sf C is a generic and prior-less 3D reconstruction algorithm. Unlike current
NRSf M methods which are mainly limited to very few deformable objects (e.g. human body
and face), Sf C can be generally applied on any object category, due to the non-rigid assump-
tion of objects shape space. Moreover, all parameters including shape bases, sparse coefficients
and (scaled) camera motion are jointly learned though an iterative manner, with no constraint on
camera motion, 3D shape structure, temporal order and deformation patterns (prior-less). Be-
ing generic and prior-less with no learning procedure in advance offers robust large scale 3D
reconstruction for unseen object images and categories.

4.1 Problem Formulation

Inspired by the augmented sparse shape-space model [69], the 3D shape of instance f , Sf ∈
R3×P , can be well-approximated as a linear combination of a set of L rotated 3D shape bases
{Bl}Ll=1:

Sf =
L∑
l=1

cflRflBl, (4.1)

where Bl ∈ R3×P , represented by the location of P key points in the 3D space, describe the ob-
ject’s shape space. Rfl ∈ R3×3 and cfl respectively refer to the rotation matrix and the coefficient
of the l-th shape base and the f -th instance.
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Given a set of F instances of the same object category, Eq(4.1) can be written as :S1
...

SF

 =

 c11R11 · · · c1LR1L
...

...
...

cF1RF1 · · · cFLRFL


B1

...
BL

 . (4.2)

The projection of {Sf}Ff=1 into the image plane, {Wf}Ff=1, is computed by:W1
...

WF

 =

KS1
...

KSF

+

T1
...

TF

 =

 c11KR11 · · · c1LKR1L
...

...
...

cF1KRF1 · · · cFLKRFL


B1

...
BL

+

T1
...

TF

 , (4.3)

where we denote translation by Tf , and projection matrix by K. Wf ∈ R2×P contains the 2D
locations of P key points projected into the image plane. We consider weak-perspective cameras,
which is a reasonable assumption for objects whose variation in depth is small compared to their

distance from the camera, i.e. K =

[
1 0 0
0 1 0

]
.

Denoting Mfl = cflKRfl, Eq(4.3) can be written as:W1
...

WF

 =

M11 · · · M1L
...

...
...

MF1 · · · MFL


B1

...
BL

+

T1
...

TF

 (4.4)

and more concisely in the matrix form as,

W = MB + T (4.5)

The goal of Sf C is to jointly compute M (projected rotation matrix), B (shape bases), and
T (translation), using W (location of corresponding key points in a set of 2D images). This is
performed by minimizing the projection error subject to the scaled orthogonality constraint on
each Mfl and the sparsity constraint on the number of shape bases activated for each instance,
which is framed as:

min
M,B,T

1

2

∥∥∥Γ� (MB + T
)
−W

∥∥∥2

F
+ λ‖C‖1

s.t. MflM
T
fl = c2

flI2, f = 1, ..., F, l = 1, ..., L,

‖Bl‖F = 1, f = 1, ..., F,

(4.6)

where C = [cfl] and ‖C‖1 computes the summation of `1-norm of each row in C. ‖.‖F denotes
the Frobenius norm of a matrix, and Γ is a binary matrix that encodes the visibility (1) and
occlusion (0) of each key point. The objective in Eq(4.6) is non-convex due to the multiplication
of M and B and the orthogonality constraint on each Mfl. To make the problem more convex,
we utilize the relaxation strategy proposed by Zhou et al. [69] that eliminates the orthogonality
constraint by replacing it with a spectral norm regularization. In such case, Eq(4.6) is relaxed as:

min
M,B,T

1

2

∥∥∥Γ� (MB + T
)
−W

∥∥∥2

F
+ λ

∑
l,f

‖Mfl‖2

s.t. ‖Bl‖F = 1, l = 1, ..., L,

(4.7)
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where ‖.‖2 here is the spectral norm of a matrix. The Alternating Direction Method of Multipliers
(ADMM) [8] will be utilized to solve the objective in Eq(4.7).

4.2 Optimization via ADMM
Our proposed approach for solving Eq(4.7) involves the introduction of two auxiliary variables
Z and A. In this case, Eq(4.7) can be identically expressed as:

min
M,B,T,Z,A

1

2

∥∥∥Γ� (ZB + T
)
−W

∥∥∥2

F
+ λ

∑
f,l

‖Mfl‖2

s.t. M = Z, A = B,

‖Al‖F = 1, l = 1, ..., L.

(4.8)

The augmented Lagrangian of Eq(4.8) is formulated as:

L(M,Z,B,A,T,Λ,Π) =
1

2

∥∥∥Γ� (ZB + T
)
−W

∥∥∥2

F

+ λ
∑
f,l

‖Mfl‖2 +
µ

2

∥∥∥M− Z
∥∥∥2

F
+
ρ

2

∥∥∥A−B
∥∥∥2

F

+
〈
Λ,M− Z

〉
F

+
〈
Π,A−B

〉
F

s.t. ‖Al‖F = 1, l = 1, ..., L,

(4.9)

where Π,Λ are Lagrangian multipliers, and µ, ρ are penalty factors to control the convergence
behavior, and < ·, · >F is Frobenius product of two matrices.

Particularly, we utilize the Alternating Direction Method of Multipliers (ADMM) to optimize
Eq(4.9). ADMM decomposes an objective into several sub-problems, and iteratively solves them
till convergence occurs [8]. We detail each of the sub-problem as follows.

Sub-problem M

M∗ = argminL(M; Z,B,A,T,Λ,Π)

= argminλ
∑
f,l

‖Mfl‖2 +
µ

2

∥∥∥M− Z
∥∥∥2

F
+
〈
Λ,M− Z

〉
F

(4.10)

Following [69], each Mfl can be computed by using soft-thresholding:

M∗
fl = Dλ/µ

(
Zfl −

1

µ
Λfl

)
(4.11)

Sub-problem Z

Z∗ = argmin L(Z; M,B,A,T,Λ,Π)

= argmin
1

2

∥∥∥Γ� (ZB + T
)
−W

∥∥∥2

F
+
µ

2

∥∥∥M− Z
∥∥∥2

F
+
〈
Λ,M− Z

〉
F

(4.12)
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Z∗ is updated iteratively by gradient descent several times, where the gradient is
(
Γ � Γ �(

ZB + T
)
−W

)
BT − Λ + µ(Z −M). If Γ is all ones (all key points are visible), we can

compute Z∗ easily by pseudo-inverse:

Z∗ =
(
BBT + µI

)†((
W −T

)
BT + Λ + µM

)
(4.13)

Sub-problem B

B∗ = argmin L(B; M,Z,A,T,Λ,Π)

= argmin
1

2

∥∥∥Γ� (ZB + T
)
−W

∥∥∥2

F

+
〈
Π,A−B

〉
F

+
ρ

2

∥∥∥A−B
∥∥∥2

F

(4.14)

Each column of B, corresponded to each key point p, can be independently optimized as:

B∗p = argmin
1

2

∥∥∥ diag
(
Γp

)
ZBp + Γp �Tp −Wp

∥∥∥2

2

+
〈
Πp,Ap −Bp

〉
F

+
ρ

2

∥∥∥Ap −Bp

∥∥∥2

2

(4.15)

We utilized a gradient descent solver to optimize Eq(4.15) when ρ is small (Eq(4.15) is poorly
conditioned). Once ρ becomes big enough, we solve Bp directly using a least square solver. If
all entries of Γ are one, i.e. all key points are visible, B∗ can efficiently computed by:

B∗ =
(
ZTZ + ρI

)†(
ZT
(
W −T

)
+ Π + ρA

)
(4.16)

Sub-problem A

A∗ = argminL(A; M,Z,B,T,Λ,Π)

= argmin
〈
Π,A−B

〉
F

+
ρ

2

∥∥∥A−B
∥∥∥2

F

s.t.
∥∥Al

∥∥
F

= 1, l = 1, ..., L.

(4.17)

The optimal solution for Eq(4.17) can be obtained as [10],

A∗l =
Bl − 1/ρΠl∥∥Bl − 1/ρΠl

∥∥
F

(4.18)

Sub-problem T

T∗ = argminL(T; M,Z,B,A,Λ,Π) = argmin
1

2

∥∥∥Γ� (ZB + T
)
−W

∥∥∥2

F
. (4.19)
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Since all columns of T ∈ R2F×P , τ ’s, are identical, we compute a τ ∈ R2F×1 by minimizing
the above objective:

τ ∗ = argmin
1

2

P∑
p=1

∥∥∥∥∥Γp �
(
ZBp + τ

)
−Wp

∥∥∥∥∥
2

2

, (4.20)

and optimal τ is computed by:

τ ∗ =
( P∑
p=1

Wp −
P∑
p=1

Γp � Γp � ZBp

)
�
( P∑
p=1

Γp � Γp

)
(4.21)

where � denotes the element-wise division.

Lagrange Multiplier Update

The lagrange multipliers Π,Λ at each iteration are updated as,

Λ[i+1] = Λ[i] + µ
(
M[i+1] − Z[i+1]

)
Π[i+1] = Π[i] + ρ

(
A[i+1] −B[i+1]

) (4.22)

Penalty Update

Superlinear convergence of ADMM may be achieved by µ, ρ → ∞. In practice, we limit the
value of µ, ρ to avoid poor condition and numerical errors. Specifically, we adopt the following
update strategy:

µ[i+1] = min(µmax, β1µ
[i])

ρ[i+1] = min(ρmax, β2ρ
[i])

(4.23)

We found experimentally µ[0] = 10−2, ρ[0] = 10−1, β1(β2) = 1.1, and µmax(ρmax) = 105 to
perform well.

4.3 Experiments

4.3.1 Evaluation setup
We compare the proposed method against the most notable NRSf M algorithms: Tomasi-Kanade
factorization [54], and the state-of-the-art Dai et al.’s prior-less NRSf M method [16], in terms
of reprojection and reconstruction errors. The reprojection error measures the accuracy of repro-
jected key points: 1

F

∑F
i=1 ‖Wi−Ŵi‖F . The reconstruction error, on the other hand, evaluates the

quality of estimated 3D shapes: 1
F

∑F
i=1 minκ ‖Si−κŜi‖F . κ (scalar) handles the scale ambiguity

in camera projection.
Extensive experiments are conducted to evaluate the performance of our framework using

both synthetic and natural images. For the synthetic images, we downloaded 70 CAD models
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of aeroplane category from Sketchup 3D warehouse 1, and manually annotated their 3D key
points. The synthetic images are simply generated by projecting random poses of these 3D
models under weak-perspective camera into the image plane. The PASCAL3D+ dataset [65] is
used for the natural image experiment, which consists of 12 object categories, and each category
comes with a set of annotated 3D CAD models and corresponding natural images. We utilize
most of images from all categories except those displaying highly occluded objects. More details
of the PASCAL3D+ dataset can be found in [65].

The main differences between synthetic and PASCAL3D+ images come from the camera
projection and object occlusion. We utilize random weak-perspective projection to generate the
synthetic images of the aeroplane dataset, which follows the weak-projection assumption in this
paper, whilst, the camera projection in the PASCAL3D+ is perspective. Moreover, all key points
in synthetic images are visible, while, some key points in the PASCAL3D+ may be occluded by
object itself or other objects.

4.3.2 3D reconstruction from synthetic images

The first experiment evaluates the performance of the proposed method on synthetic images,
comparing with the Tomasi-Kanade factorization [54] and Dai et al.’s prior-less NRSf M ap-
proaches [16]. The synthetic images are randomly generated from all 3D CADs of the aeroplane
dataset under weak perspective projection, and these approaches are applied to reconstruct the
3D shape of each image. The predicted shapes, then, are projected into the 2D plane to compute
the key points reprojection error. The result of this experiment is shown in Fig. 4.1 (top), demon-
strating the superior performance of our method to the other approaches. This evaluation shows
that the 3D shapes reconstructed by the proposed Sf C not only represent the actual geometry
of the objects in 3D space, but also preserve the objects’ spatial configuration when projected
in the image plane. The result also verifies the sensitivity of the low-rank factorization NRSf M
algorithm, e.g. Dai et al.’s method in the real world uncontrolled circumstances, when the shape
of an object can not be modeled by very few shape bases [61].
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Figure 4.1: Comparing our method with Tomasi-Kanade [54] and Dai et al. [16] methods using
the synthetic images. (left) The reconstruction and reprojection errors. (right) Noise perfor-
mance.

1https://3dwarehouse.sketchup.com/
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4.3.3 Noise performance
To analyse the robustness of our method against inaccurate key point detection, which is in-
evitable in real-world circumstances, we repeat the first experiment (using synthetic aeroplane
images) with different levels of Gaussian noise added to the ground truth 2D locations. The av-
erage reconstruction and reprojection errors of ten random runs for each noise ratio is reported in
Fig. 4.1 (bottom), showing that, compared to the other methods, the Sf C method is more robust
against inaccurate key point detections.

4.3.4 3D reconstruction of PASCAL3D+ dataset
To evaluate the performance of our framework over perspective projection and missing key
points, we apply the proposed Sf C approach to reconstruct 3D shapes of the PASCAL3D+ natu-
ral images. There is no additional shape and camera motion assumption given in this experiment,
and images of all 12 object categories are taken under uncontrolled real-world circumstances. All
images and their corresponding ground truth 3D CAD models are represented by a set of 2D and
3D annotated key points, respectively, which together with the predicted 3D structures and their
reprojected 2D key points will be used to compute the reconstruction and reprojection errors.
Since the Tomasi-Kanade factorization and Dai et al.’s method are not capable of handling oc-
cluded objects, we utilize the non-convex matrix completion via iterated soft thresholding [39] to
predict the missing points for these approaches. This experiment is conducted over two different
settings. In the first setting, we use the ground truth key points of each image provided by the
PASCAL3D+. In the other setting, however, we adapt the SDM [67] approach for key point
detection, and the predicted points are used for 3D reconstruction.

Using ground truth key points

The reprojection and reconstruction errors for each object category are summarized in Table 4.1
and showed by Fig. 4.2, where our approach outperforms the competitors and achieves the lowest
reconstruction and reprojection error for each object category.
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Figure 4.2: The reprojection (left) and reconstruction (right) performance of the proposed
method, Tomasi-Kanade factorization [54] and Dai et al.’s method [16] on natural images (the
PASCAL3D+ dataset) with ground truth key points.
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category key points Reprojection Error Reconstruction Error
Tomasi
Kanade Dai et al. Our method Tomasi

Kanade Dai et al. Our Method

aeroplane GT 224.3925 67.7078 24.5695 0.6035 0.7631 0.5257
detected 364.7172 282.5179 251.0064 0.7986 0.7465 0.6223

boat GT 202.9794 174.2009 11.1862 0.6892 0.7609 0.6061
detected 150.7320 171.5790 133.1670 0.7844 0.8531 0.7497

bicycle GT 135.9651 41.8621 24.7112 0.6490 0.2568 0.2495
detected 295.2249 223.5721 207.6959 0.7327 0.6695 0.6351

bottle GT 44.4231 6.4836 2.8315 0.6609 0.2865 0.2590
detected 108.4824 68.6833 69.7238 0.7087 0.4220 0.3812

bus GT 304.8072 82.1719 56.0355 1.1427 1.3839 0.8396
detected 564.3329 311.0550 264.9117 1.4164 1.3924 1.1562

car GT 173.6506 49.5333 35.4720 1.1062 0.5943 0.5808
detected 265.4429 173.8730 138.6603 0.9959 0.9636 0.8242

chair GT 75.9437 91.5107 33.0905 0.3958 0.9887 0.3671
detected 194.7178 136.9023 117.6726 1.0985 1.0511 0.9338

motorbike GT 150.6358 48.3516 27.1717 0.6096 0.5252 0.4344
detected 464.8820 280.3500 264.5549 0.7333 0.7185 0.6887

sofa GT 274.9890 64.2714 30.0575 1.1561 0.7727 0.6438
detected 416.9723 253.0140 196.6783 1.1198 1.1617 1.0126

diningtable GT 192.5072 130.5157 21.9391 0.8924 1.1084 0.6982
detected 258.3700 110.2296 103.4765 1.2404 1.1124 1.0107

train GT 260.5996 61.7900 34.2347 1.1215 1.1316 0.8957
detected 457.0754 296.3881 213.2750 1.2568 1.2728 1.1799

tvmonitor GT 119.8794 59.2110 6.6706 1.1740 1.1454 0.5653
detected 277.1977 100.6167 60.0780 0.9307 1.0412 0.7516

average GT 180.0644 73.1342 25.6642 0.8501 0.8098 0.5554
detected 318.1790 200.7318 168.4084 0.9847 0.9504 0.8288

Table 4.1: Reprojection and Reconstruction errors obtained by Tomasi Kanade factorization [54],
Dai et al.’s method [16], and our method using ground truth key points (GT) and detected key
points (detected).

Using predicted key points

We adapt the Supervised Descent Method (SDM) [67], originally proposed for the task of facial
landmarks alignment, to detect key points of generic objects within natural images. The main
assumption of the SDM is that training samples fall into a Domain of Homogeneous Descent
(DHD)2, due to their limited pose space and appearance variation [68]. This assumption, how-
ever, is rarely valid in an object category with large intra-class appearance and pose variations
that lies in multiple DHDs. To deal with this situation, we propose to employ a subset of training
images with homogeneous gradient directions to train an SDM in an “on-the-fly” manner. Par-
ticularly, given a test image, we use fc7 feature from the ConvNet [50] to retrieve its M most
similar samples from training images and use them to train an SDM. The training set is generated
by adding Gaussian noise to the ground truth locations. After training the SDM regressors, we
run them independently from M different initializations (the ground truth landmark locations of
the M retrieved samples). This returns M sets of predicted key points, which will be further
pruned by the mean-shift algorithm. More details of SDM training/testing can be found in [67].

The results are shown in Fig. 4.3 and Table 4.1. For both two settings, using ground truth and
predicted key points, our method achieves the best reconstruction and reprojection performance.

2A DHD refers to optimization spaces of a function that share similar directions of gradients.
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The results also state that the performance of using ground truth key points is much better than
the detected key points. Some qualitative results are shown in Fig. 4.4, illustrating the 3D re-
construction of two instances of each object category using ground truth key points and detected
key points respectively. During the experiments, we observed that most of the failure cases are
caused by severe perspective effect (e.g. train), missing key points (e.g. sofa), and inaccurate key
point detection (e.g. chair).
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Figure 4.3: The reprojection (left) and reconstruction (right) performance of the proposed
method, Tomasi-Kanade factorization [54] and Dai et al.’s method [16] on natural images (the
PASCAL3D+ dataset) with detected key points.

Figure 4.4: Visual evaluation of estimated structures for every category including aeroplane,
bicycle, boat, bottle, bus, car, chair, diningtable, motorbike, sofa, train, and tvmonitor. The first
3 columns use ground truth key points, while the last 3 columns use detected key points. In each
triplet columns, the left columns show the images, projection of estimated 3D shapes, projection
of estimated landmarks (green), and the ground truth landmarks (red, some are missing due to
occlusion); The middle ones show the estimated 3D shapes in the same viewpoint as camera;
The right ones show a new viewpoint of the estimated 3D shapes. Two failure cases are shown
in red. Best viewed in color.
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Figure 4.5: Continue Figure 4.4.
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Chapter 5

Proposed Work and Extensions

From the previous chapters, it is clear that current NRSf M algorithms [15, 34, 35] are mainly
utilizing classical optimization algorithms (e.g. ADMMs, K-SVD) to find the optimal solution.
This results in the difficulty of processing large-scale image sequences, limiting their ability to
reliably model complex shape variations. This additionally hinders their ability to generalize to
unseen images. In this chapter, we start with a recent innovation to build conduit between the
classical sparse dictionary learning and Deep Neural Networks (DNNs). Then we extend this to
the block sparse scenario. Finally we show how to use a DNN to solve NRSf M problem.

5.1 Sparse Dictionary Learning and Deep Neural Network
To be consistent with symbols within this chapter, we revisit the sparse dictionary learning prob-
lem. Sparse dictionary learning can be considered as an unsupervised learning task and divided
into two sub-problems: (i) dictionary learning, and (ii) sparse code recovery. Let us consider
sparse code recovery problem, where we estimate a sparse representation z for a measurement
vector x given the dictionary W i.e.

min
z
‖x−Wz‖2

2 s.t. ‖z‖0 < λ, (5.1)

where λ related to the trust region controls the sparsity of recovered code. One classical algorithm
to recover the sparse representation is Iterative Shrinkage and Thresholding Algorithm (ISTA) [7,
17, 48]. ISTA iteratively executes the following two steps with z[0] = 0:

v = z[i] − αWT (Wz[i] − x), (5.2)

z[i+1] = argmin
u

1

2
‖u− v‖2

2 + τ‖u‖1, (5.3)

which first uses the gradient of ‖x−Wz‖2
2 to update z[i] in step size α and then finds the closest

sparse solution using an `1 convex relaxation. It is well known in literature that the second step
has a closed-form solution using soft thresholding operator. Therefore, ISTA can be summarized
as the following recursive equation:

z[i+1] = hτ
(
z[i] − αWT (Wz[i] − x)

)
, (5.4)
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where hτ is a soft thresholding operator and τ is related to λ for controlling sparsity.
Recently, Papyan [42] proposed to use ISTA and sparse coding to reinterpret feed-forward

neural networks. They argue that feed-forward passing a single-layer neural network z =
ReLU(WTx − b) can be considered as one iteration of ISTA when z ≥ 0, α = 1 and τ = b.
Based on this insight, the authors extend this interpretation to feed-forward neural network with n
layers

z1 = ReLU(WT
1 x− b1)

z2 = ReLU(WT
2 z1 − b2)

...

zn = ReLU(WT
nzn−1 − bn)

(5.5)

as executing a sequence of single-iteration ISTA, serving as an approximate solution to the multi-
layer sparse coding problem: find {zi}ni=1, such that

x = W1z1, ‖z1‖0 < λ1, z1 ≥ 0,

z1 = W2z2, ‖z2‖0 < λ2, z2 ≥ 0,

... ,
...

zn−1 = Wnzn, ‖zn‖0 < λn, zn ≥ 0,

(5.6)

where the bias terms {bi}ni=1 (in a similar manner to τ ) are related to {λi}ni=1, adjusting the spar-
sity of recovered code. Furthermore, they reinterpret back-propagating through the deep neural
network as learning the dictionaries {Wi}ni=1. This connection offers a novel breakthrough for
understanding DNNs.

5.2 Deep Non-Rigid Structure from Motion

Under weak-perspective projection, NRSf M deals with the problem of factorizing a 2D pro-
jection matrix W ∈ Rp×2 as the product of a 3D shape matrix S ∈ Rp×3 and camera matrix
M ∈ R3×2. Formally,

W = SM, (5.7)

W =


u1 v1

u2 v2
...

...
up vp

 , S =


x1 y1 z1

x2 y2 z2
...

...
...

xp yp zp

 , MTM = I2, (5.8)

where (ui, vi), (xi, yi, zi) are the image and world coordinates of the i-th point. Due to the scale
ambiguity between camera focal length and shape size, we ignore camera scale. The goal of
NRSf M is to recover simultaneously the shape S and the camera M for each projection W in
a given set W of 2D landmarks. In a general NRSf M including Sf C, this set W could contain
deformations of a non-rigid object or various instances from an object category.
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5.2.1 Modeling via multi-layer sparse coding
To alleviate the ill-posedness of NRSf M and also guarantee sufficient freedom on shape vari-
ation, we propose a novel prior assumption on 3D shapes via multi-layer sparse coding: The
vectorization of S satisfies

s = D1ψ1, ‖ψ1‖0 < λ1,ψ1 ≥ 0,

ψ1 = D2ψ2, ‖ψ2‖0 < λ2,ψ2 ≥ 0,

... ,
...

ψn−1 = Dnψn, ‖ψn‖0 < λn,ψn ≥ 0,

(5.9)

where D1 ∈ R3p×k1 ,D2 ∈ Rk1×k2 , . . . ,Dn ∈ Rkn−1×kn are hierarchical dictionaries. In this
prior, each non-rigid shape is represented by a sequence of hierarchical dictionaries and corre-
sponding sparse codes. Each sparse code is determined by its lower-level neighbor and affects
the next-level. Clearly this hierarchy adds more parameters, and thus more freedom into the
system. We now show that it paradoxically results in a more constrained global dictionary and
sparse code recovery.

More constrained code recovery

In a classical single dictionary system, the constraint on the representation is element-wise spar-
sity. Further, the quality of its recovery entirely depends on the quality of the dictionary. In
our multi-layer sparse coding model, the optimal code not only minimizes the difference be-
tween measurements s and D1ψ1 along with sparsity regularization ‖ψ1‖0, but also satisfies
constraints from its subsequent representations. This additional joint inference imposes more
constraints on code recovery, helps to control the uniqueness and therefore alleviates its heavy
dependency on the dictionary quality.

More constrained dictionary

When all equality constraints are satisfied, the multi-layer sparse coding model degenerates to
a single dictionary system. From Equation 5.9, by denoting D(l) =

∏l
i=1 Di, it is implied that

s = D1D2 . . .Dnψn = D(n)ψn. However, this differs from other single dictionary models [31,
32, 69, 71, 72] in terms that a unique structure is imposed on D(n) [51]. The dictionary D(n)

is composed by simpler atoms hierarchically. For example, each column of D(2) = D1D2 is a
linear combination of atoms in D1, each column of D(3) = D(2)D3 is a linear combination of
atoms in D(2) and so on. Such a structure results in a more constrained global dictionary and
potentially leads to higher quality with lower mutual coherence [22].

5.2.2 Multi-layer block sparse coding
Given the proposed multi-layer sparse coding model, we now build a conduit from the proposed
shape code {ψi}ki=1 to the 2D projected points. From Equation 5.9, we reshape vector s to a
matrix S ∈ Rp×3 such that S = D]

1(ψ1 ⊗ I3), where ⊗ is Kronecker product and D]
1 ∈ Rp×3k1
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is a reshape of D1 [16]. From linear algebra, it is well known that AB⊗C = (A⊗C)(B⊗C)
given three matrices A,B, and C. Based on this lemma, we can derive that

S = D]
1(ψ1 ⊗ I3), ‖ψ1‖0 < λ1,ψ1 ≥ 0,

ψ1 ⊗ I3 = (D2 ⊗ I3)(ψ2 ⊗ I3), ‖ψ2‖0 < λ2,ψ2 ≥ 0,

... ,
...

ψn−1 ⊗ I3 = (Dn ⊗ I3)(ψn ⊗ I3), ‖ψn‖0 < λn,ψn ≥ 0.

(5.10)

Further, from Equation 5.7, by right multiplying the camera matrix M ∈ R3×2 to the both
sides of Equation 5.10 and denote Ψi = ψi ⊗M, we obtain that

W = D]
1Ψ1, ‖Ψ1‖(3×2)

0 < λ1,

Ψ1 = (D2 ⊗ I3)Ψ2, ‖Ψ2‖(3×2)
0 < λ2,

... ,
...

Ψn−1 = (Dn ⊗ I3)Ψn, ‖Ψn‖(3×2)
0 < λn,

(5.11)

where ‖ · ‖(3×2)
0 divides the argument matrix into blocks with size 3 × 2 and counts the number

of active blocks. Since ψi has active elements less than λi, Ψi has active blocks less than λi,
that is Ψi is block sparse. This derivation demonstrates that if the shape vector s satisfies the
multi-layer sparse coding prior described by Equation 5.9, then its 2D projection W must be in
the format of multi-layer block sparse coding described by Equation 5.11. We hereby interpret
NRSf M as a hierarchical block sparse dictionary learning problem i.e. factorizing W as products
of hierarchical dictionaries {Di}ni=1 and block sparse coefficients {Ψi}ni=1.

5.2.3 Block ISTA and DNNs solution
Before solving the multi-layer block sparse coding problem in Equation 5.11, we first consider
the single-layer problem:

min
Z
‖X−WZ‖2

F s.t. ‖Z‖(3×2)
0 < λ. (5.12)

Inspired by ISTA, we propose to solve this problem by iteratively executing the following two
steps:

V = Z[i] − αWT (WZ[i] −X), (5.13)

Z[i+1] = argmin
U

1

2
‖U−V‖2

F + τ‖U‖(3×2)
F1 , (5.14)

where ‖ · ‖(3×2)
F1 is defined as the summation of Frobenius norm of each 3 × 2 block, serving as

a convex relaxation of block sparsity constraint. It is derived in [21] that the second step has
a closed-form solution computing each block separately by Z

[i+1]
j = (hτ (‖Vj‖F )/‖Vj‖F )Vj ,

where the subscript j represents the j-th block and hτ is a soft thresholding operator. This solu-
tion keeps a certain portion of the block according to its Frobenius norm and discards the block if
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its Frobenius norm is sufficiently small. However, soft thresholding the Frobenius norms for ev-
ery block brings unnecessary computational complexity. Therefore, instead of applying the soft
thresholding to the Frobenius norm, we propose a relaxation applying the soft thresholding to the
block itself and achieving a similar functionality. Specifically, we introduce auxiliary parameters
b, whose j-th element bj is somehow negatively proportional to the Frobenius norm of Vj . We
then compute Z

[i+1]
j = hbj(Vj) such that the block with greater Frobenius norm are shrunk by a

smaller threshold and the block with smaller Frobenius norm are shrunk by a greater threshold.
This relaxation aligns different thresholds to different blocks, lying between the closed-form so-
lution and sharing one threshold over all blocks (degenerating to regular sparsity). Therefore,
this aligning different thresholds to blocks maintains the structure of block sparsity. Based on
this relaxation, a single-iteration block ISTA with step size α = 1 can be represented by :

Z = hb

(
WTX

)
= ReLU(WTX− b⊗ 13×2), (5.15)

where hb is a soft thresholding operator using the j-th element bj as threshold of the j-th block
and the second equality holds if Z is non-negative.

Encoder

Recall from Section 5.1 that the feed-forward pass through a deep neural network can be con-
sidered as a sequence of single ISTA iterations and thus provides an approximate recovery of
multi-layer sparse codes. We follow the same scheme: we first relax the multi-layer block sparse
coding to be non-negative and then sequentially use single-iteration block ISTA to solve it i.e.

Ψ1 = ReLU((D]
1)TW − b1 ⊗ 13×2),

Ψ2 = ReLU((D2 ⊗ I3)TΨ1 − b2 ⊗ 13×2),

...

Ψn = ReLU((Dn ⊗ I3)TΨn−1 − bn ⊗ 13×2),

(5.16)

where thresholds b1, ...,bn are learned, controlling the block sparsity. This learning is crucial
because in previous NRSf M algorithms utilizing low-rank [16], subspaces [72] or compress-
ible [31] priors, the weight given to this prior (e.g. rank or sparsity) is hand-selected through
a cumbersome cross validation process. In our approach, this weighting is learned simultane-
ously with all other parameters removing the need for any irksome cross validation process. This
formula composes the encoder of our proposed DNN.

Decoder

Let us for now assume that we can extract camera M and regular sparse hidden code ψn from
Ψn by some functions i.e. M = F(Ψn) and ψn = G(Ψn), which will be discussed in the next
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section. Then we can compute the 3D shape vector s by:

ψn−1 = ReLU(Dnψn − b′n),

...
ψ1 = ReLU(D2ψ2 − b′2),

s = D]
1ψ1,

(5.17)

Note we preserve the ReLU and bias term during decoding to further enforce sparsity and im-
prove robustness. These portion forms the decoder of our DNN.

Variation of implementation

The Kronecker product of identity matrix I3 dramatically increases the time and space complex-
ity of our approach. To eliminate it and make parameter sharing easier in modern deep learning
environments (e.g. TensorFlow, PyTorch), we reshape the filters and features and show that the
matrix multiplication in each step of the encoder and decoder can be equivalently computed via
multi-channel 1× 1 convolution (∗) and transposed convolution (∗T ) i.e.

(D]
1)TW = d]1 ∗T w, (5.18)

where d]1 ∈ R3×1×k1×p,w ∈ R1×2×p1.

(Di+1 ⊗ I3)TΨi = di+1 ∗T Ψi, (5.19)

where di+1 ∈ R1×1×ki+1×ki ,Ψi ∈ R3×2×ki .

Diψi = di ∗ ψi, (5.20)

where di ∈ R1×1×ki×ki−1 , ψi ∈ R1×1×ki .

de
co

nv
ol

ut
io

n
3×
1,
%
→
' (

de
co

nv
ol

ut
io

n
1×
1,
' )

*(
→
' ) convolution

3×2, ') → ')

convolution
1×1, ') → 1de

co
nv

ol
ut

io
n

1×
1,
' )

*,
→
' )

*(

de
co

nv
ol

ut
io

n
1×
1,
' (
→
' ,

co
nv

ol
ut

io
n

1×
1,
' )

→
' )

*(

co
nv

ol
ut

io
n

1×
1,
' (
→
3%

co
nv

ol
ut

io
n

1×
1,
' ,
→
' (

co
nv

ol
ut

io
n

1×
1,
' )

*(
→
' )

*,

…
 

…
 

2D
 p

ro
je

ct
io

ns
1×
2×
%

3D Shape
3%×1

camera
3×2

share share shareshare

Figure 5.1: Deep NRSf M architecture. The network can be divided into two parts: encoder
and decoder that are symmetric and share convolution kernels (i.e. dictionaries). The symbol a×
b, c→ d refers to the operator using kernel size a×bwith c input channels and d output channels.

1The filter dimension is height×width×# of input channel×# of output channel. The feature dimension is
height×width×# of channel.
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Code and camera recovery

Estimating ψn and M from Ψn is discussed in [31] and solved by a closed-form formula. Due
to its differentiability, we could insert the solution directly within our pipeline. An alternative
solution is using a relaxation i.e. a fully connected layer connecting Ψn and ψn and a linear
combination among each blocks of Ψn to estimate M, where the fully connected layer param-
eters and combination coefficients are learned from data. In our experiments, we will use the
relaxed solution and represent them via convolutions, as shown in Figure 5.1, for conciseness
and maintaining proper dimensions. Since the relaxation has no way to force the orthonormal
constraint on the camera, we seek help from the loss function.

Loss function

The loss function must measure the reprojection error between input 2D points W and repro-
jected 2D points SM while simultaneously encouraging orthonormality of the estimated cam-
era M. One solution is to use spectral norm regularization of M because spectral norm min-
imization is the tightest convex relaxation of the orthonormal constraint [69]. An alternative
solution is to hard code the singular values of M to be exact ones with the help of Singular Value
Decomposition (SVD). Even though SVD is generally non-differentiable, the numeric compu-
tation of SVD is differentiable and most deep learning packages implement its gradients (e.g.
PyTorch, TensorFlow). In our implementation and experiments, we will use SVD to ensure the
success of the orthonormal constraint and a simple Frobenius norm to measure reprojection error,

Loss = ‖W − SM̃‖F , M̃ = UVT , (5.21)

where UΣVT = M is the SVD of the camera matrix.

5.3 Experiments
We conduct extensive experiments to evaluate the performance of our deep solution for solving
NRSf M and Sf C problems. Further, for evaluating generalizability, we conduct an experiment
applying the pre-trained DNN to unseen data and reconstruct 3D human pose from a single view.
Note that in all experiments, our model has no access to 3D ground-truth except qualitative and
quantitative evaluations for comparison against the state-of-art methods. A detailed description
of our architectures is in the supplementary material.

5.3.1 NRSfM on CMU Motion Capture
We first apply our method to solving the problem of NRSf M using the CMU motion capture
dataset2. For evaluation on complex sequences, we concatenate all motions of the same subject
and select ten subjects from CMU MoCap so that each subject contains tens of thousands of
frames. We randomly create orthonormal cameras for each frame to project the 3D human joints
onto images. We compare our method against state-of-the-art NRSf M works with code released

2http://mocap.cs.cmu.edu/
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online3 [16, 31, 55]. Since none of them are capable of scaling up to this number of frames,
we shuffle each sequence, divide them into mini batches each containing 500 frames, feed each
mini batch into baselines, and then compute the mean error. Our model is trained on the entire
sequence. For error metrics, we use the shape error ratio defined as 1

|S|
∑
S
‖S−Ŝ‖F
‖Ŝ‖F

, where Ŝ is
the 3D ground-truth and S is the set of all shapes; as well as the mean point distance defined
as 1
|S|
∑
S
∑

i
‖Si−Ŝi‖2

p
, where Si is 3D coordinates of i-th point on shape S and p is the number

of points. Note that shapes are normalized to real-world sizes so that each human skeleton is
around 1.8 meters high, and the mean point distance is computed in centimeters. The results
are summarized in Table 5.1. One can see that our method obtains impressive reconstruction
performance and outperforms others in every sequences. We randomly select a frame for each
subject and render the reconstructed human skeleton in Figure 5.2 (a) to 5.2 (j). To give a sense
of the quality of reconstructions when our method fails, we go through all ten subjects in a total
of 140,606 frames and select the frames with the largest errors as shown in Figure 5.2(k) and
5.2 (l). Even in the worst cases, our method grasps a rough 3D geometry of human body instead
of completely diverging.

(a) Subject 01. (b) Subject 05. (c) Subject 18.

(d) Subject 23. (e) Subject 48. (f) Subject 70.

(g) Subject 102. (h) Subject 106. (i) Subject 123.

(j) Subject 127. (k) Failure case. (l) Failure case.

Figure 5.2: Qualitative evaluation on reconstructed human skeletons. (a) to (j) are randomly
selected from each subject. (k) and (l) are two failure cases with the largest errors among all
140,606 images. In each sub-figure, the left is the reconstruction of [16], the middle is the
ground-truth, and the right is ours.

3 Paladini et al. [41] fails on all sequences and therefore removed from the table. Works [15, 19, 25, 26, 27,
35, 53, 60] did not release code. Works [5, 24, 33, 34] use additional priors, say temporal continuity, and thus not
applicable.
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Subject 1 5 18 23 64 70 102 106 123 127
# of frames 45025 13773 10024 10821 11621 10788 5929 12335 10788 9502

EM-SfM [55] 110.23% 119.97% 111.05% 110.94% 114.04% 127.11% 111.60% 113.81% 107.67% 108.07%
Simple [16] 16.45% 14.07% 13.85% 20.03% 18.13% 18.91% 18.78% 18.63% 19.32% 23.70%
Sparse [31] 71.23% 66.30% 46.72% 52.44% 70.83% 39.42% 74.12% 47.00% 44.46% 73.85%Sh

ap
e

E
rr

or
(%

)
Ours 10.74% 13.40% 4.73% 3.24% 4.38% 2.17% 7.32% 6.83% 2.23% 6.00%

EM-SfM [55] 53.1818 60.5971 53.0413 52.2671 50.3960 56.3713 48.5891 50.3306 47.7355 50.8183
Simple [16] 7.9905 6.9406 6.6340 9.5139 8.1784 8.4294 8.0171 8.1782 8.6922 10.9473
Sparse [31] 35.0283 35.3014 22.6930 25.3302 32.4681 17.7433 30.8274 21.2735 20.3565 32.4896Po

in
t

E
rr

or
(c

m
)

Ours 5.0638 6.6717 2.2664 1.5138 2.2909 0.9622 3.0240 2.9130 0.9844 2.6820

Table 5.1: Quantitative comparison of our method against the state-of-the-art methods in NRSf M
task. Human skeletons are scaled to real-world sizes, around 1.8 meters high, and the mean point
distance is measured in centimeters.

Noise performance

To analyze the robustness of our method, we re-train the neural network for Subject 70 using
projected points with Gaussian noise perturbation. The results are summarized in Figure 5.3.
The noise ratio is defined as ‖noise‖F/‖W‖F . One can see that our method gets far more
precise reconstructions even when adding up to 20% noise to our image coordinates compared
to baselines with no noise perturbation. This experiment clearly demonstrates the robustness of
our model and its high accuracy against state-of-the-art works.
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Figure 5.3: NRSf M with noise perturbation. The red solid line is ours while the green dashed
line is the lowest error achieved by baselines with no noise perturbation.

Missing data

Landmarks are not always visible from the camera owing to the occlusion by other objects or
itself. In the present paper, we focus on a complete measurement situation not accounting for
invisible landmarks. However, thanks to recent progress in deep-learning-based depth map re-
construction from sparse observations [12, 14, 36, 37, 40], our central pipeline of DNN can be
easily adapted to handling missing data.

5.3.2 SfC on IKEA furnitures
We now apply our method to the application of Sf C using IKEA dataset [38, 63]. The IKEA
dataset contains four object categories: bed, chair, sofa, and table. For each object category, we
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employ all annotated 2D point clouds and augment them with 2K ones projected from the 3D
ground-truth using randomly generated orthonormal cameras4. We compare our method against
the baselines [16, 32] again using the shape error ratio metric. The error evaluated on real images
are reported and summarized into Table 5.2. One can observe that our method outperforms
baselines with a large margin, clearly showing the superiority of our model. Table 5.2 from
another perspective reveals the dilemma suffered by baselines of restricting ill-possedness and
modeling high variance of object category. For qualitative evaluation, we randomly select frames
from each object category and show them in Figure 5.4. It shows that our model successfully
learns the intra-category shape variation and reconstructed landmarks effectively depict the 3D
geometry of objects.

(a) Object table.

(b) Object sofa.

(c) Object chair.

(d) Object bed.

Figure 5.4: Qualitative results of Sf C task. Reconstructions are randomly selected from each
object category. Red cubes are reconstructed points while the planes and bars are manually
added for descent rendering.

Bed Chair Sofa Table
Sim-

ple [16] 17.81% 33.32% 14.78% 12.40%

SfC [32] 22.51% 27.58% 13.35% 11.78%
Ours 0.23% 1.15% 0.35% 0.81%

Table 5.2: Quantitative comparison against state-of-the-art algorithms in Sf C task. Results are
evaluated by shape error ratio. Our method outperforms others in all four object categories with
a large margin.

4Augmentation is utilized due to limited valid frames, because the ground-truth cameras are partially missing.
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5.3.3 Shape from single-view landmarks

Even though almost all NRSf M algorithms learn a shape dictionary from 2D projections, none
of them apply the learned dictionary to unseen data. This is because all of them are facing the
difficulty of handling large amount of images and thus cannot generalize well. In this experiment,
we show the generalization of our learned dictionary by evaluating it using sequences invisible to
training. Specifically, we follow the same training and evaluation scheme in [69], training with
Subject 86 in CMU MoCap and evaluating on Subject 13, 14 and 15. We compare our model
to methods for human pose estimation [46, 69] following the same error metrics in [69]. It is
worth mentioning that all baselines learn shape dictionaries directly from 3D ground-truth, but
our method learns such dictionaries purely from 2D projections (i.e. no 3D supervision). Even
in such an unfair scenario, our method achieves competitive results as summarized in Table 5.3.
This clearly demonstrates that our method effectively learns the underlying geometry from pure
2D projections with no need for 3D supervision, and the learned dictionaries generalize well to
unseen data.

PMP Alternate Convex Ours
Subject 13 0.390 0.293 0.259 0.229
Subject 14 0.393 0.308 0.258 0.261
Subject 15 0.340 0.286 0.204 0.200

Table 5.3: Comparison of our method against the state-of-the-art algorithms in single image hu-
man pose estimation task. Our method achieves competitive results using solely 2D projections
while all others learn from 3D ground truth.

5.3.4 Coherence as guide

As explained in Section 5.2.1, every sparse code ψi is constrained by its subsequent represen-
tation and thus the quality of code recovery depends less on the quality of the corresponding
dictionary. However, this is not applicable to the final code ψn, making it least constrained with
the most dependency on the final dictionary Dn. From this perspective, the quality of the final
dictionary measured by mutual coherence [22] could serve as a lower bound of the entire sys-
tem. To verify this, we compute the error and coherence in a fixed interval during training in
NRSf M experiments. We consistently observe strong correlations between 3D reconstruction
error and the mutual coherence of the final dictionary. We plot this relationship in Figure 5.5.
We thus propose to use the coherence of the final dictionary as a measure of model quality for
guiding training to efficiently avoid over-fitting especially when 3D evaluation is not available.
This improves the utility of our deep NRSf M in future applications without 3D ground-truth.
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Figure 5.5: A scatter plot of the shape error ratio in percentage against the final dictionary coher-
ence. A line is fitted based on the data. The left comes from subject 05, the middle from subject
18, the right from subject 64.

5.4 Current Status
In this paper, we proposed multi-layer sparse coding as a novel prior assumption for representing
3D non-rigid shapes and designed an innovative encoder-decoder neural network to solve the
problem of NRSf M using no 3D supervision. The proposed DNN was derived by generaliz-
ing the classical sparse coding algorithm ISTA to a block sparse scenario. The proposed DNN
architecture is mathematically interpretable as a NRSf M multi-layer sparse dictionary learning
problem. Extensive experiments demonstrated our superior performance against the state-of-
the-art methods and the impressive generalization to unseen data. Finally, we propose to use the
coherence of the final dictionary as a generalization measure, offering a practical way to avoid
over-fitting and selecting the best model without 3D ground-truth.

5.5 Proposed Timeline
• December 1 - February 1: Explore the theoretical benefits of recurrent NRSfM; Implement

a unified template for feed-forward and recurrent NRSfM; Conduct experiments evaluating
practical benefits.

• February 1 - April 1: Explore methods of handling missing data. Implement the method
and apply it to real images with annotated landmarks. Conduct experiments evaluating its
performance against 3DV baseline work.

• April 1 - May 1: Write and defend thesis.
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