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Abstract

The Dynamic Optimality Conjecture [ST85] states that sptags are competitive (with a constant competitive
factor) among the class of all binary search tree (BST) #lyos. Despite 20 years of research this conjecture
is still unresolved. Recently, Demaieeal. [DHIP04] suggested searching for alternative algorithwvhich have
small but non-constant competitive factors. They propdsedo, a BST algorithm which is nearly dynamically
optimal — its competitive ratio i€ (log log n) instead of a constant. Unfortunately, for many access ipattsuch
random and sequential, Tango is worse than other BST algasiby a factor ofog log n.

In this paper, we introduce the multi-splay tree (MST) dataciure, which is the first BST to simultaneously
achieveO(log n) amortized,0(log? n) worst-case, and(log log n)-competitive costs for a sequence of queries.
We also prove the sequential access lemma for MSTs, whitdsatsat sequentially accessing all keys takes linear
time. Thus, MSTs ar®(log log n)-competitive like Tango but, unlike Tango, require otlflog n) amortized time
per access in an arbitrary sequence and 6r{ly) amortized time per access during sequential access sefjuenc

Furthermore, we generalize the standard framework for etithge analysis of BST algorithms to include
updates (insertions and deletions) in addition to quetiedoing so, we extend the lower bound of Wilber [Wil89]
and Demainet al. [DHIP04] to handle these update operations. We show how $vt&ih be modified to support
these update operations and®dog log n)-competitive in the new framework while maintaining thetresthe
properties above.

*This research was sponsored by National Science Foundation (N8%)gp. CCR-0122581.
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1 Introduction

A splay tree [ST85] is a self-adjusting form of binary seah@® where each time a node in the tree is accessed,
that node is moved to the root according to an algorithm dabtaying. In a splay tree, all accesses and updates
(e.g. insert, delete, join, split) are accomplished by gishe splaying algorithm. Splay trees have been shown to
have a number of remarkable properties, including the Raldrheorem [ST85], the Static Optimality Theorem
[ST85], the Static Finger Theorem [ST85], the Working Se¢ditem [ST85], the Scanning Theorem [Sun89], the
Sequential Access Theorem [Tar85, Sun92, EIm04], and tmaDyjc Finger Theorem [CMSS00, Col00].

The Dynamic Optimality Conjecture [ST85] states that on seguence of accesses, the cost of splay trees on
that sequence is within a constant factor of any other BSardkgn for processing that sequence of accesses. All
of the properties of splay trees cited in the above paragaaptspecial cases of Dynamic Optimality. Dynamic
Optimality is equivalent to the statement that splay trees-@ompetitive [ST85] for some constant Resolving
this conjecture seems difficult — it has defied concertedrgtte to solve it for about 20 yeats.

Demaineet al. [DHIP04] suggested searching for alternative binarydetnee algorithms that have small but
non-constant competitive factors. They propo3aago, a BST algorithm that achieves dynamic optimality with
a competitive ratio 0©(log log(n)). They achieved this ratio by making use of Wilber’s first lowseund on the
cost of an access sequence [Wil89].

We introduce the multi-splay tree (MST) data structtile.addition to being) (log log n)-competitive, MSTs
also simultaneously achiev(log n) amortized anaD(log2 n) worst-case costs for sequences of queries. We also
prove the sequential access lemma for MSTs, which statésélgaentially accessing all keys takes linear time.
Although MSTs are quite similar to Tango, they do achieverupd performance in several ways. Tango does not
have the sequential access property, nor does it achiéeg n) amortized cost per operatidn.

The framework in which th& (log log n)-competitive bounds for Tango and MSTs are proven does o al
for insertions or deletions. We generalize this frameworlntlude these update operations, and extend the lower
bound appropriately. We also show how to modify the MST datzcture to handle insertions and deletions, and
prove that it remaing (log log n)-competitive while preserving the rest of the propertiesitiomed above.

1.1 Model

In order to discuss optimality of BST algorithms, we need e precise definition for this class of algo-
rithms, and their costs. The model we use is that implied l@atsk and Tarjan [ST85] and developed in detail
by Wilber [Wil89]. A static set ofu keys is stored in the nodes of a binary tree. The keys are frimtally ordered
universe, and they are stored in symmetric (left to rightleor Each node has a pointer to its left child, to its right
child, and to its parent. Also, each node may keep a corfstaambunt of additional information but no additional
pointers.

The BST algorithm is required to process a sequence of querie o4, ...,0,,. Each access; is a query
to a keyg; in the tre€, and the requested nodes must be accessed in the specifed Bath access starts from
the root and follows pointers until the desired node (thewitk key g;) is reached. The algorithm is allowed to
update the fields and pointers in any node that it touchegyatlmmway. The cost of the algorithm to satisfy the
sequence of queries is defined to be the number of nodes thathes. Finally, we do not allow any information
to be preserved from one access to the next, other than irotteshfields, and a pointer to the root of the tree. Itis
easy to see that this definition is satisfied by any of the st@hHBST algorithms, such as red-black trees and splay
trees.

This model does not handle insertions and deletions, butamerglize it to handle insertions and deletions in
Section 6.

It is even apparently difficult to obtain any (online exponential time [BCK@2offline polynomial time) binary search tree algorithm
which isc-competitive.

2Throughout this paper, MST always means multi-splay tree and not mimispanning tree.

3For example, on a random access pattern, Tango uses worg®@age: log log n) time per query. However, it has been pointed out that
Tango can be modified to achie@¥log n) amortized performance, at a cost of changing the worst-ca®¢éri.

“To be consistent with standard conventions, here we conéifleg ) bits to be “constant.”

5This model is only concerned with successful searches.



1.2 Interleave Lower Bound

Given an initial tre€l; and anm-element access sequencdor any BST algorithm satisfying these requests there
is a cost, as defined above. Thus, we can define(QRT) to be the minimum cost of any BST algorithm for
satisfying these requests starting with initial ttBe Wilber [Wil89] derived a lower bound on ORT, o), and
this was rephrased and renameditiierleave bound by Demaineet al. [DHIP04].

Let IB(P, o) denote the interleave lower bound on the cost of accessinggifiuence, whereP is a BST (later
called areference treg) over the same set of keys @g. Define IB(P,0) = ) . IB(P,0,v), where for each node
v, IB(P, 0,v) is defined as follows. First, restrigtto the set of nodes in the subtreeffooted atv (includingv).
Next, label each access in this restricteds either “left” (or “right”) depending on whether the aceed element
is in the left subtree (including) or right subtree of.. Now, IB(P, o, v) is the number of times the labels switch.

Theorem 1. [WI89, DHIP04] OPT(T}, ) > IB(P,5)/2 — O(n) +m

Culik and Wood [CW82] proved that the number of rotations ety change any binary tree wihodes into
another one is at mogt — 2.8 It follows that OPT Ty, o) differs from OPTT}, o) by at mos2n — 2. Thus, as
long asm = §(n), the initial tree is irrelevant. We shall make this assuompti

1.3 The Access Lemma for Splay Trees

Sleator and Tarjan [ST85] proved that the amortized cosplafying a node is bounded y(logn) in a tree of
n nodes. By the use of the flexible potential described belbey proved tighter bounds on the amortized cost
of splaying for access sequences that are non-uniform (g Static Optimality Theorem). This framework is
essential for the analysis of multi-splay trees.

For an arbitrary positive weight functian over the nodes of a splay tree, they defined the sfz¢ of nodev
to be) ", cantree(n) w(v), the sum of the weights of all nodesis subtree. They defined the potential of the tree to
be) v lgs(v), whereV is the set of nodes in the splay tree.

As a measure of the cost (running time) of a splaying opearatiwey used the distance from the node being
splayed to the root of the tree (except when the node is theirowhich case the cost is 1). With these definitions,
Sleator and Tarjan proved the following theorem about thertimed cost of splaying.

Theorem 2. (Access Lemma) [ ST85] The amortized time to splay a node v in a tree currently rooted at » is at most
O(1 +1g(s(r)/s(v))).

Theorem 3. (Generalized Access Lemma) Given a pointer to an ancestor node «a, the amortized time to splay a
node v with respect to an ancestor a in the same splay treeisat most O(1 + 1g(s(a)/s(v))).

The main difference between this and the original accesmkein that we are allowed to stop at any ancestor
a. Its truth follows from the proof of the original access lemiyrecause that proof does not require splaying to go
all the way to the root.

2 The Multi-Splay Tree Data Structure

Consider abalanced’ BST P made up ofn nodes, which we will refer to as theference tree. BecauseP is
balanced, the depth of any nodefnis at most2lg(n + 1). (The depth of the root is defined to be 1.) Each node
in the reference tree haspaeferred child. The structure of the reference tree is static (but we wiliegalize it
to support insert and delete in Section 6), except that teéeped children will change over time, as explained
below. We call a chain of preferred childrempigferred path. The nodes of the reference tree are partitioned into
approximatelyn /2 sets, one for each preferred path. The reference tree ixplitidy part of our data structure,
but is useful in understanding how it works.

A multi-splay tree is a BSTI" (over the same set af keys contained in the reference tr&¢ that evolves
over time, and preserves a tight relationship to the refareéree. Each edge of a multi-splay tree is eitbabid
or dashed. We call a set of vertices connected by solid edgeglay tree. There is a one-to-one correspondence
between the splay trees of a multi-splay tree and the pegfgraths of its reference tree. The set of nodes in a splay

8Sleator, Tarjan and Thurston [STT86] subsequently showed thaRaenly 6 rotations (forn > 10) are necessary.
By “balanced” we mean that every subtrgeas height at mogtig(|t|)
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Figure 1: Graphical representations §f U, L, R, x, y, andz during a single switch.

tree is exactly the same as the set of nodes in its correspgppdéferred path. In other words, at any pointin time a
multi-splay tree can be obtained from its reference treeiéying each preferred edge as solid, and doing rotations
on only the solid edges. An example BfandT is shown in Figure 6 in the appendix.

Each node of a multi-splay trée has several fields in it, which we enumerate here. First pitdlhs the usual
key field, and pointerseftChild, rightChild, andparent. Although the reference tref is not explicitly represented
in T, each node stores information related®oIn each node’sefDepth field, we keep its depth i®®.2 Note that
every node in the same splay tree has a different depth iftn addition, each node stores the minimum depth
of all of the nodes irsplaySubtree(v) in its minDepth field (splaySubtree(v) contains all of the nodes in the same
splay tree a® that havev as an ancestor, including. Finally, to represent the solid and dashed edges, eadh nod
has arisRoot boolean variable that indicates if the edge to its parenaghdd.

3 The Multi-Splay Algorithm

Although our data structure and algorithm are simple, tleeesubtle details that must be correct to make the
running time analysis work. In this section, we first expldia algorithm assuming we have the reference frge
then we explain how to implement the corresponding oparatio our actual representati@h

As stated above, the preferred edge$ievolve over time. Aswitch at a node just swaps which child is the
preferred one. For each access, switches are carried oo tfre bottom up, so that the accessed notdeon the
same preferred path as the rootfafIn addition, one last switch is carried out on the node thaticessed.

In other words, traverse the path framo the root doing a switch at each non-preferred child on #th,mnd
then finally switchv. That is the whole algorithm from the point of view of the nefiece tree. The tricky part is to
do it without the reference tree.

Remark. If the multi-splay algorithm did not make the final switch dretqueried node, the number of switches
that occur in the reference tree due to a single query woulthééncrease in interleave bound due to that query
(and with the extra switch, the amortized number of switadyg increases by at most 2 per query).

Unfortunately,P is not our representatioff, is. To achieveD (log log n)-competitiveness, we can only afford
to spendD(log log n) amortized time per switch. It turns out that we can simulateiach in P with at most three
splay operations, and two changesstoot bits inT'.

More specifically, suppose we want to switgh preferred child from left to right. To understand the effef
this, temporarily make both children gfpreferred. Now, consider the s&tof nodes inP reachable frony using
only preferred edges. This set can be partitioned into fautsp L, those nodes in the left subtreewin P; R,
those nodes in the right subtreeyin P; U those nodes abowvgin P; andy. When setS is sorted by key[ and
R form contiguous regions, separatedipgSee Figure 1).

Let us see what this means in a multi-splay ffe@ he splay tree iff” containingy consists of nodeBUU U{y}.
After the switch it consists ok U U U {y}. To do this transformation we need to remdvand add inR. Because

8Note that this quantity is static in our initial description of multi-splay trees, beoives dynamic in Section 6 when we extend multi-splay
trees to support insert and delete.



L and R are contiguous regions in the symmetric ordering, we canspi®ying to efficiently split off the tree
containingL by splayingy and then splaying, the leftmost node it (stopping at the left child of). This node,
1, is the leftmost node deeper (i) thany. We could find this ifil” if we had amaxDepth field insteadminDepth.
Adding R is done simply by settingsRoot to false for the node that is the lowest common ancestor afeh® in
T.° This method would then be analogous to the technique usedhaibeet al. [DHIP04].

Unfortunately, this technique does not suffice to prove@ign) amortized bound. To obtain the desired
bound, we can only afford to splay nodes that ar¢gh U U. We first findz, the predecessor df in .S, using the
minDepth field. Then, we splay and splay: until it becomes the left child af. This ensures that the right child of
z is the lowest common ancestor bf Thus, we mark the right child of as a root. This is equivalent to removing
L from y's splay tree. As for merging, we simply splay the successorp{calledz) in U to be the right child of
y, S0 that unmarking the left child af merges inR.

However, an access is not just a single switctjnt is a sequence of switches. For the purposes of our running
time analysis, we do these from bottom to top. Also, we switéhaccessed node after all the switches to pay for
the traversal from the root df to the accessed node. Notice that this final switch bringatisessed node to the
root of T'.

This description has glossed over a number of subtle delikiéshow to determine if the switch is from left-
to-right or from right-to-left. In addition, we have not disssed the boundary cases such as whenx does not
exist.

In more detail, when serving a quesy for key &;, we traverse the MST' to find &;. As we traverse, we
maintainv; = predecessor(¢;) andw; = successor (d;) for the j1 splay tree encountered. Notice that the switch
in the ;" splay tree must occur at the deepewpfindw; in the reference tree (this is where the access path in the
reference tree diverges from the preferred path correspgrta the;" splay tree). Lety; be the node we switch,
and3; be the other node. To decide the direction of the switch, mhesihat ifo; < 3;, we switch left-to-right.
Otherwise, we switch from right-to-left. After we finish dlese switches from the bottom up, we make a final
switch ong;.

4 Running Time Analysis for an Arbitrary Sequence

We continue to use notation we have defined earlier, and &rahder’s convenience we include a list of most of
this paper’s notation in the appendix.

For the purpose of analysis, we define the potential of a msplay treel” as follows. If each node has
an arbitrary positivaveight w(v), define thesize s(v) of nodev to be -, cyasubtree() w(v) (i-€., the sum of the
weights of all descendants ofin T' reachable by traversing only solid edges). Define the piaiesftthe tree to be

EUGT lg S(U)'

Theorem 4. For any query in a multi-splay tree, the worst-case cost is O(log® n).

Proof: This follows from the fact that to query a node, we visit at mOgheight(P)) splay trees (because the
number of switches we performdg(height(P))). Because the size of each splay tre@{$og n), the total number
of nodes we can possibly visit @(log? n). O

Theorem 5. For an arbitrary access sequence o = o - - - 0, in @ multi-splay tree with n elements, the cost of o is
O(n 4 OPT(0) x loglogn).

Proof: The total number of switches in a multi-splay tree durings at most/ B(P, o) + 2m [DHIP04] (the
extra2m term results from the additional switch ey, which may need to be undone later in the access sequence),
so it suffices to show that the amortized cost of each switch(isglogn).

Each switch at an arbitrary noge(with corresponding: andz) consists of up to 3 splays followed by up to 2
root markings (one node is marked as a root, another is uradarko analyze the amortized cost of each of these
operations, we invoke the access lemma for splay trees eaadl that it uses the following potential function for a
splay tre€l’s : ZUGTS log s(v). The analysis in this sub-section assumes uniform constaights are used for all
nodes in all splay trees comprising a multi-splay tree.

°If the nodey has one child, then that child is always the preferred child. A switch still induces the corresponding splays, but no root
marking will occur.
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The amortized cost of each of the 3 splay®idog s(r)), wherer is the root of the splay tree corresponding to
y's path in the reference tree. Becauge) = O(logn), the amortized cost of the 3 splaysiglog log n).*°

The amortized cost of markingild(z) (if it exists) isO(1) because it does not increase the size of any subtrees
in any splay trees, so the overall potential does not inereBise amortized cost of unmarkiiild(z) (if it exists)
is O(loglog n) because the only nodes whose size increase arely, and the increase in each of their sizes is
bounded by the size of the splay tree rooted#td(z), which isO(log n).

To summarize, the amortized cost of each switch is:

Amortized cost = cost of splays+ root marking cost+ root unmarking cost
O(loglogn + 1+ loglogn)
O(loglogn).

Theorem 6. Each query o; in a multi-splay tree costs O(log n) amortized time.

Proof: To analyze the amortized cost of an access in a multi-spés/Itr we assign a weight to each node in
T according to its depth in the reference tree as followsy) = 2 "¥P%()  One key fact to notice is that this
implies that the sum of the weights on a path to a leaf frofbut not including it) is less thaw(v).

Again, each switch during an access consists of at most $ssmad at most 2 changes in root markers (one
node is marked as root if it exists, and another us unmarkieexists). Because the amortized cost of a splay is
O(log(s(r)/s(v))) whenw is being splayed in a tree rootedrathe cost of the 3 splays is at most

log(s(ri)/s(y:)) +log(s(ri)/s(x:)) + log(s(ri)/s(zi)),

wherey; is i node being switched going up the multi-splay tree accesstpdhe root of the multi-splay tree and
r; is the root of the splay tree containipg(y; is the first node switched, and by convention the splay tretecbat
ro containss ;).

Now, notice that because the elements in the splay treed@bte_; comprise a path to a leaf in the reference
tree starting belowy;, we haves(y;) > w(y;) > s(r;—1). Moreover, because; andz; are ancestors af; in the
reference treey(z;) andw(z;) are both larger than(y;) (and, hences(r;_1)). Therefore, the amortized cost of
splayingz (similar math applies tg andz) is

Ste (50) < o () < e (20) = o () <26 (3.

i=1

Next, we account for the cost of marking and unmarking the bits of child(z;) andchild(z;) respectively.
First, notice that markinghild(z;) as a root reduces the overall potential of the collectiorptdystrees, so it has
O(1) amortized cost per switch. Second, notice that unmargiifig(z;) only increases(x;) ands(y;) by at most
w(y;) because the nodes of the tree rootechdt(z;) make up a path to a leaf in the reference tree starting below
y;. Thus,s(z;) ands(y;) at most double becauséy;) > s(x;) > w(z;) > w(y;), and potential increases by
at most 2. There ar@(height(P)) switches per access, so the total cost of root marking/ukingaper access is
O(log n) because the reference tree is balanced.

Finally, note that the last switch (on the accessed node$ €$og(s(r+)/s(d;)). Because the smallest weight
in the tree is at least"¥9"(”)  and the largest size is at mdstthe total amortized cost of each access is,

Cost = Cost ofk switches+ Cost of root markings- Cost of final switch
= O(log(s(rk)/s(ro)) + height(P) + log(s(rx)/ log s(c;))
= O(log(1/27 ")) 1 height(P) + log(1/2 "))
= O(logn).
O

To further generalize the above proofs, we defiescendants(v, P) to be all the descendants ofin P. We
also defingoaths(v, P) to be the set of all paths from a nodén P to any descendant leaf.

10As a caveat, we note that determining whethandz exist can be done in constant time, and if they do exist the cost of findaglz
(and alsay) is proportional to their depth in their splay tree. The cost of this travessabe charged to the splay operations.
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Theorem 7. (Multi-Splay Access Lemma)
Let P be any initial reference tree with root r, f be any multiplier greater than 2, and w(x) be any positive
weight assignment satisfying the following two conditions:

> > .
W02 et ) fro@ = w2 )
Then the running time to access the sequence o = o4, . .., oy, iISamortized

0 (Z log(w(r) /w(6,)) + (log f) * (IB(P,0) + m>> .

The proof for this theorem is similar to the proofs of the gdiog theorems. With this theorem, one can prove
O(loglog n)-competitiveness by choosing a balanced referencdireetting the weight of every nodeto 1, and
choosingf to beO(logn). One can also prove th@(logn) amortized bound by choosing a balanced reference
tree P, setting the weight of node to bem, and choosing’ to beO(1). Unfortunately, the two constraints
above prevent the use of the Multi-Splay Access Lemma foripgothe classical splay tree properties.

5 Sequential Access Takes Linear Time

We begin with several simple lemmas (that are proved in tipemgix).
Lemma 1. The cost of a switch is O(log n) worst case

Lemma 2. During a sequential access of all nodes of 7', when a node with a left child (in P) is accessed, exactly
one switch occurs.

Lemma 3. Inasplay tree T's with root » (r changes as the root changes), if all splay operations are performed on
a connected set of nodes S C Tg , and r € S, then the splay algorithm will never rotate any node outside of S.
(This allows us to analyze the cost of splaying assuming all nodesin (T's — S) do not exist.)

Lemma 4. During a sequential access sequence, when accessing nodes from the right ref-subtree R of y, the
multi-splay algorithm touches at most 2 nodes outside of R.

Lemma 5. Inared-black tree T of n nodes, ), .1, . 1g|subtree(v)| = O(n).

Theorem 8. Inany multi-splay tree T" of n nodes, the cost of the access sequenceo = o1, - - - , 0, Whered; < o1
isO(n).

Proof of Theorem: In this proof, we assume tha is a balanced BST, such as a red-black tree [GS78], and
we assume for simplicity that it is full. Using the previowsrimas, we can develop a recurrence for the cost of
sequential access. First, we definghtParent(v) to bep if the left child of p is v. Also, we define theight
ascending path of v to be the set of nodes such thatightParent™(v) = u. Finally, we defined(v) to be the size

of the right ascending path ef We analyze the cost of sequentially accessing all the nodasnulti-splay tree

T in terms of the cost of sequentially accessing subtreéSofeference tree. More specifically, we recursively
account for the cost as follows:

Time(t) = Time(leftRefSubtree) 4+ Time(root(t)) + Time(rightRefSubtree),

wheret is some subtree df’s reference tree, and Tinig is the amortized tim& uses when sequentially accessing
the nodes of (we stress that this is within the context of sequential ssteall nodes ofl’, not just the ones in).
However, to tightly bound the time for accessing the root,afe need to incorporatd(root(¢)). Hence, we
define
Time(t, a) = Time to sequentially access all nodeg ifor which A(root(t)) = «,

wheret is a subtree of s reference tree (taken within the contexts full reference tree, so thals root may
have a non-trivial right ascending path). With this expahdecounting method, the cost of sequentially accessing
all of the nodes of" is Time(P, 1).



In general, we can write
Time(t,a) = Time(tr,a + 1) + Time(tg, 1) + O(a + log|t|),

for the case in whichioot(t) is an internal node becauseot(t;,) has a right ascending path with one more node
than the path ofoot(¢), root(tg) has a right ascending path including just itself, and adegs®ot(¢) causes
at most one switch by Lemma 2, whose running time&is + 1 + log |¢|) worst-case because the number of
nodes touched during a switch at nod®et(t) is O(2 + A(root(t)) + log|t]) = O(A(root(t)) + log |t]). The
O(A(root(t)) + log |t|) bound is true because at most 2 nodes highd? thanroot(t)'s right ascending path are
touched as seen by Lemma 4, and the number of nodewi(t)’s splay tree includingoot(¢)’s right ascending
path and below isi(root(t)) + height(t), which isO(A(root(t)) + log |¢])).

For the base case in whichot(t) is a leaf inP, we have

Time(t,a) = O(a?)

because at most switches occur during the accessrobt(¢)!!, each of which costé&(a) using similar logic to
above, for a total 00 (a?).

To see that this recurrence solves¢r), we show how to account for all of th@(a + log |¢|) terms and
all of the O(a?) terms so that their costs total(n). For eacht such thatroot(t) is not a leaf, note that if we
spread theD(a) = O(A(root(t))) portion of the cost evenly among the nodesadt(t)'s right ascending path,
each node in the reference tree is charged at moégheight(v)) = O(log |subtree(v)|). Similarly, to account
for the O(a?) cost for each leaf, we charged(k + 1) to rightParent”(l) so that each node is charged at most
O(height(v)) = O(log |subtree(v)|). Thus, it suffices to show that _, O(log |subtree(v)|) = O(n), which is
true by Lemma 5 (here we assume that the reference tree istdaedtree).

O

6 Making the Data Structure Dynamic

By modifying our data structure slightly, we can supporeinsnd delete while maintaining all of the properties
of Section 4, including)(log log n)-competitiveness. To think about what is necessary for eujng insert and
delete, it is illustrative to think about the effect of insand delete on the reference tree. When nodes are inserted
into and deleted from the reference tree we need to maintaininiariants that every internal node has exactly
one preferred child, and that the tree is balanced. We mesetittgle preferred child requirement by making a
constant number of switches prior to each rotation. We nteebtlance requirement by allowing rotations on
the reference tre® (after insertion and deletion), and makifga dynamic red-black tree. Because the reference
tree is implicitly maintained, we need to be able to simuthate update operations over the reference tree (e.g.,
rotations, pointer traversals) efficiently. Simulatingleauch operation turns out to castloglogn) amortized
time in an MST, so it is important that the corresponding nexiee tree requires onl9(m) virtual traversals and
virtual rotations during a sequence waf operations (finding théocation of the update doerot involve virtual
traversals). Red-black trees meet this requirement bedhag require only) (1) amortized time to rebalance after
an insert or delete [Tar83].

6.1 Defining Competitive Analysis in a Dynamic BST

Before we can argue about the competitiveness of dynamiti-sply trees, we must introduce an intuitive defi-
nition of what it means for a dynamic BST to be competitive. &8sume an arbitrary dynamic BST algoritbin
must execute a sequence of operations o4, . . ., 0., €ach of which isjuery(d;), insert(d;), or delete(d;).

For eachy;, we assumel must pay the following costs:

e To executejuery(d;), it must pay for traversing each edge from the roaf to

e To executeinsert(d;), it must insert the node at a leaf and must pay for the travéssget there. This is
reasonable becausemust search fo#; to realize its BST does not contain it.

YBecause the deepest left ancestaf root(t) was just queried, there is always a preferred path from the roBttofv, and the number of
nodes between androot(t) is at mosta.



e To executealelete(d;), similarly, it must pay for accessing}, for performing rotations unti; has no chil-
dren, and then pay a constant cost for removirig it.

During (or after) each operation, a BST algorithm may penf@any rotations it wishes at a cost of one per
rotation. The cost of an operation is simply the total numtfenodes touched, plus the number of rotations.
Without insert and delete, this definition would be iderticathe one in Section 1.1. From this point onward, we
use OPTo) to refer to the cost of optimal dynamic BST algorithm serwing

6.2 Dynamic Interleave Lower Bound

With our new definitions, we must prove a new lower bound fof@B. Fortunately, techniques similar to those
in [Wil89] suffice. Our new lower bound is an extension of timean [DHIP04], which is a variant of Wilber's first
lower bound. For completeness, we include the proof in opeagix.

As in the original definition of the interleave bound, for amdev in the initial reference tre®,, we track if
the last query imefSubtree(v) is in eitherL? = leftRefSubtree(v) U {v} or R¥ = rightRefSubtree(v). Whenever
the tracking for a node changes, we increment the dynanmédéatve bound, DIB, o), by one. For an insert af,
we treat it as if bothpredecessor (v) andsuccessor (v) were queried (because both of these nodes must be touched
to insertv at a leaf). For a delete af we treat it as iforedecessor (v), v, andsuccessor (v) were queried because all
three of these nodes must be touched in order to rotate leaf of the BST. Whenever we rotate a nogdee reset
the tracking ofv andrefParent(v) to L* but do not increase the interleave bound. Without insestideletions, and
rotations, this definition would be identical to the one & titiginal interleave bound.

Theorem 9. (Dynamic Interleave Bound) For a sequence of operationso = o1, .. ., 0, Where each o; isa query,
insert, or delete, the cost of an arbitrary BST algorithm A on o isQ(DIB(p,0)/2 — n — 2k + m), where n isthe
number of nodesin P,,, p = p1,...,pm IS a sequence of changes to P, where each p; contains a sequencef

rotation operations to be performed on P (insertions and deletions in P correspond to those in o), and k is the
number of rotate operationsin p (i.e, k = >/ #of rotationsin p;).13

Remark. Note that as in [Tar83], deletion of noden the reference tree is accomplished by “splicing autinless
it has two non-null children, in which caseis swapped with its predecessor and then spliced‘ut.

The operationg; are the changes tB that occur between successive operations (br MSTs p; represents
the rebalancing rotations performed on its reference t#@ding an insert or a delete). Differeptsequences give
different lower bounds on the cost of

Proof: Shown in appendix.

6.3 Simulating Reference Tree Traversals and Rotations

To simulate a reference tree pointer traversal from noitbeean MST, we need only to search for the relevant parent
or child node, which can be accomplished if we add 3 new figldstdre the values of the parent and children of
each node in the reference tree. The cost of this search qaaidvéor by performing a constant number of switches
(notice that the path from to v's child or parent in the reference tree spans at most two/gp@s), for a total
amortized cost 00 (loglogn). Essentially, each path we traverse in the MST will be sglayéhich ensures the
amortized cost bound. We omit the details for brevity.

To simulate a right rotation on a noddn its (implicit) reference tree, a multi-splay tree firstsenes that’s
preferred child is its right child, and's parent’s preferred child is its left by performing eitheior 2 switches
onwv andv’s parent. By meeting these requiremeftensures that if its reference tree satisfies the preferréd pa
property before the rotation, it will still satisfy that grerty after the rotation, as seen in Figure 2.

12 this model, we do not allow BSTs to swap nodes and contract edgiesjdigletion. As a result, this model is slightly more restrictive.

13As a detail, the lower bound tree is only permitted to swap a magligh successor (v) higher up inP (as for a deletion) when's reference
subtree (excluding) is isolated in a single subtree Bt so as to ensure that no transition points change (the nodésleft ascending path in
the reference tree lose a member of their right subtree), exceptef@atimost one) node for whichis the transition point. Note that MSTs
satisfy this requirement when they perform swaps (See Figure 4).

1plthough our model for BST deletion does not allow such swapping/splidiTs will only besimulating them while adhering to our
dynamic BST model.
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Figure 2: A rotation onw in the reference tree. For a right (left) rotation, we muskensurev’s preferred child is right (left),
andp’s preferred child iw.
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Figure 3: Observe that after we cadlitch(v) andswitch(p), the sets of nodes if, and R, form two subtrees in an MST. A
rotation ofv overp in the reference tree decreases the depth value of each nbttes inL,, by one, and increases the depth
value of each of the nodes i, by one (Shown in Figure 2). Becausg and R, are grouped together by the switches, the
updates in depth values cast1) after performing the switches.

In order to perform switches efficientl{’ also needs to update the fields in each of its nadegen its
reference tree changes. Recall that we stefBepth (the depth ofv in the reference tree) andinDepth (the
minimum refDepth of all the nodes inv’s splay subtree). To update these values efficiently, wealctore the
values explicitly. Instead, inwe storerefDepth(v) —refDepth(parent(v)) andminDepth(v) —minDepth(parent(v))

(the parent of the root hasrefDepth andminDepth equal to 0). This is analogous to the technique used in lirtk-c
trees [ST85].

Let v be the node we rotate in the reference tfe@and the corresponding node in the M$7. Let p be the
parent ofv in P. Without loss of generality, we assumaes the left child ofp. At first glance, a rotation of over
p in P changes theefDepth value for many nodes, so it would be difficult to update. Hogrethe sets of nodes
whose depths change constitute two subtrees in the refetm® More specifically, thesfDepth of each node in
leftRefSubtree(v), L,,, decreases by one, while thefDepth of each node imightRefSubtree(p), R,, increases by
one. Using this observation, we can decrease the depth galiéof the nodes in’s ref-subtree by executing
switch(v) andswitch(p) in T', which isolated,, and R, as shown in Figure 3 so we can change the difference value
at a single node to decrease (or increase) the stefBdpth of each node irL, (or R,) by one. This method can
be used for theninDepth field as well. Any changes to red-black tree fields are loaadiytained, so this technique
is unnecessary for such fields.

Hence, a rotation inP can be simulated ifi” using a constant number of switches and field updates, so its
amortized cost i$)(log log n) if the reference tree is balanced.

6.4 Implementing Insertion and Deletion

To inserts;, we perform a normal BST insert, access the inserted nodethan rebalance the reference tree using
amortizedO(1) simulated rotations and pointer traversals. We also iisietb the virtual reference tree by finding
its refParent on the way down the access path rigfParent is the node of maximumefDepth on the access path.

For deletion, we consider the case in whi¢hhas two children in the reference tree (the other two cases
are simpler). Before rebalancing the reference tree usimgrtizedO(1) simulated rotations and pointer traver-
sals, we must first swag; with predecessor(g;) and splice outs; using a constant number of switches, rota-
tions, and field updates in addition to a constant number césses tgredecessor (d;), J;, andsuccessor(d;),
which will be justified in Section 6.5. To accomplish this, first perform the sequenceuery(predecessor (4;)),
switch(refParent(predecessor (4;))), query(predecessor(d;)), query(successor(d;)), andquery(d;). Notice that
this sequence adheres to our cost specification, and r@saltisMST that looks like the one in Figure 4.

There are two important aspects of this MST. Fipsedecessor (4;), 7;, andpredecessor (d;) are located close
together, so tha(1) rotations suffices to make; a leaf so that it can be deleted. Secoprkdecessor(d;)’'s
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Multi-Splay Tree: Reference Tree:

Figure 4: An example of what an MST looks like during deletion of nodg with v = 4;, p = predecessor(d;),
s = successor (4;), rp = refParent(predecessor (4;)) after the sequenaguery(p), switch(rp), query(p), query(s), andquery(v).

subtree is isolated in its own subtree of the MST (the subf8en Figure 4), so that we can decrement all of its
nodes'refDepth and minDepth fields in O(1) time just by changing the fields in the root BfS. We omit most

of the details, but remark that oneg is rotated to a leaf and deleted, the depth value® 8fare adjusted, and
predecessor (6;) has its fields set so that it takes's place in the reference tree, we need only to recompute the
minDepth fields of the ancestors giredecessor(4;) and reset the parent and child value fields (used to during
virtual pointer traversals as mentioned in Section 6.3)efrnodes whose parents or children change change in
the reference tree (i.e., the parents and childres; @ndpredecessor (;) in the reference tree), requiring only a
constant number of field updates and reference pointerralge each costin@ (log log n).

6.5 Proof of Running Time Bounds

Without insert and delete, the analysis in Section 4 apphesthe insert and delete operations, ablyt ) amortized
reference tree rotations are required to rebalance thedeethat the total amortized cost¥loglog n), which
does not affect thé(loglog n)-competitiveness of the operations or th¢€logn) amortized cost of them. For
insert, our model requires us to pay for traversing the pathleaf, so the cost is accounted for as in Section 4.

For delete operations, the additional cost of queryiraglecessor (4, ), J;, andsuccessor (;) is accounted for by
the fact that any deletion algorithm adhering to our modestbouch these three nodes to rotétdao a leaf. Note
that the order of these touches (and number of them, if thebeuisO(1)) only affects the number of switches by
a constant factor, so such variations do not affectQifleg log n)-competitiveness of MSTs. Also, the additional
bookkeeping work and actual deletiondfrequires onlyO(log log n) amortized time as argued in Section 6.4.

Because the strongest assumption made in Sections 4 andtbav#se reference tree was a red-black tree, and
because the dynamic interleave bound is only weaker thaorij@al interleave bound b§(m), all of the proofs
in Sections 4 and 5 still apply.

7 Conclusions and Future Work

In this paper we showed that multi-splay trees achi@g log n)-competitivenessQ(logn) amortized time
per query, and)(log” n) worst-case query time. We then combined these proofs to shewaccess lemma for
multi-splay trees — a parameterizable theorem for anadyminlti-splay tree query sequences. We also proved that
sequential access in multi-splay trees takes only lineae.ti

We also considered allowing insertions and deletions, ditaxh to queries. We extended the interleave lower
bound to this case, and showed how to carry out these opesdatianulti-splay trees. We proved that the same
bounds quoted above for the query-only case apply whentiossrand deletions are also allowed if we use a
red-black tree with bottom-u@ (1) rebalancing for the reference tree.

The multi-splay algorithm is similar to splaying, but difsein a few important ways. Consider modifying the
algorithm so that it does not splay. In this modified algorithm, an access to a nadis then a series of partial
splays (ones that stop before getting all the way to the rafoodes onv’s path to the root. The pattern is that
starting at an ancestor of we splay for a while, stop, then move to an ancestor, theaydpt a while, then stop,
then move to an ancestor, etc. Finally we switcBo that it moves to the root. These partial splays keep the
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multi-splay tree somewhat balanced (i.e., keep the maximdepth bounded by (log® n)). Moreover, one way of
thinking about the marking of root bits is that it effectiyétemoves” from the tree a large amount of weight. This
allows us to prove tighter bounds on the running time thanbeaproven for splay trees.

Given the similarities between multi-splay trees and étassplay trees, it is natural to ask whether splay trees
are alsoO(loglog n)-competitive. It is also natural to ask whether multi-spleees share some of the other nice
properties of splay trees, such as static optimality.

As far as we know, multi-splay trees may be dynamically optirnts this true? One big difficulty in addressing
this problem is the lack of tight lower bounds on the cost afegsing a sequence. The static interleave bound is
insufficient, because it is known to be off by a factol@f log n for some sequences.
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A Notation

e A(v) = the size of theight ascending path of v

e dashed edge = the edges that connect different splay trees

e descendants(v, P) = all the descendants ofin tree P

e DIB = new dynamic interleave bound

e DIB; = the number of switches that must be mad@jrfwhich is implicit from p)
o refDepth = the depth of a node in the reference tree (root has depth 1)

e |B = static interleave bound

o |eftRefSubtree(v) = the left subtree of in the reference tree

o LY =leftRefSubtree(v) U {y} during the execution of;

e OPT(o) = minimum cost of a BST to serve the sequence

e P =areference tree

o P, = the state ofP aftero; is executed

e paths(v, P) = the set of all paths from nodein tree P to a descendant efwith no children

o preferred child = the child that is more recently touched if we were to perfaththe operations on reference
tree

o preferred path = a path formed by the preferred child relation in the refeeatnee. Specifically, if a nodeis
in a preferred path, thewis preferred child is also in the preferred path.

e minDepth of a nodev in an MST = the minimunmrefDepth of all the nodes in’s splay subtree
e p=asequences of changes to the referenceftree

e p; = thei™ change to the reference trée

e r; =root(t;) = the root of the' splay tree

e RY =rightRefSubtree(y) during the execution of;

o refDepth of a nodev in an MST = the depth of nodein the reference tree

o refSubtree(v) = the subtree rooted atin the reference tree (this tree is the same regardless girétierred
child)

e right ascending path of v = the set of nodes, such thatightParent* (v) = u

e rightParent of a nodev = p if p’s left child isv.

o rightRefSubtree(v) = right refSubtree(v) = the right subtree of in the reference tree
e root(¢) = the root of tree/subtreie(either a splay tree, an MST, or a reference tree)
e ¢ =the sequence of queries (later we generalize to suppertiasd delete.)

e o, = thei" operation

e g, = the key or node of;

o solid edge = the edges inside a single splay tree

e s(v) =size ofv = Zuesplayalbtree(v) w(u)

o splaySubtree(v) = the subtree rooted atin multi-splay tree restricted ta's splay tree
e subtree = refSubtree

e sucessor of key v in splay treet = the key of the smallest node larger thaim ¢.

e T = multi-splay tree

e |t| = the number of nodes isubtree(t), includingroot(t)

e t; = the splay tree involved ifi" switch during an operation

e T; = the state of’ wheno; is executed
13



o t; =the left subtree of tree

e tr =the right subtree of tree

e Trp =ared black tree

e Ts =asplay tree

e y = the node that the multi-splay algorithm switche§in

e y; = thei" node switched during an operation

e w(v) = weight ofv

e z,,2; = the two additional nodes we splay during tHeswitch

B Proof of Lemmas for Sequential Access

Lemma 1. The cost of a switch is O(log n) worst casenot amortized.

Proof: Each switch consists of 3 splays and up to 2 root markingséwkimgs. Because the size of each splay
tree isO(height(P)) = O(logn), the worst case cost of the splaysiglogn), and clearly the root markings cost
O(1) worst case. O

Lemma 2. During a sequential access of all nodes of T, when a node with a left child (in P) is accessed, exactly
one switch occurs.

Proof: Within a sequential access, a query to a noadth a left child immediately follows a query to a node in
its left ref-subtree, so the preferred path from the rooluidesv. The one switch occurs because the multi-splay
algorithm always switches the node that is accessed. O

Lemma 3. Inasplay tree T's with root » (r changes as the root changes), if all splay operations are performed on
a connected set of nodes S C Ts , and r € S, then the splay algorithm will never rotate any node outside of S.
(This allows us to analyze the cost of splaying assuming all nodesin (T's — S) do not exist.)

Proof: Observe that if all the rotations are performed on nodeS, ithen the set of nodeS will always be a
connected set of nodes that includes the rodafA splay operation om € S will rotate nodes on the path from
v to the root. Becaus#8 consists of a connected set of nodes, all of these rotategsnodst be ir5. Thus, the
invariant thatS' is a connected set ande S is maintained. O

Lemma 4. During a sequential access sequence, when accessing nodes from the right ref-subtree R of y, the
multi-splay algorithm touches at most 2 nodes outside of R.

Proof: After y is accessedy becomes the root of the MST, its right childis the successor a®, and all the
nodes ofR are inz’s left splay subtree (See Figure 1). The following splayhiiced by querying? can only touch
y, R, andz by lemma 3.

O

Lemma 5. Inared-black tree Tr s of n nodes, > lg |subtree(v)| = O(n).

vETRB
Proof: Suppose we merge all the red nodes with their parents. Famios, if a black node originally has two
red children and each red child has two black children, themane left with a black node with 4 black children after
the merge. (Essentially, we are converting the red-blasimto its corresponding 2-3-4 tree.)

Since every root-to-leaf path in a red black tree has the samer of black nodes, each black node can have
at most two red children, and each red node has two blackrehilthe merge process reduces the number of nodes
in the subtree of every black node by at most a factor of 3.

DefineblackHeight(v) to be the number of black nodes franto leaf, excluding.. Observe that the number of
black nodes ablackHeight(v) is at MOStspaxisgy - Also, note that the number of nodes in a black nodesubtree
is at mostPlackHegnt ;)

Hence,
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> lg|subtree(v)] < 3 > lg |subtree(v)|

vETRB vETRp S.t.v is black

3% Z | AblackHeight(v)

veETrpB S.t.v is black

IN

< 6% > blackHeight(v)
v€TrpB S.t.v is black
[gn] n
< 6% ), blackHeight  ppoprn
blackHeight=0
< 18n.

C Proof of Multi-Splay Tree Access Lemma

Let P be any initial reference tree with rogt f be any multiplier greater than 2, andz) be any positive weight
assignment satisfying these two conditions:

w(v) > max w(u)
u€descendants(v, P)

* w(v > max w(w).
/ ( ) - pGpths(v,P)uzep ( )

Then the running time to access the sequeneeos, ..., o, is amortized

@) (Z log(w(r)/w(d;)) + (log f) x (IB(P,0) + m)) )

Intuitively, the first weight condition forces the shallowedes inP to have bigger weight. This is necessary
because multi-splay trees tend to access the nodes with tepth more frequently than the nodes with higher
depth inP. As for the second weight condition, it forcésto be somewhat balanced to achieve a reasonable upper
bound. As for the multiplierf, it significantly relaxes the second constraint on the gnavfto(z).

In the proof, we first bound the time for each switch. Then weriabthe time for each access as a function of
the number of switches. Then we relate the number of swittthétee interleave bound.

Proof: Letthe set of keys b& = aq,ao,...,a,. For any access,,, let¢’ = 01,09, ...,0,_1 be the access
sequence before,,, ande = 01,09, ..., 0,,. Letthek switches made by accessing beY = y1,vs, ..., yx, and

r; be the root of the splay tree containipgbefore the access. Defimg to be the root of the splay tree containing
Om-
For a particular switchy;, we defines(v) to be the size oty before the changes irsRoot bit. Similarly,
defines’(v) be the size ob after the changes irsRoot bit. Each switch operation consists of at most 3 splays
(on z;, v, x;), setting theisRoot bit of child(z), and clearing thesRoot bit of child(x). As a result, the root
changes affect the potential of nodes y;, x;. Specifically,s(z;) decreases by(child(z;)); s(y;) changes by
s(child(z)) — s(child(z)); andx increases by(child(z)). In addition, from the second condition on the weight
assignmentf  w(y) > s(cz),
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A Node z is an element
BST in that subtree, and is

on the same preferred
l:’ Node T P path as the root

Node z is the root
A Sub-trees o A of that subtree
i Node a is an
ancestor of b on the
n same preferred path

D Root
_» Preferred child

—» Solid Edge
« » Dashed Edge

. » Not preferred child

Figure 5: The relationship ofc = z;, y;, z = 2;, cx = child(z;) andcz = child(z;) in both multi-splay tree T (left) and
reference tree P (right). This is right after the 3 splayshlediore setting thésRoot bit for child(z) and clearing thésRoot bit for
child(z). It is important to observe thatchild(z)) corresponds exactly to the sum of the nodes on a paityinP)

AD = (Ig(s'(x)) —lg(s(x))) + (Ig(s'(y)) — lg(s(v:))) + (Ig(s'(2)) — g(s(2)))
<lg(s'(x)/s(x)) +1g(s"(yi) /s(yi))

<lg((s(z) + s(child(x)))/s(x)) +1g((s(y:) + s(child(x)))/s(y:))

< lIg(1 + s(child(z)) /w(y:)) + 1g(1 + s(child(z))/w(y;))

<2lg(1+f)

=O0(lg ).

Because both andz are ancestors afin P, w(x) > w(y) andw(z) > w(y) by the first condition,

Time(switch(y;)) = Time(splay(y;)) + Time(splay(x)) + Time(splay(z)) + Ad®

< 0(1g s(ri)/s(yi)) + O(lg s(ri)/s(x:)) + O(lg s(r)/s(z:)) + O(lg f)
O(lg s(ri)/w(y:)) + O(lg s(r:) /w(x;)) + Olg s(rs) /w(z:)) + O(lg f)
O(lg s(ri)/w(y:)) + O(g s(ri) /w(y:)) + O(lg s(ri) /w(y:)) + O(lg f)
O(lg s(ri)/w(yi)) + O(lg f)
< O(lgs(ri)/(s(ri-1)/f)) + O(g f)
O(lg s(ri)/s(ri-1)) + O(lg f).

When we access a node in a multi-splay tree, we are just makaegies of switches and then doing a final
switch. Therefore,

lg s(r;

k
Time(Access(o,,)) = Z(SNitCh(yk)) + Time(switch(o7y,))
k

—ngsn)/s(m +>0(g ) + 0(lg(s(1)/s(om)))

=1
= O(lg( (re)/s(r1))) + O(k + (Ig f)) + O(g(f * w(r)/w(om)))
= O(lg(w(r)/w(om))) + O((k + 1) * (Ig f))-
Because a switch occurs when the preferred child changesléfb to right (or right to left), this is exactly

when the previous accessigis subtree inP is in the left subtree (or right subtree) @f while o,,, is in the right
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subtree (or left subtree) @f'® Thus,Vo<;<x(IB(Ty, o', y;) + 1 = IB(Tp, 0,9;)). In addition, for all other nodes
v # y;, the IB(Ty, o’ ,v) = IB(Ty, o,v). Hence,

k =IB(Ty,0) — 1B(Th, o).

Thus, exactly IBP, o) switches are made for an element access sequenrceThe amortized running time for
the access sequeneas:

Time(Access(o)) = iTime(Access(Uq;))

i=1

= ZO lg(w(r)/w(o;)) +

ZO((l +1B(P,01...04) —IB(P,01...04_1)) * (g f))

i=1
- ng r)/w(a;)) + O((IB(P, o) +m) * (g f))

m

— Zlg r)/w(o;)) + (g f) * (IB(P, o) +m)).

D Proof of the Dynamic Interleave Bound

Here we present an extended version of Wilber’s first lowemddWil89]. Our presentation is similar to Demaine
et al.’s, with modifications to permit the lower bound tree to baalyic.

In our description of the bound, there are two trdesendT’, which are both dynamic BSTs over the same keys.
The treeP is areference tree that the lower bound will usel{ does not really exist), and each internal node always
has exactly one preferred child (as in the reference trearfddST). The tred” refers to the tree maintained by an
arbitrary BST algorithmA adhering to the model described in Section 6.1.

Leto =oy,...,0, be a sequence of operationsBrior which eachy; is either a query, an insert, or a delete
(A is responsible for executing these operations in order).

Because botl? andT" are dynamic, we often refer to them by their time index./ByndT;, we mean the state
of P andT wheno; is executed. For notational simplicit, is assumed to be empty initially 9, is the empty
tree.

Further, becaus# is dynamic, we need a way to describe changes to itpletp,, ..., p,, be a sequence of
changes t@”, where eaclp; contains aequence of rotations to be performed af. Insertions and deletions in the
reference tree correspond to the operations and follow the standard BST insert and delete rules (antioser
occurs at the relevant leaf, and a deletion typically swapsibdev to be deleted withpredecessor (v) and splices
outw). The change ip; is performed immediately before is executed bw (i.e., aftero;_ is executed foi > 1).
For examplep; positions all elements that are initially in the BST via aseuge of rotations starting from some
BST containing the nodes @f. Whenever a node i is involved in a rotation (i.e., it is eitheror p for a rotation
of v overp), its preferred child is set to its leftmost child, if it hahild. This child setting isot considered a
switch for accounting purposes (e.g., in D}Bo) as described below).

If o; queriess;, P; switchesits nodes’ preferred children as necessary so as to creath &@nsisting only of
preferred child edges 16, starting from the root. In the case of insert, the switchemeot both the predecessor
and successor of; to the root. For deletgyredecessor (4;), successor (d;), andg; are connected to the root (note
that the order only affects the lower bound by a constanbfactet DIB; (p, o, v) be the number of such switches

®Here we are ingoring the effect of the final switch on the accessed maieh clearly only add€)(1) per access to the total number of
switches.
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of nodev’s preferred child that must be made# (which is implicit from p) to accommodate;, and O otherwise.
Let DIB(p,0,v) = > DIB;(p,0,v), and let DIBp,0) = > ., DIB(p,0,v), whereV is the set of all nodes
that are inserted int® at some point.

Our lower-bound proof runs parallel to the proof for a statiference tree in [DHIP04], with some changes to
allow P to be dynamic. We definé¥ = leftRefSubtree(y) U y and RY = rightRefSubtree(y) (LY and RY can be
indexed by time as well). For a switched nagalefine theransition point of y to be the highest nodein 7" such
that the path fromx to the root contains at least one node from hbthand RY. Observe that is either the lowest
common ancestor dt¥ or RY.

We restate a few useful lemmas from [DHIP04] (Lemma 7 is medifo account foi”’s being dynamic). The
proofs of Lemmas 6 and 8 are the same as in [DHIP04] because lim@mas refer to a snapshotraf

Lemma 6. [DHIPO4] Thetransition point z in T; for anodey in P; isunique.

Lemma 7. Suppose a BST access algorithm does not touch a node z in T for the time interval ¢ € [j, k], and z
is the transition point in 7; for a node y in P;. Further, suppose that y is not rotated in the reference tree by the
execution of p; 41, ... px (i.€, thereisno rotation in p; 1, ... p, of v over its parent p wherey = v or y = p). It
follows that z remains the transition point of y for the entiretime interval [4, &].

Proof:  Suppose, without loss of generality, that R. Notice that all ofR! is in the subtree rooted atin 7
because: is the lowest common ancestor &f in T;. Because: is not touched; remains the lowest common
ancestor of?} forall i € [j, k]. Moreover, at timg the predecessarof the nodes in the setibtree(2) N (L] U RY)
isin LY becausd.? U RY forms a contiguous region of keyspace. Notice that the deepest left-ancestor ofn
T.1® Thus, no rotation duringj, k] changes the fact thatis the deepest left-ancestor gfanda cannot be deleted
from T during[j, k] because it has a right child. O

Lemma 8. [DHIPO04] At any timei, no nodein T; isthe transition point for multiple nodesin P;.

The following theorem relates DIB, o) to a lower bound on ORF):

Theorem 9. (Dynamic Interleave Bound) For a sequence of operationso = o1, .. ., 0, Where each o; isa query,
insert, or delete, the cost of an arbitrary BST algorithm A on o isQ(DIB(p,0)/2 — n — 2k + m), where n isthe
number of nodesin P,,, p = p1,.-.., pm 1S @ sequence of changes to P, where each p; contains a sequencef

rotation operations to be performed on P (insertions and deletions in P correspond to those in o), and k is the
number of rotate operationsin p (i.e, k = >~ #of rotationsin p;).}’

Proof of Theorem: First, note that then term in the lower bound appears because each operationat dsist
1.

Following [DHIP04], suppose every time a nogén P is switched from left-to-right the lower bound places a
marble on the transition point gfin 7". Moreover, whenever the lower bound rotatasverp in P, it removes any
marbles from transition point af and ofp in T". On the other hand, whenevdrtouches a node, it discards all of
the marbles at that node, and whérdeletes a node it removes the marble from that node’s trangibint (if it
exists). Clearly, if the number of marbles sitting on a nodeen exceeds 1 then the number of marbles removed is
at mostA'’s cost foro (if we chargeA 2 units for each delete it does).

Because there arenodes irl;,,, thek rotations cause the removal of at mdstmarbles, and deletions remove
only O(m) marbles, to prove the theorem it suffices to show that no nadeeer have more than one marble. This
is true because the number of marbles placed is at leashieatiumber of total switches (because there are at least
as many left-to-right switches as right-to-left switchaayl A must remove all of the marbles that are placed’on
except those that either remain @) at the end (up ta) or are removed by the lower bound (up2to).

To see that no node can ever have more than one marble, rwideytLemma 8 no two nodes i} ever have
the same transition point ift;. As argued in [DHIP04], when a left-to-right switch is madeyaat timesi and
j (@ < j7), the transition point fo in 7T; must be touched at some time during the intef¥aj], assuming that

6By “deepest left-ancestor af, we mean the parent of the highest node®right ascending path.

1"As a detail, the lower bound tree is only permitted to swap a maglith successor (v) higher up inP (as for a deletion) when's reference
subtree (excluding) is isolated in a single subtree Bf so as to ensure that no transition points change (the nodésleft ascending path in
the reference tree lose a member of their right subtree), exceptef@atimost one) node for whichis the transition point. Note that MSTs
satisfy this requirement when they perform swaps (See Figure 4).
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the transition point remains constant during that inter8&} Lemma 7,y’s transition pointz during this interval
remains constant unlesswas rotated irif’, in which caseA removed its marbles, or the lower bound executed a
rotation involvingy, in which case the lower bound removed the marbles of O

E An Example of an MST and the Corresponding Reference Tree

Figure 6 shows what an MST looks like, and shows the corretipgrreference tree that is stored implicitly in the
MST.
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Representation in P - We use this representation for explanation and proof

D Node

—» Preferred child

-.» Not preferred child

A Possible Representation -

16 interconnected splay trees 9
that form a single BST D Node
8 1_1 Root
7 15 —» Solid Edge
. -.» Dashed Edge
2 10 19
1 3 23
18
0 5 12 16 21 25
6 22 26
27
4 20 24 30
29

28

Figure 6: Multi-Splay Data Structure — One can always obt&ifrom 7" by a set of rotations on solid edges.
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