Torso Rotation for Push Recovery Using A Simple Change of Variables

Eric C. Whitman, Benjamin J. Stephens, and Christopher G. Atkeson

Abstract— This paper presents a modification for a broad
class of controllers based on the LIPM dynamics. We use a
change of variables such that instead of controlling the center
of mass, we control an ‘“augmented center of mass”, which
is unaffected by upper body angular accelerations. We use
upper body orientation as an additional source of control
authority, allowing us to use both upper body rotation and
center of pressure modulation for control. We demonstrate an
improved robustness to external pushes with this additional
control authority through simulated standing and walking
experiments. We also demonstrate the modified controller on
our force-controlled humanoid robot.

I. INTRODUCTION

Many researchers design walking controllers based on the
Linear Inverted Pendulum Model (LIPM). These dynamics
require two assumptions: 1) the center of mass remain at
a constant height, and 2) angular momentum is constant.
Overcoming the limitations of this second assumption is
the subject of this paper. In this paper, we discuss a new
method for exploiting angular momentum by applying a
simple change of variables. The controller for this simplified
model is then mapped to a humanoid, as shown in Fig.
1, using full body torque control, and shown to improve
balance.

Many methods that control the LIPM, such as preview
control [1] and some forms of model predictive control [2],
focus on control of the zero moment point (ZMP). For many
of these methods, it is either impossible or computationally
expensive to extend them to work with a model that considers
angular momentum or upper body rotation.

Due to disturbances and un-modeled dynamics, angular
momentum and posture regulation are required, which can
directly interfere with a controller based solely on the LIPM.
Several authors have derived models of angular momentum
for biped robots [1] [3] and it has been shown that exploiting
angular momentum can add significant stability to the system
[4] [5]. The subject of upper body angular momentum co-
ordination and control for locomotion in position controlled
humanoid robots has been considered [6] [7].

Full body torque controllers based on force-based ob-
jectives such as desired COM acceleration and change of
angular momentum have been presented [8] [9] [10] [11].
Controllers such as these have achieved hip-strategy-like
behaviors by making the angular momentum or posture
objective less important than COM regulation. However,
angular momentum and posture objectives have been mostly
limited to regulation tasks.
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We have identified a mode of motion that rotates the upper
body and translates the center of mass without moving the
ZMP. We have also identified a point, which we refer to as
the augmented center of mass, which is unaffected by these
motions, but follows LIPM-like dynamics. By performing a
simple change of variables, we can use this point (instead of
the center of mass) with traditional ZMP-based algorithms.
The result is that the identified mode functions as an addi-
tional source of control authority that looks mathematically
similar to moving the ZMP. This extra control authority can
be utilized by traditional ZMP-based control schemes with
no modification to the core algorithm for planning more
aggressive maneuvers or greater stabilization.

In this paper, the coupling between COM and angular
momentum dynamics is exploited using a simple model and
a change of variables. The resulting desired COM and torso
accelerations are used to generate full body torques. The
unique feature of the method presented here is that it can be
added on to existing systems using LIPM dynamics, allowing
them to use upper body rotation to improve robustness and
allow more aggressive maneuvers. For example, in our pre-
vious work [12], we used dynamic programming for control
of the LIPM dynamics for walking. Dynamic programming
has several advantages, but it is computationally expensive to
add the extra state space dimensions that would be necessary
to control upper body rotation. This method allows us to
utilize upper body rotations for balance without increasing
the dimensionality of the dynamic programming.

Fig. 1. The system presented in this paper provides a systematic method
for exploiting angular momentum for balance by changing the desired torso
angle.



The paper is outlined as follows. In Section II, we
derive the model from the LIPM dynamics by relaxing
the constraint on zero change of angular momentum and
then describe our change of variables strategy. Section III
describes the details of how this system can be applied
practically. Results from both simulation and hardware are
presented in Section IV. Finally, a discussion is offered in
Section V.

II. SYSTEM MODEL

Many researchers design walking controllers based on the
Linear Inverted Pendulum Model (LIPM), given by

i=2(a—2) (1
where z is the position of the COM relative to center of the
foot, h is a fixed height of the COM above the ground, m is
the total mass, and z is the location of the center of pressure
(COP) relative to the center of the foot. These dynamics
require two assumptions: 1) the center of mass remain at a
constant height, and 2) that there be no change in angular
momentum about the COM, L = 0. The latter assumption is
the focus of this paper.

It is often assumed that the majority of the mass is in
the torso, and that we can approximately enforce L=0 by
maintaining a fixed torso orientation. However, it may not be
possible to perfectly control the torso orientation. Undesired
torso rotations may be caused by error in the model of the
robot or the environment as well as by external pushes.
These rotations can be particularly large in torque-controlled
systems or systems with relatively low position gains. Any
angular acceleration of the torso (or more generally, any
change in angular momentum) without changing the COM
acceleration will require some foot torque, which means
some change in the COP. Conversely, if the COP of the robot
is matched to that of a LIPM model, but there is a change in
angular momentum, then the COM motion of the robot will
not match that predicted by the LIPM model.

In order to model the interaction between upper body
rotation and COM motion, we model the upper body as
a single rigid flywheel, which rotates about the system
center of mass. This model is known as the Linear Inverted
Pendulum plus Flywheel Model (LIPFM) [4] with dynamics
given by

= %(Jj —2)—
where I is the moment of inertia of the upper body about the
system COM and 6 is the angle of the upper body relative
to the nominal. The upper body angle will also be subject
to the kinematic constraint 0,,;, < 6 < 0,.x. The LIPFM
does not fully account for angular momentum, but many
humanoid systems have a large fraction of their mass in the
upper body (about 2/3 of the total mass in our system), so a
large fraction of the angular momentum will be in the upper
body. Additionally, while the lower body motion is highly
constrained by walking, we are free to rotate the upper body
as desired to aid in control.
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We now perform a change of variables so that upper
body rotation does not require any change in the COP.
Additionally, it will put the LIPFM dynamics in the same
form as the LIPM dynamics, allowing us to leverage the
existing technology for controlling the LIPM.

A. Change of Variables

We start with the forward (rotational and translational)
dynamics for the x-z plane,

5 =L e JL S Lm0

where F is the horizontal ground reaction force. We then
multiply by a change of variables matrix,
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We now define the augmented COM acceleration, & = & +
n%, and then combine and simplify to get
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Double integrating & gives us the augmented COM posi-
tion,
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which we substitute into (6) to get
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Multiplying by the inverse of the 2x2 matrix and solving for

the controls, F, and z, gives the inverse dynamics,
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The benefit of the change of variables is that we now have
a 0 in the lower right of the 2x2 matrix. This 0 means that
changes in angular momentum without modifying Z have no
effect on the COP.

If we define an augmented COP,
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we are able to put the LIPFM dynamics,
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in the same form as the original LIPM dynamics in (1).
Since (1) and (11) have the same form, control methods
that work on the LIPM dynamics can also be used on the
augmented LIPM dynamics, but by working in the space of
Z = x + I0/mh and its derivatives instead of the space
of z and its derivatives. Additionally, controllers will now



be requesting a z, and (10) must be used to find z before
applying control to the system. The change of variables
eliminated a § term (by hiding it within ), but created
a 0 term. The angular position term is preferable from a
modeling perspective because it changes more slowly and
can be more easily measured.

B. Orientation Control

Since 6 can be controlled independently of Z, the 6 term
in Z can be used for more than canceling the effect of small
undesired deviations from the desired posture. It can also
be actively controlled to something other than 0 and treated
as an additional control for the augmented COM. Torso
orientation, ¢, has the same effect on the system as does z,
so a LIPM controller need not differentiate between them;
instead, it can simply request a z. In addition, the controller
can operate under a more lenient constraint (but with the

same form) than the ordinary COP constraint, |z| < zpax.
For the LIPFM dynamics, the constraint is

. 10 max
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where 0., is the maximum allowable lean angle. Use of
the more lenient constraint (and the torso rotation necessary
to produce the larger requested Z) makes it possible to plan
more aggressive maneuvers that are impossible with a fixed-
orientation torso. It also allows for improved feedback in
response to unexpected disturbances.

There is also an additional constraint arising from the fact
that while contact forces such as z can be changed quickly,
torso angle will have a maximum velocity or acceleration.
Such constraints become an issue if the requested z rapidly
changes. In situations where Z changes gradually or on sys-
tems where the internal dynamics (dependent on actuators)
are much faster than the LIPM dynamics (dependent on g/h),
this additional constraint can reasonably be ignored.

There are several options for controlling 6 depending on
the context. If the increased control authority is being used
in a planning context for generating trajectories with large
accelerations, then the planner will produce a time varying
Z(t). In this case, optimization (for example, a quadratic
program) can be used to determine a time varying 6(t)
which satisfies (12) as well as whatever hardware constraints
exist on 6 or 6. A cost on O(t) can be added to the
optimization to bias it towards upright postures that do not
utilize torso rotation wherever possible. However, if (as in
the results presented in this paper) the increased control
authority is being used for improved responses to unexpected
disturbances, then no expected Z(¢) will be available (because
the disturbances are unexpected).

In this case, we use a fixed relationship between 2z and the
desired torso orientation, 4.5, then use a high gain PD servo
to track that desired angle. Immediately following a large
disturbance, it will not be possible to obtain the requested 2
until the torso has had time to slew, resulting in (11) being
inaccurate. However, slewing happens relatively quickly, and
rotating the torso at the maximum speed is the best thing to

do in this situation. Therefore, the quality of our control does
not suffer from neglecting this effect.

We have used a piecewise linear relationship with a dead
zone to determine 64, from Z.

if Z > Zmax/2 (Z — Zmax/2)mh/I

if Z < —2Zmax/2 (Z + Zmax/2)mh/I
else .0

Hdes(g) -

(13)
The purpose of the dead zone is to prevent the upper body
from rotating unnecessarily, which would both look unnatural
and run the risk of exciting unmodeled dynamic modes. For
ordinary small values of Z, 64, will remain at 0, and torso
rotation will only be utilized when it becomes necessary
to achieve large z’s. In simulation, the exact shape of this
relationship has very little effect on the system robustness.
However, smoother functions perform better on real hardware
due to decreased jerk and less excitation of un-modeled
higher-order dynamics.

ITII. USAGE

The intended use of the system presented in this paper is
to be added on to existing systems for planning or control of
the LIPM dynamics. Many existing systems use the LIPM
dynamics for generation and control of COM motion, but
do not consider upper body rotation or angular momentum.
The use of upper body rotation can improve robustness
and allow for more aggressive maneuvers, but for many
existing methods, planning or control in the larger space of
translations and rotations is difficult. We have developed a
means of gaining much of the benefit of upper body rotations
without increasing the complexity of the primary algorithm.
We first explain how it could be applied to open-loop pattern
generation and then torque feedback control.

A. Pattern Generation

Fig. 2 shows how you would use this method for aug-
menting a simple generic motion planning system for a
position controlled robot. The upper flow chart depicts the
unmodified system, which uses a planner (e.g. preview
control) to generate COM and COP trajectories. Then, an
inverse kinematics solver uses the COM trajectory and a
fixed upper body orientation, §(¢t) = 0, to generate joint
angle trajectories, which are used to drive the robot.

The lower flow chart shows how this system would be
modified to use the LIPFM dynamics as described in this
paper. The same planner and inverse kinematics solver can
be used without modification, but the interaction between the
two is modified. First, the planner is given the more lenient
constraint given by (12). Now, the output of the planner is
interpreted as Z(¢) and Z(t). A simple trajectory optimization
(denoted “OPT” in Fig. 2) is then used to break Z(t) into z(t)
and 0(t). The 6(t) trajectory is then used in place of the fixed
torso orientation given to the inverse kinematics solver. It is
also used to compute xz(t) from Z(t). The inverse kinematics
solver then determines joint angle trajectories for driving the
robot.



The trajectory optimization for 6(¢) can be accomplished
by a quadratic program using a time sequence of angles,
6(t;), as the optimization variables. Actuator limits can be
enforced using constraints such as |(6(¢;) — 0(ti—1))/T| <
Omax for angular velocity limits and |(0(t;) — 20(t;_1) +
0(ti_2))/T?| < Omax for angular acceleration limits. An
additional constraint must be added for each time step to
enforce (12). Minimizing a simple cost function such as
c=5>, (0(t;))” is adequate, though additional terms can
be added for a more specific desired behavior.

The change of variables allows the planner to look at
the extra capability given by upper body rotation as simply
a larger virtual foot. Then, we post-process its output to
achieve the extra control authority it requests through upper
body rotation.
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Fig. 2. A flow chart of a simple generic system for humanoid walking
pattern generation using standard LIPM dynamics (top) and a flow chart
for that same system modified to use the LIPFM dynamics (bottom).
“IK” represents inverse kinematics, and “OPT” represents the trajectory
optimization discussed above.

B. Torque Control

We use an analogous process to modify a LIPM-based
controller for a torque controlled robot, as shown in Fig.
3. The upper flow chart depicts a generic LIPM-based
controller. A high-level controller (e.g. MPC or dynamic
programming), denoted “HLcon” in Fig. 3, uses the current
COM state, x and = to determine the desired COP, z. A PD
servo is used to keep the torso angle at a fixed orientation,
and a low-level controller, denoted “LLcon” in fig. Fig. 3,
generates the joint torques necessary to achieve the desired
z and 6.

The lower flow chart shows how this system was modified
to use the LIPFM dynamics. Again, the primary algorithms,
the high-level and low-level controllers, remain unchanged.
As for pattern generation, we modify the COP constraint
according to (12). The inputs to the high level controller are
now the augmented COM state, = and xL, and the output is
now interpreted as zZ. We use 6 and Z to determine z by
rearranging (10), which is passed to the low-level controller.

The bottom box represents the function given in (13), and is
used to pick a 0. that makes Z achievable.
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Fig. 3. A flow chart of a simple generic system for torque control of a

humanoid robot using standard LIPM dynamics (top) and a flow chart for
that same system modified to use the LIPFM dynamics (bottom). “HLCon”
represents a high-level controller, “LLcon” represents a low-level controller,
and the bottom box represents the function given in (13).

IV. RESULTS

We applied a modified LIPM-based controller to simulated
standing, simulated walking, and standing on the Sarcos
Primus system force controlled humanoid robot. Both our
simulation and robot are torque controlled, so all of our
experiments used the configuration depicted in Fig. 3.

A. Simulation

Our simulation is a 10-link 3-dimensional rigid-body sim-
ulation based on our Sarcos humanoid robot. The simulation
has a mass of 78 kg (45 kg in the torso). It has one spine
joint located between the hips, which allows the torso to
rotate relative to the pelvis in the coronal plane. Each leg
has 2 hip joints, a knee joint, and a calf rotation joint along
the long axis of the calf. The hip joints can be used to rotate
the pelvis and torso together in the sagittal plane. In addition,
each point foot can apply torque directly between the ground
and the shin, which simulates feet that are always parallel to
the ground plane. Finite size feet are simulated by enforcing
the COP constraint,

|72 < wyf,

Imy| < IfE. (19

on each foot, where f. is the vertical force, and wy = 0.05m
and [y = 0.1m are half the width and length of the
foot. Ground contact is modeled as a spring-damper system
between the feet and the ground.

B. Simulated Standing Results

We started with a simple standing balance controller, then
modify it as in Fig. 3. We measured how large an external
push the unmodified and modified system can withstand



without failing. For our high-level controller, we used two
independent PD controllers in the sagittal and coronal plane,
each of which uses the COP to servo the COM position.

For low-level control, we used Dynamic Balance Force
Control (DBFC) as presented in [13] to generate joint
torques, 7;. DBFC uses a weighted pseudo-inverse with
regularization to solve

M S (Vad )
J(a 0 Tj ~J(@)g+p
where q is a vector of base coordinates and joint angles,
M(q) is the mass matrix, J(q) is the Jacobian of both
feet, S = [0,I] selects the actuated elements of q, f =
[fLT, .7, fRT, TRT]T is the ground reaction force, and f) =
pr, iiIT%]T is the foot acceleration. We enforce a 20% margin
for the COP, leaving us with an effective wy = 0.04m
and [y = 0.08m. For standing, the controller attempts to
maintain an equal vertical force on the left and right feet.
Fig. 4 shows the effect of modifying this controller to use
the LIPFM dynamics. Modifying it in only the sagittal plane
increased the resistance to forward or backward pushes, but
had no significant effect on the response to lateral pushes,
while the opposite is true for modifying it in only the
coronal plane. Modifying the system in both planes generally
combined the advantages, but as can be seen for back left
and back right pushes, there can be some negative effects
from coupling between the two planes when there are large
angles in both of them.
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Fig. 4. Polar plot of the maximum survivable perturbation of our standing
simulation as a function of push angle. A point represents the maximum
survivable perturbation in a given direction. Concentric circles are in
increments of 10 Newton-seconds. Data is shown for the unmodified system,
the system modified in both the sagittal and coronal planes, only the sagittal,
and only the coronal plane.

Fig. 5 shows the response of the original and modified
system to a forward push of 18 Ns, which is near the edge
of the survivable region for the unmodified system. The
modified system recovers from the push more quickly and its
COM, =z, deviates less far from 0. The COM of the modified
system actually moves backwards temporarily in response to

the large upper body rotation. While the COM motion of the
modified system is more complex, the augmented COM, z,
displays the approximately exponential decay that we expect
from a PD controller.
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Fig. 5. Simulation: Response of the original and modified system to a

forward push of 18 Ns. The push begins at 1 second and lasts for 0.1
seconds.

C. Simulated Walking Results

We performed a similar experiment for simulated walking
using the same simulation. Our low-level controller was also
the same except that we do not require the vertical force on
the left and right feet to be equal. For high-level control of
walking, we used a combination of dynamic programming
policies similar to that described in [12], except with fixed
footstep timing (0.4 second single support and 0.1 second
double support) and location (16 cm step width and 50 cm
step length). With the footstep timing and locations fixed,
walking can be modeled as two independent sets of LIPM
dynamics, in the sagittal and coronal plane. Additionally,
we can compute swing foot accelerations independent of
the COM motion. Therefore, each subsystem: sagittal LIPM,
coronal LIPM, swing foot X acceleration, swing foot Y ac-
celeration, and swing foot Z acceleration could be controlled
by its own independent dynamic programming controller. We
could then improve the performance by modifying the two
LIPM controllers to use the LIPFM dynamics.

Fig. 6 shows results similar to those in Fig. 4, but for walk-
ing. Perturbations are applied midway through left foot single
support. This time we see a significantly larger improvement
in the coronal plane than in the sagittal plane because large
sagittal plane rotations cause kinematic problems where the
swing foot can not reach the desired touch down location.
We also see a greater degree of coupling between the two
planes, as demonstrated by more rounding of the corners of
the survivable rectangles.

D. Hardware Robot Results

The controller from Fig. 3 was implemented on the Sarcos
Primus hydraulic humanoid robot. The robot has a mass of
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Fig. 6. Polar plot of the maximum survivable perturbation of our walking
simulation as a function of push angle. A point represents the maximum
survivable perturbation in a given direction. Pushes occur midway through
right single support. Concentric circles are in increments of 10 Newton-
seconds. Data is shown for the unmodified system, the system modified in
both the sagittal and coronal planes, only the sagittal, and only the coronal
plane.

95 kg and uses fast force feedback control at every joint
to achieve the desired joint torques. The torso orientation is
measured by an inertial measurement unit (IMU) attached to
the pelvis. COM position and velocity are estimated using
a state estimator that accounts for modeling error [14]. The
robot is pushed forward while standing still with a force-
measuring stick applied to the rear of the black backpack
(pictured in Fig. 1) at a height of about 120 cm.

As for the simulation in Section (IV-B), the robot is pushed
with and without the proposed controller. The results for
two 14 Nm pushes are shown in Fig. 7. In the case where
torso rotation is employed (dashed lines), a greater initial
decceleration of the COM is achieved. It is also apparent
that the controller is actively rotating the torso forward in
this case, as opposed to performing pure regulation.

V. DISCUSSION

The change of variables and associated upper body ori-
entation control is a purely dynamic method; it makes no
attempt to handle kinematic considerations such as joint
limits or reachability of the desired contact locations. The
implication is that even if used to post-process (as in Fig. 2)
a plan that was originally kinematically feasible, the resulting
augmented plan may not be kinematically feasible.

For standing, we handled this problem by continuously
controlling the COM height such that the knees remained
reasonably straight, but without completely straightening
them and pulling the feet off of the ground. For walking,
we made certain that the original plan had plenty of margin
for reaching the desired touchdown locations so that any
torso rotations would not render them unreachable. However,
in order to use this method for walking where the footstep
locations are allowed to continuously adjust in response to
disturbances, kinematic issues would have to be addressed
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Fig. 7. Hardware Results: Comparing trajectories for two 14 Ns pushes.
The solid line corresponds to the robot using the unmodified controller, and
the dashed line represents the robot using the modified controller. From
top to bottom, the plots represent 1) the applied pushing force, 2) the
center of mass position in the forward direction, 3) the augmented center
of mass position, as described by (7), 4) the torso pitch angle (including
the desired angle for the modified controller), 5) the commanded center of
mass acceleration in the forward direction, and 6) the commanded torso
pitch acceleration.

explicitly. In that case, it is necessary to balance the tradeoff
between the short term benefit of immediately accelerating
the center of mass through upper body rotation and the long
term benefit of being able to reach a better touchdown lo-
cation. Additionally, the mechanism for selecting touchdown
locations must be aware of what locations are reachable given
the torso orientation, which moves the hips relative to the
COM.

What we have presented here is a specific instance of a
more general principle: a transformation of the coordinate
system that simplifies constraints can ease decoupling and
simplify or improve control. However, controllers acting
on a system that is not perfectly decoupled will interact.



This interaction is less problematic if it does not involve
constraints, meaning that each of the active constraints is
only governed by one of the controllers. By identifying a
mode of motion that did not affect the ZMP constraints, we
made it much simpler to use rotation without violating those
constraints.

VI. CONCLUSION

In this paper, we present a change of variables into a
coordinate system that includes an “augmented COM” which
is unaffected by upper body rotation without change in the
COP. In the new coordinate system, we can easily compute
the motion of the “augmented COM” without considering
upper body rotation as well as use upper body rotation in
addition to COP modulation for balance. This change of
variables and the associated upper body orientation control
is intended as a modification for existing LIPM-based con-
trollers, and we show how to modify a generic controller
to use it. We demonstrate improved robustness to external
pushes using our modification in simulated standing and
walking experiments. We also demonstrate this method on
our force-controlled humanoid robot in standing balance
experiments.
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