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Recap
• Laplace transform

1

<latexit sha1_base64="xA3XyCOj4OB0SM9v5+cGGwxFmyg="></latexit>

F (s) = L [f(t)] =

Z 1

0�

f(t)e�stdt

<latexit sha1_base64="DNuybyjZpMbLJw42vl+Anfp9sYg="></latexit>

f(t) = L�1 [F (s)] =
1

2⇡j

Z
estF (s)ds

How to understand Laplace transform?

What’s                      ? 
<latexit sha1_base64="lXKPVoZLn1TKkqllXT7pscx8URY=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahPViyItVjQRCPFewHtkvJptk2NJtdkqxQlv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzz48F1wbjbye3tr6xuZXfLuzs7u0fFA+PWjpKFGVNGolIdXyimeCSNQ03gnVixUjoC9b2xzczv/3ElOaRfDCTmHkhGUoecEqMlR71bVlXzoMyrvSLJVzFc6BV4makBBka/eJXbxDRJGTSUEG07ro4Nl5KlOFUsGmhl2gWEzomQ9a1VJKQaS+dXzxFZ1YZoCBStqRBc/X3REpCrSehbztDYkZ62ZuJ/3ndxATXXsplnBgm6WJRkAhkIjR7Hw24YtSIiSWEKm5vRXREFKHGhlSwIbjLL6+S1kXVrVXx/WWpXsviyMMJnEIZXLiCOtxBA5pAQcIzvMKbo50X5935WLTmnGzmGP7A+fwBa/aPaA==</latexit>

sF (s)� f(0)

What’s                       ? 



Recap
• Transfer function

2

<latexit sha1_base64="k6P+qRZHT0T4eRzsJrGl/sSkzOk=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0lEqseClx4r2A9IQ9lsJ+3S3WzY3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YcKZNq777Wxsbm3v7Jb2yvsHh0fHlZPTrpapotChkkvVD4kGzmLoGGY49BMFRIQceuH0Pvd7T6A0k/GjmSUQCDKOWcQoMVbyWzU2kALG5Ko8rFTdursAXideQaqoQHtY+RqMJE0FxIZyorXvuYkJMqIMoxzm5UGqISF0SsbgWxoTATrIFifP8aVVRjiSylZs8EL9PZERofVMhLZTEDPRq14u/uf5qYnugozFSWogpstFUcqxkTj/H4+YAmr4zBJCFbO3YjohilBjU8pD8FZfXifd67rXqLsPN9Vmo4ijhM7RBaohD92iJmqhNuogiiR6Rq/ozTHOi/PufCxbN5xi5gz9gfP5A+m2kFI=</latexit>

H(i!)
gain

Phase shift

<latexit sha1_base64="XBSdtADLaThWcNb/2SoyJ8Kj36Y="></latexit>

y(t) =
X

k

kH(i!k)kAk sin(!kt+ �k + \H(i!k))



Recap – Zeros and poles
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<latexit sha1_base64="bOlH2v9Rr+xLtpynTZe+L19ppto=">AAAB/3icbZDLSgMxFIbPeK31Niq4cRMsQt2UGZHqRii46bKCvUA7lEyaaUMzmSHJCGXswldx40IRt76GO9/GTDsLbT2Q8PH/55CT3485U9pxvq2V1bX1jc3CVnF7Z3dv3z44bKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH99mfvuBSsUica8nMfVCPBQsYARrI/Xt43pZnd/0AolJ6hucpji7+3bJqTizQsvg5lCCvBp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTabGXKBpjMsZD2jUocEiVl872n6IzowxQEElzhEYz9fdEikOlJqFvOkOsR2rRy8T/vG6ig2svZSJONBVk/lCQcKQjlIWBBkxSovnEACaSmV0RGWGThTaRFU0I7uKXl6F1UXGrFefuslSr5nEU4AROoQwuXEEN6tCAJhB4hGd4hTfryXqx3q2PeeuKlc8cwZ+yPn8AU72U/A==</latexit>

H(s) =
b(s)

a(s)
Assuming The roots of the polynomial a(s) is called the poles of the system, and 

roots of b(s) are called zeros of the system

Zeros: the output signal corresponding to s is zero

Poles: solution of the system when u=0 -> a mode of the system

• A system defined by a transfer function H(s) is stable if and only if all of the poles of 
H(s) have negative real part. Such system are said to be Hurwitz



Question:

5

<latexit sha1_base64="QFBwCLMCRnbQ8wYz4Kj6utKm7E4=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDEIuEXZFoZ0AQC4sI5gHJGmYns8mQ2Qczs0JYtvFXbCwUsfUz7PwbZ5MUmnjgwuGce7n3HjfiTCrL+jZyS8srq2v59cLG5tb2jrm715RhLAhtkJCHou1iSTkLaEMxxWk7EhT7Lqctd3SV+a1HKiQLg3s1jqjj40HAPEaw0lLPPOj6WA0J5slt+pCU7fS6JMv45LJnFq2KNQFaJPaMFGGGes/86vZDEvs0UIRjKTu2FSknwUIxwmla6MaSRpiM8IB2NA2wT6WTTB5I0bFW+sgLha5AoYn6eyLBvpRj39Wd2bly3svE/7xOrLwLJ2FBFCsakOkiL+ZIhShLA/WZoETxsSaYCKZvRWSIBSZKZ1bQIdjzLy+S5mnFrlasu7NirTqLIw+HcAQlsOEcanADdWgAgRSe4RXejCfjxXg3PqatOWM2sw9/YHz+AF3GlY8=</latexit>

L�1F (s� a)?
<latexit sha1_base64="5nOhzTBXukcmffawT9JM1Y7NSBI=">AAACAXicbVBNS8NAEJ3Ur1q/ol4EL4tFaC8lEalehIIgHjxUsK2QhrLZbtqlmw92N0IJ9eJf8eJBEa/+C2/+GzdtDtr6YODx3gwz87yYM6ks69soLC2vrK4V10sbm1vbO+buXltGiSC0RSIeiXsPS8pZSFuKKU7vY0Fx4HHa8UaXmd95oEKyKLxT45i6AR6EzGcEKy31zINugNWQYJ7eTBy/oqouukBXFVntmWWrZk2BFomdkzLkaPbMr24/IklAQ0U4ltKxrVi5KRaKEU4npW4iaYzJCA+oo2mIAyrddPrBBB1rpY/8SOgKFZqqvydSHEg5Djzdmd0r571M/M9zEuWfuykL40TRkMwW+QlHKkJZHKjPBCWKjzXBRDB9KyJDLDBROrSSDsGef3mRtE9qdr1m3Z6WG/U8jiIcwhFUwIYzaMA1NKEFBB7hGV7hzXgyXox342PWWjDymX34A+PzB1aElXg=</latexit>

L[f(t)] = F (s)Known , what is
<latexit sha1_base64="Lzm48e9b2cl9Jk2ODlalY3E7hjo=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXJHoMePEYwTwwiWF20psMmZ1dZnqFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7/FgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJ5tDgkYx022cGpFDQQIES2rEGFvoSWv74Zua3nkAbEal7nMTQC9lQiUBwhlZ6gMeU4TQo43m/WHIr7hx0lXgZKZEM9X7xqzuIeBKCQi6ZMR3PjbGXMo2CS5gWuomBmPExG0LHUsVCML10fvGUnlllQINI21JI5+rviZSFxkxC33aGDEdm2ZuJ/3mdBIPrXipUnCAovlgUJJJiRGfv04HQwFFOLGFcC3sr5SOmGUcbUsGG4C2/vEqaFxWvWnHvLku1ahZHnpyQU1ImHrkiNXJL6qRBOFHkmbySN8c4L86787FozTnZzDH5A+fzBzTSkJI=</latexit>

eatf(t)



Question:
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<latexit sha1_base64="KCUChOUx3YFuk4g+m0xe+X7bk2w=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxCC1ISkepGKAjqwkUFe4E0lMl00g6dTMLMRCihr+HGV3HjQhGXuvJtnKRZ1NYfBn6+cw5zzu9FjEplWT/G0vLK6tp6YaO4ubW9s2vu7bdkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y2u0nr7kQhJQ/6gxhFxAzTg1KcYKY16ptUNkBpixJK7ieOXVcW9vC7Lygmc5YOM32S8Z5asqpUJLho7NyWQq9Ezv7r9EMcB4QozJKVjW5FyEyQUxYxMit1YkgjhERoQR1uOAiLdJLtsAo816UM/FPpxBTM6O5GgQMpx4OnOdF85X0vhfzUnVv6Fm1AexYpwPP3IjxlUIUxjgn0qCFZsrA3CgupdIR4igbDSYRZ1CPb8yYumdVq1a1Xr/qxUr+VxFMAhOAJlYINzUAe3oAGaAIMn8ALewLvxbLwaH8bntHXJyGcOwB8Z378apJ5m</latexit>

L[f(t)] = F (s),L[g(t)] = G(s),Known what is
<latexit sha1_base64="F1XuMjnTYETMQ1IfGCECqcJoIxI=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahLiyJSHVZENSFiwr2AWksk+mkHTqZhJmJUELAjb/ixoUibv0Jd/6NkzYLbT1w4XDOvdx7jxcxKpVlfRuFhcWl5ZXiamltfWNzy9zeackwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG11kfvuBCElDfqfGEXEDNODUpxgpLfXMvW6A1BAjltyk98mxnTqXFXl0pcvtmWWrak0A54mdkzLI0eiZX91+iOOAcIUZktKxrUi5CRKKYkbSUjeWJEJ4hAbE0ZSjgEg3mfyQwkOt9KEfCl1cwYn6eyJBgZTjwNOd2cVy1svE/zwnVv65m1AexYpwPF3kxwyqEGaBwD4VBCs21gRhQfWtEA+RQFjp2Eo6BHv25XnSOqnatap1e1qu1/I4imAfHIAKsMEZqINr0ABNgMEjeAav4M14Ml6Md+Nj2low8pld8AfG5w9bzJaj</latexit>

L�1[F (s)G(s)] ?

<latexit sha1_base64="803034ZU89gG2Ai45/Y1ik8oNrE=">AAACIXicbVDLSgMxFM34rPU16tJNsAhToWVGpHYjFNy4rGAf0NaSSTNtaCYzJHeEMvRX3Pgrblwo0p34M6aPhbYeSO7hnHtJ7vFjwTW47pe1tr6xubWd2cnu7u0fHNpHx3UdJYqyGo1EpJo+0UxwyWrAQbBmrBgJfcEa/vB26jeemNI8kg8wilknJH3JA04JGKlrl50AX+B+3oE8vsFtLqGbFkwJYDR+nFccOG0gSb7vQGFGetO7a+fcojsDXiXeguTQAtWuPWn3IpqETAIVROuW58bQSYkCTgUbZ9uJZjGhQ9JnLUMlCZnupLMNx/jcKD0cRMocCXim/p5ISaj1KPRNZ0hgoJe9qfif10ogKHdSLuMEmKTzh4JEYIjwNC7c44pRECNDCFXc/BXTAVGEggk1a0LwlldeJfXLolcquvdXuUppEUcGnaIz5CAPXaMKukNVVEMUPaNX9I4+rBfrzfq0JvPWNWsxc4L+wPr+ASyTobk=</latexit>

(f ⇤ g)(t) =
Z 1

�1
f(⌧)g(t� ⌧)d⌧



Stability
• What is stability?
• Thinking of the impulse response
• There are only two possible responses
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0

<latexit sha1_base64="rocab3iiEsgcMv3cSNF6d+sIJ80=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIVJcFNy4r2Ac0oUymk3boZBJmbpQYir/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5AIrsFxvq3Syura+kZ5s7K1vbO7Z+8ftHWcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE4+up37lnSvNY3kGWMD8iQ8lDTgkYqW8fAfYUH46AKBU/YI/LELK+XXVqzgx4mbgFqaICzb795Q1imkZMAhVE657rJODnRAGngk0qXqpZQuiYDFnPUEkipv18dv0EnxplgMNYmZKAZ+rviZxEWmdRYDojAiO96E3F/7xeCuGVn3OZpMAknS8KU4EhxtMo8IArRkFkhhCquLkV0xFRhIIJrGJCcBdfXibt85pbrzm3F9VGvYijjI7RCTpDLrpEDXSDmqiFKHpEz+gVvVlP1ov1bn3MW0tWMXOI/sD6/AGcf5VL</latexit>

t ! 1When

<latexit sha1_base64="Gtm6cb6HOgU7aMNs8AYtL0brS3k=">AAAB+3icbVBNSwMxEM36WevXWo9egkWol7IrUj0WvHisYD+gXUo2TdvQbLIks+qy9K948aCIV/+IN/+NabsHbX0w8Hhvhpl5YSy4Ac/7dtbWNza3tgs7xd29/YND96jUMirRlDWpEkp3QmKY4JI1gYNgnVgzEoWCtcPJzcxvPzBtuJL3kMYsiMhI8iGnBKzUd0tpBc5xT/PRGIjW6hF7fbfsVb058Crxc1JGORp996s3UDSJmAQqiDFd34shyIgGTgWbFnuJYTGhEzJiXUsliZgJsvntU3xmlQEeKm1LAp6rvycyEhmTRqHtjAiMzbI3E//zugkMr4OMyzgBJuli0TARGBSeBYEHXDMKIrWEUM3trZiOiSYUbFxFG4K//PIqaV1U/VrVu7ss12t5HAV0gk5RBfnoCtXRLWqgJqLoCT2jV/TmTJ0X5935WLSuOfnMMfoD5/MH5lqTqw==</latexit>

y(t) ! 0

<latexit sha1_base64="Gtm6cb6HOgU7aMNs8AYtL0brS3k=">AAAB+3icbVBNSwMxEM36WevXWo9egkWol7IrUj0WvHisYD+gXUo2TdvQbLIks+qy9K948aCIV/+IN/+NabsHbX0w8Hhvhpl5YSy4Ac/7dtbWNza3tgs7xd29/YND96jUMirRlDWpEkp3QmKY4JI1gYNgnVgzEoWCtcPJzcxvPzBtuJL3kMYsiMhI8iGnBKzUd0tpBc5xT/PRGIjW6hF7fbfsVb058Crxc1JGORp996s3UDSJmAQqiDFd34shyIgGTgWbFnuJYTGhEzJiXUsliZgJsvntU3xmlQEeKm1LAp6rvycyEhmTRqHtjAiMzbI3E//zugkMr4OMyzgBJuli0TARGBSeBYEHXDMKIrWEUM3trZiOiSYUbFxFG4K//PIqaV1U/VrVu7ss12t5HAV0gk5RBfnoCtXRLWqgJqLoCT2jV/TmTJ0X5935WLSuOfnMMfoD5/MH5lqTqw==</latexit>

y(t) ! 0

The system is asymptotically stable

The system is unstable
Why?

y(t) will explode since it’s the sum of 
infinite response to impulse input



Impulse response to any response
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0
<latexit sha1_base64="TyHc/yqq7rvValG/+KQqyjosMi4=">AAACFHicbZDLSgMxFIYzXmu9VV26GSxCi1hmRKoboeDGZQV7gU4tmfS0Dc1khuRMoQx9CDe+ihsXirh14c63Mb0I2vpD4Mt/ziE5vx8JrtFxvqyl5ZXVtfXURnpza3tnN7O3X9VhrBhUWChCVfepBsElVJCjgHqkgAa+gJrfvx7XawNQmofyDocRNAPalbzDGUVjtTInHpd470GkuTD35PQHR4Mc5r02CKQGrgY5J9/KZJ2CM5G9CO4MsmSmcivz6bVDFgcgkQmqdcN1ImwmVCFnAkZpL9YQUdanXWgYlDQA3UwmS43sY+O07U6ozJFoT9zfEwkNtB4GvukMKPb0fG1s/ldrxNi5bCZcRjGCZNOHOrGwMbTHCdltroChGBqgTHHzV5v1qKIMTY5pE4I7v/IiVM8KbrHg3J5nS8VZHClySI5IjrjkgpTIDSmTCmHkgTyRF/JqPVrP1pv1Pm1dsmYzB+SPrI9vGcOeIQ==</latexit>Z ✏

�✏
v(t)�(t) = v(0)

<latexit sha1_base64="mx6JYtJ5Y0CT/xdz5AHmDqV7Rpg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUkS8jQIl7yWaUxVI3g2md7nffeLaiDh6xFnCfUXHkQgFo5hLA6TpsFpz6+4CZJ14BalBgdaw+jUYxSxVPEImqTF9z03Qz6hGwSSfVwap4QllUzrmfUsjqrjxs8Wtc3JhlREJY20rQrJQf09kVBkzU4HtVBQnZtXLxf+8forhrZ+JKEmRR2y5KEwlwZjkj5OR0JyhnFlCmRb2VsImVFOGNp6KDcFbfXmddK7qXqPuPlzXmo0ijjKcwTlcggc30IR7aEEbGEzgGV7hzVHOi/PufCxbS04xcwp/4Hz+AB83jkE=</latexit>⌧

Assuming a system has a response
<latexit sha1_base64="a9X10tqQfqGFh+iwty9kybkg0h0=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahXkoiUj0WvHisYFuhCWGz2bRLNx/sTpRQevbiX/HiQRGv/gJv/hu3bRBtfTDweG+GmXl+KrgCy/oySkvLK6tr5fXKxubW9o65u9dRSSYpa9NEJPLWJ4oJHrM2cBDsNpWMRL5gXX94OfG7d0wqnsQ3kKfMjUg/5iGnBLTkmYdOwASQGpxgR/L+AIiUyT3OvR/dM6tW3ZoCLxK7IFVUoOWZn06Q0CxiMVBBlOrZVgruiEjgVLBxxckUSwkdkj7raRqTiCl3NH1ljI+1EuAwkbpiwFP198SIRErlka87IwIDNe9NxP+8XgbhhTvicZoBi+lsUZgJDAme5IIDLhkFkWtCqOT6VkwHRBIKOr2KDsGef3mRdE7rdqNuXZ9Vm40ijjI6QEeohmx0jproCrVQG1H0gJ7QC3o1Ho1n4814n7WWjGJmH/2B8fENWR2aAQ==</latexit>

�(t) ! y�(t)

What’s its response to f(t)?
<latexit sha1_base64="Z3s4+6CejcaBRj8S/opH35JXV98=">AAACFHicbVDJSgNBEO2JW4xb1KOXxiBExDAjEj0GvHiMYBbIhFDT6Uma9Cx01yhhyEd48Ve8eFDEqwdv/o2d5WASHxQ83quiqp4XS6HRtn+szMrq2vpGdjO3tb2zu5ffP6jrKFGM11gkI9X0QHMpQl5DgZI3Y8Uh8CRveIObsd944EqLKLzHYczbAfRC4QsGaKRO/sztcolQxHMXITmlrhK9PoJS0SMddubNTr5gl+wJ6DJxZqRAZqh28t9uN2JJwENkErRuOXaM7RQUCib5KOcmmsfABtDjLUNDCLhup5OnRvTEKF3qR8pUiHSi/p1IIdB6GHimMwDs60VvLP7ntRL0r9upCOMEecimi/xEUozoOCHaFYozlENDgClhbqWsDwoYmhxzJgRn8eVlUr8oOeWSfXdZqJRncWTJETkmReKQK1Iht6RKaoSRJ/JC3si79Wy9Wh/W57Q1Y81mDskcrK9f32GeCw==</latexit>

�(t� ⌧) ! y�(t� ⌧)

Because of the linear nature of the function, there will be

For an arbitrary f(t), there is 
<latexit sha1_base64="qtRT1zSQLW1QGXtsh7L0bWAyPTg=">AAACGnicbVDLSgMxFM3UV62vqks3wSK0C8uMSHUjFNy4rGAf0Kklk8m0oZnMkNwRytDvcOOvuHGhiDtx49+YabvQ1gMJJ+fcy809Xiy4Btv+tnIrq2vrG/nNwtb2zu5ecf+gpaNEUdakkYhUxyOaCS5ZEzgI1okVI6EnWNsbXWd++4EpzSN5B+OY9UIykDzglICR+kUnKEMFX2GXS+in9uTekADGOCi7QJKK6zMBpAyn05ef3f1iya7aU+Bl4sxJCc3R6Bc/XT+iScgkUEG07jp2DL2UKOBUsEnBTTSLCR2RAesaKknIdC+drjbBJ0bxcRApcyTgqfq7IyWh1uPQM5UhgaFe9DLxP6+bQHDZS7mME2CSzgYFicAQ4Swn7HPFKIixIYQqbv6K6ZAoQsGkWTAhOIsrL5PWWdWpVe3b81K9No8jj47QMSojB12gOrpBDdREFD2iZ/SK3qwn68V6tz5mpTlr3nOI/sD6+gFSUJ/N</latexit>

f(t) =

Z 1

0
f(⌧)�(t� ⌧)d⌧

<latexit sha1_base64="Sg+1T4G6/EcZAb7n7oCUcuKHpkQ=">AAACZXicdVFdT9swFHUyBl0ZUGDaCw9Yq5BSJKoEIcYLUqW97BEkCkhNF904TmvVcSL7hinK+id545UX/sbcD6TxsSvZOj7nHl37OC6kMOj7D477YeXj6lrjU3P988bmVmt759rkpWa8z3KZ69sYDJdC8T4KlPy20ByyWPKbePJjpt/ccW1Erq6wKvgwg5ESqWCAlopaf1IPO/SchkJhVPvTXxakWNHUCxHKTphwieDh0fyUzH YaajEaI2id//6frYreM55TLz18ljp2btRq+11/XvQtCJagTZZ1EbXuwyRnZcYVMgnGDAK/wGENGgWTfNoMS8MLYBMY8YGFCjJuhvU8pSk9sExC01zbpZDO2X8dNWTGVFlsOzPAsXmtzcj3tEGJ6dmwFqookSu2GJSWkmJOZ5HTRGjOUFYWANPC3pWyMWhgaD+maUMIXj/5Lbg+7ganXf/ypN07XcbRIHvkG/FIQL6THvlJLkifMPLoNJxtZ8d5cjfcL+7XRavrLD275EW5+38BARS2dw==</latexit>

f(t) =

Z 1

0
f(⌧)�(t� ⌧)d⌧ !

Z 1

0
f(⌧)y�(t� ⌧)d⌧ = (f ⇤ y�)(t)

<latexit sha1_base64="roqlZfQXTfY/a504c89u93pdYHo=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaLUDclEakuC4K4rGAv0oYwmUzaoZNJmDkRaumTuHGhiFsfxZ1v47TNQlt/GPj4zzmcM3+QCq7Bcb6twtr6xuZWcbu0s7u3X7YPDts6yRRlLZqIRHUDopngkrWAg2DdVDESB4J1gtH1rN55ZErzRN7DOGVeTAaSR5wSMJZvl2+q+uzB74dMADHo2xWn5syFV8HNoYJyNX37qx8mNIuZBCqI1j3XScGbEAWcCjYt9TPNUkJHZMB6BiWJmfYm88On+NQ4IY4SZZ4EPHd/T0xIrPU4DkxnTGCol2sz879aL4PoyptwmWbAJF0sijKBIcGzFHDIFaMgxgYIVdzciumQKELBZFUyIbjLX16F9nnNrdecu4tKo57HUUTH6ARVkYsuUQPdoiZqIYoy9Ixe0Zv1ZL1Y79bHorVg5TNH6I+szx9DLJIm</latexit>

F (s)Y�(s)

Note that F(s) corresponds to the input of the system. What’s the transfer function?
<latexit sha1_base64="IEzibv78iYjaePj1mggX4X8M5v4=">AAACGnicbZBNS8MwGMdTX+d8q3r0EhzCvIxWZHoRBoLsOMG9yFpKmqZbWJqWJBVG2efw4lfx4kERb+LFb2PW9TA3Hwj88/s/D8nz9xNGpbKsH2NldW19Y7O0Vd7e2d3bNw8OOzJOBSZtHLNY9HwkCaOctBVVjPQSQVDkM9L1RzdTv/tIhKQxv1fjhLgRGnAaUoyURp5pN6vyDF5DJxQIZ7f68uA5AWEKaTnJwUTbc9AzK1bNygsuC7sQFVBUyzO/nCDGaUS4wgxJ2betRLkZEopiRiZlJ5UkQXiEBqSvJUcRkW6WrzaBp5oEMIyFPlzBnM5PZCiSchz5ujNCaigXvSn8z+unKrxyM8qTVBGOZw+FKYMqhtOcYEAFwYqNtUBYUP1XiIdIh6R0mmUdgr248rLonNfses26u6g06kUcJXAMTkAV2OASNEATtEAbYPAEXsAbeDeejVfjw/icta4YxcwR+FPG9y/52p5U</latexit>

H(s) =
F (s)Y�(s)

F (s)
= Y�(s)

A system’s response to an arbitrary input can be considered the 
weighted integral of its impulse response

The Laplace transform of a system’s impulse response is its transfer 
function



0

1

Step response
• The impulse response is a simple way of characterizing the transient 

properties of an LTI system
• Any input can be considered as a sum of a sequence of impulse signals. For 

LTI systems, the output will be the sum of the impulse response
• Unfortunately, it is difficult to experimentally generate an impulse signal 

(infinitely high, infinitely narrow)

• A more commonly used method of characterizing and LTI system is to look 
at its step response

9

Why?

What’s its Laplace form?
<latexit sha1_base64="jh2u2WQDCsUfvfnCh4712iWkLig=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnmcmH1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKlheGaSGJYROyZj1LZUkZibIFifn7oVVRm6ktC2J7kL9PZGR2JhZHNrOmODErHpz8T+vn2J0G2RcJikySZeLolS4qNz5/+6Ia0ZRzCwhVHN7q0snxKaANqWKDcFffXmddK7qfqPuPVzXmo0ijjKcwTlcgg830IR7aEEbKCh4hld4c9B5cd6dj2VrySlmTuEPnM8fmg+RbQ==</latexit>

1

s

<latexit sha1_base64="1vEkrshBv8+7M9hpcbdlh8xYsKc=">AAACD3icbVA9SwNBEN2LXzF+RS1tFoMSQcKdSLQM2FhG8JJAEsLeZi9Zsrd77M4pR8g/sPGv2FgoYmtr579x81HExAcDj/dmmJkXxIIbcN0fJ7Oyura+kd3MbW3v7O7l9w9qRiWaMp8qoXQjIIYJLpkPHARrxJqRKBCsHgxuxn79gWnDlbyHNGbtiPQkDzklYKVO/tS0NO/1gWitHnGLyxDSc+wXzdm87nbyBbfkToCXiTcjBTRDtZP/bnUVTSImgQpiTNNzY2gPiQZOBRvlWolhMaED0mNNSyWJmGkPJ/+M8IlVujhU2pYEPFHnJ4YkMiaNAtsZEeibRW8s/uc1Ewiv20Mu4wSYpNNFYSIwKDwOB3e5ZhREagmhmttbMe0TTSjYCHM2BG/x5WVSuyh55ZJ7d1molGdxZNEROkZF5KErVEG3qIp8RNETekFv6N15dl6dD+dz2ppxZjOH6A+cr19vS5w4</latexit>

s ! 1, U(s) ! 0



Response for second order systems
• Thinking about the mass-spring-damper system

10

b

<latexit sha1_base64="EtjHSZ3d+uR4ph8otLAf6lMd28g=">AAACG3icbZDLSsNAFIYn9VbrrerSTbAIlUJJilQ3QsGNywr2Am1aJpNJO3RyYeZELCHv4cZXceNCEVeCC9/GSRtBWw/M8PH/5zBzfjvkTIJhfGm5ldW19Y38ZmFre2d3r7h/0JZBJAhtkYAHomtjSTnzaQsYcNoNBcWezWnHnlylfueOCskC/xamIbU8PPKZywgGJQ2LNa/vCkxiZ1C7L8NpEjswqCUVO1N/tKQySfHSVdewWDKqxqz0ZTAzKKGsmsPiR98JSORRHwjHUvZMIwQrxgIY4TQp9CNJQ0wmeER7Cn3sUWnFs90S/UQpju4GQh0f9Jn6eyLGnpRTz1adHoaxXPRS8T+vF4F7YcXMDyOgPpk/5EZch0BPg9IdJigBPlWAiWDqrzoZY5UKqDgLKgRzceVlaNeqZr1q3JyVGvUsjjw6QseojEx0jhroGjVRCxH0gJ7QC3rVHrVn7U17n7fmtGzmEP0p7fMb+zigrw==</latexit>

m
d2x(t)

dt2
+ b

dx(t)

dt
+ kx(t) = f(t)

<latexit sha1_base64="2Vag1QYTJ/tCft8OuQABnu3ndNY=">AAACBXicbVDLSgMxFM34rPU16lIXwSJUCmWmSHUjFARxWcE+oB1LJs20oUlmSDJCGWbjxl9x40IRt/6DO//GtJ2Fth64cDjnXu69x48YVdpxvq2l5ZXVtfXcRn5za3tn197bb6owlpg0cMhC2faRIowK0tBUM9KOJEHcZ6Tlj64mfuuBSEVDcafHEfE4GggaUIy0kXr2UbuoTi+7gUQ4cdOEq/tKyVelUXpt9J5dcMrOFHCRuBkpgAz1nv3V7Yc45kRozJBSHdeJtJcgqSlmJM13Y0UihEdoQDqGCsSJ8pLpFyk8MUofBqE0JTScqr8nEsSVGnPfdHKkh2rem4j/eZ1YBxdeQkUUayLwbFEQM6hDOIkE9qkkWLOxIQhLam6FeIhMItoElzchuPMvL5JmpexWy87tWaFWzeLIgUNwDIrABeegBm5AHTQABo/gGbyCN+vJerHerY9Z65KVzRyAP7A+fwB6ZJc+</latexit>

X(s) =
1

ms2 + bs+ k
F (s)

What’s the system’s response like?
<latexit sha1_base64="eByXtGkSabwrJxNeQH3ULJpKtko=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCpVBmilQ3QsFNlxXsA9qxZNJMG5pkhiQjlGHc+CtuXCji1r9w59+YtrPQ1gMXDufcy733+BGjSjvOt7Wyura+sZnbym/v7O7t2weHLRXGEpMmDlkoOz5ShFFBmppqRjqRJIj7jLT98c3Ubz8QqWgo7vQkIh5HQ0EDipE2Ut8+rhfV+XUvkAgnbppwdV8p+ao0Tvt2wSk7M8Bl4makADI0+vZXbxDimBOhMUNKdV0n0l6CpKaYkTTfixWJEB6jIekaKhAnyktmH6TwzCgDGITSlNBwpv6eSBBXasJ908mRHqlFbyr+53VjHVx5CRVRrInA80VBzKAO4TQOOKCSYM0mhiAsqbkV4hEyaWgTWt6E4C6+vExalbJbLTu3F4VaNYsjB07AKSgCF1yCGqiDBmgCDB7BM3gFb9aT9WK9Wx/z1hUrmzkCf2B9/gAVKZX8</latexit>

H(s) =
1

ms2 + bs+ k

<latexit sha1_base64="mBb4KsqkMrCuCnHkxbRmCcV5RXw=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEdmFJilQ3QsGN4KaCfUAbwmQ6aYdOJmFmIpQQ3Pgrblwo4tavcOffOE2z0NYDl3s4515m7vEiRqWyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPrmd99IELSkN+raUScAI049SlGSkuueXQ18AXCyW2aVORZ5NrVrNWrqWuWrZqVAS4TOydlkKPlml+DYYjjgHCFGZKyb1uRchIkFMWMpKVBLEmE8ASNSF9TjgIinSQ7IYWnWhlCPxS6uIKZ+nsjQYGU08DTkwFSY7nozcT/vH6s/EsnoTyKFeF4/pAfM6hCOMsDDqkgWLGpJggLqv8K8RjpSJROraRDsBdPXiades1u1Ky783KzkcdRBMfgBFSADS5AE9yAFmgDDB7BM3gFb8aT8WK8Gx/z0YKR7xyCPzA+fwAnDZXx</latexit>

=
K

(s� p1)(s� p2)

Poles!

What are the poles’ values?

<latexit sha1_base64="wzqMG3Q9SXkKFfFV0tMOoBeXZ28=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQCiUJUt0IBTeCmwr2AU1aJtNJO3QyCTMTsYT+hxt/xY0LRVwJLvwbp22E2nrgwuGce7n3Hj9mVCrL+jZyK6tr6xv5zcLW9s7unrl/0JBRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7ya+M17IiSN+J0axcQLUZ/TgGKktNQ1ncsbNxAIp24Ukj7q8o4zTmXHKTnuA/3VoCzN2V2zaJWtKeAysTNSBBlqXfPT7UU4CQlXmCEp27YVKy9FQlHMyLjgJpLECA9Rn7Q15Sgk0kunv43hiVZ6MIiELq7gVJ2fSFEo5Sj0dWeI1EAuehPxP6+dqODCSymPE0U4ni0KEgZVBCdBwR4VBCs20gRhQfWtEA+QjkrpOAs6BHvx5WXScMp2pWzdnhWrlSyOPDgCx+AU2OAcVME1qIE6wOARPINX8GY8GS/Gu/Exa80Z2cwh+APj6weXvKEZ</latexit>

= K
!2
n

s2 + 2⇠!ns+ !2
n

Typically written in the form of

<latexit sha1_base64="sbk5vzjIVfEu7ukZn5bkQChg8Js="></latexit>

p1, p2 =
�2⇠!n ±

p
4⇠2!2

n � 4!2
n

2

<latexit sha1_base64="sjGulsarLUm2zm4Jz9mNWgLW6gY=">AAACD3icbZDLSgMxFIYzXmu9jbp0EyyKm5aZItWNUHDjsoK9QKcOmTTThiaZMcmIZegbuPFV3LhQxK1bd76NaTuIth4IfPz/OZycP4gZVdpxvqyFxaXlldXcWn59Y3Nr297ZbagokZjUccQi2QqQIowKUtdUM9KKJUE8YKQZDC7GfvOOSEUjca2HMelw1BM0pBhpI/n20XnRu6dexEkP+cKL+Q+qW6lT492Ui+7ItwtOyZkUnAc3gwLIqubbn143wgknQmOGlGq7Tqw7KZKaYkZGeS9RJEZ4gHqkbVAgTlQnndwzgodG6cIwkuYJDSfq74kUcaWGPDCdHOm+mvXG4n9eO9HhWSelIk40EXi6KEwY1BEchwO7VBKs2dAAwpKav0LcRxJhbSLMmxDc2ZPnoVEuuZWSc3VSqFayOHJgHxyAY+CCU1AFl6AG6gCDB/AEXsCr9Wg9W2/W+7R1wcpm9sCfsj6+AR/lnK0=</latexit>

= �⇠!n ± !n

p
⇠2 � 1



Response for second order systems

• In order to make the system stable, there must be Re(p_1)<0, Re(p_2)<0
• H(s) is known, what is h(t)? 

• Impulse response of the system
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<latexit sha1_base64="wzqMG3Q9SXkKFfFV0tMOoBeXZ28=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQCiUJUt0IBTeCmwr2AU1aJtNJO3QyCTMTsYT+hxt/xY0LRVwJLvwbp22E2nrgwuGce7n3Hj9mVCrL+jZyK6tr6xv5zcLW9s7unrl/0JBRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7ya+M17IiSN+J0axcQLUZ/TgGKktNQ1ncsbNxAIp24Ukj7q8o4zTmXHKTnuA/3VoCzN2V2zaJWtKeAysTNSBBlqXfPT7UU4CQlXmCEp27YVKy9FQlHMyLjgJpLECA9Rn7Q15Sgk0kunv43hiVZ6MIiELq7gVJ2fSFEo5Sj0dWeI1EAuehPxP6+dqODCSymPE0U4ni0KEgZVBCdBwR4VBCs20gRhQfWtEA+QjkrpOAs6BHvx5WXScMp2pWzdnhWrlSyOPDgCx+AU2OAcVME1qIE6wOARPINX8GY8GS/Gu/Exa80Z2cwh+APj6weXvKEZ</latexit>

= K
!2
n

s2 + 2⇠!ns+ !2
n

<latexit sha1_base64="lE6sZ74gDCY3O9gS5ywVLP6BNRo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHahSUpUt0IBTcFNxXsA9oQJtNJO3QyCTMToYSs3Pgrblwo4tZvcOffOE2z0NYDl3s4515m7vEiRqWyrG9jZXVtfWOzsFXc3tnd2zcPDjsyjAUmbRyyUPQ8JAmjnLQVVYz0IkFQ4DHS9SY3M7/7QISkIb9X04g4ARpx6lOMlJZc86RZlpXrgS8QTm7TpCzPI9euZK1WSV2zZFWtDHCZ2DkpgRwt1/waDEMcB4QrzJCUfduKlJMgoShmJC0OYkkihCdoRPqachQQ6STZGSk808oQ+qHQxRXM1N8bCQqknAaengyQGstFbyb+5/Vj5V85CeVRrAjH84f8mEEVwlkmcEgFwYpNNUFYUP1XiMdIR6J0ckUdgr148jLp1Kp2vWrdXZQa9TyOAjgGp6AMbHAJGqAJWqANMHgEz+AVvBlPxovxbnzMR1eMfOcI/IHx+QNt+pcl</latexit>

H(s) =
K

(s� p1)(s� p2)

<latexit sha1_base64="xv0XIZl0Ad3IKUoHNq2PJvLe+Hw=">AAACFnicbZDLSgMxFIYzXmu9jbp0M1gEF7bMFKluhIIblxXsBTp1yKSZNjTJxCQjlqFP4cZXceNCEbfizrcxbQfR1gOBj/8/h5Pzh4ISpV33y1pYXFpeWc2t5dc3Nre27Z3dhooTiXAdxTSWrRAqTAnHdU00xS0hMWQhxc1wcDH2m3dYKhLzaz0UuMNgj5OIIKiNFNhFEXjHIiifF/174scM92DAfcF+UN1KnRrvplz0RoFdcEvupJx58DIogKxqgf3pd2OUMMw1olCptucK3Umh1ARRPMr7icICogHs4bZBDhlWnXRy1sg5NErXiWJpHtfORP09kUKm1JCFppNB3Vez3lj8z2snOjrrpISLRGOOpouihDo6dsYZOV0iMdJ0aAAiScxfHdSHEiJtksybELzZk+ehUS55lZJ7dVKoVrI4cmAfHIAj4IFTUAWXoAbqAIEH8ARewKv1aD1bb9b7tHXBymb2wJ+yPr4By0qfIA==</latexit>

p1, p2 = �⇠!n ± !n

p
⇠2 � 1

<latexit sha1_base64="bQYikJMwBmjXKqLYf4CRvt2Ql6g=">AAACEXicbVDLSsNAFJ34rPUVdelmsAjpwpIUqW6EgpuCmwr2AW0Ik+mkHTqZhJmJUEJ+wY2/4saFIm7dufNvnLZZ2NYDFw7n3Mu99/gxo1LZ9o+xtr6xubVd2Cnu7u0fHJpHx20ZJQKTFo5YJLo+koRRTlqKKka6sSAo9Bnp+OPbqd95JELSiD+oSUzcEA05DShGSkueaTUsWb656wcC4dTJUktexJ5TzhaFajnzzJJdsWeAq8 TJSQnkaHrmd38Q4SQkXGGGpOw5dqzcFAlFMSNZsZ9IEiM8RkPS05SjkEg3nX2UwXOtDGAQCV1cwZn6dyJFoZST0NedIVIjuexNxf+8XqKCazelPE4U4Xi+KEgYVBGcxgMHVBCs2EQThAXVt0I8QjoLpUMs6hCc5ZdXSbtacWoV+/6yVK/lcRTAKTgDFnDAFaiDBmiCFsDgCbyAN/BuPBuvxofxOW9dM/KZE7AA4+sXCcWb3Q==</latexit>

H(s) = K
1

(s� p1)

1

(s� p2)

<latexit sha1_base64="PVG+WT5RmSc/p8RE8gi0ugmV7w0=">AAACBnicbVDLSsNAFL2pr1pfUZciDBah3ZREpLoRCm5cuKhgH9CUMplO2qGTBzMToYSs3Pgrblwo4tZvcOffOGmz0NYDFw7n3Mu997gRZ1JZ1rdRWFldW98obpa2tnd298z9g7YMY0Foi4Q8FF0XS8pZQFuKKU67kaDYdzntuJPrzO88UCFZGNyraUT7Ph4FzGMEKy0NzGPHx2pMME9u04pdUdXqleMJTBI7TWQ6MMtWzZoBLRM7J2XI0RyYX84wJLFPA0U4lrJnW5HqJ1goRjhNS04saYTJBI9oT9MA+1T2k9kbKTrVyhB5odAVKDRTf08k2Jdy6ru6MztaLnqZ+J/Xi5V32U9YEMWKBmS+yIs5UiHKMkFDJihRfKoJJoLpWxEZY52C0smVdAj24svLpH1Ws+s16+683KjncRThCE6gAjZcQANuoAktIPAIz/AKb8aT8WK8Gx/z1oKRzxzCHxifPz95mFA=</latexit>

L(1(t)) = 1

s
Known that What is

<latexit sha1_base64="9Cw+PcPblMARrQFy5ucj2yw5XMc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgpiURqe4suHHhooJ9QBPDZDpph04ezEyEMmTvxl9x40IRt/6AO//GSZuFth64cDjnXu69x08YFdKyvo3Syura+kZ5s7K1vbO7Z+4fdEWcckw6OGYx7/tIEEYj0pFUMtJPOEGhz0jPn1zlfu+BcEHj6E5OE+KGaBTRgGIkteSZVSdEcowRUzfZvarb2cAJOMLKzpSoJ56duZeeWbMa1gxwmdgFqYECbc/8coYxTkMSScyQEAPbSqSrEJcUM5JVnFSQBOEJGpGBphEKiXDV7JcMHmtlCIOY64oknKm/JxQKhZiGvu7MLxeLXi7+5w1SGVy4ikZJKkmE54uClEEZwzwYOKScYMmmmiDMqb4V4jHSWUgdX0WHYC++vEy6pw272bBuz2qtZhFHGRyBKjgBNjgHLXAN2qADMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AHJv5rW</latexit>

L�1[
1

s� p1
]?

<latexit sha1_base64="pbxI0q2nt4AmK88LusGCV/8fMkc=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXJHoMePEYwTwwWcPspJMMmZ1dZnqFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJ5tDgkYx0O2AGpFDQQIES2rEGFgYSWsH4Zua3nkAbEal7nMTgh2yoxEBwhlZ6gMeU4dQr43mvWHIr7hx0lXgZKZEM9V7xq9uPeBKCQi6ZMR3PjdFPmUbBJUwL3cRAzPiYDaFjqWIhGD+dXzylZ1bp00GkbSmkc/X3RMpCYyZhYDtDhiOz7M3E/7xOgoNrPxUqThAUXywaJJJiRGfv077QwFFOLGFcC3sr5SOmGUcbUsGG4C2/vEqaFxWvWnHvLku1ahZHnpyQU1ImHrkiNXJL6qRBOFHkmbySN8c4L86787FozTnZzDH5A+fzB+PQkF0=</latexit>

eat1(t)

So, there is
<latexit sha1_base64="tBBx1v7eTUIWjekrozVu/gvp0xY="></latexit>

h(t) = KL�1[
1

(s� p1)
] ⇤ L�1[

1

(s� p2)
]

Convolution in temporal domain!
<latexit sha1_base64="5ZfFHaH0Lnsqekx65pjMy7TOB2M=">AAACCXicbVDLSsNAFJ34rPUVdelmsAjVRUmKVDdCwY3gpoJ9QBrDZDpph04ezNwIJXTrxl9x40IRt/6BO//GaZuFth4YOPece7lzj58IrsCyvo2l5ZXVtfXCRnFza3tn19zbb6k4lZQ1aSxi2fGJYoJHrAkcBOskkpHQF6ztD68mfvuBScXj6A5GCXND0o94wCkBLXkmvrzBDrvPEs+GsV2GE/d0Vlbz0jNLVsWaAi8SOycllKPhmV/dXkzTkEVABVHKsa0E3IxI4FSwcbGbKpYQOiR95mgakZApN5teMsbHWunhIJb6RYCn6u+JjIRKjUJfd4YEBmrem4j/eU4KwYWb8ShJgUV0tihIBYYYT2LBPS4ZBTHShFDJ9V8xHRBJKOjwijoEe/7kRdKqVuxaxbo9K9VreRwFdIiOUBnZ6BzV0TVqoCai6BE9o1f0ZjwZL8a78TFrXTLymQP0B8bnD8U3mHE=</latexit>

= K[ep1t1(t)] ⇤ [ep2t1(t)]
<latexit sha1_base64="hvXDD1JSPLxEWlizoliyaAJkd84=">AAACFXicbVDLSgMxFM3UV62vqks3wSJU0DJTpLoRCm4ENxXsA/oYMmnahmYyQ3JHKMP8hBt/xY0LRdwK7vwbM20XWj0QcnLOvdzc44WCa7DtLyuztLyyupZdz21sbm3v5Hf3GjqIFGV1GohAtTyimeCS1YGDYK1QMeJ7gjW98VXqN++Z0jyQdzAJWdcnQ8kHnBIwkps/ubzpcAlubCc9wKwXh67TARIlU1ouwmn6Ok766eXmC3bJngL/Jc6cFNAcNTf/2ekHNPKZBCqI1m3HDqEbEwWcCpbkOpFmIaFjMmRtQyXxme7G060SfGSUPh4EyhwJeKr+7IiJr/XE90ylT2CkF71U/M9rRzC46MZchhEwSWeDBpHAEOA0ItznilEQE0MIVdz8FdMRUYSCCTJnQnAWV/5LGuWSUynZt2eFamUeRxYdoENURA46R1V0jWqojih6QE/oBb1aj9az9Wa9z0oz1rxnH/2C9fENHn2eww==</latexit>

= K

Z t

0
ep1⌧ep2(t�⌧)d⌧

<latexit sha1_base64="8WWfM/kK9MjapZdffaAu+RvZu2I="></latexit>

= K

Z 1

�1
[ep1⌧1(⌧)][ep2(t�⌧)1(t� ⌧)]d⌧

<latexit sha1_base64="GYhUvBC7K8ZEVuk8b6OH0Fbu/6g=">AAACIHicbZDLSsNAFIYn9VbrLerSTbAIgliSIK0boeBGcFPBXqCNYTKdtEMnF2ZOhBLyKG58FTcuFNGdPo2TtovaemDg4//P4cz5vZgzCab5rRVWVtfWN4qbpa3tnd09ff+gJaNEENokEY9Ex8OSchbSJjDgtBMLigOP07Y3us799iMVkkXhPYxj6gR4EDKfEQxKcvXa1W235wtMUitLY9c6j107ow85QnY259jKsaaODZnj6mWzYk7KWAZrBmU0q4arf/X6EUkCGgLhWMquZcbgpFgAI5xmpV4iaYzJCA9oV2GIAyqddHJgZpwopW/4kVAvBGOizk+kOJByHHiqM8AwlIteLv7ndRPwL52UhXECNCTTRX7CDYiMPC2jzwQlwMcKMBFM/dUgQ6xCAZVpSYVgLZ68DC27YlUr5t1FuV6dxVFER+gYnSIL1VAd3aAGaiKCntALekPv2rP2qn1on9PWgjabOUR/Svv5BXURoyI=</latexit>

= K[
1

p1 � p2
ep1t +

1

p2 � p1
ep2t] How can we understand this?
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<latexit sha1_base64="wzqMG3Q9SXkKFfFV0tMOoBeXZ28=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQCiUJUt0IBTeCmwr2AU1aJtNJO3QyCTMTsYT+hxt/xY0LRVwJLvwbp22E2nrgwuGce7n3Hj9mVCrL+jZyK6tr6xv5zcLW9s7unrl/0JBRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7ya+M17IiSN+J0axcQLUZ/TgGKktNQ1ncsbNxAIp24Ukj7q8o4zTmXHKTnuA/3VoCzN2V2zaJWtKeAysTNSBBlqXfPT7UU4CQlXmCEp27YVKy9FQlHMyLjgJpLECA9Rn7Q15Sgk0kunv43hiVZ6MIiELq7gVJ2fSFEo5Sj0dWeI1EAuehPxP6+dqODCSymPE0U4ni0KEgZVBCdBwR4VBCs20gRhQfWtEA+QjkrpOAs6BHvx5WXScMp2pWzdnhWrlSyOPDgCx+AU2OAcVME1qIE6wOARPINX8GY8GS/Gu/Exa80Z2cwh+APj6weXvKEZ</latexit>

= K
!2
n

s2 + 2⇠!ns+ !2
n

<latexit sha1_base64="lE6sZ74gDCY3O9gS5ywVLP6BNRo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHahSUpUt0IBTcFNxXsA9oQJtNJO3QyCTMToYSs3Pgrblwo4tZvcOffOE2z0NYDl3s4515m7vEiRqWyrG9jZXVtfWOzsFXc3tnd2zcPDjsyjAUmbRyyUPQ8JAmjnLQVVYz0IkFQ4DHS9SY3M7/7QISkIb9X04g4ARpx6lOMlJZc86RZlpXrgS8QTm7TpCzPI9euZK1WSV2zZFWtDHCZ2DkpgRwt1/waDEMcB4QrzJCUfduKlJMgoShmJC0OYkkihCdoRPqachQQ6STZGSk808oQ+qHQxRXM1N8bCQqknAaengyQGstFbyb+5/Vj5V85CeVRrAjH84f8mEEVwlkmcEgFwYpNNUFYUP1XiMdIR6J0ckUdgr148jLp1Kp2vWrdXZQa9TyOAjgGp6AMbHAJGqAJWqANMHgEz+AVvBlPxovxbnzMR1eMfOcI/IHx+QNt+pcl</latexit>

H(s) =
K

(s� p1)(s� p2)

<latexit sha1_base64="xv0XIZl0Ad3IKUoHNq2PJvLe+Hw=">AAACFnicbZDLSgMxFIYzXmu9jbp0M1gEF7bMFKluhIIblxXsBTp1yKSZNjTJxCQjlqFP4cZXceNCEbfizrcxbQfR1gOBj/8/h5Pzh4ISpV33y1pYXFpeWc2t5dc3Nre27Z3dhooTiXAdxTSWrRAqTAnHdU00xS0hMWQhxc1wcDH2m3dYKhLzaz0UuMNgj5OIIKiNFNhFEXjHIiifF/174scM92DAfcF+UN1KnRrvplz0RoFdcEvupJx58DIogKxqgf3pd2OUMMw1olCptucK3Umh1ARRPMr7icICogHs4bZBDhlWnXRy1sg5NErXiWJpHtfORP09kUKm1JCFppNB3Vez3lj8z2snOjrrpISLRGOOpouihDo6dsYZOV0iMdJ0aAAiScxfHdSHEiJtksybELzZk+ehUS55lZJ7dVKoVrI4cmAfHIAj4IFTUAWXoAbqAIEH8ARewKv1aD1bb9b7tHXBymb2wJ+yPr4By0qfIA==</latexit>

p1, p2 = �⇠!n ± !n

p
⇠2 � 1

<latexit sha1_base64="apiCiHEWS1FrMH6xLcKQr7oaixA=">AAACJHicbZDLSsNAFIYn9VbrrerSTbAIFbEkRaogQsGN4KaCvUAaw2Q6aYdOLsycCCXkYdz4Km5ceMGFG5/FSdtFbT0w8PH/53Dm/G7EmQTD+NZyS8srq2v59cLG5tb2TnF3ryXDWBDaJCEPRcfFknIW0CYw4LQTCYp9l9O2O7zO/PYjFZKFwT2MImr7uB8wjxEMSnKKl4MyHF/dWl1PYJKYaRI55mnkVFP6kCGkJzNOVTnmxKlCajvFklExxqUvgjmFEppWwyl+dHshiX0aAOFYSss0IrATLIARTtNCN5Y0wmSI+9RSGGCfSjsZH5nqR0rp6V4o1AtAH6uzEwn2pRz5rur0MQzkvJeJ/3lWDN6FnbAgioEGZLLIi7kOoZ4lpveYoAT4SAEmgqm/6mSAVSigci2oEMz5kxehVa2YtYpxd1aq16Zx5NEBOkRlZKJzVEc3qIGaiKAn9ILe0Lv2rL1qn9rXpDWnTWf20Z/Sfn4BFeGkdw==</latexit>

h(t) = K[
1

p1 � p2
ep1t +

1

p2 � p1
ep2t]

Let’s consider a simplest case, p_1 and p_2 are real numbers Re

Im

p1 p2

What’s the shape of 
<latexit sha1_base64="b974IHUkUmC9jtv1Ln3/IAu+q0U=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFKnuLLhxWcFeoI1hMp20QycXZk6EEOqruHGhiFsfxJ1v4zTNQlt/GPj4zzmcM78XC67Asr6N0tr6xuZWebuys7u3f2AeHnVVlEjKOjQSkex7RDHBQ9YBDoL1Y8lI4AnW86Y383rvkUnFo/Ae0pg5ARmH3OeUgLZcs8oesti1YXaOc2rA7No1a1bdyoVXwS6ghgq1XfNrOIpoErAQqCBKDWwrBicjEjgVbFYZJorFhE7JmA00hiRgysny42f4VDsj7EdSvxBw7v6eyEigVBp4ujMgMFHLtbn5X22QgH/lZDyME2AhXSzyE4EhwvMk8IhLRkGkGgiVXN+K6YRIQkHnVdEh2MtfXoVuo24369bdRa3VLOIoo2N0gs6QjS5RC92iNuogilL0jF7Rm/FkvBjvxseitWQUM1X0R8bnD/pqlEw=</latexit>

ep1t, ep2t?

What’s the condition?
<latexit sha1_base64="kdON7k2wWtDNn7jjY+0inCFKwtM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S8OIxgnlAsoTZySQZMju7zPSKYZOP8OJBEa9+jzf/xkmyB00saCiquunuCmIpDLrut5NbW9/Y3MpvF3Z29/YPiodHDRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvB6HbmNx+5NiJSDziOuR/SgRJ9wShaqTnpPInJjdctltyyOwdZJV5GSpCh1i1+dXoRS0KukElqTNtzY/RTqlEwyaeFTmJ4TNmIDnjbUkVDbvx0fu6UnFmlR/qRtqWQzNXfEykNjRmHge0MKQ7NsjcT//PaCfav/VSoOEGu2GJRP5EEIzL7nfSE5gzl2BLKtLC3EjakmjK0CRVsCN7yy6ukcVH2KmX3/rJUrWRx5OEETuEcPLiCKtxBDerAYATP8ApvTuy8OO/Ox6I152Qzx/AHzucPFbmPXQ==</latexit>

|⇠| > 1

What’s the shape of h(t)? Impulse response
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<latexit sha1_base64="wzqMG3Q9SXkKFfFV0tMOoBeXZ28=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQCiUJUt0IBTeCmwr2AU1aJtNJO3QyCTMTsYT+hxt/xY0LRVwJLvwbp22E2nrgwuGce7n3Hj9mVCrL+jZyK6tr6xv5zcLW9s7unrl/0JBRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7ya+M17IiSN+J0axcQLUZ/TgGKktNQ1ncsbNxAIp24Ukj7q8o4zTmXHKTnuA/3VoCzN2V2zaJWtKeAysTNSBBlqXfPT7UU4CQlXmCEp27YVKy9FQlHMyLjgJpLECA9Rn7Q15Sgk0kunv43hiVZ6MIiELq7gVJ2fSFEo5Sj0dWeI1EAuehPxP6+dqODCSymPE0U4ni0KEgZVBCdBwR4VBCs20gRhQfWtEA+QjkrpOAs6BHvx5WXScMp2pWzdnhWrlSyOPDgCx+AU2OAcVME1qIE6wOARPINX8GY8GS/Gu/Exa80Z2cwh+APj6weXvKEZ</latexit>

= K
!2
n

s2 + 2⇠!ns+ !2
n

<latexit sha1_base64="lE6sZ74gDCY3O9gS5ywVLP6BNRo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHahSUpUt0IBTcFNxXsA9oQJtNJO3QyCTMToYSs3Pgrblwo4tZvcOffOE2z0NYDl3s4515m7vEiRqWyrG9jZXVtfWOzsFXc3tnd2zcPDjsyjAUmbRyyUPQ8JAmjnLQVVYz0IkFQ4DHS9SY3M7/7QISkIb9X04g4ARpx6lOMlJZc86RZlpXrgS8QTm7TpCzPI9euZK1WSV2zZFWtDHCZ2DkpgRwt1/waDEMcB4QrzJCUfduKlJMgoShmJC0OYkkihCdoRPqachQQ6STZGSk808oQ+qHQxRXM1N8bCQqknAaengyQGstFbyb+5/Vj5V85CeVRrAjH84f8mEEVwlkmcEgFwYpNNUFYUP1XiMdIR6J0ckUdgr148jLp1Kp2vWrdXZQa9TyOAjgGp6AMbHAJGqAJWqANMHgEz+AVvBlPxovxbnzMR1eMfOcI/IHx+QNt+pcl</latexit>

H(s) =
K

(s� p1)(s� p2)

<latexit sha1_base64="xv0XIZl0Ad3IKUoHNq2PJvLe+Hw=">AAACFnicbZDLSgMxFIYzXmu9jbp0M1gEF7bMFKluhIIblxXsBTp1yKSZNjTJxCQjlqFP4cZXceNCEbfizrcxbQfR1gOBj/8/h5Pzh4ISpV33y1pYXFpeWc2t5dc3Nre27Z3dhooTiXAdxTSWrRAqTAnHdU00xS0hMWQhxc1wcDH2m3dYKhLzaz0UuMNgj5OIIKiNFNhFEXjHIiifF/174scM92DAfcF+UN1KnRrvplz0RoFdcEvupJx58DIogKxqgf3pd2OUMMw1olCptucK3Umh1ARRPMr7icICogHs4bZBDhlWnXRy1sg5NErXiWJpHtfORP09kUKm1JCFppNB3Vez3lj8z2snOjrrpISLRGOOpouihDo6dsYZOV0iMdJ0aAAiScxfHdSHEiJtksybELzZk+ehUS55lZJ7dVKoVrI4cmAfHIAj4IFTUAWXoAbqAIEH8ARewKv1aD1bb9b7tHXBymb2wJ+yPr4By0qfIA==</latexit>

p1, p2 = �⇠!n ± !n

p
⇠2 � 1

<latexit sha1_base64="apiCiHEWS1FrMH6xLcKQr7oaixA=">AAACJHicbZDLSsNAFIYn9VbrrerSTbAIFbEkRaogQsGN4KaCvUAaw2Q6aYdOLsycCCXkYdz4Km5ceMGFG5/FSdtFbT0w8PH/53Dm/G7EmQTD+NZyS8srq2v59cLG5tb2TnF3ryXDWBDaJCEPRcfFknIW0CYw4LQTCYp9l9O2O7zO/PYjFZKFwT2MImr7uB8wjxEMSnKKl4MyHF/dWl1PYJKYaRI55mnkVFP6kCGkJzNOVTnmxKlCajvFklExxqUvgjmFEppWwyl+dHshiX0aAOFYSss0IrATLIARTtNCN5Y0wmSI+9RSGGCfSjsZH5nqR0rp6V4o1AtAH6uzEwn2pRz5rur0MQzkvJeJ/3lWDN6FnbAgioEGZLLIi7kOoZ4lpveYoAT4SAEmgqm/6mSAVSigci2oEMz5kxehVa2YtYpxd1aq16Zx5NEBOkRlZKJzVEc3qIGaiKAn9ILe0Lv2rL1qn9rXpDWnTWf20Z/Sfn4BFeGkdw==</latexit>

h(t) = K[
1

p1 � p2
ep1t +

1

p2 � p1
ep2t]

Re

Im

p1 p2

How to get the step response?
0

1
<latexit sha1_base64="jh2u2WQDCsUfvfnCh4712iWkLig=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi8cK9gPaUDbbTbt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZemAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0bu53n5g2XMlHnCUsiMlY8ohTglbqDyJNaObnmcmH1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKlheGaSGJYROyZj1LZUkZibIFifn7oVVRm6ktC2J7kL9PZGR2JhZHNrOmODErHpz8T+vn2J0G2RcJikySZeLolS4qNz5/+6Ia0ZRzCwhVHN7q0snxKaANqWKDcFffXmddK7qfqPuPVzXmo0ijjKcwTlcgg830IR7aEEbKCh4hld4c9B5cd6dj2VrySlmTuEPnM8fmg+RbQ==</latexit>

1

s
<latexit sha1_base64="O4pKmE+XvDPCC47koEU/hfdNR7w=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JrCHoxIfHCERMXMLAh3dKFhm53bbskZMPv8OJBY7z6Y7z5byywBwVfMs3LezOZ6fNjzpS27W8rt7G5tb2T3y3s7R8cHhWPT1oqSiShLol4JDs+VpQzQV3NNKedWFIc+py2/fHd3G9PqFQsEg96GlMvxEPBAkawNpL3WFaXtw3zuKb6xZJdsRdA68TJSAkyNPvFr94gIklIhSYcK9V17Fh7KZaaEU5nhV6iaIzJGA9p11CBQ6q8dHH0DF0YZYCCSJoSGi3U3xMpDpWahr7pDLEeqVVvLv7ndRMd3HgpE3GiqSDLRUHCkY7QPAE0YJISzaeGYCKZuRWREZaYaJNTwYTgrH55nbSuKk6tYt9XS/VaFkcezuAcyuDANdShAU1wgcATPMMrvFkT68V6tz6WrTkrmzmFP7A+fwBLxJB0</latexit>

Y (s) = H(s)U(s)
<latexit sha1_base64="Nr9iYPjTL+IKvrV/WHP0F1Yc5bQ=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQPYRdkehFCHjxGME8IFnD7GQ2GTL7YKZXCUv+w4sHRbz6L978GyfJHjSxYJqiqpvuKS+WQqNtf1u5ldW19Y38ZmFre2d3r7h/0NRRohhvsEhGqu1RzaUIeQMFSt6OFaeBJ3nLG91M/dYjV1pE4T2OY+4GdBAKXzCKRnoYl/H0emjKmWNKr1iyK/YMZJk4GSlBhnqv+NXtRywJeIhMUq07jh2jm1KFgkk+KXQTzWPKRnTAO4aGNODaTWdXT8iJUfrEj5R5IZKZ+nsipYHW48AznQHFoV70puJ/XidB/8pNRRgnyEM2X+QnkmBEphGQvlCcoRwbQpkS5lbChlRRhiaoggnBWfzyMmmeV5xqxb67KNWqWRx5OIJjKIMDl1CDW6hDAxgoeIZXeLOerBfr3fqYt+asbOYQ/sD6/AHkuJDH</latexit>

y(t) = h(t) ⇤ 1(t)
<latexit sha1_base64="l2uSXX6rEK86Yo6fHoisbUU2GvM="></latexit>

= K[
1

p1p2
+

1

p1(p1 � p2)
ep1t +

1

p2(p2 � p1)
ep2t]

<latexit sha1_base64="EP8tDLzXtKDBsW7MpNd5lZf+TI4=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUUQxJIEqW6EQjcuK9gHtDFMppN26OTBzI1QQvZu/BU3LhRx6w+482+cthG09cAMZ865lzv3eDFnEkzzSyusrK6tbxQ3S1vbO7t7+v5BW0aJILRFIh6Jrocl5SykLWDAaTcWFAcepx1v3Jj6nXsqJIvCW5jE1AnwMGQ+IxiU5Orlq4Zrncau3XBtepfGrgXZmbp/njZkrl4xq+YMxjKxclJBOZqu/tkfRCQJaAiEYyl7lhmDk2IBjHCalfqJpDEmYzykPUVDHFDppLNdMuNYKQPDj4Q6IRgz9XdHigMpJ4GnKgMMI7noTcX/vF4C/qWTsjBOgIZkPshPuAGRMQ3GGDBBCfCJIpgIpv5qkBEWmICKr6RCsBZXXiZtu2rVqubNeaVey+MooiNURifIQheojq5RE7UQQQ/oCb2gV+1Re9betPd5aUHLew7RH2gf33bGmWg=</latexit>

= C1 + p2C2e
p1t � p1C2e

p2t

Overdamped
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<latexit sha1_base64="wzqMG3Q9SXkKFfFV0tMOoBeXZ28=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQCiUJUt0IBTeCmwr2AU1aJtNJO3QyCTMTsYT+hxt/xY0LRVwJLvwbp22E2nrgwuGce7n3Hj9mVCrL+jZyK6tr6xv5zcLW9s7unrl/0JBRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7ya+M17IiSN+J0axcQLUZ/TgGKktNQ1ncsbNxAIp24Ukj7q8o4zTmXHKTnuA/3VoCzN2V2zaJWtKeAysTNSBBlqXfPT7UU4CQlXmCEp27YVKy9FQlHMyLjgJpLECA9Rn7Q15Sgk0kunv43hiVZ6MIiELq7gVJ2fSFEo5Sj0dWeI1EAuehPxP6+dqODCSymPE0U4ni0KEgZVBCdBwR4VBCs20gRhQfWtEA+QjkrpOAs6BHvx5WXScMp2pWzdnhWrlSyOPDgCx+AU2OAcVME1qIE6wOARPINX8GY8GS/Gu/Exa80Z2cwh+APj6weXvKEZ</latexit>

= K
!2
n

s2 + 2⇠!ns+ !2
n

<latexit sha1_base64="lE6sZ74gDCY3O9gS5ywVLP6BNRo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHahSUpUt0IBTcFNxXsA9oQJtNJO3QyCTMToYSs3Pgrblwo4tZvcOffOE2z0NYDl3s4515m7vEiRqWyrG9jZXVtfWOzsFXc3tnd2zcPDjsyjAUmbRyyUPQ8JAmjnLQVVYz0IkFQ4DHS9SY3M7/7QISkIb9X04g4ARpx6lOMlJZc86RZlpXrgS8QTm7TpCzPI9euZK1WSV2zZFWtDHCZ2DkpgRwt1/waDEMcB4QrzJCUfduKlJMgoShmJC0OYkkihCdoRPqachQQ6STZGSk808oQ+qHQxRXM1N8bCQqknAaengyQGstFbyb+5/Vj5V85CeVRrAjH84f8mEEVwlkmcEgFwYpNNUFYUP1XiMdIR6J0ckUdgr148jLp1Kp2vWrdXZQa9TyOAjgGp6AMbHAJGqAJWqANMHgEz+AVvBlPxovxbnzMR1eMfOcI/IHx+QNt+pcl</latexit>

H(s) =
K

(s� p1)(s� p2)

<latexit sha1_base64="xv0XIZl0Ad3IKUoHNq2PJvLe+Hw=">AAACFnicbZDLSgMxFIYzXmu9jbp0M1gEF7bMFKluhIIblxXsBTp1yKSZNjTJxCQjlqFP4cZXceNCEbfizrcxbQfR1gOBj/8/h5Pzh4ISpV33y1pYXFpeWc2t5dc3Nre27Z3dhooTiXAdxTSWrRAqTAnHdU00xS0hMWQhxc1wcDH2m3dYKhLzaz0UuMNgj5OIIKiNFNhFEXjHIiifF/174scM92DAfcF+UN1KnRrvplz0RoFdcEvupJx58DIogKxqgf3pd2OUMMw1olCptucK3Umh1ARRPMr7icICogHs4bZBDhlWnXRy1sg5NErXiWJpHtfORP09kUKm1JCFppNB3Vez3lj8z2snOjrrpISLRGOOpouihDo6dsYZOV0iMdJ0aAAiScxfHdSHEiJtksybELzZk+ehUS55lZJ7dVKoVrI4cmAfHIAj4IFTUAWXoAbqAIEH8ARewKv1aD1bb9b7tHXBymb2wJ+yPr4By0qfIA==</latexit>

p1, p2 = �⇠!n ± !n

p
⇠2 � 1

<latexit sha1_base64="g9anAomXMaMHqAJjGC0y3WD/r/g=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjBdMW2lA220m7dLMJuxuxlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c781iMqzRP5YMYpBjEdSB5xRo2V/O4Tv/F65Ypbdecgq8TLSQVyNHrlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxE18GEyzQzKNliUZQJYhIy+5z0uUJmxNgSyhS3txI2pIoyY/Mp2RC85ZdXSfOi6tWq7v1lpV7L4yjCCZzCOXhwBXW4gwb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AU0/jlA=</latexit>

⇠ = 1
<latexit sha1_base64="6YF0+deIfKsAzR0qDXe0l01BWII=">AAAB+nicbVDLSgNBEJz1GeMr0aOXwSB4MewGiV4CAS8eI5gHJMsyO5lNhsyLmVklxHyKFw+KePVLvPk3TpI9aGJBQ1HVTXdXrBg11ve/vbX1jc2t7dxOfndv/+CwUDxqGZlqTJpYMqk7MTKEUUGallpGOkoTxGNG2vHoZua3H4g2VIp7O1Yk5GggaEIxsk6KCkUVBTUVVWoXPcnJAEVOK/llfw64SoKMlECGRlT46vUlTjkRFjNkTDfwlQ0nSFuKGZnme6khCuERGpCuowJxYsLJ/PQpPHNKHyZSuxIWztXfExPEjRnz2HVyZIdm2ZuJ/3nd1CbX4YQKlVoi8GJRkjJoJZzlAPtUE2zZ2BGENXW3QjxEGmHr0sq7EILll1dJq1IOqmX/7rJUr2Zx5MAJOAXnIABXoA5uQQM0AQaP4Bm8gjfvyXvx3r2PReual80cgz/wPn8AAPmTKA==</latexit>p1 = p2 = �!n

I’ll omit the details and jump to the conclusion directly
<latexit sha1_base64="CVsh6UFMXO64zJhwCDSA/EpVPPU=">AAACCHicbVDJSgNBEO2JW4xb1KMHB4MQD4aZINGLEPAieIlgFshGT6eSNOnpGbprhDDk6MVf8eJBEa9+gjf/xs4iaOKDgtfvVdFVzwsF1+g4X1ZiaXlldS25ntrY3NreSe/uVXQQKQZlFohA1TyqQXAJZeQooBYqoL4noOoNrsZ+9R6U5oG8w2EITZ/2JO9yRtFI7fRhP4snlzeNwIcebctWHqEVn/48cdROZ5ycM4G9SNwZyZAZSu30Z6MTsMgHiUxQreuuE2Izpgo5EzBKNSINIWUD2oO6oZL6oJvx5JCRfWyUjt0NlCmJ9kT9PRFTX+uh75lOn2Jfz3tj8T+vHmH3ohlzGUYIkk0/6kbCxsAep2J3uAKGYmgIZYqbXW3Wp4oyNNmlTAju/MmLpJLPuYWcc3uWKRZmcSTJATkiWeKSc1Ik16REyoSRB/JEXsir9Wg9W2/W+7Q1Yc1m9skfWB/fBVmZUw==</latexit>

h(t) = K!2
nte

�!nt

<latexit sha1_base64="0t3DKpwtc274Dz2N6nIoZ2lnZGI=">AAACDXicbVBNS8NAEN3Ur1q/qh69BKvQIpZERL0IBS+ClwrWFtpYNttpXdxswu5ECKF/wIt/xYsHRbx69+a/cdsG8evBwNv3ZtiZ50eCa3ScDys3NT0zO5efLywsLi2vFFfXLnUYKwYNFopQtXyqQXAJDeQooBUpoIEvoOnfnIz85i0ozUN5gUkEXkAHkvc5o2ikbnErKWPl+Kzt7pbdnU4YwIB2JVbgKv16DL1useRUnTHsv8TNSIlkqHeL751eyOIAJDJBtW67ToReShVyJmBY6MQaIspu6ADahkoagPbS8TVDe9soPbsfKlMS7bH6fSKlgdZJ4JvOgOK1/u2NxP+8doz9Iy/lMooRJJt81I+FjaE9isbucQUMRWIIZYqbXW12TRVlaAIsmBDc3yf/JZd7Vfeg6pzvl2oHWRx5skE2SZm45JDUyCmpkwZh5I48kCfybN1bj9aL9TppzVnZzDr5AevtE4vcmpw=</latexit>

y(t) = K[1� (1 + !nt)e
!nt] Step response

The shape is similar to the overdamped response
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<latexit sha1_base64="wzqMG3Q9SXkKFfFV0tMOoBeXZ28=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQCiUJUt0IBTeCmwr2AU1aJtNJO3QyCTMTsYT+hxt/xY0LRVwJLvwbp22E2nrgwuGce7n3Hj9mVCrL+jZyK6tr6xv5zcLW9s7unrl/0JBRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7ya+M17IiSN+J0axcQLUZ/TgGKktNQ1ncsbNxAIp24Ukj7q8o4zTmXHKTnuA/3VoCzN2V2zaJWtKeAysTNSBBlqXfPT7UU4CQlXmCEp27YVKy9FQlHMyLjgJpLECA9Rn7Q15Sgk0kunv43hiVZ6MIiELq7gVJ2fSFEo5Sj0dWeI1EAuehPxP6+dqODCSymPE0U4ni0KEgZVBCdBwR4VBCs20gRhQfWtEA+QjkrpOAs6BHvx5WXScMp2pWzdnhWrlSyOPDgCx+AU2OAcVME1qIE6wOARPINX8GY8GS/Gu/Exa80Z2cwh+APj6weXvKEZ</latexit>

= K
!2
n

s2 + 2⇠!ns+ !2
n

<latexit sha1_base64="lE6sZ74gDCY3O9gS5ywVLP6BNRo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHahSUpUt0IBTcFNxXsA9oQJtNJO3QyCTMToYSs3Pgrblwo4tZvcOffOE2z0NYDl3s4515m7vEiRqWyrG9jZXVtfWOzsFXc3tnd2zcPDjsyjAUmbRyyUPQ8JAmjnLQVVYz0IkFQ4DHS9SY3M7/7QISkIb9X04g4ARpx6lOMlJZc86RZlpXrgS8QTm7TpCzPI9euZK1WSV2zZFWtDHCZ2DkpgRwt1/waDEMcB4QrzJCUfduKlJMgoShmJC0OYkkihCdoRPqachQQ6STZGSk808oQ+qHQxRXM1N8bCQqknAaengyQGstFbyb+5/Vj5V85CeVRrAjH84f8mEEVwlkmcEgFwYpNNUFYUP1XiMdIR6J0ckUdgr148jLp1Kp2vWrdXZQa9TyOAjgGp6AMbHAJGqAJWqANMHgEz+AVvBlPxovxbnzMR1eMfOcI/IHx+QNt+pcl</latexit>

H(s) =
K

(s� p1)(s� p2)

<latexit sha1_base64="xv0XIZl0Ad3IKUoHNq2PJvLe+Hw=">AAACFnicbZDLSgMxFIYzXmu9jbp0M1gEF7bMFKluhIIblxXsBTp1yKSZNjTJxCQjlqFP4cZXceNCEbfizrcxbQfR1gOBj/8/h5Pzh4ISpV33y1pYXFpeWc2t5dc3Nre27Z3dhooTiXAdxTSWrRAqTAnHdU00xS0hMWQhxc1wcDH2m3dYKhLzaz0UuMNgj5OIIKiNFNhFEXjHIiifF/174scM92DAfcF+UN1KnRrvplz0RoFdcEvupJx58DIogKxqgf3pd2OUMMw1olCptucK3Umh1ARRPMr7icICogHs4bZBDhlWnXRy1sg5NErXiWJpHtfORP09kUKm1JCFppNB3Vez3lj8z2snOjrrpISLRGOOpouihDo6dsYZOV0iMdJ0aAAiScxfHdSHEiJtksybELzZk+ehUS55lZJ7dVKoVrI4cmAfHIAj4IFTUAWXoAbqAIEH8ARewKv1aD1bb9b7tHXBymb2wJ+yPr4By0qfIA==</latexit>

p1, p2 = �⇠!n ± !n

p
⇠2 � 1

<latexit sha1_base64="apiCiHEWS1FrMH6xLcKQr7oaixA=">AAACJHicbZDLSsNAFIYn9VbrrerSTbAIFbEkRaogQsGN4KaCvUAaw2Q6aYdOLsycCCXkYdz4Km5ceMGFG5/FSdtFbT0w8PH/53Dm/G7EmQTD+NZyS8srq2v59cLG5tb2TnF3ryXDWBDaJCEPRcfFknIW0CYw4LQTCYp9l9O2O7zO/PYjFZKFwT2MImr7uB8wjxEMSnKKl4MyHF/dWl1PYJKYaRI55mnkVFP6kCGkJzNOVTnmxKlCajvFklExxqUvgjmFEppWwyl+dHshiX0aAOFYSss0IrATLIARTtNCN5Y0wmSI+9RSGGCfSjsZH5nqR0rp6V4o1AtAH6uzEwn2pRz5rur0MQzkvJeJ/3lWDN6FnbAgioEGZLLIi7kOoZ4lpveYoAT4SAEmgqm/6mSAVSigci2oEMz5kxehVa2YtYpxd1aq16Zx5NEBOkRlZKJzVEc3qIGaiKAn9ILe0Lv2rL1qn9rXpDWnTWf20Z/Sfn4BFeGkdw==</latexit>

h(t) = K[
1

p1 � p2
ep1t +

1

p2 � p1
ep2t]

Let’s consider a simplest case, p_1 and p_2 are complex numbers 
<latexit sha1_base64="c/Q8Nl+EWcHXXhLQKywE8N8pwj8=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp1ItEgRsLGMYD4gOcLeZi9Zsrd37M6J4ciPsLFQxNbfY+e/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZhp7i7t39wWDo6bpk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxrczv/3ItRGxesBJwv2IDpUIBaNopbZb6z2Jmtcvld2KOwdZJV5OypCj0S999QYxSyOukElqTNdzE/QzqlEwyafFXmp4QtmYDnnXUkUjbvxsfu6UnFtlQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMbPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2oaINwVt+eZW0LiteteLeX5Xr1TyOApzCGVyAB9dQhztoQBMYjOEZXuHNSZwX5935WLSuOfnMCfyB8/kDO5+Ozw==</latexit>

0 < ⇠ < 1
Re

Im

p1

p2

What’s the shape of 
<latexit sha1_base64="b974IHUkUmC9jtv1Ln3/IAu+q0U=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFKnuLLhxWcFeoI1hMp20QycXZk6EEOqruHGhiFsfxJ1v4zTNQlt/GPj4zzmcM78XC67Asr6N0tr6xuZWebuys7u3f2AeHnVVlEjKOjQSkex7RDHBQ9YBDoL1Y8lI4AnW86Y383rvkUnFo/Ae0pg5ARmH3OeUgLZcs8oesti1YXaOc2rA7No1a1bdyoVXwS6ghgq1XfNrOIpoErAQqCBKDWwrBicjEjgVbFYZJorFhE7JmA00hiRgysny42f4VDsj7EdSvxBw7v6eyEigVBp4ujMgMFHLtbn5X22QgH/lZDyME2AhXSzyE4EhwvMk8IhLRkGkGgiVXN+K6YRIQkHnVdEh2MtfXoVuo24369bdRa3VLOIoo2N0gs6QjS5RC92iNuogilL0jF7Rm/FkvBjvxseitWQUM1X0R8bnD/pqlEw=</latexit>

ep1t, ep2t?

What will happen to the transfer function? It’s the same

<latexit sha1_base64="RN+mVRs2qjhEpCVNpf6sFFRVIDc="></latexit>

h(t) =
�2 + !2

!
e��t sin(!t)1(t)

<latexit sha1_base64="JW57aZO4mVyQX51MQ9oN45MUeH4=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHcWJIi1Y1QcOOygn1AG8JkOmnHziPMTJQS+yluXCji1i9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tu6WDlpapwqSJJZOqEyFNGBWkaahhpJMognjESDsaXU/99gNRmkpxZ8YJCTgaCBpTjIyVQreUhP5ZElavqj3JyQDB+9AtexVvBrhM/JyUQY5G6H71+hKnnAiDGdK663uJCTKkDMWMTIq9VJME4REakK6lAnGig2x2+gSeWKUPY6lsCQNn6u+JDHGtxzyynRyZoV70puJ/Xjc18WWQUZGkhgg8XxSnDBoJpznAPlUEGza2BGFF7a0QD5FC2Ni0ijYEf/HlZdKqVvxaxbs9L9dreRwFcASOwSnwwQWogxvQAE2AwSN4Bq/gzXlyXpx352PeuuLkM4fgD5zPH4nLkto=</latexit>

p1 � p2 = 2!j
<latexit sha1_base64="rhieu16Qbx9KxnCA6ReyRYGMHPw=">AAACH3icbZBNSwMxEIazftb6VfXoJVgEPVh2i1QvQsGLxwpWhW4t2XRao0l2SWaFsuw/8eJf8eJBEfHmvzGtPWjrQODhfWeYzBslUlj0/S9vZnZufmGxsFRcXlldWy9tbF7aODUcmjyWsbmOmAUpNDRRoITrxABTkYSr6P506F89gLEi1hc4SKCtWF+LnuAMndQp1eAmSzoB5gcjqGJ+Ur0LrdB7YaygzyjuhygUWOr8A2f0ldPyTqnsV/xR0WkIxlAm42p0Sp9hN+apAo1cMmtbgZ9gO2MGBZeQF8PUQsL4PetDy6FmbmU7G92X012ndGkvNu5ppCP190TGlLUDFblOxfDWTnpD8T+vlWLvuJ0JnaQImv8s6qWSYkyHYdGuMMBRDhwwboT7K+W3zDCOLtKiCyGYPHkaLquVoFbxzw/L9do4jgLZJjtkjwTkiNTJGWmQJuHkkTyTV/LmPXkv3rv38dM6441ntsif8r6+AYU0opw=</latexit>

ep1t � ep2t = 2j sin(!t)⇥ e��t

They are conjugates

Impulse response

Frequency
Decay rates
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Steady state value ys: the value that y(t) 
goes to as t->inf

10%-90% rise time: the amount of time it 
takes to go from 0.1ys to 0.9yx

Maximum percept overshoot

n% settling time: the smallest time ts so 
that for all t>ts

<latexit sha1_base64="RN+mVRs2qjhEpCVNpf6sFFRVIDc="></latexit>

h(t) =
�2 + !2

!
e��t sin(!t)1(t)

<latexit sha1_base64="2AV7ckygDo3ULOb57Uvs9O4uRNg=">AAACBXicbZC7SgNBFIZn4y3GW9RSi8EgRMSwGyTaCIE0lhHMBZJ1mZ3MxiGzF2bOCmHZxsZXsbFQxNZ3sPNtnCRbaOIPAx//OYcz53cjwRWY5reRW1peWV3Lrxc2Nre2d4q7e20VxpKyFg1FKLsuUUzwgLWAg2DdSDLiu4J13FFjUu88MKl4GNzCOGK2T4YB9zgloC2neHjVcKzThlPFZXaXRI4F6dkUqpCeOMWSWTGnwotgZVBCmZpO8as/CGnsswCoIEr1LDMCOyESOBUsLfRjxSJCR2TIehoD4jNlJ9MrUnysnQH2QqlfAHjq/p5IiK/U2Hd1p0/gXs3XJuZ/tV4M3qWd8CCKgQV0tsiLBYYQTyLBAy4ZBTHWQKjk+q+Y3hNJKOjgCjoEa/7kRWhXK1atYt6cl+q1LI48OkBHqIwsdIHq6Bo1UQtR9Iie0St6M56MF+Pd+Ji15oxsZh/9kfH5A7YQlsg=</latexit>

= C1 + C2(e
p1t � ep2t)



Rethink the solution
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<latexit sha1_base64="wzqMG3Q9SXkKFfFV0tMOoBeXZ28=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQCiUJUt0IBTeCmwr2AU1aJtNJO3QyCTMTsYT+hxt/xY0LRVwJLvwbp22E2nrgwuGce7n3Hj9mVCrL+jZyK6tr6xv5zcLW9s7unrl/0JBRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7ya+M17IiSN+J0axcQLUZ/TgGKktNQ1ncsbNxAIp24Ukj7q8o4zTmXHKTnuA/3VoCzN2V2zaJWtKeAysTNSBBlqXfPT7UU4CQlXmCEp27YVKy9FQlHMyLjgJpLECA9Rn7Q15Sgk0kunv43hiVZ6MIiELq7gVJ2fSFEo5Sj0dWeI1EAuehPxP6+dqODCSymPE0U4ni0KEgZVBCdBwR4VBCs20gRhQfWtEA+QjkrpOAs6BHvx5WXScMp2pWzdnhWrlSyOPDgCx+AU2OAcVME1qIE6wOARPINX8GY8GS/Gu/Exa80Z2cwh+APj6weXvKEZ</latexit>

= K
!2
n

s2 + 2⇠!ns+ !2
n

<latexit sha1_base64="lE6sZ74gDCY3O9gS5ywVLP6BNRo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHahSUpUt0IBTcFNxXsA9oQJtNJO3QyCTMToYSs3Pgrblwo4tZvcOffOE2z0NYDl3s4515m7vEiRqWyrG9jZXVtfWOzsFXc3tnd2zcPDjsyjAUmbRyyUPQ8JAmjnLQVVYz0IkFQ4DHS9SY3M7/7QISkIb9X04g4ARpx6lOMlJZc86RZlpXrgS8QTm7TpCzPI9euZK1WSV2zZFWtDHCZ2DkpgRwt1/waDEMcB4QrzJCUfduKlJMgoShmJC0OYkkihCdoRPqachQQ6STZGSk808oQ+qHQxRXM1N8bCQqknAaengyQGstFbyb+5/Vj5V85CeVRrAjH84f8mEEVwlkmcEgFwYpNNUFYUP1XiMdIR6J0ckUdgr148jLp1Kp2vWrdXZQa9TyOAjgGp6AMbHAJGqAJWqANMHgEz+AVvBlPxovxbnzMR1eMfOcI/IHx+QNt+pcl</latexit>

H(s) =
K

(s� p1)(s� p2)

<latexit sha1_base64="xv0XIZl0Ad3IKUoHNq2PJvLe+Hw=">AAACFnicbZDLSgMxFIYzXmu9jbp0M1gEF7bMFKluhIIblxXsBTp1yKSZNjTJxCQjlqFP4cZXceNCEbfizrcxbQfR1gOBj/8/h5Pzh4ISpV33y1pYXFpeWc2t5dc3Nre27Z3dhooTiXAdxTSWrRAqTAnHdU00xS0hMWQhxc1wcDH2m3dYKhLzaz0UuMNgj5OIIKiNFNhFEXjHIiifF/174scM92DAfcF+UN1KnRrvplz0RoFdcEvupJx58DIogKxqgf3pd2OUMMw1olCptucK3Umh1ARRPMr7icICogHs4bZBDhlWnXRy1sg5NErXiWJpHtfORP09kUKm1JCFppNB3Vez3lj8z2snOjrrpISLRGOOpouihDo6dsYZOV0iMdJ0aAAiScxfHdSHEiJtksybELzZk+ehUS55lZJ7dVKoVrI4cmAfHIAj4IFTUAWXoAbqAIEH8ARewKv1aD1bb9b7tHXBymb2wJ+yPr4By0qfIA==</latexit>

p1, p2 = �⇠!n ± !n

p
⇠2 � 1

<latexit sha1_base64="apiCiHEWS1FrMH6xLcKQr7oaixA=">AAACJHicbZDLSsNAFIYn9VbrrerSTbAIFbEkRaogQsGN4KaCvUAaw2Q6aYdOLsycCCXkYdz4Km5ceMGFG5/FSdtFbT0w8PH/53Dm/G7EmQTD+NZyS8srq2v59cLG5tb2TnF3ryXDWBDaJCEPRcfFknIW0CYw4LQTCYp9l9O2O7zO/PYjFZKFwT2MImr7uB8wjxEMSnKKl4MyHF/dWl1PYJKYaRI55mnkVFP6kCGkJzNOVTnmxKlCajvFklExxqUvgjmFEppWwyl+dHshiX0aAOFYSss0IrATLIARTtNCN5Y0wmSI+9RSGGCfSjsZH5nqR0rp6V4o1AtAH6uzEwn2pRz5rur0MQzkvJeJ/3lWDN6FnbAgioEGZLLIi7kOoZ4lpveYoAT4SAEmgqm/6mSAVSigci2oEMz5kxehVa2YtYpxd1aq16Zx5NEBOkRlZKJzVEc3qIGaiKAn9ILe0Lv2rL1qn9rXpDWnTWf20Z/Sfn4BFeGkdw==</latexit>

h(t) = K[
1

p1 � p2
ep1t +

1

p2 � p1
ep2t]

<latexit sha1_base64="RN+mVRs2qjhEpCVNpf6sFFRVIDc="></latexit>

h(t) =
�2 + !2

!
e��t sin(!t)1(t)

<latexit sha1_base64="P1iqr0D8wSiGygcc3KitmHAPuaU=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAILWKZKVLdCIVuXFawF2jHIZNm2tBMZkjOCGXo1o2v4saFIm59A3e+jellodUfAh//OYeT8/ux4Bps+8vKrKyurW9kN3Nb2zu7e/n9g5aOEkVZk0YiUh2faCa4ZE3gIFgnVoyEvmBtf1Sf1tv3TGkeyVsYx8wNyUDygFMCxvLyeFyE0lXdc07rXgUX2V0aew5MzmZQgUnJyxfssj0T/gvOAgpooYaX/+z1I5qETAIVROuuY8fgpkQBp4JNcr1Es5jQERmwrkFJQqbddHbJBJ8Yp4+DSJknAc/cnxMpCbUeh77pDAkM9XJtav5X6yYQXLopl3ECTNL5oiARGCI8jQX3uWIUxNgAoYqbv2I6JIpQMOHlTAjO8sl/oVUpO9WyfXNeqFUXcWTRETpGReSgC1RD16iBmoiiB/SEXtCr9Wg9W2/W+7w1Yy1mDtEvWR/fUhyYLg==</latexit>

y(t) = C1 + C2(e
p1t � ep2t)

<latexit sha1_base64="EP8tDLzXtKDBsW7MpNd5lZf+TI4=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUUQxJIEqW6EQjcuK9gHtDFMppN26OTBzI1QQvZu/BU3LhRx6w+482+cthG09cAMZ865lzv3eDFnEkzzSyusrK6tbxQ3S1vbO7t7+v5BW0aJILRFIh6Jrocl5SykLWDAaTcWFAcepx1v3Jj6nXsqJIvCW5jE1AnwMGQ+IxiU5Orlq4Zrncau3XBtepfGrgXZmbp/njZkrl4xq+YMxjKxclJBOZqu/tkfRCQJaAiEYyl7lhmDk2IBjHCalfqJpDEmYzykPUVDHFDppLNdMuNYKQPDj4Q6IRgz9XdHigMpJ4GnKgMMI7noTcX/vF4C/qWTsjBOgIZkPshPuAGRMQ3GGDBBCfCJIpgIpv5qkBEWmICKr6RCsBZXXiZtu2rVqubNeaVey+MooiNURifIQheojq5RE7UQQQ/oCb2gV+1Re9betPd5aUHLew7RH2gf33bGmWg=</latexit>

= C1 + p2C2e
p1t � p1C2e

p2t
<latexit sha1_base64="EnvNbIL8foMqyi+MEz/yKvPrOho=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUj0WvHisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKa2by1G15jbcBdA68QpSgwLtUfVrOI5IIqg0hGOtB54bGz/DyjDC6bwyTDSNMZnhCR1YKrGg2s8Wt87RhVXGKIyULWnQQv09kWGhdSoC2ymwmepVLxf/8waJCW/9jMk4MVSS5aIw4chEKH8cjZmixPDUEkwUs7ciMsUKE2PjqdgQvNWX10n3quE1G+7Dda3VLOIowxmcQx08uIEW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8weBWo3Z</latexit>

y(t)

Re

Im

p1

p2

The impulse response is always decided by the poles! (also the oscillating 
part of the step response)

They are made of the modes


