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How to go from temporal domain to frequency domain?

Fourier Transform
<latexit sha1_base64="SgoJn/m62E5pHOD5GFbySsthxEo=">AAACHXicbVDLSgMxFM34tr6qLt0Ei9AuWmZE1I0gCuKygq1CX2TSO200kxmSO9Iy9Efc+CtuXCjiwo34N6aPha8DCYdzziW5x4+lMOi6n87U9Mzs3PzCYmZpeWV1Lbu+UTVRojlUeCQjfe0zA1IoqKBACdexBhb6Eq7829Ohf3UH2ohIXWI/hkbIOkoEgjO0Uiu7d5avRyF0WOGoLhQ27RVgv5UWx2RAg3yvAM20eDOO0d6g3Wtlc27JHYH+Jd6E5MgE5Vb2vd6OeBKCQi6ZMTXPjbGRMo2CSxhk6omBmPFb1oGapYqFYBrpaLsB3bFKmwaRtkchHanfJ1IWGtMPfZsMGXbNb28o/ufVEgwOG6lQcYKg+PihIJEUIzqsiraFBo6ybwnjWti/Ut5lmnG0hWZsCd7vlf+S6m7J2y+5F3u545NJHQtki2yTPPHIATkm56RMKoSTe/JInsmL8+A8Oa/O2zg65UxmNskPOB9fMEKiAA==</latexit>

F (!) =

Z 1

�1
f(x)e�j!xdx

Function in 
temporal domain

<latexit sha1_base64="hTeuJhTdADrrE1fmUBH0zZ3oSeA=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIgliSItWNUHDjsoK9QBvLZDptx04yYWYilNCVG1/FjQtF3PoM7nwbJ20W2vrDwMd/zuHM+f2IM6Ud59taWFxaXlnNreXXNza3tu2d3boSsSS0RgQXsuljRTkLaU0zzWkzkhQHPqcNf3iV1hsPVComwls9iqgX4H7IeoxgbayOfUDvkvt2NGDjE0OnU7wsEaFS6tgFp+hMhObBzaAAmaod+6vdFSQOaKgJx0q1XCfSXoKlZoTTcb4dKxphMsR92jIY4oAqL5mcMUZHxuminpDmhRpN3N8TCQ6UGgW+6QywHqjZWmr+V2vFunfhJSyMYk1DMl3UiznSAqWZoC6TlGg+MoCJZOaviAywxESb5PImBHf25Hmol4puuejcnBUq5SyOHOzDIRyDC+dQgWuoQg0IPMIzvMKb9WS9WO/Wx7R1wcpm9uCPrM8fQnGY8w==</latexit>

ej� + e�j� = 2cos�

<latexit sha1_base64="kOoUHO/9m8NxEkUDtSsn3z6x47k=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiCEKZEaluhIIblxXsBTpjyaSZNm0mGZKMUIau3Pgqblwo4tZncOfbmGlnoa0/BD7+cw4n5w9iRpV2nG+rsLS8srpWXC9tbG5t79i7e00lEolJAwsmZDtAijDKSUNTzUg7lgRFASOtYHSd1VsPRCoq+J0ex8SPUJ/TkGKkjdW1D8l9OvTiAZ1ceViojE6H0FOUZ9i1y07FmQougptDGeSqd+0vrydwEhGuMUNKdVwn1n6KpKaYkUnJSxSJER6hPukY5Cgiyk+nZ0zgsXF6MBTSPK7h1P09kaJIqXEUmM4I6YGar2Xmf7VOosNLP6U8TjTheLYoTBjUAmaZwB6VBGs2NoCwpOavEA+QRFib5EomBHf+5EVonlXcasW5PS/XqnkcRXAAjsAJcMEFqIEbUAcNgMEjeAav4M16sl6sd+tj1lqw8pl98EfW5w9QNJj7</latexit>

ej� = cos�+ j sin�

Decompose the original signal to sinusoidal functions

For different frequencies (omega)
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Examples of Fourier Transform

freq
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Inverse Fourier Transform
• Going back to temporal domain from frequency domain

<latexit sha1_base64="SgoJn/m62E5pHOD5GFbySsthxEo=">AAACHXicbVDLSgMxFM34tr6qLt0Ei9AuWmZE1I0gCuKygq1CX2TSO200kxmSO9Iy9Efc+CtuXCjiwo34N6aPha8DCYdzziW5x4+lMOi6n87U9Mzs3PzCYmZpeWV1Lbu+UTVRojlUeCQjfe0zA1IoqKBACdexBhb6Eq7829Ohf3UH2ohIXWI/hkbIOkoEgjO0Uiu7d5avRyF0WOGoLhQ27RVgv5UWx2RAg3yvAM20eDOO0d6g3Wtlc27JHYH+Jd6E5MgE5Vb2vd6OeBKCQi6ZMTXPjbGRMo2CSxhk6omBmPFb1oGapYqFYBrpaLsB3bFKmwaRtkchHanfJ1IWGtMPfZsMGXbNb28o/ufVEgwOG6lQcYKg+PihIJEUIzqsiraFBo6ybwnjWti/Ut5lmnG0hWZsCd7vlf+S6m7J2y+5F3u545NJHQtki2yTPPHIATkm56RMKoSTe/JInsmL8+A8Oa/O2zg65UxmNskPOB9fMEKiAA==</latexit>

F (!) =

Z 1

�1
f(x)e�j!xdx

Fourier transform

<latexit sha1_base64="9uBS/aWYKNI6Ii1c2B3VtyTjp6Y="></latexit>

f(x) =
1

2⇡

Z 1

�1
F (!)ej!d!
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Laplace transform
• “An extended version of Fourier Transform”

s is a complex number
<latexit sha1_base64="MKQcnZpUP/XWJK6a8a/DrJSnH30=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZBEMKMSPQiBLx4jGAWyAyhp9MzadPL0N0jxCH4K148KOLV//Dm39hZDpr4oODxXhVV9aKUUW0879spLC2vrK4V10sbm1vbO+7uXlPLTGHSwJJJ1Y6QJowK0jDUMNJOFUE8YqQVDa7HfuuBKE2luDPDlIQcJYLGFCNjpa57oOEVDDRNOIKn8D6QnCSo65a9ijcBXCT+jJTBDPWu+xX0JM44EQYzpHXH91IT5kgZihkZlYJMkxThAUpIx1KBONFhPrl+BI+t0oOxVLaEgRP190SOuNZDHtlOjkxfz3tj8T+vk5n4MsypSDNDBJ4uijMGjYTjKGCPKoING1qCsKL2Voj7SCFsbGAlG4I///IiaZ5V/GrFuz0v16qzOIrgEByBE+CDC1ADN6AOGgCDR/AMXsGb8+S8OO/Ox7S14Mxm9sEfOJ8/nY6UAw==</latexit>

s = � + j!

<latexit sha1_base64="6RgBNFA2Y0TDo6m7gpExdp1ZbE8=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CwIvHCOYByRJmJ7PJmHksM7NCWPIZXjwo4tWv8ebfOEn2oIkFDUVVN91dUcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy6hUE9okiivdibChnEnatMxy2kk0xSLitB2Nb2d++4lqw5R8sJOEhgIPJYsZwdZJXYNu0GNPCTrE/XLFr/pzoFUS5KQCORr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOYnT9GZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9j8aME2J5RNHMNHM3YrICGtMrEup5EIIll9eJa2LalCr+veXlXotj6MIJ3AK5xDAFdThDhrQBAIKnuEV3jzrvXjv3seiteDlM8fwB97nD15skKA=</latexit>

s = j!When , the Laplace transform becomes Fourier transform

• Inverse Laplace transform
<latexit sha1_base64="DNuybyjZpMbLJw42vl+Anfp9sYg="></latexit>

f(t) = L�1 [F (s)] =
1

2⇡j

Z
estF (s)ds

For simplicity reasons, we 
denote 

<latexit sha1_base64="Y21DHqzxGsIqXvyGSxOmIdrNg/E=">AAACC3icbVC7SgNBFJ31GeMramkzJAhJE3ZFoo0QsLGwiGAesruE2clsMmT2wcxdYVnS2/grNhaK2PoDdv6Nk2QLTTxw4XDOvdx7jxcLrsA0v42V1bX1jc3CVnF7Z3dvv3Rw2FFRIilr00hEsucRxQQPWRs4CNaLJSOBJ1jXG19N/e4Dk4pH4R2kMXMDMgy5zykBLfVL5fuqql06AYERJSK7mTiC+WDjtAo1R/LhCNx+qWLWzRnwMrFyUkE5Wv3SlzOIaBKwEKggStmWGYObEQmcCjYpOoliMaFjMmS2piEJmHKz2S8TfKKVAfYjqSsEPFN/T2QkUCoNPN05PVotelPxP89OwL9wMx7GCbCQzhf5icAQ4WkweMAloyBSTQiVXN+K6YhIQkHHV9QhWIsvL5POad1q1M3bs0qzkcdRQMeojKrIQueoia5RC7URRY/oGb2iN+PJeDHejY9564qRzxyhPzA+fwAJippj</latexit>

Y (s) = L [y(t)]

and sometime simplify it 
as

<latexit sha1_base64="sPZXbF2Mme0AviapebSQDcGjXFE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEF+yFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPRLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8asVtXJVr1TyOApzCGVyAB9dQgzuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBtUeM1g==</latexit>

Y

<latexit sha1_base64="xA3XyCOj4OB0SM9v5+cGGwxFmyg="></latexit>

F (s) = L [f(t)] =

Z 1

0�

f(t)e�stdt
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Examples of exponential signals
<latexit sha1_base64="xqZwc809I7uaFAhEXQ6INIh4dwA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi8cK9gPaWDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4Zua3n5g2XMl7nCQsiMlQ8ohTglZqsYfM4LRfrnhVbw53lfg5qUCORr/81RsomsZMIhXEmK7vJRhkRCOngk1LvdSwhNAxGbKupZLEzATZ/Nqpe2aVgRspbUuiO1d/T2QkNmYSh7YzJjgyy95M/M/rphhdBxmXSYpM0sWiKBUuKnf2ujvgmlEUE0sI1dze6tIR0YSiDahkQ/CXX14lrYuqX6t6d5eVei2PowgncArn4MMV1OEWGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AOrrj1E=</latexit>

est
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Examples of Laplace transform
• Unit impulse function

0

<latexit sha1_base64="TyHc/yqq7rvValG/+KQqyjosMi4=">AAACFHicbZDLSgMxFIYzXmu9VV26GSxCi1hmRKoboeDGZQV7gU4tmfS0Dc1khuRMoQx9CDe+ihsXirh14c63Mb0I2vpD4Mt/ziE5vx8JrtFxvqyl5ZXVtfXURnpza3tnN7O3X9VhrBhUWChCVfepBsElVJCjgHqkgAa+gJrfvx7XawNQmofyDocRNAPalbzDGUVjtTInHpd470GkuTD35PQHR4Mc5r02CKQGrgY5J9/KZJ2CM5G9CO4MsmSmcivz6bVDFgcgkQmqdcN1ImwmVCFnAkZpL9YQUdanXWgYlDQA3UwmS43sY+O07U6ozJFoT9zfEwkNtB4GvukMKPb0fG1s/ldrxNi5bCZcRjGCZNOHOrGwMbTHCdltroChGBqgTHHzV5v1qKIMTY5pE4I7v/IiVM8KbrHg3J5nS8VZHClySI5IjrjkgpTIDSmTCmHkgTyRF/JqPVrP1pv1Pm1dsmYzB+SPrI9vGcOeIQ==</latexit>Z ✏

�✏
v(t)�(t) = v(0)

<latexit sha1_base64="cDesV2q4p1hxtcCXN1L6XGHlcqI="></latexit>

L [�(t)] =

Z ✏

�✏
�(t)e�stdt = 1

• Unit step function
0

1
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Linear combination of two functions
<latexit sha1_base64="AdfslIcBvREpTLPyoX6ppBrP1Uk=">AAACDXicbVBLSwMxEJ6tr1pfqx69BKtQEcpukepFKHjxWME+oC1LNs22odnskmSFsvQPePGvePGgiFfv3vw3pu0etHUg8D1mmMznx5wp7TjfVm5ldW19I79Z2Nre2d2z9w+aKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vJHN1O/9UClYpG41+OY9kI8ECxgBGsjefZJUNJn113M4yH2XBR4ruHnGa8YXjHcs4tO2ZkVWgZuBoqQVd2zv7r9iCQhFZpwrFTHdWLdS7HUjHA6KXQTRWNMRnhAOwYKHFLVS2fXTNCpUfooiKR5QqOZ+nsixaFS49A3nSHWQ7XoTcX/vE6ig6teykScaCrIfFGQcKQjNI0G9ZmkRPOxAZhIZv6KyBBLTLQJsGBCcBdPXgbNStmtlp27i2KtmsWRhyM4hhK4cAk1uIU6NIDAIzzDK7xZT9aL9W59zFtzVjZzCH/K+vwBdX6ZOw==</latexit>

f(t) = ↵1f1(t) + ↵2f2(t)Let What is 
<latexit sha1_base64="UShZKPVFHTqaYvNK89oNmxeEq9Q=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqxIIjHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpreZ332iSrNIPppZTH2Bx5KFjGCTSXdVfTksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsIbP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukc1XzGjX3oV5pNvI4inAG51AFD66hCffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBMfCNpQ==</latexit>

F (s) ?

The Laplace transform is a linear operator!
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Integration of a function
<latexit sha1_base64="lbQKJ0/GnG2yLZdpUuRzCeFRDNE=">AAACFXicbVDLSsNAFJ34rPUVdekmWIQKUhKR6rLgxoWLCvYBTQyTyaQdOpmEmRuhhP6EG3/FjQtF3Aru/BsnbRfaemCGwzn3MnNOkHKmwLa/jaXlldW19dJGeXNre2fX3NtvqySThLZIwhPZDbCinAnaAgacdlNJcRxw2gmGV4XfeaBSsUTcwSilXoz7gkWMYNCSb566MYYBwTy/GbucRtBzmQDfvoeo6gLOTsLidiXrD8DzzYpdsyewFokzIxU0Q9M3v9wwIVlMBRCOleo5dgpejiUwwum47GaKppgMcZ/2NBU4psrLJ6nG1rFWQitKpD4CrIn6eyPHsVKjONCTRQY17xXif14vg+jSy5lIM6CCTB+KMm5BYhUVWSGTlAAfaYKJZPqvFhlgiQnoIsu6BGc+8iJpn9Wces2+Pa806rM6SugQHaEqctAFaqBr1EQtRNAjekav6M14Ml6Md+NjOrpkzHYO0B8Ynz9PIJ9+</latexit>

L
Z t

0
f(⌧)d⌧

�<latexit sha1_base64="tMYuZPpcRLOcH1er4YdzhG92mVs=">AAACInicbVDLSgMxFM34tr6qLt0Ei6ALy4xI1YUguHFZwVahM5ZM5k4bzGSG5I5Qhn6LG3/FjQtFXQl+jGmdha8DyT2ccy/JPWEmhUHXfXcmJqemZ2bn5isLi0vLK9XVtbZJc82hxVOZ6quQGZBCQQsFSrjKNLAklHAZ3pyO/Mtb0Eak6gIHGQQJ6ykRC87QSt3q0bEvFHbda1tiHFBfQoydUsN420eW70Sj29ei18cArotdg8MIu9WaW3fHoH+JV5IaKdHsVl/9KOV5Agq5ZMZ0PDfDoGAaBZcwrPi5gYzxG9aDjqWKJWCCYrzikG5ZJaJxqu1RSMfq94mCJcYMktB2Jgz75rc3Ev/zOjnGh0EhVJYjKP71UJxLiikd5UUjoYGjHFjCuBb2r5T3mWYcbaoVG4L3e+W/pL1X9xp193y/dtIo45gjG2STbBOPHJATckaapEU4uSMP5Ik8O/fOo/PivH21TjjlzDr5AefjEyAtpKQ=</latexit>

=

Z 1

0

Z t

0
f(⌧)d⌧

�
e�stdt

Recall that the integration by parts formula:

<latexit sha1_base64="uueGtVC1GL4VCzrEA00wnin9t3Q=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRahbkoiUt0IBTcuK9gHNDFMJpN26GQSZm6EUrvwV9y4UMStv+HOv3HSZqGtB+7lcM69zJ0TpJwpsO1vY2l5ZXVtvbRR3tza3tk19/bbKskkoS2S8ER2A6woZ4K2gAGn3VRSHAecdoLhde53HqhULBF3MEqpF+O+YBEjGLTkm4fZlcsE+PY9RFUXcHYa5t03K3bNnsJaJE5BKqhA0ze/3DAhWUwFEI6V6jl2Ct4YS2CE00nZzRRNMRniPu1pKnBMlTee3j+xTrQSWlEidQmwpurvjTGOlRrFgZ6MMQzUvJeL/3m9DKJLb8xEmgEVZPZQlHELEisPwwqZpAT4SBNMJNO3WmSAJSagIyvrEJz5Ly+S9lnNqdfs2/NKo17EUUJH6BhVkYMuUAPdoCZqIYIe0TN6RW/Gk/FivBsfs9Elo9g5QH9gfP4AVrKVoQ==</latexit>

u =

Z t

0
f(⌧)d⌧We make

<latexit sha1_base64="TJ2LvRB4R1aAZ8vbZsO71SVerH0=">AAAB+HicbVDLSsNAFL3xWeujUZdugkWom5KIVDdCwY3LCvYBbSiTyaQdOpmEeQg19EvcuFDErZ/izr9x0mahrQfu5XDOvcydE6SMSuW639ba+sbm1nZpp7y7t39QsQ+POjLRApM2TlgiegGShFFO2ooqRnqpICgOGOkGk9vc7z4SIWnCH9Q0JX6MRpxGFCNlpKFdCfVNVBsopM/DvA/tqlt353BWiVeQKhRoDe2vQZhgHROuMENS9j03VX6GhKKYkVl5oCVJEZ6gEekbylFMpJ/ND585Z0YJnSgRprhy5urvjQzFUk7jwEzGSI3lspeL/3l9raJrP6M81YpwvHgo0sxRiZOn4IRUEKzY1BCEBTW3OniMBMLKZFU2IXjLX14lnYu616i795fVZqOIowQncAo18OAKmnAHLWgDBg3P8Apv1pP1Yr1bH4vRNavYOYY/sD5/ACKRkrc=</latexit>

du = f(⌧)d⌧so

We make
<latexit sha1_base64="JgR0iorAJEpQk9kDZmJLSFcVyPw=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgxZKIVC9CwYvHCvYD2lg2m0m7dLMJu5NCCf0bXjwo4tU/481/47bNQVsfDDzem2Fmnp8IrtFxvq3C2vrG5lZxu7Szu7d/UD48auk4VQyaLBax6vhUg+ASmshRQCdRQCNfQNsf3c389hiU5rF8xEkCXkQHkoecUTRSLxjfwlN2oXEaYL9ccarOHPYqcXNSITka/fJXL4hZGoFEJqjWXddJ0MuoQs4ETEu9VENC2YgOoGuopBFoL5vfPLXPjBLYYaxMSbTn6u+JjEZaTyLfdEYUh3rZm4n/ed0Uwxsv4zJJESRbLApTYWNszwKwA66AoZgYQpni5labDamiDE1MJROCu/zyKmldVt1a1Xm4qtRreRxFckJOyTlxyTWpk3vSIE3CSEKeySt5s1LrxXq3PhatBSufOSZ/YH3+AA4skak=</latexit>

dv = e�stdt so
<latexit sha1_base64="AeZM2fmywdeDCkQjrCxbSgGE2tI=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCl4RdkehFCHjxGME8IFnD7GQ2GTL7YKY3EIYFf8WLB0W8+h3e/BsnyR40saChqOqmu8tPBFfgON/Wyura+sZmYau4vbO7t28fHDZVnErKGjQWsWz7RDHBI9YADoK1E8lI6AvW8ke3U781ZlLxOHqAScK8kAwiHnBKwEg9+3h8U+4GklDtZlpl7FGXFWQ9u+RUnBnwMnFzUkI56j37q9uPaRqyCKggSnVcJwFPEwmcCpYVu6liCaEjMmAdQyMSMuXp2fkZPjNKHwexNBUBnqm/JzQJlZqEvukMCQzVojcV//M6KQTXnuZRkgKL6HxRkAoMMZ5mgftcMgpiYgihkptbMR0SEwaYxIomBHfx5WXSvKi41Ypzf1mqVfM4CugEnaJz5KIrVEN3qI4aiCKNntErerOerBfr3fqYt65Y+cwR+gPr8wdS+pWx</latexit>

v = �1

s
e�st

<latexit sha1_base64="csebmVrOp1Ajb4TLgOk+0RJ4wiU=">AAACYXicbVHPT9swFHYCG1B+LHRHLtaqSeXQKkFT2WUSEpcdmbQCUpNWjvPcWjhOZL8gqij/JDcuXPaPzG1zYHRPsvX5e+97z/6clkpaDMMXz9/Z/fBxb/+gc3h0fPIpOO3e2qIyHMa8UIW5T5kFJTWMUaKC+9IAy1MFd+nD9Sp/9wjGykL/xmUJSc7mWgrJGTpqFjz9iBUInMRS4xRnIRX9GFl1nq12GqPMwdJBLAzjddTUto FpPbDY0NjI+QKTqRMKXDrhYN3izXFL03YTfTzPcBb0wmG4DroNohb0SBs3s+A5zgpe5aCRK2btJApLTGpmUHIFTSeuLJSMP7A5TBzUzM1K6rVDDf3qmIyKwrilka7Zt4qa5dYu89RV5gwX9n1uRf4vN6lQfE9qqcsKQfPNIFEpigVd2U0zaYCjWjrAuJHurpQvmHMG3ad0nAnR+ydvg9uLYTQahr++9a5GrR375Ix8IX0SkUtyRX6SGzImnLx6u96xd+L98Q/8wO9uSn2v1Xwm/4R/9hf+NLbp</latexit>

=

Z t

0
f(⌧)d⌧ ⇥�1

s
e�st

�1

0

�
Z 1

0
�1

s
e�st ⇥ f(t)dt

<latexit sha1_base64="csebmVrOp1Ajb4TLgOk+0RJ4wiU="></latexit>

=

Z t

0
f(⌧)d⌧ ⇥�1

s
e�st

�1

0

�
Z 1

0
�1

s
e�st ⇥ f(t)dt<latexit sha1_base64="chxwwAwC6au+TZ3Y6pUO97ddvrI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVtXlfqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AdyOMrQ==</latexit>

0

<latexit sha1_base64="18f6xYUt248P/gNIjxWrb/mZpZc=">AAACEHicbVDLSgMxFM3UV62vqks3wSJWxDIjUl0W3LisYB/Qx5DJZNpgJjMkd4QyzCe48VfcuFDErUt3/o3pY6GtB+7lcM69JPd4seAabPvbyi0tr6yu5dcLG5tb2zvF3b2mjhJFWYNGIlJtj2gmuGQN4CBYO1aMhJ5gLe/+euy3HpjSPJJ3MIpZLyQDyQNOCRjJLR6fdgNFaOpkqc66XELftABGro1ZPz3TkAVlOPHBLZbsij0BXiTOjJTQDHW3+NX1I5qETAIVROuOY8fQS4kCTgXLCt1Es5jQezJgHUMlCZnupZODMnxkFB8HkTIlAU/U3xspCbUehZ6ZDAkM9bw3Fv/zOgkEV72UyzgBJun0oSARGCI8Tgf7XDEKYmQIoYqbv2I6JCYgMBkWTAjO/MmLpHlecaoV+/aiVKvO4sijA3SIyshBl6iGblAdNRBFj+gZvaI368l6sd6tj+lozprt7KM/sD5/AKacnO0=</latexit>

+
1

s

Z 1

0
e�stf(t)dt

<latexit sha1_base64="+QX4y90rS+gACtrOR14w2dCUyZY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkoipXoRCoJ4rGA/oA1ls920SzebsLsplJB/4sWDIl79J978N27bHLT1wcDjvRlm5vkxZ0o7zrdV2Njc2t4p7pb29g8Oj+zjk7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/Mnd3O9MqVQsEk96FlMvxCPBAkawNtLAtm/7gcQkdbNUZfcVdTmwy07VWQCtEzcnZcjRHNhf/WFEkp AKTThWquc6sfZSLDUjnGalfqJojMkEj2jPUIFDqrx0cXmGLowyREEkTQmNFurviRSHSs1C33SGWI/VqjcX//N6iQ5uvJSJONFUkOWiIOFIR2geAxoySYnmM0MwkczcisgYmyS0CatkQnBXX14n7auqW686j7Vyo57HUYQzOIcKuHANDXiAJrSAwBSe4RXerNR6sd6tj2VrwcpnTuEPrM8f0fCTFw==</latexit>

=
1

s
F (s)
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Derivatives of a function
Recall that the integration by parts formula:

<latexit sha1_base64="qlLj/9Awe5qPQpf6M06t8/dirwY=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQLiyJSHVZcOOygn1AW8tkMmmHTh7M3Agl5Avc+CtuXCji1rU7/8ZJm4W2HrhwOOde7r3HiQRXYFnfRmFtfWNzq7hd2tnd2z8wD486KowlZW0ailD2HKKY4AFrAwfBepFkxHcE6zrT68zvPjCpeBjcwSxiQ5+MA+5xSkBLI7MycPi4OvAkoYmbJi6kXhVqmVjD7D45U5BiF0Zm2apbc+BVYuekjHK0RubXwA1p7LMAqCBK9W0rgmFCJHAqWFoaxIpFhE7JmPU1DYjP1DCZv5PiilZc7IVSVwB4rv6eSIiv1Mx3dKdPYKKWvUz8z+vH4F0NEx5EMbCALhZ5scAQ4iwb7HLJKIiZJoRKrm/FdEJ0NKATLOkQ7OWXV0nnvG436tbtRbnZyOMoohN0iqrIRpeoiW5QC7URRY/oGb2iN+PJeDHejY9Fa8HIZ47RHxifP4SIm7k=</latexit>� d

dt
f(t)

�
e�stdt

<latexit sha1_base64="35kcYXSB2o8sWXobDm39JwJ4Pi0=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoC0siUl0W3LisYB/QxjKZTNqhk0mYuRFKyAe48VfcuFDErR/gzr9x2mahrQcGDuecy517vFhwDbb9bRVWVtfWN4qbpa3tnd298v5BW0eJoqxFIxGprkc0E1yyFnAQrBsrRkJPsI43vp76nQemNI/kHUxi5oZkKHnAKQEjDcqVfqAITf0s9SELqnCKsQ+4DzxkGrP79ExDZlJ2zZ4BLxMnJxWUozkof/X9iCYhk0AF0brn2DG4KVHAqWBZqZ9oFhM6JkPWM1QSs8xNZ8dk+MQoPg4iZZ4EPFN/T6Qk1HoSeiYZEhjpRW8q/uf1Egiu3JTLOAEm6XxRkAgMEZ42g32uGAUxMYRQxc1fMR0R0w6Y/kqmBGfx5GXSPq859Zp9e1Fp1PM6iugIHaMqctAlaqAb1EQtRNEjekav6M16sl6sd+tjHi1Y+cwh+gPr8wcWIJr2</latexit>

d

dt
f(t)dt⇥ e�st

<latexit sha1_base64="IoFNkU4H+w5ila8lzq7EPkWHCTM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQD5ZEpHosePFYwX5AG8tms2mXbjZhdyKU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbm+YngGh3n2yqsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJWXZ9oJrhkLeQoWDdRjES+YB1/fDvzO09MaR7LB5wkzIvIUPKQU4JG6rPH7ELjNAireD4oV5yaM4e9StycVCBHc1D+6gcxTSMmkQqidc91EvQyopBTwaalfqpZQuiYDFnPUEkipr1sfvPUPjNKYIexMiXRnqu/JzISaT2JfNMZERzpZW8m/uf1UgxvvIzLJEUm6WJRmAobY3sWgB1wxSiKiSGEKm5utemIKELRxFQyIbjLL6+S9mXNrdec+6tKo57HUYQTOIUquHANDbiDJrSAQgLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPfR+RSQ==</latexit>

e�stdf(t)

<latexit sha1_base64="sGvC+s2YG5ru8Z2g8kZxYRu/J3c="></latexit>Z 1

0

� d

dt
f(t)

�
e�stdt =

Z 1

0
e�stdf(t) =

⇥
f(t)e�st

⇤1
0

�
Z 1

0
f(t)de�st

<latexit sha1_base64="pWSR3X4Z6i+sjJV/ju+o4h9WHaM=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWaZkRqW6EghuXFewD+iKTZtrQTGZI7gjD0A9w46+4caGIWz/AnX9j2s5CWw+EHM45l+QeNxRcg21/Wyura+sbm5mt7PbO7t5+7uCwoYNIUVangQhUyyWaCS5ZHTgI1goVI74rWNMd30z95gNTmgfyHuKQdX0ylNzjlICR+rn8dckr2MUz3eES+nbPXB7E2CtAkfWSkobJAEzKLtsz4GXipCSPUtT6ua/OIKCRzyRQQbRuO3YI3YQo4FSwSbYTaRYSOiZD1jZUEp/pbjJbZoJPjTLAXqDMkYBn6u+JhPhax75rkj6BkV70puJ/XjsC76qbcBlGwCSdP+RFAkOAp83gAVeMgogNIVRx81dMR0QRCqa/rCnBWVx5mTTOy06lbN9d5KuVtI4MOkYnqIAcdImq6BbVUB1R9Iie0St6s56sF+vd+phHV6x05gj9gfX5A3jMmf0=</latexit>

= �f(0) + s

Z 1

0
f(t)e�stdt

<latexit sha1_base64="d+KNvInDOXJQPLCg+3rGDxznLCE="></latexit>

= [0� f(0)]�
Z 1

0
f(t)⇥ (�se�st)dt

<latexit sha1_base64="UShZKPVFHTqaYvNK89oNmxeEq9Q=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqxIIjHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpreZ332iSrNIPppZTH2Bx5KFjGCTSXdVfTksV9yauwBaJ15OKpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5urDKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsIbP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukc1XzGjX3oV5pNvI4inAG51AFD66hCffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBMfCNpQ==</latexit>

F (s)
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Derivatives of a function

How about higher derivatives?

This is important, because it makes 
differential equations much easier!

10



Differential equations – the spring-damper model as an example

<latexit sha1_base64="EtjHSZ3d+uR4ph8otLAf6lMd28g=">AAACG3icbZDLSsNAFIYn9VbrrerSTbAIlUJJilQ3QsGNywr2Am1aJpNJO3RyYeZELCHv4cZXceNCEVeCC9/GSRtBWw/M8PH/5zBzfjvkTIJhfGm5ldW19Y38ZmFre2d3r7h/0JZBJAhtkYAHomtjSTnzaQsYcNoNBcWezWnHnlylfueOCskC/xamIbU8PPKZywgGJQ2LNa/vCkxiZ1C7L8NpEjswqCUVO1N/tKQySfHSVdewWDKqxqz0ZTAzKKGsmsPiR98JSORRHwjHUvZMIwQrxgIY4TQp9CNJQ0wmeER7Cn3sUWnFs90S/UQpju4GQh0f9Jn6eyLGnpRTz1adHoaxXPRS8T+vF4F7YcXMDyOgPpk/5EZch0BPg9IdJigBPlWAiWDqrzoZY5UKqDgLKgRzceVlaNeqZr1q3JyVGvUsjjw6QseojEx0jhroGjVRCxH0gJ7QC3rVHrVn7U17n7fmtGzmEP0p7fMb+zigrw==</latexit>

m
d2x(t)

dt2
+ b

dx(t)

dt
+ kx(t) = f(t)

Doing a Laplace transform

For simplification reasons, we assume x(0)=0, x’(0)=0
<latexit sha1_base64="6Yv1FU7qIKs2LmoGVH4k/t9tOBU=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahIpSZItWNUBDEZQX7gHYsmTTThiaZIckIpRTc+CtuXCji1p9w59+Ymc5CWw/k5nDOvST3+BGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29pgpjiUkDhyyUbR8pwqggDU01I+1IEsR9Rlr+6CrxWw9EKhqKOz2OiMfRQNCAYqSN1LMPuLqvtEvq5NRX6TVK6uW1KT276JSdFHCRuBkpggz1nv3V7Yc45kRozJBSHdeJtDdBUlPMyLTQjRWJEB6hAekYKhAnypukO0zhsVH6MAilOULDVP09MUFcqTH3TSdHeqjmvUT8z+vEOrjwJlREsSYCzx4KYgZ1CJNAYJ9KgjUbG4KwpOavEA+RRFib2AomBHd+5UXSrJTdatm5PSvWqlkceXAIjkAJuOAc1MANqIMGwOARPINX8GY9WS/Wu/Uxa81Z2cw++APr8wc585VJ</latexit>

ms2X(s) + bsX(s) + kX(s) = F (s)
<latexit sha1_base64="fWwCp9ZsO1Zkei8b1sHeIM3bj2s=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCS6HMFKluhIIgLivYB7RjyaSZNjTJDElGqEPxV9y4UMSt/+HOvzFtZ6GtB+7lcM695Ob4EaNKO863lVlZXVvfyG7mtrZ3dvfs/YOmCmOJSQOHLJRtHynCqCANTTUj7UgSxH1GWv7oauq3HohUNBR3ehwRj6OBoAHFSBupZx8VuLqvlHxVGhXbBVW8vDatZ+edsjMDXCZuSvIgRb1nf3X7IY45ERozpFTHdSLtJUhqihmZ5LqxIhHCIzQgHUMF4kR5yez6CTw1Sh8GoTQlNJypvzcSxJUac99McqSHatGbiv95nVgHF15CRRRrIvD8oSBmUIdwGgXsU0mwZmNDEJbU3ArxEEmEtQksZ0JwF7+8TJqVslstO7dn+Vo1jSMLjsEJKAAXnIMauAF10AAYPIJn8ArerCfrxXq3PuajGSvdOQR/YH3+AEy0kyY=</latexit>

(ms2 + bs+ k)X(s) = F (s)
<latexit sha1_base64="2Vag1QYTJ/tCft8OuQABnu3ndNY=">AAACBXicbVDLSgMxFM34rPU16lIXwSJUCmWmSHUjFARxWcE+oB1LJs20oUlmSDJCGWbjxl9x40IRt/6DO//GtJ2Fth64cDjnXu69x48YVdpxvq2l5ZXVtfXcRn5za3tn197bb6owlpg0cMhC2faRIowK0tBUM9KOJEHcZ6Tlj64mfuuBSEVDcafHEfE4GggaUIy0kXr2UbuoTi+7gUQ4cdOEq/tKyVelUXpt9J5dcMrOFHCRuBkpgAz1nv3V7Yc45kRozJBSHdeJtJcgqSlmJM13Y0UihEdoQDqGCsSJ8pLpFyk8MUofBqE0JTScqr8nEsSVGnPfdHKkh2rem4j/eZ1YBxdeQkUUayLwbFEQM6hDOIkE9qkkWLOxIQhLam6FeIhMItoElzchuPMvL5JmpexWy87tWaFWzeLIgUNwDIrABeegBm5AHTQABo/gGbyCN+vJerHerY9Z65KVzRyAP7A+fwB6ZJc+</latexit>

X(s) =
1

ms2 + bs+ k
F (s)

Then we can perform inverse Laplace transform to get x(t)

b
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Systems built on differential equations 
• In many practical situations, the input/output behavior of a system can be modeled by a 

linear differential equation

u is the input, y is the output. Coefficients ak and bk are real numbers

We define the 
transfer function

Then we have
12



Transfer function
• A core concept in classical controls

• We can think of H(s) as an operator that maps inputs to outputs
• Either H: U(s)-> Y(s)
• Or H: u(t) -> y(t)

• Typically, m<=n, and we call the transfer function causal
• H is a linear operator

• H is a time invariant operator:
Linear and time 
invariant (LTI) systems

13



Transfer function
• The LTI nature of transfer functions:
• Let H: u-> y be a LTI operator, and 
• Then the output y(t) is a pure sinusoid of the same frequency

Why?

14



Transfer function

• Consider a case: let 
<latexit sha1_base64="jU5RrjfG3YkxgSF31OTon5dvGFo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CwIvHCOaByRJmJ7PJkHksM7NCCPkLLx4U8erfePNvnE32oIkFDUVVN91dUcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy6hUE9okiivdibChnEnatMxy2kk0xSLitB2NbzO//US1YUo+2ElCQ4GHksWMYOukR3PDekrQIS71yxW/6s+BVkmQkwrkaPTLX72BIqmg0hKOjekGfmLDKdaWEU5npV5qaILJGA9p11GJBTXhdH7xDJ05ZYBipV1Ji+bq74kpFsZMROQ6BbYjs+xl4n9eN7XxdThlMkktlWSxKE45sgpl76MB05RYPnEEE83crYiMsMbEupCyEILll1dJ66Ia1Kr+/WWlXsvjKMIJnMI5BHAFdbiDBjSBgIRneIU3z3gv3rv3sWgtePnMMfyB9/kD5mCQXw==</latexit>

s = i!

<latexit sha1_base64="k6P+qRZHT0T4eRzsJrGl/sSkzOk=">AAAB8nicbVBNS8NAEN34WetX1aOXxSLUS0lEqseClx4r2A9IQ9lsJ+3S3WzY3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5YcKZNq777Wxsbm3v7Jb2yvsHh0fHlZPTrpapotChkkvVD4kGzmLoGGY49BMFRIQceuH0Pvd7T6A0k/GjmSUQCDKOWcQoMVbyWzU2kALG5Ko8rFTdursAXideQaqoQHtY+RqMJE0FxIZyorXvuYkJMqIMoxzm5UGqISF0SsbgWxoTATrIFifP8aVVRjiSylZs8EL9PZERofVMhLZTEDPRq14u/uf5qYnugozFSWogpstFUcqxkTj/H4+YAmr4zBJCFbO3YjohilBjU8pD8FZfXifd67rXqLsPN9Vmo4ijhM7RBaohD92iJmqhNuogiiR6Rq/ozTHOi/PufCxbN5xi5gz9gfP5A+m2kFI=</latexit>

H(i!) Is complex

magnitude

angle

gain

Phase shift

In other words, if the input is 

The output is 

Considering the input is a sum of sinusoids , what’s the output?
<latexit sha1_base64="XBSdtADLaThWcNb/2SoyJ8Kj36Y="></latexit>

y(t) =
X

k

kH(i!k)kAk sin(!kt+ �k + \H(i!k))
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