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How to go from temporal domain to frequency domain?

Fourier Transform Decompose the original signal to sinusoidal functions

Fw) = [ ZJL \v/\x
AN

Function in
temporal domain \

| / /\ e’? = cos ¢ + jsin ¢ \
B eit e 7% = 2cos¢ \\/ v v v \/ |

For different frequencies (omega)



Examples of Fourier Transform
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Inverse Fourier Transform

* Going back to temporal domain from frequency domain

f(x) ! /OO F(w)e?dw F(w) = /_O:O f(x)e 9% dg

:% .

Fourier transform



Laplace transform

* “An extended version of Fourier Transform” For simplicity reasons, we
denote Y (s) = L [y(t)]

> s and sometime simplify i
P(s)=LIf(O) = [ flt)e"dt oy

0_

s is a complex number s = 0 + jw

When s = jw , the Laplace transform becomes Fourier transform

* Inverse Laplace transform



Examples of exponential signals 57
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Examples of Laplace transform

* Unit impulse function ‘ /E v(t)o(t) = v(0)

. . _ 1 J 0 if t<O0
Unit step function | u(t) = { 1 if >0

oo

U(s) = Lu(t)] = / e Stdt



Linear combination of two functions

Let f(t) = a1fi(t) + aafa(t) Whatis F(s)?

F5) = [ (0af)) +arfole))e™ds

oo

= ay fi(t)e *tdt + an fa(t)e *tdt
0— 0_—

= Olel(S) + s Fy (S)

The Laplace transform is a linear operator!



Integration of a function Recall that the integration by parts formula:

s o . udv = uwv — | vdu.
c| [ smar|= [T][ soyir| frame )
0 0 0 S We makeu:/ f(T)dT so du= f(r)dr

t 1 —st
We make dv =¢e¢ °'dt SO v:—ge

t o0 0

1 1

. [ / f(T)dTX——e‘“] - [Tt s
0 5 0 o S
+1/OO —Sf(t)dt

= — e
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Derivatives of a function

Recall that the integration by parts formula:

L [d%f(t)} = /oo (%f(t)) e Stdt. /udv = uv — /vdu.

d —st . i —st 6—st
(af(t))e dt dtf(t)dt X e df (t)

~d —st 31 __ >~ —St —St
/O (55 (0)e "t = /0 af (1 / £t

/ F(t) e—s1)




Derivatives of a function

£| 50| =sF(s) = £02)

How about higher derivatives?

[ [%f(t)} — 2F(s)  s£(01) - L £

$=0-

o dk 1
£|:dtn ( :| S) ZS dtk 1

t=0_

This is important, because it makes
differential equations much easier!
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Differential equations — the spring-damper model as an example

—p X(1)

F(t)

AN \\\%\\
3

d?z(t) bda:(t)

g + o + kx(t) = f(t)

m

Doing a Laplace transform
For simplification reasons, we assume x(0)=0, x’(0)=0
ms*X(s) + bsX(s) + kX (s) = F(s)

(ms® 4 bs + k)X (s) = F(s)

1

X —
(5) ms? + bs + k

F(s)

Then we can perform inverse Laplace transform to get x(t)



Systems built on differential equations

* In many practical situations, the input/output behavior of a system can be modeled by a
linear differential equation

T T oy it Sl
din | dpn1 nd =20 gm0l pm—1

+ .-+ b,,u.

u is the input, y is the output. Coefficients a, and b, are real numbers
L |i2 aiﬁy(t)] =l [Z bi@ ] Zaz [—y t)] Zb L [—u t)] —> Z a;S Y(s) = Z b;s U(S)
=0 =0 i=0 i=0

(ans” +a,_ 18" 1+ +ass® +ais+ ao) Y(s) = (bmsm b 8™ T g J Do DG bo) U(s)

N
N "

2 A(s) £ B(s)

B(s)
A(s)

We define the

. H(s) =
transfer function

Then we have Y (s) = H(s)U(s)
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Transfer function

* A core concept in classical controls

b 8™ + Opp—18™ L + -+ oo +b185+ by ~ B(s)

His)= -
(&) = s Fan s T4 Fastao  Als)

* We can think of H(s) as an operator that maps inputs to outputs
e Either H: U(s)-> Y(s)
e Or H: u(t) -> y(t)

* Typically, m<=n, and we call the transfer function causal

* His alinear operator —

H(aiur + aguz) = a1 H(u1) + asH(u2) Linear and time

* His a time invariant operator: " invariant (LTI) systems
if H(u(t)) = y(t), then H(u(t — 7)) =y(t — 7)




Transfer function

e The LTI nature of transfer functions:
* Let H: u->vy be a LTl operator, and u(t) = A;, sin(wt + ¢in)

* Then the output y(t) is a pure sinusoid of the same frequency

y(t) — AwAzn Sil’l(LUt S ¢zn I ¢w)

Why?
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Transfer function
Y(s) = H(s)U(s)
e Consider a case: let s = ww

H (iw) Is complex

v

r=||H(iw)|| magnitude gain

¢ = /H(iw) angle Phase shift

v

In other words, if the inputis u(t) = A, sin(wt + ¢in)
The output is ¥(t) = [[H (iw)||Ain sin(wt + ¢in + LH (iw))

Considering the input is a sum of sinusoids u(t) = Z Aj sin(wit + ¢x) , what’s the output?
k

y(t) =Y || H (iwp)|| A sin(wit + ¢ + £H (iwy,))
k

15



