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Kleene's Theorem:

The Structure of Finite State Machines

@ We have a number of good algorithms to manipulate FSMs and tedt
their properties.

@ Alas, these machines have one serious drawback: they dorévl any nice
internal structure and they are somewhat di cult to descrite (other than
by a brute force table).

@ It would be nice if we could somehow build machines in some teysatic
way, using only trivial basic components and a handful of anably
simple operations.

@ Is there any hope for this?



Kleene's Theorem:

For the Record: Krohn-Rhodes

There is a basic result from 1962, the Krohn-Rhodes Theorerguably one of
the most important results in automata theory.

The theorem says, in essence, that every deterministic aotaton can be
decomposed into simple components.

Alas, the argument uses algebra quite heavily (the simpleraponents are
machines corresponding to nite simple groups plus a 2-sttip- op
automaton).

Recently, some actual implementations have been developbdt overall the
theorem seems to be mostly of theoretical value.

BTW, this is one of the rare cases where 2 PhDs were granted fome result,
Krohn at Harvard and Rhodes at MIT.



Kleene's Theorem:

Kleene's theorem

Here is another, much easier result that has many direct ptaal applications.

Theorem (Kleene 1956)

Every regular language over can be constructed from; andfag, a2 ,
using only the operations union, concatenation and Kleentas

Regular languages are closed under other operations suchirasrsection and
complement, but these are not needed to construct a regulamiguage from the
basic ones.

Before we sketch the proof, let us introduce the notation stem for regular
languages suggested by Kleene's result.



Kleene's Theorem:

Regular Expressions

De nition
A regular expressions a term constructed as follows:

9 Basic expressions; , a for all a 2
@ Operators: (E1 + E3), (E1 E»), (E?).

For example,
?
((a (b)) + 0
is a regular expression. While correct, this is too clumsyrfaords: as usual in
arithmetic, one uses precedence ordering to avoid parenske and drops the
dot for concatenation.

One often allows" as a primitive denoting the empty word (though this is
technically redundant since_? denotes the same language).



Kleene's Theorem:

The Corresponding Languages

We can associate a language with each regular expression:

L=«
L(a)= fag
L(E1+ E2)= L(E1)[L (E2)
L(Ex1 E2)= L(E1) L(E2)
L(E")= L(E)’

So by Kleene's theorem, for every regular languagethere is a regular
expression such thatL( )= L.

Lastly, one avoids the underlines and writes things lik&’ + c, it's always clear
from context what is meant. One should also be relaxed aboulentifying f xg
and x whenever convenient.



Kleene's Theorem:

Regex Example

Example

All words containingbah (a+ b) baka+ b) .

All words containing 3a's: b’ab’ab’ab’

All words not containingaaa: (" + a+ aa)(b+ ba+ baa)’

Exercise
Construct a regex for all words with an even number afs and b's.

Exercise
Construct a regex for all words with an odd number af's and b's.



Kleene's Theorem:

Proof Sketch Kleene

One direction is easy given the results with already have.

To show that L( ) is regular for all we need is induction on the build-up of

@ The claim is trivial for atomic regular expressions.

@ For compound regular expressions use closure under unicmmaatenation
and Kleene star.

More on realistic implementations later.



Kleene's Theorem: 10

Proof Sketch Kleene, the Hard Part

Suppose we have an NFA that accepts some regular languageAssume
Q =[n]. Forp, gin Q de ne

Lpg = L(hQ; ; ;fpg;fagi) J

S . .
ThenL = ,,,2¢ Lpg and it su ces to construct regular expressions for the
Lo -
In order to obtain an inductive argument, de ne a run from st p to state q

to be k-boundedif all intermediate states are no greater thak. Note that p
and g themselves are not required to be bounded lhy

Now consider the approximation languages:

Lkq = fx2 7] thereis ak-bounded runp!* q g: |

Note that Ljq = Lpg-



Kleene's Theorem:

Proof Sketch, cont'd.

One can build expressions fdryy,, by induction onk.
For k =0 the expressions are easy:
p a(r 5 Yy

0o _ g ) & if g6 p,
L% = P (paa) :
otherwise.

(paa) as

So supposek > 0. The key idea is to use the equality

k _ 1k 1 k 1 k 1 k 1
Lp;q - Lp;q v Lp;k (Lk;k I-k;q

Done by IH.

11



Kleene's Theorem:

Pseudo Code

foreach p
foreach q
initialize

foreach k
foreach p
foreach q

Alp,q.K]

return sum(

1,..,n do
1,..,n do
Alp,q.,0];

Alp,.g,n] | pinl, g in F);

12



Kleene's Theorem: 13

Feasibility

The critical line is

Alp,g.k] = Alp,q,k-1] + Alp,kk-1].A[k,kk-1]*.A[k,q,k- 1J;
and assumes that we have overloaded the arithmetic operat@ppropriately.
Note that the expression on right is about 4 times bigger thaits components,
so we are dealing with expressions of exponential size.
In reality, these expressions quickly become unmanageaien if one attempts

to simplify terms and keep things concise and short.

Finding the shortest regular expression is unfortunateBSPACE -hard.



Kleene's Theorem: 14

Aside 1: Algebra

Note that Kleene's theorem really establishes an algebraisult. De ne the
language semiringover  to be

LO)= hP( *)il::%0mi |

This is a type of algebra with 3 operations and two constants.

Then Kleene's theorem can be interpreted thus: the least sailgebra generated
by the singletonsfag, a2 , consists precisely of the regular languages. More
later.



Kleene's Theorem:

Aside 2: Dep Vu, All Over Again

This should look eminently familiar: logically, Floyd-Wahall's all-pairs shortest
path algorithm is essentially the same.

The underlying algebra, themin-plus semiring is di erent and simpler (loops
are irrelevant for shortest paths). The recursion for dynaim programming
looks like this:

d;;q = min( d;;ql; d;;kl v dll:;q l): J

And, of course, we are calculating with rational numbers ternot with formal
expressions. There is no danger of expressions blowing up.

15



Kleene's Theorem: 16

Aside 3: Simple Application

When arguing about properties of regular languages it is setimes easier to
use regular expressions rather than machines.

For example, consider closure under homomorphisms.

De nition

7

A homomorphismis a mapf : ? such that

f(XiXz2:::Xn) = F(X1)f (x2):::f (Xn) J

wherex; 2 . In particular f (") = ".

Note that a homomorphism can be represented by a nite tablewve only need
f(a)2 ’foralla?2



Kleene's Theorem:

Closure under Homomorphisms

Claim
Regular languages are closed under homomorphismigl) is regular whenever
L is for any homomorphisnt .

Given a homomorphisnf (a nite table) de ne a regular expression f

for each over

over

V7 + o7 Tt
w7 71 f f
a7l f(a) "y

ThenL( )= f(L( ).

Exercise
Give a machine based proof of the claim.

17
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The Algebra of Languages: 19

Algebra of Languages

Given an alphabet we consider the collection of all languages over.

?

LO= P()=fLjL “g |

There are the obvious Boolean operations union, interseati and complement
that can be applied to languages over. Hence we have a Boolean algebra

hL() ;[;\;7i J

That's OK, but not terribly interesting: at no point are we usng the fact that
the sets in question are sets of words, rather than arbitragbjects.

So the question is: what are interesting operations dn() that exploit this
fact?



The Algebra of Languages: 20

Concatenation

Recall that we can \multiply" two words by concatenating then.

We can lift this operations to language by applying concatation pointwise.
Given two languaged 1;L> ? we concatenate them by concatenating all
possible combinations of words:

L; Lo=fxyjx2Li;y2Lag )
Note that this operation fails to commute.
Also,L ; =; L=;andL f"g=1f"g L=1L.
Example

fa;bgfa;bg = faa;ab; ba; bl



The Algebra of Languages: 21

Kleene Star

Boolean operations and concatenation when applied to niteinguages
produce only nite and co- nite languages and are thus insucient to generate
interesting languages. We need at least one operation thatmerates an in nite
language from a nite one. Here is one such operation that tos out to be
immensely useful.

De nition
Let L be a language. Thepowersof L are the languages obtained by repeated
concatenation:
L? = f"g
Lk+1 = Lk L

The Kleene starof L is the language
L7 = Lo L*[ L2:oe[ L™ &2 J

Kleene star corresponds roughly to a while-loop or iteratio



The Algebra of Languages: 22

Star Examples

Example

fa;bg’: all words overf a; by

Example

fa;by’ fagfa;by’ fagfa;bg’: all words overf a; by containing at least twoa's

Example

f" a;aagfb; ba;baa’: all words overf a; by not containing a subwordaaa

Example
£0;1gf0; 1g°: all numbers in binary, with leading 0's
f1gf0;1g’ [f Og: all numbers in binary, no leading 0's



The Algebra of Languages: 23

Regular Languages as a Subalgebra

The choice of concatenation and Kleene star may seem rathebitrary. It is is
justi ed by Kleene's theorem that every regular language nabe obtained from
singletonsfag for a2 , and;, by nitely many applications of the operations
union, concatenation and Kleene star.

In other words, the collectionReg() of all regular languages over alphabet
is a subalgebra of théanguage semiring

LO)= hP( ")l 7 |

and is generated by singletonfag.



The Algebra of Languages: 24

How about Intersection and Complement?

Note that the theorem makes a rather surprising claim: it suces to consider
operations union, concatenation and Kleene star when onéefs to construct
regular languages from atomic pieces (in this case singlesd ag and the
empty set).

But regular languages are closed under intersection and qaement. It is by
no means clear how

2
L\ K or L )

can be so generated, even if we already know how to han#leand L.



The Algebra of Languages:

How about Division?

Conspicuously absent from our algebra so far is any operatieesembling
division. If we think of division as the inverse of multiplation (i.e.,
concatenation) the natural answer is the following.

De nition
Let L ? be a regular language and 2 °. The left quotient of L by x is
xL=fy2 ?jxy2Lg |

So we are simply removing a pre x from all words in the language that start
with this pre x. If there is no such pre x we get an empty quotént.

This is the reason why it is a bit more elegant to talk about quients in the
context of languages rather than words: for words andy the quotient x 'y
would be unde ned whenevek fails to be a pre x of y.



The Algebra of Languages:

Algebra of Quotients

To simplify notation, let
f'g if"2L,
; otherwise.

(L=

Lemma

Leta2 ,x;y2 7andL;K ?. Then the following hold:

e (xy) L=y Ix L,

ex (L[ K)=x L[ x K,

e x YL\ K)=x L\ x K,
ax (7 L)= 7 x 1,

ea Y(LK)=(a LYK [ ( L)a K,
salL =(a L)L .

26



The Algebra of Languages: 27

Comments

Note that (xy) L =y x 'L and NOT x 'y L. The problem is that
algebraically left quotients are a right action. Oh well.

Quotients coexist peacefully with Boolean operations, wee just push the
quotients inside.

But for concatenation and Kleene star things are a bit more wolved; the
lemma makes no claims about the general case where we divigieabvord
rather than a single letter.

Exercise
Prove the last lemma.

Exercise
Generalize the rules for concatenation and Kleene star to nde.



The Algebra of Languages: 28

All Quotients

Here is a wild idea that will turn our extremely useful.
Given a regular languagé , can we calculate all the quotients

?

1, ?
fx "Ljx2 g )

Note that we may well havex L =y 'L for dierent x andy, so it is not
clear how large the set of all quotients will be.



The Algebra of Languages:

Quotients Example 1

Using the lemma, whe can compute the quotients @ b as follows: we
systematically compute all quotients with respectta * andb *.

a'ab=ab

b'ab="
al"=;
DN
at;=;

b1.=.

So there are exactly 3 quotientsa b, " and ;.




The Algebra of Languages:

Quotients Example 2

Let L be the nite languagef a; aab; bbh.
There are exactly six quotients of.:

x x 'L

" fa;aab;bbhg
a f;abg

b fbly

bb fhg

aab f g

ab ;

Note that the x is not uniquely determined, for example
(abz) 'L =(baz) 'L = ; for anyz.

30



The Algebra of Languages:

Quotients Example 3

A larger exampleL = L = a b [ bah

[o 2N I o 2N Ol © N Ul o i Ul o i M)
= -
-
w

ab
b [ ab
L2

b

b

La

L2
L3

La
Ls

Le

L7

Exercise
Verify this table.

31



The Algebra of Languages:

Quotients Example 4

An even larger examplel. = Ly, = aba [ bab.

(o2 Vi o i N o i Ul o i O N @ g )

aba+b
bab + a
a ba
a+b
a+b
b ab
a ba
a

a

b

L2
Ls
La
Ls
Ls
L7

Lg

o9 T TDLoOR

Lo

32



The Algebra of Languages:

Quotients Example 5

L=fab ji  0g= f";ab;aabb;aaabbb;: g )

Here things become a bit complicated: we obtain in nitely may quotients.

(@) ‘L=fab* ji o0g

n (0]
(@g) ‘L= ' 1 1 k
(@) 'L=; | >k

This is no coincidence: the languagk is not regular. As we will see shortly,
the number of quotients is nite if, and only if, the languagds regular.

33



The Algebra of Languages: 34

Computing Quotients

These calculations can be described less informally by tledidwing algorithm.

i = J = 1;
L[1] = L;
while( i <=j ) {
foreach a in Sigma do
K = left_quotient( a, L[i] );
if( K is new ) L[++]] = K;
i++;

)

Note that this is again a closure operation: we generate thenallest collection
L of languages that containd. and is closed under quotients:

s L2L,
o K 2L impliesa 'K 2L.



The Algebra of Languages:

Is this an Algorithm?

Can we really compute the number of quotients of a given regullanguage?
Could we build a Turing machine to do this? Or is this just umiplementable
pseudo-code?

The logical control structure is easy: just a while-loop. Buve need to
represent the basic objects and operations:

@ represent languages by some data-structure,
o implement the operationsa K,

@ implement the equality testk = K °.

Are all these problems surmountable?

35



The Algebra of Languages: 36

Real Implementation

Naturally, we represent languages by machines (we don't lamuch choice at
this point).

@ Since we are only dealing with regular languages we can useABRs
representation.
@ Quotients are then easy to implement: just move the initialtate.

9 The equality test comes down to checking Equivalence of DFAse
already know how to do this.

Note how the choice of data-structure really settles the wheissue: if a regular
language is represented by a DFA we know how to compute quaiie, and we
know how to check equality.

The question arises: how e cient is this approach?



The Algebra of Languages: a7

Running Time Analysis

Suppose the DFA representing hasn states. For simplicity we ignore the size
of the alphabet.

Clearly, there will be at mostn quotients to compute.
For each one, we have to test equality again€ (n) others.

Doing this the obvious way require® (n?) steps for each equality check, so
each new quotient require®© (n®) steps.

The whole algorithm is then an unimpressive (n*).

Can we speed this up?

Exercise

Explain the running time of this method in detail. Take into acount the size of
the alphabet.
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Conversion To Regular Expression: 39
Machine to Regex

There are three basic approaches to converting a nite stat®achine to a
regular expression:

@ Kleene's State elimination method
The proof of Kleene's theorem provides a dynamic programngirlgorithm.

@ Linear systems of equations
The machine is converted into a system of linear equationsesthe
language semiring. The system can then be solved using Arddemma.

@ Eilenberg's pre x/monoidal decomposition
An essentially unique decomposition based on pre x and madal
languages.

Converting a nite state machine to a regular expression iskit of an academic
exercise. The key problem is that for all approaches to yietdanageable
expressions one needs to simplify the intermediate resul®here are heuristics
to do that, but in general simpli cation is computationally hard.



Conversion To Regular Expression:

Kleene's Method

The proof of Kleene's theorem provides a direct dynamic pn@gnming
1 p;gq n,assuming the state set ign].

There are two problems this algorithm:

o There aren?(n + 1) expressions to construct, which is bad but not fatal.

@ The expressions roughly quadruple in size in the step fronvéék to level
k +1. This is a disaster.

In practice, one has to simplify the expressions to make thesmaller and
choose the elimination order cleverly so that some of the egpsions are not
needed (top-down versus bottom-up dynamic programming).



Conversion To Regular Expression:

Top Down Elimination

Here is a reasonable method for small machines.

@ Add two new statesb (begin) and e (exit) to the machine. Add
"-transitions from b to all initial states, and from all nal states to e.

@ Think of the edge labels as regular expressions. We will sessively
remove all states other tharb and e.

@ To this end pick some stater 2 Q. For all incoming transitionsp! r,
outgoing transitionsr ! g, and self-loopsr ! r, add a new transition

p! q J
In the end, remover and all incident transitions.

@ Repeat until onlyb and e remain.

41



Conversion To Regular Expression: 2

Result

After all states in Q are eliminated we are left with
b! e
where denotes the language of the machine.
The proof is to show by induction that, at any point during theconstruction,
the \automaton" is equivalent to the original one. Here we ned to generalize

the notion of automaton a little: allow regular expressionas labels rather than
just letters.

Exercise
Figure out the details.



Conversion To Regular Expression:

0Odd/Odd, Step 0

43



Conversion To Regular Expression:

0Odd/Odd, Step 1

44



Conversion To Regular Expression:

0Odd/Odd, Step 2

ab+ ba

45



Conversion To Regular Expression:

0Odd/Odd, Step 3

O

(aa+ bh’(ab+ ba)

aa+ bb+ (ab+ ba)(aa+ bt)?(ab+ ba)

46



Conversion To Regular Expression:

0Odd/Odd, Step 4

(aa+ by’ (ab+ ba)(aa+ bb+ (ab+ ba)(aa+ bh’(ab+ ba))’

O

47



Conversion To Regular Expression:

Final Result

The nal regex is

= (aa+ bh’(ab+ ba)(aa+ bb+ (ab+ ba)(aa+ bh’(ab+ ba))’

It's not completely clear that this is correct.

A little argument shows that the last part
(aa+ bb+(ab+ ba)(aa+ bh?(ab+ ba))? J

denotes all even/even words.

Then must be correct, too: all odd/odd words consist of a (possiplempty)
pre x (aa+ bb?, followed by (ab+ ba), followed by an even/even word.

48



Conversion To Regular Expression: 49

Simpli cation

To keep the size of the expressions small it is important to ply various
simpli cations. For example, the following rules seem reasable:

Unfortunately, the algebra of regular expressions is corgalted and there is no
simple set of rules that would produce reasonable expressio



Conversion To Regular Expression: 50

Basic Equations

Disregarding Kleene star, the basic rules are not too bad:

(+ )+

+( + )

+
1

~ + -
~
I
+ o+

Alas ...



Conversion To Regular Expression: 51

Rules for Kleene

But Kleene star causes huge problems. Here are some (nat@yalules:

(+)=(")"
( YV="+ ()
(=7

Note that the last equation is actually an in nite family of euations; it is
known that no nite family will do.

Not to mention that for simpli cation we need rewrite rules,not equations.



Conversion To Regular Expression: 52

Horror Example

Here is the result running a conversion algorithm with somesgdree of
simpli cations on the even/even example (which is easier @m odd/odd):

+ bbb+ (a+ b(bh’ba) (aa+ ab(bh’ba) (a+ ab(bh’b)+
b(bh’a+(a+ b(bh’ba) (aa+ ab(bh’ba) (b+ ab(bh?a)
a(bh’a+ (b+ a(bh’ba) (aa+ ab(bh’ba) (b+ ab(bh’a)

a(bh)’b+( b+ a(bh’ba) (aa+ ab(bh’ba) (a+ ab(bh’b)

It takes quite a bit of e ort just to check that this expressio describes the
even/even language.



Conversion To Regular Expression: 53

Eilenberg's Method

The dynamic programming approach to the construction of angeivalent
regular expression has the disadvantage that the choice bftnext vertex to be
eliminated is arbitrary, leading to many possible expresss.

However, there is another approach due to Eilenberg (1973)at produces an
expression that is essentially unique (up to associativignd commutativity).

The key is a complexity measure that is slightly di erent fnm ordinary state
complexity. SupposeM is the minimal DFA for some languagé.. If M has a
sink, remove it; call the resulting automaton theminimal partial DFA
(MPDFA) .

(L) =# transitions in MPDFA for L )

Note that this counts transitions, not states as in ordinargtate complexity.



Conversion To Regular Expression: 54

Unitary Languages

A language isunitary if it's minimal DFA has exactly one nal state.

Clearly, every regular language has a unique decompositasa disjoint union
of unitary languages. [

L= Li J

Just pick a single nal state in the minimal DFA for each compaent.



Conversion To Regular Expression:

Pre x Languages

A languagel is pre x (or pre x-free) if no proper pre x of a word in L belongs
to L.

Clearly, \pre x-free" makes sense and \pre x" does not, butthere is nothing
you can do about established terminology.

What can we say about the DFA for a pre x language?

There cannot be a path from any nal state back to a nal state.So in the
MPDFA there are no transitions with source a nal state. Notehat this is if
and only if.

A pre x language is either empty or unitary.

55



Conversion To Regular Expression:

Monoidal Languages

A languagelL is monoidalifit "2 L andLL L.

Proposition

A languageL is monoidal i L? = L.

Proof. Note that LL = L since" 2 L. By induction L*
L? = L.

In the opposite direction we havé 2 L? = L andLL

L?

L for all k

= L.

1, so

56



Conversion To Regular Expression: 57

More Monoidal Languages

Proposition

A monoidal languagel can be written uniquely ad = K ? whereK is pre x.

Proof. Note that monoidal implies unitary: every nal state has enty
behavior.

But then then the unique nal state must also be the initial sate and the
MPDFA looks likeM = hQ; ; ;p;fpgi.

Dene M%to be hQ; ; ;p%fp°Yyi wherep® has the same out-transitions ap
and p®has the same in-transitions ag (but no out-transitions).

ThenK = L(M% isprexand K® = L. 2



Conversion To Regular Expression: 58

Pre x/Monoidal Decompaosition

Proposition

A unitary languageL can be written in the formL = AB whereA is pre x and
B is monoidal. Moreover, this decomposition is unique.

Proof. Let M be the MPDFA for L.

Let A be the language accepted by the partial DFA obtained by reniog all
transitions coming out of the nal state.

Let B be the language accepted by the partial DFA obtained by makjrihe
nal state also the initial state.



Conversion To Regular Expression: 59

Now What?

So now we have a disjoint union

whereA; is pre x and B; is monoidal.
We need to further decompose these pieces.

For the the monoidal part we use the proposition from aboveB; = C;” where
Ci is pre x.

The pre x parts are a bit more complicated.



Conversion To Regular Expression:

Decomposing Pre x Languages

We have already seen left quotients *L: remove a pre xa whenever possible.

By symmetry, we could also remove a suxa. Let's write L=a for these right
quotients.

Claim

Let L be pre x. Then [
L= (L=a) a
a2

and the decomposition is unique.

Proof. Well, if you knock of ana you've got to put it back. 2

60



Conversion To Regular Expression:

Pulling Things Together

It is a labor of love to check that in each of our decompositiosteps the new
languages have smaller-complexity than the old ones except for the
monoidal-to-pre x step: there the complexity stays the sam

For example, forL pre x we have
(L=a) < (L)

for alla 2

Exercise
Check that is decreasing in our decomposition.

61



Conversion To Regular Expression: 62

Example: Even/Even

The minimal DFA for the even/even
languagelL.

Note that L is already monoidal, so the
rst step isto nd a prex L1 such
that L = L;°.




Conversion To Regular Expression: 63

Prex Lq

Splitting the initial/ nal state and
redirecting transitions.

The new language is duly pre x.
Next step is to decompose
Li=L, a+ L3z b




Conversion To Regular Expression:

First Quotient of L1

The quotient L, = Li=a

L, is unitary, so the next step is to
decomposeL, = L3 Lg.
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Conversion To Regular Expression:

Pre x Part of L,

The pre x part L4 of L».

Note that Ls=a= f"g, so the end is in
sight.

65



Conversion To Regular Expression:

Monoidal Part ofL,

The monoidal partLs of L».

It is clear that the pre x part of Ls is
b(aa)’b.

66



Conversion To Regular Expression:

Putting it All Together

After a few more steps we nd the regular expression

(a+ ba(aa)’b)((aa)’b)’a+ (b+ ab(bh’a)(a(bh’a)’b ’

Compare this to the rst expression we have fdc. There is no similarity
whatsoever.

(aa+ bb+ (ab+ ba)(aa+ bh’(ab+ ba))?

In light of examples like this it is not too surprising that egjvalence of regular
expressions i#SPACE -hard.
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Equations: 69

Arden's Lemma

Yet another conversion algorithm can be based on the algelwfregular
languages. Consider a linear language equation of the form

X =A X+ B: )
whereA; B ? are arbitrary languages, though we will be mostly intereste
in the case whereA and B are nite or perhaps regular. We are looking for a

?

solution X o

As it turns out, linear equations are rather easy to solve.

Lemma (Arden's Lemma)

Let A and B be languages over . Then the equationX = A X + B has a
solution Xo = A’B. Moreover, if" 2 A, then this solution is unique. In any
case, Xy it is the smallest solution (with respect to set-theoreticriclusion).
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Proof

To see thatXo = A’B is a solution note that
AXo+B=AAB+B=(A"+"B=AB=Xo |

Now let Z be any solution, saZ = AZ + B. Then for allk O:

Z=A"zZ+(A + 1+ M)B: J
HenceXo, Z.
Lastly suppose’ 2 A and letx 2 Z; setk = jxj. Then x 2 A*** Z, whence
necessarilyx 2 (A* + :::+ ")B X, and we are done. 2

In the applications of interest to us' 2 A so that the solution is unique.
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Fixed Point Perspective

Recall the Knaster-Tarski theorem: a monotonic map on a corgpe lattice has
a xed point (in fact, the collection of xed points is a compkte sublattice).

The lattice we are interested in here is the powerset of’:

hP( 7))\ |

Note that this lattice is trivially complete: the union of aly family of languages
is again a language (though possibly a very complicated one)
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Equations and Monotonicity

Now consider the following map on the powerset lattice:

f(Z)=A Z+B |

f is trivially monotonic, so it must have a xed point. In fact,we can construct
the least xed point inductively:

Zo=;
Zian =A Zi+B

S
Then ; Z; is the least xed point (X, on the last slide).
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Regularity

Note that Arden's lemma implies that equationX = A X + B has a regular
solution Xo = A B wheneverA and B are regular. Moreover, ifA does not
contain " this is the only solution. IfA and B are given as rational expressions
we obtain a rational expression for the solution.

Example

The equationX = bX + a hasb a as its unique solution.

By contrast, the equationX = b X + a has in nitely many solutions
Xk =b(a+a®+ + a¥) and X; = b a is the least solution. Indeed, there
are uncountably many solutiond® L wherea2 L a is arbitrary.
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Even/Even Example

Let's return to the even/even language. The canonical DFA tis like so:

We convert the DFA into a system of equations.
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Corresponding System

X1="+ aX,+ bX4
X, = aX1 + bXs
X3 = aXg4 + bX>
X4 = aX3z+ bXy

Substituting (2) and (4) into (1) and (3) we get

X1="+(aa+ bhX; +(ab+ ba)X3
X3 =(aa+ bhXsz+(ab+ ba)X1

Applying Arden's lemma to (6) we get

X3 = (aa+ bh’(ab+ ba)X;

1
@)
@)
(4)

(6)
(6)

@)
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The Solution

Substituting (7) into (5)

X1 ="+((aa+ bh+(ab+ ba)(aa+ bh’(ab+ ba)X;
Applying Arden's lemma one more time we get

X1 = (aa+ bb+(ab+ ba)(aa+ by’ (ab+ ba))?

which solution makes intuitive sense.

It is important to note, though, that we tacitly did quite a bit of cleanup along
the way, writing the expressions in a simpli ed form. Remene the horror
example, from above.
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Another Example

Needless to say, solving systems of equations does not abvasoduce a neat
solution either. Consider the system

X = aX + by
Y ="+ aX + ba

If we solve forX in the rst equation, X = a bY, and substitute in the second
and then solve forY and resubstitute we get

x
1l

abab ("+ ba)
(a"b) ("+ ba)

<
1

So far, so good.
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A Di erent Approach

However, we could also rst substitute the second equatiomto the rst and
solve forX.

This leads to solutions

X°=(a+ b(ab) aa) b(ab) (" + ba)
YO=(ab) (aa(a+ bab) aa) b(ab) (" + ba)+ "+ ba)

Unless we made a mistake, these expressions must be equiate X andY,
but this is certainly not obvious from looking at them.

What is sorely missing here is a simpli cation algorithm thabrings a regular
expression into a normal form. We can check for equivalencg ¢onverting to
nite state machines and then testing these for equivalence
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Matrix Method

The even/even system from above could also be written as

X=A X+8B

-

where 1

0 b
b 0
0 &
a o0

o

o oo
O oY

andB =(1;0;0;0).

Here we have written 0 and 1 instead gf and f"g for legibility.
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Matrix Method, I

One can then de ne the Kleene star oA

A= 1+ A+ A%+ i+ AN+ oo J

and it is not hard to see that the solution is of the form

Py

X=AB

Of course, to make this truly useful we need to nd a way to compe A”.

In simple cases one can determine an approximation, , A' for some smalin
and then make an educated guess as to whaf might be.
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More Algebra

A better way is to take a closer look at the underlying algeki@astructure:

?

LO)= hP( *)il::%0mi |

This is one example of a&losed semiring intuitively, a semiring that also
supports an in nite sum operation:
X
x =  x =x"+xt+x¥+on J
i 0

Of course, this is a little problematic: the \..." don't really have any precise
meaning.
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Closed Semiring Axioms

ket S be an idempotent semiring with an additional in nitary opeation

i) &. Sis a closed semiring if this in nite summation operation betves
properly with respect to nite sums, distributivity and reaodering of the
arguments. More precisely, we require

X
a =a+ ...+ an;
i2[n]
X X X
( a) Bb)= aiby;
i2l j2J ij)21 J
' % & %%
a= ( a)
i21 j23 i2|j
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Consequences

Note the arbitrary index sets oating around in these axiomsThey are
inherently more complicated than traditional, purely equ@nal axioms for
standard structures such as groups, rings or elds.

At any rate, one can still derive general results from thesaiams:

Lemma

In any closed semiring we have

(x+y) =(xy)Xx
(xy) =1+ x(yx) y
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The Language Semiring

It is easy to check thatL () is a closed semiring.

More importantly, the collection of alln  n matrices overL () is again a
closed semiring:

?

L() non _ P( ?)n n;[; ;.;0;1 J

where 0 denotes the null matrix (all entries;) and 1 denotes the identity
matrix (f"g along the diagonal).

The additive operation is simply pointwise, and multiplideon is standard
matrix multiplication. Star is de ned as above by an in nitesum.
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Computing Star

So far all we have is a clean framework. Algorithmically, wéilsneed to nd a
way to calculate a star inL() " ".

To this end consider a matrix

_ A|B
X= <p
where the pieces have sizg=2 (put oors and ceilings in the right places).
Then there is a divide-and-conquer algorithm to computs °.
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Computing Star Il

LetY =(A+BD?C)” andZ =(D + CA’B)’. Then

Since the dimension of the component matrices shrinks by 1tBere are only
logn levels in the recursion. Of course, the expressions canl gét ugly.
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Example

Let's compute the star of

A moment's thought shows

Ox7:

x 0

o

(xx)”
x(xx)?

OoToT O
o

x(xx)?
(xx)”
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Example Il

But then

o Pan? _ baa)’b  a+ baaa)’b ’
Y=Z=(A+BAB) = ,ibaaa)’d  Haa)’b

Since we are only interested in the top/left entry oX > we can apply the
decomposition one more time to obtain yet another regular pression for the
even/even language:

X?(1;1) = b(aa)’b+ (a+ baaa)’b)(b(aa)’b)’(a+ baaa)’b) * J
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Three Expressions

We now have tree di erent but equivalent expressions for theven/even
language, obtained by di erent methods:

(aa+ bb+ (ab+ ba)(aa+ by’ (ab+ ba))?
(a+ ba(aa)’b)((aa)’b)’a+ (b+ ab(bh’a)(abh’a)’b ’
b(aa)’b+ (a+ baaa)’b)(b(aa)’b)’(a+ ba(aa)’b) ~

Exercise

Make sure you understand how these three expressions work.
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Regex To Machine

We will ignore the issue of parsing a regular expression ariehigly worry about
how to construct the nite state machine.

It is not hard to guess that we will build the machine by indu@n on the
structure of the regular expression, but the question is whkind of machine we
should be build.

DFAs are certainly a bad choice since we have to deal with catenation and
Kleene star. It is a fair guess that some kind of NFAE is the Hgtarget
architecture.

As it turns out, the construction becomes quite a bit easief insist on very
special NFAEs. Of course, the right choice requires a bit okgerimentation.
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Begin/Exit Automata

De nition

A begin/exit automaton (BEA) is an NFAE that has exactly one initial stateéy
(the begin), exactly on nal state e (the exit). Furthermore, no transitions end
at b and no transitions start ate.

If we assume the state sefn] a BEA is essentially just a list of transitions: by
renumbering we can make sure thdi=1 ande= n.

Hence the data structure representing a BEA is particulargimple.

There are other ways to go about the conversion, but BEAs aregbably the
most intuitive choice.
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The Basic machines

For expressions, " and a the corresponding BEAs are as follows.

®

) )

@

In practice, the BEA for; is never used.
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Operations: Sum

A BEA for the sum of two BEASs.

—

All new transitions are"-transitions.
Number of states:ni + n», number of transitions:t; + t, + 2.
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Operations: Product

A BEA for the product of two BEAs.

Number of states:ni + n», number of transitions:t; + to + 1.
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Operations: Star

A BEA for the Kleene star of a BEA.

Eb

Number of states:n; + 2, number of transitions:t; + 3.
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Improvements

So far we have hardly used the conditions on begins and exit1ey can be
exploited to streamline the sum and product operations.

For example, a BEA for the product can be built like so:

The number of states isn; + ny 1, the number of transitions ist; + t».

Exercise
Figure out how to optimize sums of BEAs.
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Correctness

Even without optimization we have a linear time conversiongorithm.

Theorem

A regular expression can be converted in linear time into aguevalent
begin/exit automaton.

Proof. Write , , and for the number of atomic symbols, sums,
products and Kleene stars in the regular expression, resipedy. Then the
number of states/transitions in the corresponding BEA is hmded by

2 +2 +2 + +3

Exercise
Determine the size of a BEA with optimization.
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BEA Example

Expression(" + a+ aa)(b+ ba+ baa)’ produces an 8-state BEA with 13
transitions (with brutal optimization):

1 1 2 3 4 4 4 4 5 6 7 8
a a " a " b b b " a a a
2 3 3 3 45 6 8 9 8 7 8 4

"-elimination produces an NFA with initial stated 1; 3; 4; 9g and nal states
f9g.

11 1 1 2 2 2 4 4 4 4 4 5 5 5 6 7 7 7
a a a a a a ab b b b b aaaa a a a
2 3 4 9 3 49 456 8 9 4 8 9 7 4 8 9

99



Conversion To Machine:

Deterministic Machines

Determinizing the NFA yields a DFA on 7 states (initial state, all states other
than the sink 6 are nal).

|1 2 3 45867
al2 4 56 7 6 6
b|3 3 33 36 3

The corresponding minimal DFA has 4 states (initial state 1ral nal states
f1;2;3g).

o

NP
= WN
P AW
A DD
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Blow-Up

The regular expression
(a+ b’a(a+ b)(a+ b)(a+ b(a+ b(a+ b)

for L(a; 6) produces a BEA with 10 states

1 2 2 2 3 4556 6 7 7 8 8 9 9
"a b " " aab ab ab ab a b
2 3 3 4 25 6 6 7 7 8 8 9 9 10 10

... but the DFA obtained from conversion has 65 states; the mimal DFA has
64 states.
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Extended Regex

Our de nition of regular expressions directly mimics Kleers theorem.
Sometimes it is convenient to enhance regular expressionbia There are two
types of enhancements:

@ More compact ways to describe regular languages.

@ Describing non-regular languages.

Type 1 comes down to notational convenience, but may have feal e ects on
the running time of the conversion algorithm. For example, evknow that
regular languages are closed under intersection and connpéat. If we were to
add corresponding regular expressions for these operasiome would still
describe regular languages. However, the conversion pascbased on BEAs
now fails: the only way we can perform, say, complementatios by converting
to a DFA rst. This conversion may carry an exponential cost.

Type 2 requires a redesign of the acceptance testing algbrit: nite state
machines are no longer su cient, though the modi cations ma turn out to be
fairly easy to do from an algorithmic point of view.
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Intersection

As an example, consider the addition of a new operation synitio for
intersection to regular expressions.

What has to change in the conversion algorithm? We need to addproduct
automata construction.

From the implementation perspective this is not too bad, but breaks
polynomial bounds on the size of the machine constructed fnoa regex. The
following theorem shows that there is little hope for a simplremedy.

Theorem

SupposeMy, ..., M, is a list of DFAs (over the same alphabet). It is
PSPACE -hard to check whether there is a string that is accepted byldhe
M.
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Complement

Similar problems arise when a complementation operationis added. In the
Real World™ complementation can often be kludged by piping.

fgrep foo file.txt | fgrep -v foobag J

But to do this in general we have to construct a machine for theomplement
of a regular language { and that requires to build a DFA rst, &a potentially
exponential cost.

Also note that complement together with union automaticajl produces
intersection, so the hardness result from above applies.



Realistic Regular Expressions: 106

Iteration

A very handy feature in most regular expression matchers gealizes
concatenation and Kleene star.

notation | number of matches

* 0

+ 1

? =0

{n} =n
n
n

1

{n.}

{n,m}

; m

So one can write things like
egrep -e 'O\.[0-9}{5}

to nd all decimal numbers starting with 0 with exactly5 digits after the
decimal point.
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Non-Regular Extensions

Many pattern matchers allow the user to specify repetitionsf previously
matched parts of a string.

The standardegrep for example allows

egrep -e '([a-z]*)\1'

which will match words of the formww. It is not hard to see that these words
form a non-regular language.

The \1 is a so-called back-reference and matches whatever strirgstalready
matched the expression in parens.
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Back-References

In general,\n refers to the string that has already matched thenth paren pair,
which has to occur before the back-reference.

Also note that one actually has to understand the matching neBanism in
greater detail (greedy versus lazy).

Usually the longest match possible is chosen.

For example, the expression

(((alb)*)c\2)* J

matches all words in
fxexjx2faby’ g’
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Primality

Here is a beautiful way to check primality, albeit in unary.

The le prime.txt contains strings ofa's up to length 25, one on each line.

> egrep -ve Naaa*)\1(\1)*$' prime.txt
a

aa

aaa

aaaaa

aaaaaaa

aaaaaaaaaaa
aaaaaaaaaaaaa
aaaaaaaaaaaaaaaaa
aaaaaaaaaaaaaaaaaaa
aaaaaaaaaaaaaaaaaaaaaaa

There is a little bug ata, but that's not hard to x.
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Warning

Careful, though, the fancy stu in regular expression matars sometimes does
not work right.

The expression(.?) means: match at most one single character and remember
it. So the following is supposed to match all palindromes ofen length up to
8:

egrep -e '(.\2)(.:2)(.?)(.?)\4\3\2\1

It does, but it also crashes on odd length strings (this GNU grep-2.5.2).
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Summary

@ Regular expressions provide an alternative descriptionrefjular languages.

9 There are several conversion algorithms from machines tguéar
expressions but they all fail to produce reasonable resuits machines
with more than a few states.

@ Conversion from regular expressions to machines on the atlhand is very
e cient.

@ Practical implementations of regular expressions typitgladd \features"
that extend beyond the realm of regular languages.
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