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The Mandelbrot Set:

Self-Similarity

Recall that the driving idea behind recursion and iteratiois self-similarity: the
whole computation is highly similar to a part of itself.

The notion of self-similarity is perhaps most compelling igeometry, there one
can seehow parts of a gure are similar to the whole.

Note that without computer-aided visualization none of thdollowing pictures
would exist, they cannot be drawn by hand.



The Mandelbrot Set:

Mandelbrot 1



The Mandelbrot Set:

Mandelbrot 2



The Mandelbrot Set:

Mandelbrot 3



The Mandelbrot Set:

Mandelbrot 4



The Mandelbrot Set:

What Set?

Consider the second-degree complex polynomial
pe(z)= 22+ ¢c J

wherec 2 C is a constant.

De nition

c 2 C belongs to the Mandelbrot setM if the orbit of 0 under p. is bounded
(as a sequence of complex numbers).

For example,02 M but 12 M.
c=iisalsoin:i; 1+i; iy 1+ i; 1+ i; 1+
Likewise 1and i arein.



The Mandelbrot Set:

And the Colors?

A priori, we only get a black and white picture: irM or out of M .

Note that it is not even clear how to do this much: there is no msiple test to
check ifjpf (0)j!'1 asn!1l

In practice, one computes a few valuggg (0)j and checks whether they seem
to tend to in nity.
Colors can be introduced for example based on the speed ofedi}ence.

Doing this right is somewhat of a black art, see
http://en.wikipedia.org/wiki/Mandelbrot_set for some background.



The Mandelbrot Set:

Squaring




The Mandelbrot Set:

Squaring plus O set

The symbolic orbit of 0 underz 7! z% + c.

0
c

c+c

c¢+2ct+cf+ec

+ac’+6c+6c° +5ct+2c+ 2+ ¢

c'® +8c™ +28c™ +60c™ +94c'? +116c" +

114c™ +94¢° +69¢® +44c” +26c° +14c® +5c¢* +23 + P+ ¢

aa b~ W N P O

Note that the coe cients are rather wild, there is little hope to understand
these polynomials.
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The Mandelbrot Set:

Why Now?

Several mathematicians developed the foundations for sttures such as the
Mandelbrot set in the early 20th century, in particular Gasin Julia and Pierre
Fatou. Fractal dimensions were also well understood, seetiork by Felix
Hausdor and Abram Besicovitch.

Why did they not discover the Mandelbrot set?

Because they had no computers, unlike Monsieur Mandelbrohw happened to
be working for IBM at Yorktown Heights.

So one of the most important developments in geometry in thedth century
was quite strongly connected to computation and visualizan.
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Calculus and Fixed Points: 14

Calculus and Fixed Points

Many interesting applications of xed points lie in the corihuous domain:
nding a xed point is often a good method in calculus to compte certain
numbers.

p_
e

A classical problem: calculate 2, for some value of2.

By \calculate” we megn: give a method that produces as manydgits in the
decimal expansion of 2 as desired.

One obvious way to do this is a version of binary search: given
approximationa, b such thata? < 2 <b? try (a+ b)=2.

Fine, but a bit complicated.



Calculus and Fixed Points: 15

lteration to the Rescue

Consider the map
g:R"! R’
g(x) = x=2+1=x

Then the iteratesg" (1) approximatep 2.

Note that P 2is in fact a xed point of g. Alas, there is a problem: it is plain
false to claim that

FP(g;1) = pé |

All the numbers in the orbit are rational, but our goal is an iational number,
which therefore cannot be a xed point.



Calculus and Fixed Points: 16

The Power of Wishful Thinking

But wouldn't it be nice if we could set
a=gd (1)
so that

g@=9(gd 1)=9dg @)= a

In a way, we can: we can make sense out gf (1) by using limits: with luck
there will be some number such that

ig"(1) a! o n'i

Of course, this does not always work.



Calculus and Fixed Points:
Success

In our case we duly have
. n — p .
nI!llm g@)= 2 J

and P 2 is indeed a xed point ofg, the orbit just never reaches this particular
point.

This is no problem in real life: we can stop the iteration wher2 (g"(1))? is
su ciently small.

As a matter of fact, convergence is quite rapid:

1:0000000000000000000
1:5000000000000000000
1:4166666666666665186
1:4142156862745096646
1:414213562346898698

1:4142135623730949234
1:4142135623730949234

O~ WNPEO



Calculus and Fixed Points: 18

Newton's Method

This is Newton's Method: to nd a root of f (x) =0, iterate

f(x)
o(x)’ ]

g(x) = x

and pray that everything works.

Obviouslyf needs to be di erentiable here, and we would like%(x) to be
su ciently far away from 0 so that the second term does not beame
unreasonably large.



Calculus and Fixed Points: 19

Application: Reciprocal

A typical application of Newton's Method is to determinel=a in high precision
computations.

Here
f(x)=1=x a

gx)=2x ax?

The point here is that we can express division in terms of mipllication and
subtraction (simpler operations in a sense).



Calculus and Fixed Points:

Example

Numerical values fora = 1:4142135623730950488 P 2.

1:0000000000000000000
0:5857864376269049511
0:6862915010152396095
0:7064940365486259451
0:707108502115925513
0:70710678118@488089
0:7071067811865475244
0:7071067811865475244

~N~No o~ wNPEFEO

Verify the result:

0:7071067811865475244 1:4142135623730950488 = D00000000000000000
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Calculus and Fixed Points:

Schreder's Method (1870)

If quadratic convergence is not enough one can speed thingsttemendously
by iterating more complicated functions. For example, de@af 1 (x) to be the
rational function

x? a 3x*’+a 3x®+27x%a+33x%a’+ al
2x (5x4 +10x2%a + a?)(x* + 10x%2a+5a?)

Then f, can be used to approximate square roots very rapidly.

94741125149636933417873079920900017937

f2(1) =
21 66992092050551637663438906713182313772

The error here is2:2281 10 "®, after just 2 steps!



Calculus and Fixed Points: 22

No Free Lunch

Of course, there is a cost: function evaluation becomes maremplicated.
Speci cally, more costly multiplications and divisions a needed than in the
plain Newton case. The hope is that this will be more than o geby the
smaller number of iterations.

Since the Gerlach functiorf ,(x) would presumably be evaluated numerous
times as part of some library this is a good place to optimizey lprecomputing
x2, x* and so on.

There is also the minor problem of guring out what these conijzated
functions should be in the rst place.

Exercise
Determine the optimal evaluation strategy foff a (X).



Calculus and Fixed Points: 23

The Real World

Needless to say, complicated numerical methods should na lmplemented by
hand, they belong into a well-thought-out and well-testedbrary.

For example, the BoostC++ library supports a number of fast root nding
methods.
#include <boost/math/tools/roots.hpp>

template <class F, class T>
T schroeder_iterate(F f, T guess, T min, T max, int digits);

Exercise
Try out the various root nding methods in Boost.



Calculus and Fixed Points: 24

Brute Force

As we have seen, with luck, a xed point for a continuous funinf : R! R
can be found by plain iteration, at least in the sense that wean produce a
numerical approximation (perhaps even rapidly).

We computea, = f "(a) and exploit the fact that if there is a limita = lim aj
then ais a xed point of f.

Moreover, a, may be very close ta for reasonably small values af so we can
actually get our computational hands on a good approximatio

Alas, iteration does not always produce xed points, even wh they are easy
to detect visually.

Here are some examples.



Calculus and Fixed Points:

A Nice Fixed Point

COosX = X
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Calculus and Fixed Points: 26

The Logistic Map

Cosine is a transcendental function, and thus relatively mmplicated. Alas, as
the Mandelbrot set suggests, even with second order polyniafs strange things
can happen under iteration. Here is a real example:

)= p x @ %) J

where0 p 4. Note that for these parameter values we have
fp:[0;1]! [0;1]

so we can actually iterate the map.

This is the so-calledogistic map a famous example in dynamics.

Its behavior depends drastically and very unexpectedly dretparameterp.



Calculus and Fixed Points:

p=2:8
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Calculus and Fixed Points:

p=3
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Calculus and Fixed Points:

p=3:5
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Calculus and Fixed Points:

p=3:99
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Calculus and Fixed Points: 31

Tent Maps

Di erentiability is not necessary at all, piecewise lineawill do.




Calculus and Fixed Points:

Tent Map Squared

06
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Calculus and Fixed Points:

A 2-Cycle

33



Calculus and Fixed Points:

A Mess

=1

34



Calculus and Fixed Points:

Sharkovskii's Theorem

Here is a remarkable theorem describing chaos in real valdfadctions.

Consider the following weird ordering of the natural numbgrthe so-called
Sarkovskii ordering (of order typd 2 + | °):

Theorem (Sharkovskii 1964)

For any continuous functionf : R! R: if f has a cycle of length then f
has a cycle of length for all < in the Sharkovskii ordering.

Hence, if there is a 3-cycle, then there are cycles of any lémg



Iteration and Decidability:
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Iteration and Decidability:

Reachability and Con uence

How about decidability issues related to iteration?
We have already seen two decision problems

Problem: Reachability Problem

Instance: A functionf : A! A, two points a;b2 A.
Question: Isb in the orbit of a underf ?

Problem: Con uence Problem

Instance: A functionf : A! A, two points a;b2 A.
Question: Do the orbits ofa and b underf overlap?

Actually, there are two versionsf may be xed and onlya and b change, orf

may be part of the input.

37



Iteration and Decidability: 38

Undecidability

When the carrier setA is nite the questions are trivially decidable and we even
have clever algorithms to solve these problems based on Hlsytrick.

@ In the in nite case the most interesting situation is wherf is computable
and whenA = NorA= 7

@ Note that both problems are always semi-decidable in this s

@ However, in general both Reachability and Con uence are uecidable,
even for xedf.



Iteration and Decidability: 39

As Always, Halting

The reason is that we can lef describe the one-step relation for register
machines, coded up as on operation on suitable sequence nensb

Then f is primitive recursive and in fact pretty simple. Note that & can safely
assume that the RM erases all its registers before it haltgy & will halt i it
reaches the con gurationhgy ; Oi .

But then the question whether an given initial con gurationhgp; x0i evolves to
hg ; 0i is undecidable.



Iteration and Decidability:

Independence

Reachability and Con uence are clearly related:

reach(x;y) ! conf(x;y)
conf(x;y) $9 z(reachx;z) " reachy;z))

One might suspect that using one as an oracle one could solve other, but it
turns out that there is no simple computational link in gened: there are cases
where Reachability is undecidable but Con uence is decidapand the other
way round.

In fact, with some e ort one can rig things up so that Reachabiy and

Con uence are independent in their degree of di culty withn the class of
semidecidable sets (alas, to make this precise requires scdssion of Turing
degrees, see the notes).

40



Iteration and Decidability:

Word Processing

If we use the standard coding of con gurations of a Turing mdxine as words in
? Q ? J
then the one-step operation is very simple, it's really justord processing: we

scan the word, copying until we hitp 2 Q, then perform a small edit operation
near p, and afterwards copy the rest of the word.

It is easy to see that this operation can be implemented in d&ar time and
constant space.

Exercise

Give a careful description of the one-step operation as aisg editing
operation.

41



Iteration and Decidability:

Why Belabor This?

In essence, we are just dealing with the Halting Problem, ftme umpteenth
time.

But note that undecidability often is re ected in various eaier versions of the
problem still being di cult.

For example, consider a directed grap® on n points. There is a natural
Reachability Problem forG: is there a path froma to b?

Of course, the problem is easily solvable: we can use, sayptterst-search to
check path existence in linear time.

But all standard algorithms require linear space, not jusinlear time.
Logarithmic space su ces when we allow nondeterminism (merlater) but in
the deterministic case it seems to be too little.



Iteration and Decidability:

Back To Collatz

The Collatz Conjecture is very easy to state:

Conjecture (Collatz)

All orbits of the Collatz function end in 1.

Unfortunately, though this problem is not included in the @y challenge, some
believe it to be enormously di cult.

Mathematics is not ready for this kind of problem.
Paul Erdes

Coming from one of the shining lights of 20th century discretmathematics
(Erdes number) this is discouraging.

43



Iteration and Decidability:

Can We Use Computability?

Here is a desperate idea: Perhaps we could use our knowledfeomputation
to shed some light on this problem?

After all, the Collatz function is easily computable and weownlld build a small
register machine that computesC(x), or the stopping time function (x).

Maybe we can use decidability or undecidability to tackle ¢hproblem?

44



Iteration and Decidability: 5

Stopping Time is Computable

Recall the stopping time f(Jnction :N! N:
(x)=

min tjC'(x)=1 ift exists,
" otherwise.

This version of is computable: just wrap a while-loop around the register
machine computingC and add a counter. But note: the original version had
1 as output in case of divergence; that one may not be computall

Then the Collatz Conjecture is equivalent to being a total function.

Alas, it is undecidable whether a computable function is tak, in fact this
problem is worse than the Halting Problem, we would need asseto ; %



Iteration and Decidability: 6

Collatz Decision Problem

So how do we turn Collatz into a decision problem?
Here is one fairly natural approach, really a version of Réability.

Problem: Collatz Orbit Problem

Instance: A positive natural numbex.

Question: Does the orbit ofx under C contain 1?
Observations:

@ This problem is clearly semi-decidable.
o If the Collatz Conjecture is true, this problem is triviallydecidable.

9 Unfortunately, if this problem is decidable, the Collatz Ggecture may still
be wrong (though the counterexamples are not terribly compated: the
set of all counterexamples is decidable).

Not too promising.



Iteration and Decidability: a7

Prof. Dr. Alois Wurzelbrunft's Brilliant Idea

One might think that the right question to ask is this:

Problem: Wurzelbrunft's Collatz Problem
Instance: The Collatz function

(or, if you prefer: a banana).
Question: Is the Collatz Conjecture true?

Wurzelbrunft's Collatz problem is trivially decidable, &leit for entirely the
wrong reasons.

The issue here is that there is only one instance.



Iteration and Decidability:

Say What?

For decidability, all we need is an algorithm that solves Fis Collatz Problem.

No problem, here are two candidates:
9 Algorithm 1: Ignore the input and output Yes.

@ Algorithm 2: Ignore the input and output No.

One of those two algorithms solves this decision problem, \uest don't know
which.

Note that no one said that we need to be able to point out the atgithm
explicitly, we just have to make sure an algorithm exists. Bone of the two
candidates above is guaranteed to work.

48



Iteration and Decidability:

Theology

This type of argument caused a huge uproar in the mathematicemmunity
when rst used by D. Hilbert in 1890 ( nite basis theorem).

\This is not mathematics, this is theology."
Paul GordonJ

Gordon was upset since he had found a constructive, computetal proof for
special casen = 2 in 1886, but had failed in all attempts to generalize the
argument to arbitrary n.

Hilbert handled the general case not by explicity computina solution, but by
showing that the assumption that there is no solution lead®ta contradiction.

49



Iteration and Decidability:

Later On

Felix Klein (of the eponymous bottle) strongly
supported Hilbert's work. A while later, following
suggestions of Klein and Gordon, Hilbert wrote a
second paper showing how his approach can actually
yield some bounds on the degree of the polynomials in
question.

Gordon grudgingly concluded:

\Theology may have its uses."

50



Iteration and Decidability:

Finite Problems

The same trick works for any decision problem with only nitg many

We just may not know which of these algorithms is the right one

But: The algorithm does exist, so the problem is decidable.

In other words, classical computability theory is ill-eqpped to deal with nite
decision problems: the de nition just does not bite.

51



Iteration and Decidability:

So all this Computability Stu is Useless?

For problems with a single instance like the Collatz Conjece, Riemann
Hypothesis,P = NP problem, and so on: Yes. They simply don't t naturally
into this framework.

There is an algorithm that returns the correct answer, but tis is an entirely
pointless observation since we have no clue which one it is.

However, in order to get useful information, we can try to expit the fact that
undecidability and unsolvability can cast a noticeable sthew. For example,
Diophantine equations are not just undecidable in generayen individual
equations are often very di cult to deal with.

52



Iteration and Decidability:

Another Wrong Point of View

Note that in practical computations one inevitably only dda with instances of
some limited size. Here there are only nitely many instanseand so, in a
abstract computability sense, algorithms that deal with these are trivial.

Again, this is not a useful perspective: there is a lookup tebthat solves, say,
Satis ability for these size-limited instances. Howeveigs far asrealizable
computation is concerned this table is just an illusion: it is

@ usually absurdly large (say, larger than the physical unige), and
9 for some problems we don't even know how to compute single éast in it

e ciently.

It is much more productive to think of the problems as beinguty in nite and
develop methods that work on arbitrary inputs.



Iteration and Decidability: 54

And Collatz?

For the Collatz problem John Horton Conway, of Game-of-Lifame, found a
beautiful way to show how undecidability lurks nearby.

Conway's ldea: How about constructing in nitely many Collatz Conjecture®

More precisely, come up with a family of functions that genalize the Collatz
function slightly. Then ask if for one of these functions abbrbits are ultimately
periodic.

The classical Collatz function will be just one in this famj] so understanding
the whole family would of course solve the Collatz problem.



Iteration and Decidability:

Conway's Theorem

The hard part is to come up with a nice natural class of \Collatlike"
functions. Here is Conway's approach: de ne

Cn(a;b)(g k+r)=a q+ b )

wherea and b are two vectors of numbers of lengttk and0:::r <k .

The classical Collatz function is the special case

k=2;a=(1;6);b=(0;4):

So now we have in nitely many functions to deal with (though oe of them is
perhaps more interesting than all the others).

55



Iteration and Decidability: 56

Conway-Collatz Problem

Problem: Conway-Collatz Problem

Instance: The parameters, b.

Question: Is every orbit of C(a;b) ultimately periodic?
Theorem

The Conway-Collatz Problem is undecidable.
It remains undecidable even if all th&'s are 0.

The theorem indicates that there is no good general way to amsr questions
about Collatz-like functions. So it is not entirely surpriag that the classical
Collatz function is also very di cult to analyze.



Iteration and Decidability: 57

Conway'sT Function

A famous example of a Conway function other than the classic@ollatz
function is the following:
T(2n)=3n
T@n+1)=3n+1
T@n 1)=3n 1

This is just Cn(6; 3; 6; 3;0; 3; 1; 2).

Proposition

T :N! N is a bijection.

Exercise
Prove that the T function is a bijection. Then look for cycles undeT .



Iteration and Decidability: 58

Plot

70f .
60 [ .

50 .

40} .
30} . L.
201 . .

10} . o °

10 20 30 40 50

Looks very similar to the Collatz function.
But note that the lower line wobbles; there are really 3 linedunctions here.



Iteration and Decidability:

Some Cycles

Known nite cycles are:

1);
(2;3);
(4:6;9;7;5);

(44; 66; 99; 74; 111; 83; 62; 93; 70; 105, 79; 59):

Open Problem:

Are there any other nite orbits?
In particular, is the orbit of 8 nite?

59



Iteration and Decidability:

Orbit of 8

200 400 600 800 1000

This is a log-plot. It seems to suggest the orbit of 8 grows vhibut bound, but
of course this is neither here nor there; maybe the values tease after
A(100; 100) steps,A the Ackermann function.
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61

The Mandelbrot Set

Calculus and Fixed Points

Iteration and Decidability

© Theory of Fixed Points



Theory of Fixed Points: 62

The Continuous Case

In the world of continuous functions there are a few well-kma results that
guarantee the existence of a xed point.

Theorem (Brouwer)

Any continuous map from the closed unit sphere in dimensionto itself has at
least one xed point.

Theorem (Banach)

Every contraction map on a complete metric space has exactipe xed point.



Theory of Fixed Points: 63

Recall: Lattices

To obtain comparable results in the discrete domain requére bit of
preparatory work. We need to nd the right algebraic structee (just as
complete metric spaces are the right structure for Banachtieorem).

De nition

A lattice is an algebraic structureA = hA; u;ti with two binary operations,
referred to asmeet and join that are both associative, commutative and
idempotent. Moreover, the absorption law holds:

Xu((xty)=xt (XxXuy)= x )




Theory of Fixed Points: 64

Examples

Example

Boolean values true and false with logical connectives \ahdnd \or" form a
lattice.

Example

The powerset of any set with operations intersection and wm form a lattice.

Example

Binary relations on a set form a lattice with intersection ash union. Likewise,
equivalence relations form a lattice, albeit with a di erenmeet operation.
Example

The positive integers withgcd and Icm form a lattice.



Theory of Fixed Points:

The Poset Interpretation

Another way to look at lattices is to consider gposethA; i

If the poset is properly behaved, we can de ne binary operatis
inf(x;y)=max z2Ajz xy
sup(x;y)=min z2 Ajxy z

Then hA; inf; supi is a lattice.

One the other hand, given a lattice we can de ne a partial orddy
X vy Xuy= X )

This partial order has sups and infs which turn out to be exdgtthe join and
meet operations of the lattice.

65



Theory of Fixed Points: 66
Complete Lattices

In a lattice, the join and meet operations are binary by de tibn. Of course,
they can be generalized to a nite number of arguments, but #re is
requirement that sups and infs should exist for arbitrary bsets ofA.

De nition

A lattice is complete if every subset of the carrier set has a supremum and an
in mum.

Note that every complete lattice must have a least and a largteelement.

Example

Every nite lattice is complete.

The in nite examples from above are all complete.

The reals with standard order form an incomplete lattice.

The natural numbers with divisibility form a complete latite (this is tricky).



Theory of Fixed Points: 67

Monotonicity

In analysis, the existence of xed points is a di cult topic. In our setting, there
is a very powerful theorem that often can be used to demonsteathe existence
of xed points.

De nition

Let L be a complete lattice andf : L ! L a map.f is monotonic if for all
X;y 2 L:
x yimpliesf(x) f(y)

Given a monotonic map one can always de ne an increasing c¢hai

2 f(?) 1%(?)



Theory of Fixed Points:

Lattices and Fixed Points

Theorem (Knaster-Tarski)

Let L be a complete lattice andf : L ! L a monotonic map onL. Then the
set of xed points of f is a complete sublattice of.

It follows from the theorem that xed points exist; there mayeven be many of
them.

Moreover, there is always

9 aleast xed point f and
@ a largest xed point f .

68



Theory of Fixed Points: 69

Proof

To see that there is a largest xed point de ne the set of all f -increasing"
elements
l=fx2Ljx fX)g

Note that | contains all xed points,?2 1,f(l) |. Lets=supl.

Then for x 2 1 we havex s whencef (x) f(s) by monotonicity and so
x f(x) f(s). Butthen f(s) boundsl and we must haves f (s), whence
s 2 |. Hencef (s) = s and we havef = s.

The least xed point can be gotten by duality from the largesbr more directly
as the sup of the chain on the previous slide:

f =sup(f"(?) n 0)



Theory of Fixed Points: 70

Equivalential Closure

Suppose we have a binary relation on A.
De ne the following operationf for any binary relationX on A:

FO)=1al [ X)[x J

The lattice of binary relations onA is clearly complete, and is monotonic:
X Y impliesf (X) f(y).

S
Then f = f"(;) is the equivalential closure of . The closure ordinal is

n<!

! since the chains required by transitivity are all of nite legth.



Theory of Fixed Points:

Banach's lemma

Lemma

Letf :A! B andg:B ! A be two arbitrary functions. Then there are
partitions A = A1 [ Az andB = B;1 [ B such thatf (A1) = B1 and
9(B2) = Ao.

Proof. We exploit the Knaster-Tarski theorem. Consider the powasof A,
clearly a complete lattice.

ForanyX A dene
F(X)=A 9B f(X)) J

A moment's thought reveals thatF is indeed monotonic and thus has a least
xed point.

But then A1 = F works as required (make sure to verify this fact). 2



Theory of Fixed Points: 72

Cantor-Bernstein

Note that the Cantor-Bernstein theorem is a simple corollgrto Banach's
lemma: whenf and g are both injective we havgAij = jBij andjA2j = jB2j.

This argument is considerably less complicated than the stard proof of
Cantor-Bernstein.

Exercise

Try to prove Banach's lemma from scratch, without referencto the
Knaster-Tarski theorem. Try some special cases rst, saf, maps to one point,
is surjective, and so on.

Exercise

Look up some standard proofs for Cantor-Bernstein. How doel compare to
the proof above.



Theory of Fixed Points:

Summary

Iteration produces complicated behavior even in simple fttions.
It matters little whether the domain is discrete or continuos.
Many algorithms can be construed as xed point constructien

¢ ¢ ¢ ¢

Some computational environments such as Mathematica o er aed

point operation as a primitive.

@ There is a memoryless linear time algorithm to compute traent and
period of a map on a nite carrier set.

@ Questions about the orbits of functions may easily be unddable, even if
the functions in question are very simple.

@ There are results in the discrete realm that are similar toadsical xed

point theorems in analysis, but they require a bit of maching
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