
            

GeometricCharacterizationof
Series-ParallelVariableResistorNetworks∗

RandalE.Bryant
J.D.Tygar

SchoolofComputerScience
CarnegieMellonUniversity
Pittsburgh,PA15213USA

LawrenceP.Huang
IBMCorporation

11400BurnetRoad
Austin,TX78758

April,1994

Abstract

Therangeofoperatingconditionsforaseries-parallelnetworkofvariablelinearresistors,
voltagesources,andcurrentsourcescanberepresentedasaconvexpolygoninaThevenin
orNortonhalf-plane.Foranetworkwithnelementsofwhichkarevariable,thesepolygons
haveatmost2kverticesandcanbecomputedinO(nk)time.Thesehalfplanesareembedded
intherealprojectiveplanetorepresentcircuitswithpotentiallyinfiniteTheveninresistance
orNortonconductance.Forcircuitsthathaveanacyclicstructureonceallbranchestoground
areremoved,thecharacteristicpolygonsforallnodeswithrespecttogroundcanbecomputed
simultaneouslybyanalgorithmofcomplexityO(nk).
KeyWords:Worstcaseanalysis,linearcircuits,series-parallelnetworks,projectivegeometry.

1.Introduction

Thetaskofworstcasecircuitanalysis[7]involvesdeterminingtheextremerangesofcircuit
operationgivenasetofpossiblevariationsinthecircuitparameters.Mostattemptstosolve
thisproblememploysensitivityanalysis,whereonecomputesthebehaviorofthecircuitunder
nominalconditionsandcharacterizestheincrementaleffectofthepossiblevariations[5,6].For
smallvariations,theanalysisofvaryingindividualparameterscanaccuratelypredicttheeffectof
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varyingmultipleparametersaswell.Henceonecandeterminetheextremeoperatingconditions
byapplyingastandardoptimizationmethodsuchassteepest-descent tomaximizeorminimizea
desiredobjectivefunction(e.g.,aparticularbranchvoltage).Whentheparametersvaryoverawide
range,however,characterizingtheeffectofthesevariationsbecomesmoredifficult.Itcanbeshown
thatapplyingsteepest-descent methodsbasedonindividualsensitivitiescanleadtonon-optimal
results[7].Acommonpracticeistousesteepest-descent, butthentorecomputethesensitivities
atthecalculatedsolutionpointtodeterminewhetherchangingsomeparameterwouldimprovethe
solutionfurther[4].Suchatechniquecandetermineifthecomputedresultislocallyoptimal,but
itmaynotfindtheglobaloptimum.

Inhisbookoncircuittheory[2],Calahandescribesamethodforperformingaworstcaseanalysis
ofavariablelinearresistornetworkbycastingitasalinearprogrammingproblem.Unfortunately,
hismethodwillnotfindtheoptimumsolutionwhentheoptimumsettingoftheresistorscauses
someofthebranchcurrentstobereversedfromtheirdirectionsintheinitialsolution.Calahan’s
derivationoverlooksthislimitation.Inproceedingfromthefirsttothesecondequationonpage
172,hemultipliesbothsidesofaninequalitywithafactorthatcouldpossiblybenegative,without
consideringtheneedtochangethesenseoftheinequality.

Methodshavebeenproposedtoefficientlycomputetheeffectofanygivenvariation[11,14].These
methodsrequireexplicitlycomputingasolutionforeachcombinationofparametricvalues,and
hencedonotguidethesearchforextremeconditions.

AnalternatetechniqueistouseMonteCarlomethodstostatisticallycharacterizetheeffectsof
possiblevariationsbyanalyzingthecircuitunderanumberofrandomly-generatedparametric
values.Thisapproachisnotguaranteedtodetecttheextremeoperatingpointsofthecircuit,
especiallywhenthosepointsarestatisticallyimprobable.

Afinalmethodistodevelopboundingtechniquesthatsuccinctlycharacterizethepotentialrangeof
behaviors[19].Boundingapproacheshavetheadvantagethattheycapturethefullrangeofbehav-
iorswithasinglecomputation.Fromthisinformationtheextremepointscanreadilybedetermined.
Boundingapproachesbasedonintervalanalysishavebeenproposedforworstcasecircuitanalysis.
Suchmethodscanyieldverypessimisticresults,sincetheintervalalgebracompletelyignoresall
correlationsbetweenthedifferentinstancesofaparameter.

Thispaperconsidersmethodstoboundtherangeofoperatingconditionsfornetworkscontaining
variable,linearresistors.Inearlierwork,wehaveshownthatcomputingthepreciserangeof
possiblevoltagesinanarbitraryvariableresistornetworkisNP-complete[13].Thisresultexplains
whystandardoptimizationtechniquessuchassteepest-descent andlinearprogrammingcannot
solvetheworstcaseanalysisproblemevenfortheseeminglysimplecaseoflinearresistors—if
wecouldsolvetheworstcaseanalysisproblemefficiently,thenthiswouldgiveusamethodfor
solvingawidevarietyofdifficultoptimizationproblems[8].Similarly,areliabletechniquebased
onMonteCarloanalysiswouldyieldefficientrandomizedalgorithmsfortheseotherproblems.
Thus,itisunlikelythatanefficientalgorithmexistsforworstcaseanalysisofarbitrary,variable
resistornetworks.

Thispaperdescribesanefficientmethodforcomputingexactboundsontheoperatingconditions
ofavariableresistorcircuitundertherestrictionthatthecircuithasaseries-parallelstructure.The
methodhandlesnetworksofindependent,variablelinearelements:resistors,voltagesources,and
currentsources.Arbitrary,nonnegativeresistancevaluesareallowed,includinginfiniteones.The
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Figure1:ExampleofVariableResistorCircuit.TherangeofpossibleTheveninequivalent
circuitsformsaconvexpolygon.

methodderivesexactresultsforanyphysicallyrealizableseries-parallelnetwork.Inparticular,it
failsonlyunderconditionswheretwovoltagesourcesofpotentiallydifferingvoltageareconnected
inparallelorwheretwocurrentsourcesofpotentiallydifferingcurrentareconnectedinseries.Our
methodissuperiortoonebasedinintervalanalysisinthatthecomputedsolutioncontainsonly
operatingpointsthatcouldactuallyariseforsomesettingofthecircuitparameters.

WorstcaseanalysisofvariableresistornetworksisrequiredwhenmodelingMOScircuitsbylinear
switch-levelsimulation[18].Inthisapproachtosimulation,transistorsaremodeledasswitched,
linearresistors,whilenodevoltagesareapproximatedbylogicvalues{0,1,X},whereXindicates
anunknownorpotentiallynondigitalvoltage.WhenatransistorgatenodehasvalueX,the
transistorisassumedtohaveanarbitraryresistancegreaterthanorequaltoitsvaluewhenfully
on.Thesimulatormustthencomputetherangesofpossiblesteadystatevoltagesonthenodesfor
allpossiblevariationsoftheresistancestodeterminethenewnodestates.Mostlinearswitch-level
simulatorsusesimplisticmethodstocomputethepossiblevoltageranges[3,18].Attimestheycan
produceresultsthatareoverlypessimistic,computingalargerrangethanisactuallyachievable,
whileatothertimestheyproduceresultsthatareoverlyoptimistic,computingasmallerrange.In
fact,existingprogramscanevenfailtocomputethecorrectresultforfixedresistancenetworks.

2.SummaryofMethod

Ourapproachtakesageometricviewofthesetofpossiblenetworkoperatingpoints.Thepossible
TheveninorNortonequivalentcircuitsforthenetworkareviewedaspointsinahalf-plane.Thevenin
equivalentshavingfiniteresistancearerepresentedbypointsoftheform〈R,V〉,whileNorton
equivalentshavingfiniteconductancearerepresentedbypointsoftheform〈G,I〉.Applying
conceptsfromprojectivegeometry[1],weintroduceaclassofinfinite“ideal”pointstorepresent
infiniteresistancesandconductances.Thatis,theTheveninequivalentofacurrentsourceis
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givenbyidealpoint〈〈I〉〉,whiletheNortonequivalentofavoltagesourceisgivenbyidealpoint
〈〈V〉〉.Notethatunlikeothergeometricinterpretationsofoptimizationproblems,ourcoordinates
correspondtoderivedquantitiesratherthantotheoptimizationparameters.

OurmainresultistoshowthattheTheveninorNortonequivalentofaseries-parallelnetwork
containingkvariableelementscanberepresentedasaconvexpolygonofdegree(i.e.,numberof
vertices)lessthanorequalto2k.Furthermore,ifthenetworkcontainsatotalofnelements,this
polygoncanbecomputedintimeO(nk).Givensuchapolygon,onecaneasilydeterminethe
rangesofpossiblesteadystatevoltages,currents,resistances,orconductances.

Figure1illustratesthisapproachforacircuitusedin[7]toillustratetheinabilityofsmall-scale
sensitivityanalysistosolvetheworstcaseanalysisproblem.TheTheveninrepresentationofthe
circuitacrossthetwoterminalsisplottedontherighthandsideofthefigure.TheThevenin
equivalentundernominalconditionsgivesthepointlabeled“Nominal.”ThelineslabeledR1and
R2illustratethesensitivitieswithrespecttovariationsinthesetworesistorsrelativetotheirnominal
values.ThesesensitivitieswouldseemtoindicatethattheminimumvoltagewouldoccurwhenR1

isminimizedandR2ismaximized.Althoughnotshown,sensitivityanalysisalsoindicatesthatR3

shouldbeminimized.UndertheseconditionswewouldobtainaTheveninequivalentgivenbythe
pointlabeled[−,+,−].Notehowever,thattheTheveninvoltagewouldactuallybelowerbysetting
R1toitsmaximumvalue,asdenotedbythepointlabeled[+,+,−].Asthisfigureillustrates,the
rangeofpossibleTheveninequivalentsformsaconvexpolygonwith6vertices.Bycomputing
thispolygonexplicitly,wecandeterminetheextremevaluesofthevoltageacrosstheterminalsby
findingtheverticeswithminimumandmaximumYvalues.

Forthespecialcaseofa“groundedtree”network,wherethecircuitbecomesacyclicwhenall
branchestogroundaredeleted,wecancomputethepolygonsforeverynodeinthetree(relativeto
ground)byanalgorithmwithtimecomplexityO(nk).Thisalgorithmisoptimalinthatitgenerates
npolygons,eachhavingdegreeupto2k.

Thisalgorithmcouldformthebasisforthesteadystatevoltagecomputationinalinearswitch-level
simulator.Byperformingseries-parallelreductionsonpullupandpulldownnetworkstructures,
mostofthechannelconnectedcomponentsfoundinMOScircuitscanberepresentedasgrounded
trees.Theworstcasecomplexitywouldbequadraticinthenumberoftransistors,asopposedto
thelinearcomplexityofexistingalgorithms.However,thisworstcasecomplexitywouldonlyarise
underthefollowingconditions:(1)thechannel-connectedcomponentisverylarge,(2)alarge
fractionofthetransistorsmustbemodeledasvariableresistors,and(3)theachievablevoltages
onalmosteverynodestronglydependsonmostofthesevariableresistances.Suchacombination
wouldseldomariseinpractice.

3.GeometricRepresentation

Ourgeometryisbasedonplanarprojectivegeometry[1],wheretheconventionalsetof“Euclidean”
pointsisaugmentedbyasetof“ideal”pointsdenotingtheintersectionsofparallellines.Werestrict
Euclideanpointstolieinthehalf-planehavingCartesiancoordinateswithx≥0.Inelectrical
terms,thismeansthatnonegativeresistancesorconductancesareallowed.1Idealpointsrepresent

1Thisrestrictionisintroducedforsakeofsimplicity.Itavoidsthedifficultyinprojectivegeometryofdefiningan
orderingofpointsonaline—alineisviewedas“wrappingaround”throughitsidealpoint.Itseemslikelythatour
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Figure2:GeometricRepresentationsofFixedCircuitElements.Eachelementisrepresented
byapointintheTheveninandNortonhalf-planes.

valuesatx=∞.Inelectricalterms,thesepointsdescribethebehaviorofin®niteresistances
andconductances.Despitetheinclusionofidealpoints,manyofthekeyconceptscarryover
fromEuclideangeometry.Wewillrefertothetworegionsforrepresentingcircuitbehaviorasthe
TheveninandNortonªhalf-planes.º

3.1.Points

ThesetofpointsPconsistofEuclideanpointsoftheform〈x,y〉forrealvaluesxandysuchthatx
isnonnegative,andidealpointsoftheform〈〈m〉〉forrealvaluem.Idealpoint〈〈m〉〉canbethought
ofasrepresentingthelimitofthesetofpoints{〈x,mx+b〉|b∈<}asxapproachesin®nity.Asa
namingconvention,wewilldenotethecoordinatesofapointbysubscriptingthecoordinatename
withthepointname,e.g.,pointpwillhavecoordinatesxpandypifitisaEuclideanpoint,andmp

ifitisanidealpoint.

ApointintheTheveninorNortonhalf-planecharacterizesacircuitforaparticularsettingofthe
elementvalues.Figure2illustratesseveralexamplesof®xedcircuitelements.Inthis®gure,the

approachcouldbeextendedtohandlenegativeresistances.
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half-planesaredrawnwithEuclideanpointsontheleftandidealpointsonaseparateaxisonthe
right.NotethattheXaxisfortheEuclideanpointsactuallyextendsindefinitelyfartotheright.
NotealsothattheverticalscaleforidealpointswillgenerallydifferfromthatforEuclideanpoints.
AvoltagesourceVisrepresentedintheTheveninhalf-planebytheEuclideanpoint〈0,V〉andin
Nortonhalf-planebytheidealpoint〈〈V〉〉.AcurrentsourceIisrepresentedinadualwayasthe
idealpoint〈〈I〉〉intheTheveninhalf-planeandastheEuclideanpoint〈0,I〉intheNorton.Finally,
anonzero,finiteresistanceRisrepresentedintheTheveninhalf-planebytheEuclideanpoint
〈R,0〉andintheNortonbythepoint〈1/R,0〉.Euclideanpoint〈0,0〉isofspecialinterest—it
istheTheveninrepresentationofashortcircuitandtheNortonrepresentationofanopencircuit.
Alsoofspecialinterestisidealpoint〈〈0〉〉—theTheveninrepresentationofanopencircuitandthe
Nortonrepresentationofashortcircuit.

Asnotation,wewillsaythatpointspandqareorderedlefttoright,denotedp≺Hq(for“Hori-
zontal”)ifeitherpisaEuclideanpointwhileqisanidealpoint,orbothareEuclideanpointsand
xpislessthanxq.Similarly,wewillsaythatpandqareverticallyaligned,denotedp≡Hq(for
“horizontallyequivalent”)ifeitherbothareidealpointsorareEuclideanpointswithidenticalX
coordinates.Observethatforanytwopointspandq,wemusthaveeitherp≺Hq,p≡Hq,or
q≺Hp.Pointspandqareorderedp¹Hqifeitherp≺Hqorp≡Hq.

Verticallyalignedpointspandqareorderedvertically,denotedp<Vqifeitherbothareideal
pointsandmpislessthanmq,orbothareEuclideanpointsandypislessthanyq.Notethatpoints
thatarenotverticallyalignedareconsideredunorderedwithrespecttothisrelation.Pointspand
qareorderedp≤Vqifeitherp<Vqorp=q.

Pointpissaidtobebetweenpointspaandpbifoneofthefollowingsetsofconditionsholds.For
thecasewherepa≺Hpb,wemusthavepa¹Hp¹Hpb.Forthecasewherepb≺Hpa,wemust
havepb¹Hp¹Hpa.Forthecasewherepa≡Hpb,wemusthaveeitherpa≤Vp≤Vpbor
pb≤Vp≤Vpa.Notethatapointcanbebetweentwootherswithoutbeingcolinear.

3.2.Lines

Linesinahalf-planearecategorizedaseither“angled,”“vertical,”or“ideal,”dependingonthe
orientationandtheXcoordinates.AnangledlineischaracterizedbyitsslopemanditsY-intercept
b:

λA(m,b)
.
={〈x,mx+b〉|x≥0}∪{〈〈m〉〉}

AverticallineconsistsofallpointshavingagivenXcoordinate:

λV(x)
.
={〈x,y〉|y∈<}

Theideallineconsistsofallidealpoints:

λ∞
.
={〈〈m〉〉|m∈<}

IncomparingourgeometrytoEuclideangeometry,weseethatangledandverticallinescorrespond
totheportionsoflinesintheplanehavingCartesiancoordinateswithx≥0,whiletheidealline
hasnoanalog.NotethatunlikeinEuclideangeometry,parallellinesmayintersect.Inparticular,
allangledlineswithslopemcontaintheidealpoint〈〈m〉〉.
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Figure3:CircuitsRepresentedbyLines.Eachpairofcircuitsisequivalent.
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Inelectricalterms,alinecorrespondstoanetworkcontainingasinglevariableelementoperating
overallpossiblevalues.Examplesofcircuitsgeneratingangledandverticallinesareillustrated
inFigure3.AcircuitconsistingofavoltagesourceVinserieswiththeparallelcombination
ofcurrentsourceIandavariableresistorwith0≤R≤∞(circuitA)isrepresentedinthe
Theveninhalf-planebyanangledlinewithY-interceptVandslopeI.ObservethattheThevenin
representationofthiscircuitincludesidealpoint〈〈I〉〉,indicatingthatwhentheresistanceisinfinite,
thecircuitreducestoacurrentsource.Asindicatedinthefigure,thiscircuitisequivalenttoone
withthecurrentsourceinparallelwiththeseriesconnectionofthevoltagesourceandtheresistor
(circuitA’).Thus,theNortonrepresentationofthecircuitisalsoaline,butwithY-interceptI
andslopeV.TheNortonrepresentationofthecircuitincludestheidealpoint〈〈V〉〉,indicatingthat
whentheconductanceisinfinite,thecircuitreducestoavoltagesource.Acircuitconsistingof
avariablevoltagesourcewith−∞<V<∞inserieswithafixedresistanceR(circuitB)is
representedintheTheveninhalf-planebyaverticallinewithX-interceptR.Asindicatedinthe
figure,thiscircuitisequivalenttoonewiththeresistorinparallelwithavariablecurrentsource
with−∞<I<∞(circuitB’).Thus,theNortonrepresentationofthecircuitisalsoavertical
line,butwithX-intercept1/R.

Anypairofdistinctpointspandqdefinesalineλ(p,q).Thelinetypedependsonthecategories
ofthetwopoints,andontheirverticalalignment:

1.Euclideanpointsp=〈xp,yp〉andq=〈xq,yq〉suchthatxp6=xqdefineanangledline:

λ(p,q)
.
=λA

(
yq−yp
xq−xp

,
xqyp−xpyq
xq−xp

)

2.Euclideanpointp=〈xp,yp〉andidealpointq=〈〈mq〉〉(listedineitherorder)definean
angledline:

λ(p,q)
.
=λ(q,p)

.
=λA

(
mq,yp−mqxp

)

3.VerticallyalignedEuclideanpointsp=〈x,yp〉andq=〈x,yq〉defineaverticalline:
λ(p,q)

.
=λV(x).

4.Twoidealpointspandqdefinetheidealline:λ(p,q)
.
=λ∞.

Distinctpointspa,pb,andpcarecolinearprovidedλ(pa,pb)=λ(pb,pc).

3.3.Segments

Twodistinctpointspandqdefineasegment[p,q]consistingofthesetofallpointsontheline
λ(p,q)lyingbetweenthetwopoints.Thesepointsarecalledtheendpointsofthesegment.We
willrefertoasegmentasσ,σa,etc.

RelatingoursegmentstoEuclideangeometry,asegmentwithEuclideanendpointscorresponds
totheusualdefinitionofalinesegment.ForEuclideanpointpandidealpointq,segment[p,q]
correspondstoaraydirectedtotheright,withoriginpandslopedeterminedbyq.Thesegment
formedbytwoidealpointshasnocounterpartinEuclideangeometry.
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Figure4:VariableCircuitElementsandtheirRepresentations.Eachisrepresentedbyasegment
inboththeTheveninandNortonhalf-planes.
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AsillustratedinFigure4,asingle,variablecircuitelementisrepresentedbyasegmentineither
theTheveninorNortonhalf-plane.AvoltagesourcevaryingbetweenVminandVmax(circuitA)is
representedintheTheveninplaneasalinesegmentalongtheYaxishavingendpoints〈0,Vmin〉and
〈0,Vmax〉indicatingthatitsTheveninresistanceis0.ThesamesourceisrepresentedintheNorton
planeasalinesegmentalongtheIdealaxishavingendpoints〈〈Vmin〉〉and〈〈Vmax〉〉,indicatingthat
ithasinfiniteNortonconductance.Therepresentationsofacurrentsource(circuitB)aretheduals
ofthoseforavoltagesource—eitherasegmentalongtheIdealaxisintheTheveninhalf-planeora
segmentalongtheYaxisintheNortonhalf-plane.Aresistorvaryingfrom0toafinitevalueRmax

(circuitC)isrepresentedinbothTheveninandNortonplanesashorizontallinesegmentsalong
theXaxis.IntheTheveninplanethissegmenthasendpoints〈0,0〉and〈Rmax,0〉,whileinthe
Nortonplaneithasendpoints〈1/Rmax,0〉and〈〈0〉〉.NotethatthissegmentincludesallEuclidean
points〈x,0〉withx≥1/Rmax.IfthisresistorhadRmax=∞(i.e.,anopencircuit),theThevenin
representationwouldstillbeasegment,buttherighthandendpointwouldbetheidealpoint〈〈0〉〉
andthesegmentwouldcontainallEuclideanpoints〈x,0〉forx≥Rmin.Anangledsegmentwith
nonzeroslopedescribescircuitssuchasAandA’illustratedinFigure3,butwiththeresistanceor
conductanceoperatingoveramorelimitedrange.

3.4.SetsofPoints

Wehavealreadyintroducedtwotypesofpointsets,namelylinesandsegments.Aswasdiscussed,
thesetypesofsetsrepresentnetworkscontainingasinglevariableelement.Whenmultiplevariable
elementsarepresent,wemustconsidermoregeneralclassesofsets.

Wewillconsiderthepropertiesofseveralfunctionsoperatingoverpoints,andtheirgeneralization
tofunctionsoversetsofpoints.Forn>0,defineann-arypointfunctionasamappingf:P

n
→P.

Suchafunctionisgeneralizedtoonemappingnsetsofpointstoasetofpointsas:

f(S1,S2,...,Sn)
.
={f(p1,p2,...,pn)|p1∈S1,p2∈S2,...,pn∈Sn},(1)

i.e.,astheunionofthemappingsofallofthepointsinthearguments.Forthecasewheref
isundefinedforsomecombinationofpointarguments,wewillsaythatthegeneralizationtoset
argumentsisundefinediftheargumentscontainanycombinationofpointsforwhichfisundefined.

Fromthisdefinition,wecanobservethatsuchanextensionmustbemonotonicover⊆.Thatis,if
Si⊆Tiforalli,thenf(S1,S2,...Sn)isdefinedwheneverf(T1,T2,...Tn)isdefined,andinthis
casef(S1,S2,...Sn)⊆f(T1,T2,...Tn).Furthermore,iff:P→Pisabijection,thensoisits
extensiontosets.

3.5.PointSequences

Pointsequencesprovideanotationfordescribingtheupperandlowerboundariesofsets.Apoint
sequenceisafinitesequencep1,p2,...,pksatisfyingthefollowingtwoproperties.First,thepoints
areorderedlefttoright,i.e.,pi¹Hpi+1forall1≤i<k.Second,distinctpointsarenotvertically
aligned,i.e.,ifpi≡Hpi+1,forsome1≤i<k,thenpi=pi+1.

Suchasequencedefinesasetofpointsconsistingoftheelementsofthesequence,aswellasthose
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inthesegmentsconnectingsuccessiveelements:

B(P)
.
={p1}∪

⋃

1≤i<k

[
pi,pi+1

]

Notethat{p1}isincludedintheequationabovetocoverthecasewherethisistheonlyelementof
P.Observethatforanyqsuchthatp1¹Hq¹Hpk,thereisexactlyonepointpinB(P)suchthat
q≡Hp.Givenapointqsuchthatp1¹Hq¹Hpk,weclassifythispointasbeingeitherbelow,
on,orabovepointsequencePaccordingtoitsverticalorderingwithrespecttothepointpinB(P)
suchthatq≡Hp.

Apointsequenceisreducedprovidedeachelementisdistinct,andno3successiveelementsare
colinear.ObservethatforanypointsequenceP,wecanformareducedsequenceP′suchthat
B(P)=B

(
P′)

bysimplyeliminatinganyduplicateelements,aswellasanypointpisuchthat
pi−1,pi,andpi+1arecolinear.

PointsequenceCisanuppercontour(respectively,lowercontour)forsetSprovidedeveryelement
ofB(C)isinS,andeverypointinSliesonorbelow(resp.,above)C.ObservethatifsetShasboth
upperandlowercontours,thentheinitialandfinalelementsofthesecontoursmustbevertically
aligned.

3.6.ConvexPolygons

AsetSisconvexifforanydistinctpointspandqinS,allpointsinthesegment[p,q]arealsoinS.
AconvexpolygonisaconvexsetShavinganuppercontourUandalowercontourL,bothofwhich
arereduced.ThedistinctelementsofUandLformtheverticesofthepolygon.Thedegreeofthe
polygonisthenumberofvertices.Theedgesofthepolygonarethesegmentshavingasendpoints
successiveelementsofUorL,aswellassegmentsconnectingtheinitialorfinalelementsofU
andL,providedthesearedistinct.Observethataconvexpolygonofdegree1hasnoedges;oneof
degree2hasasingleedge;andoneofdegreek>2haskedges.

AconvexpolygonconsistingofonlyEuclideanpointsmatchestheusualdefinitionofaconvex
polygon.AsillustratedinFigure5,aconvexpolygoncontainingidealpointsmusthavepoints
〈〈mu〉〉and〈〈ml〉〉asthefinalpointsinitsupperandlowercontours,respectively,whereml≤mu

(inthisexampleml=mu=−0.25).Suchapolygonextendsinfinitelytotheright,havinglines
withslopesmlandmuastangents.

4.TheN-TTransform

TheN-TtransformdescribeshowtotransformtheTheveninrepresentationofacircuitintoits
Nortonequivalent,andviceversa.Itcanthusbeviewedasamappingoverpoints.Operationsof
thisformhavebeenstudiedextensivelyinthefieldofprojectivegeometry,wheretheyareusedto
createaperspectivedrawingofanimage[17].

Definethefunctionτ:P→Pas:

1.ForEuclideanpoint〈x,y〉withx>0:τ
(
〈x,y〉

).
=〈1/x,y/x〉.
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Figure5:ContourRepresentationofaPolygon.Whenapolygonincludesidealpoints,the
minimumandmaximumpointsgivetheslopeoftherightmostlowerandupperedges.

2.ForEuclideanpoint〈0,y〉:τ
(
〈0,y〉

).
=〈〈y〉〉.

3.Foridealpoint〈〈m〉〉:τ
(
〈〈m〉〉

).
=〈0,m〉.

ThistransformisdefinedaccordingtotheusualrulesforconvertingbetweenTheveninandNorton
representationsofacircuit.ForaThevenincircuitwithpositiveresistanceRthev,weknowthatthe
NortonequivalenthasGnort=1/RthevandInort=Vthev/Rthev.ForTheveninresistance0,weuse
anidealpointtorepresenttheNortonequivalentofavoltagesource.Theidealpointrepresenting
theTheveninequivalentofacurrentsourcetransformsintoaNortoncircuitcontainingthecurrent
sourceandhavingGnort=0.

Fromthesedefinitions,weobserveanumberofimportantproperties.First,τisabijectionandis
itsowninverse,i.e.,τ(τ(p))=p.Second,τpreservesverticalalignmentandverticalordering,i.e,
p<Vqiffτ(p)<Vτ(q).Third,τinvertslefttorightordering,i.e.,p≺Hqiffτ(q)≺Hτ(p).
Finally,pointpisbetweenpointspaandpb,ifandonlyifpointτ(p)isbetweenpointsτ(pa)and
τ(pb).

4.1.TransformsofLinesandSegments

Proposition1Foranylineλ,itstransformτ(λ)isitselfalineasfollows:

1.Anangledlineistransformedintoanangledline,swappingtheslopeandY-intercept:
τ(λA(m,b))=λA(b,m).

2.Averticallinewithx>0istransformedintoaverticalline:τ(λV(x))=λV
(
1/x

)
.
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3.Theverticallinewithx=0istransformedintotheidealline:τ(λV(0))=λ∞.

4.Theideallineistransformedtotheverticallinewithx=0:τ(λ∞)=λV(0).

Proof:Forthecaseofanangledline,observethatforanyEuclideanpointp=〈x,mx+b〉with
x>0,itstransformisgivenby:τ(p)=〈1/x,b/x+m〉=〈x′,bx′+m〉,forthesubstitution
x′=1/x,andhencethetransformedpointliesontheangledlinewithslopebandY-interceptm.
Furthermore,asxrangesoverallpositiverealvalues,weseethatx′alsorangesoverallpositivereal
values.Finally,points〈0,b〉and〈〈m〉〉haveastransforms〈〈b〉〉and〈0,m〉,respectively,completing
themappingtothelineλA(b,m).

Theother3casesfollowdirectlyfromthedefinitionofthetransform.

Thepropertythatthetransformofanangledlineisitselfanangledlinecanbeunderstoodin
electricaltermsbytheexamplesofcircuitsAandA’inFigure3.Thesecircuitsareequivalentand
eachisrepresentedbyanangledlineinitsrespectivehalf-plane.

Proposition2Thetransformofasegment[p,q]isgivenbythesegmenthavingτ(p)andτ(q)as
itsendpoints.

Proof:Havingshownthatthetransformofalineisitselfaline,weknowthatτ(λ(p,q))=
λ(τ(p),τ(q)).Fromthiswecanconcludethatτ([p,q])⊆λ(τ(p),τ(q)).Furthermore,apoint
isbetweenpointspandqifandonlyifitstransformisbetweenpointsτ(p)andτ(q).Fromthis
wecanconcludethatτ([p,q])=[τ(p),τ(q)].

Forasegmentσ,wewilldenoteitstransformasτ(σ),bearinginmindthatτ(σ)isitselfasegment
havingasendpointsthetransformedendpointsofσ.

4.2.TransformsofSetsandPolygons

Manypropertiesofsetsarepreservedunderthetransformoperator.Notealsothatinordertoprove
astatementoftheform“PropertyPholdsforasetSifandonlyifPholdsforthesetτ(S),”it
sufficestogivetheproofinonedirection.Forexample,supposeweprovethestatement“IfP
holdsforSthenPholdsforτ(S).”Thentheconversefollowsbysubstitutingτ(S)forSinthe
antecedent,andτ(τ(S))=Sforτ(S)intheconsequent.

Lemma1SetSisconvexifandonlyifτ(S)isconvex.

Proof:Wewillprovethe“if”direction,i.e.,thatifτ(S)isconvexthenSisconvex.

Supposethatsetτ(S)isconvex.ForanypointspandqinS,theirtransforms,τ(p)andτ(q)are
inτ(S),andhencebyconvexity,anypointinthesegment[τ(p),τ(q)]isalsoinτ(S).Weknow
thatthissegmentisthetransformofthesegment[p,q],andhenceanypointinthesegment[p,q]
isinS.
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Lemma2SequenceP=p1,p2,...,pkisareducedpointsequenceifandonlyifsequenceτ(P)
.
=

τ(pk),τ(pk−1),...,τ(p1)isareducedpointsequence.

Proof:Wewillprovethe“onlyif”direction.Clearly,τ(P)isapointsequence,sincethetransform
operatormaintainsverticalalignmentandreverseslefttorightordering.Furthermore,ifsuccessive
elementsofParedistinct,thentheirtransformsarealsodistinct.Wecanseethatnothreesuccessive
pointsinτ(P)canbecolinear,becauseotherwisethecorrespondingelementsinPwouldalsobe
colinear.

Lemma3τ(B(P))=B(τ(P)),foranypointsequenceP.

Proof:ThisfollowsbythedefinitionofB(P)andthefactthatthetransformoperatorappliesto
segments.

Lemma4IfCisanupper(respectively,lower)contourforS,thenτ(C)isanupper(resp.,lower)
contourforτ(S).

Proof:Wehavejustshownthatτ(B(C))=B(τ(C)),andhenceeverypointinB(τ(C))isin
τ(S).Furthermore,thetransformoperatorpreservesverticalalignmentandverticalordering,and
henceifpointpisonorbelow(resp.,above)C,thenτ(p)isonorbelow(resp.,above)τ(C).

Theorem1Sisaconvexpolygonofdegreekifandonlyifτ(S)isalsoaconvexpolygonofdegree
k.

Proof:GiventhatSisaconvexsetwithupperandlowercontoursUandL,wecanseethatτ(S)
isaconvexsethavingupperandlowercontoursτ(U)andτ(L).

Givenarepresentationofaconvexpolygonintermsofitsupperandlowercontours,wecaneasily
computethetransformofthispolygon.Theupperandlowercontoursofthenewpolygonare
computedbysimplyapplyingthetransformoperatortoeachelementintheoriginalcontours,
whilereversingtheorderingofelementsinthetwosequences.

5.PointAddition

Pointadditiondescribestheeffectofcombiningnetworksinseries(giventheirTheveninrepresen-
tations)andinparallel(giventheirNortonrepresentations).

Forpointspandqtheirsum,denotedp+qisdefinedas:

1.ForEuclideanpointsp=〈xp,yp〉andq=〈xq,yq〉:p+q
.
=〈xp+xq,yp+yq〉.
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Figure6:PreservationofConvexitybyMinkowskiSum.Thesegmentconnectingthesums
ofpairsofpointsfromtheargumentsmustliewithintheparallelogramformedbysummingthe
segmentsconnectingtheargumentpoints.

2.ForEuclideanpointpandidealpointq:p+q=q+p=q.

3.Foridealpointp:p+p=p.

4.Fordistinctidealpointspandq:p+qisunde®ned.

Thisde®nitionfollowsfromtherulesforcombiningnetworksinseriesorinparallel.Forpointsin
theTheveninhalf-plane,addingEuclideanpointscorrespondstotherulethatvoltagesourcesand
resistancescombineinseriesbytheirsums.AddingaEuclideanpointtoanidealpointcorresponds
tocasewhereacurrentsourceisplacedinserieswithavoltagesourceandaresistor,forcingthe
branchcurrenttobethatofthecurrentsource.Addingtwoidealpointscorrespondstoplacingtwo
currentsourcesinseries.Thisisallowedonlyforidenticalcurrentsources.

ForpointsintheNortonhalf-plane,addingEuclideanpointscorrespondstorulethatcurrent
sourcesandconductancescombineinparallelbytheirsums.AddingaEuclideanpointtoan
idealpointcorrespondstocasewhereavoltagesourceisplacedinparallelwithacurrentsource
andaconductance,forcingthebranchvoltagetobethatofthevoltagesource.Addingtwoideal
pointscorrespondstoplacingtwovoltagesourcesinparallel.Thisisallowedonlyforidentical
voltagesources.

5.1.TheMinkowskiSumofConvexPolygons

Aswegeneralizefrompointstoconvexpolygonsforrepresentingvariablenetworks,weextend
additiontopolygonsaccordingtoEquation1,thusdescribingtheeffectofcombiningvariable
networksinseriesorinparallel.Thatis,wesumpointsetsSaandSbasSa+Sb

.
={pa+pb|pa∈

Saandpb∈Sb}.TheoperationofsummingtwopointsetsinCartesiangeometryiscommonly
calledtheMinkowskisum.ItcanbeshownthattheMinkowskisumoftwoconvexsetsisitself
convex.[9].Figure6providestheintuitionbehindthisargument.SupposesetSisformedasthe
MinkowskisumofconvexsetsSaandSb.AnypointspandqinScanbewrittenasp=pa+pb
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Figure7:AdditionofConvexSets.Theboundaryofthesumcanbeformedbysweepingaround
theargumentswithapairofparalleltangents.

andq=qa+qb,withpaandpbinSaandwithqaandqbinSb.Giventheargumentsareconvex,we
musthavethatsegmentsσa=[pa,qa]andσb=[pb,qb]liewithinsetsSaandSb,respectively,and
thereforetheirsummustliewithinS.Asthefigureshows,thesumofthesetwosegmentsformsa
parallelogramthatincludesthesegment[p,q],andhencethissegmentmustliewithinsetS.

Withourinclusionofidealpoints,thesumoperationispartial,i.e,itisnotdefinedwhenthetwo
argumentsetscontaindistinctidealpoints.Forthecaseswhereitisdefined,however,thesame
reasoningcanbeusedtoshowthatthesumoftwoconvexsetsisconvex.

ThefollowingmethodcanbeusedtocomputetheMinkowskisumoftwoconvexsetsinCartesian
geometry[10].DefineaboundarypointpofaconvexsetSasonesuchthatthereissomesegment
containingpthatintersectsSonlyatp.EveryotherpointofSisaninteriorpoint.Foreverypoint
pontheboundaryofaconvexsetS,thereisatleastonelinetangenttoSatp,i.e.,alinewhose
intersectionwithSincludesp,andpossiblyotherboundarypoints,butnointeriorpoints.Akey
propertyofthesumoftwoconvexsetsSaandSb,illustratedinFigure7,isthatforanypointpon
theboundaryofSa+Sb,thereareboundarypointspaandpbinSaandSb,respectively,suchthat
p=pa+pb.Furthermore,ifthereisalineofslopemtangenttoSa+Sbatp,thenthepointspa
andpbcanbechosensuchthattherearelinesofslopemtangenttoSaandSbatpointspaandpb,
respectively.ThustheboundaryforSa+Sbcanbecomputedbysweepingapairoftangentlines
clockwisearoundthetwoargumentsinparallel.Foreachpairofpointspaandpbencounteredwe
includepa+pbasaboundarypointinthesum.

Whenthetwoargumentsarepolygons,themethodbecomesevensimpler,asillustratedinFigure
8.Weneedonlyconsidertangentshavingslopescorrespondingtotheedgeslopes,andwecan
emitanentireedgeoftheresultatatime.FromthiswecanseethattheMinkowskisumoftwo
convexpolygonsofdegreekaandkbmustitselfbeaconvexpolygonofdegreelessthanorequal
toka+kb.

Whentheargumentpolygonscontainidealpoints,thekeypropertydescribedabovestillholds,
andhencethesamebasicmethodcanbeusedtocomputetheirsum.Ofcourse,wemusttakecare
todealwiththefactthatthesumoftwopolygonsmaybeundefined.Furthermore,wemustdeal
withthedegeneracyofadditionbyanidealpoint—itmapsanysetofEuclideanpointsintoasingle
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Figure8:AdditionofConvexPolygons.Onlytangentscorrespondingtotheargumentedgeslopes
needbeconsidered.

point.

5.2.OffsetRepresentationofPointSequences

Wewillpresentaversionofthepolygonsummationalgorithmthatworksforpolygonsrepresented
byupperandlowercontoursandpossiblycontainingidealpoints.Inouralgorithm,theupper
andlowercontoursofthesumarecomputedfromtheupperandlowercontoursoftheoperands.
Acontourisviewedasaseriesofsegmentsconnectedattheirendpoints.Thesetofsegments
formingtheupper(respectively,lower)contourofthesumisgeneratedbymergingthesetsfrom
theargumentsinaparticularorder.Thisprocessismorereadilydescribedbyconsideringeach
segmenttohaveanorientationandalength,butviewingtheendpointsasbeingtranslatedfreely.
Considerpointspandqsuchthatp¹Hq.Definetheirdifference,denotedq−pas:

1.ForEuclideanpointsp=〈xp,yp〉,andq=〈xq,yq〉:q−p
.
=〈xq−xp,yq−yp〉.

2.ForEuclideanpointpandidealpointq:q−p
.
=q.

3.Foridealpointp:p−p
.
=〈0,0〉.

4.Fordistinctidealpoints,theirdifferenceisundefined.

Observethat(q−p)+p=q,andthattwosegments[p1,q1]and[p2,q2]havingthesameorientation
andlengthwillhaveq1−p1=q2−p2.Thusthedifferenceoperationprovidesameansof
“normalizing”linesegmentswithrespecttotranslation.Wewillconsiderapointpsuchthat
〈0,0〉≺Hpasrepresentingthenormalizedsegment

[
〈0,0〉,p

]
,andconsequentlydefineitsslope

µ(p)astheslopeofthelineλ
(
〈0,0〉,p

)
.

Anoffsetsequenceisaseriesofpointsp1;δ1,δ2,...,δk−1notcontainingtwodistinctidealpoints.
Suchasequencedefinesapointsequencep1,p2,...,pk+1,wherepi+1=pi+δifor1≤i<k.
Forthespecialcaseofk=1,boththeoffsetsequenceandtheresultingpointsequenceconsist
ofthesinglepointp1.Observethatwecanconstructanoffsetsequencecorrespondingtoapoint
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sequencebylettingδi
.
=pi+1−pifor1≤i<k.Thus,wewillviewanoffsetsequenceasan

alternativerepresentationofapointsequence.

Anoffsetsequencedefinesareducedpointsequenceifandonlyifthefollowingpropertieshold:

1.Therearenoelementsoftheformδi=〈0,0〉.

2.Ifpointp1isanidealpoint,thenk=1.

3.Pointδiisnotanidealpointforanyi<k−1.

4.Therearenosuccessivepointsδi−1andδisuchthatµ(δi−1)=µ(δi).

Observethatanoffsetsequencecanbereducedbyeliminatinganyelementsoftheformδi=〈0,0〉,
byeliminatinganyelementsbeyondanidealpoint,andbyreplacinganypairofelementsδi−1andδi
forwhichµ(δi−1)=µ(δi)bythesingleelementδi−1+δi.Thisreductionisequivalenttoreducing
thecorrespondingpointsequence.

Areducedpointsequencehavingoffsetrepresentationp1;δ1,δ2,...,δk−1issaidtobeconvexupward
(respectively,downward),providedµ(δi−1)>µ(δi)(resp.,µ(δi−1)<µ(δi))forall1<i<k.
Anarbitrarypointsequenceisconvexupward(resp.,downward),ifitsreductionisconvexupward
(resp.,downward).

5.3.AdditionofPolygons

GiventwoconvexpolygonsSaandSbthefollowingalgorithmcomputestheupperandlower
contoursofthesumSa+SbfromtheupperandlowercontoursofSaandSb.Supposethat
reducedpointsequencesAandBaretheuppercontoursforSaandSb,respectively.These
contoursareconvexupward.Lettheiroffsetsequencerepresentationsbea1;α1,α2,...,αka−1,and
b1;β1,β2,...,βkb−1,respectively.Theirconvexupwardsum,denotedA

_
+Bisdefinedaslongas

αka−1andβkb−1arenotdistinctidealpoints.Thissumisthepointsequencehavingoffsetsequence
representationa1+b1,δ1,δ2,...,δka+kb−2wherethesequenceδ1,...δka+kb−2isaninterleaving
ofthesequencesα1,...,αka−1andβ1,...,βkb−1,suchthatδi−1≥δifor1<i≤ka+kb−2.
Incomputingthissum,weeffectivelyimplementthetangentsweepingmethoddescribedearlier
fortheupperboundaryofthesumoftwoconvexpolygons.Theinterleavingofargumentedge
segmentsindecreasingorderofslopematchestheorderedgeswouldbeencounteredifwestarted
withverticallinesatthelefthandsidesoftheargumentsandsweptclockwiseuntilthetangents
wereverticallinesontherighthandsidesofthearguments.ThusA

_
+Bformstheuppercontour

forSa+Sb.

Figure9illustratestheprocessofaddingtwocontours.Theupperpartofthefigureshowsthe
argumentcontoursCAandCB,aswellastheirsumCA

_
+CBfollowingitsreduction.Thelower

showshowthisreducedsumiscomputed.First,thetwoargumentcontoursareconvertedinto
segmentlistsindescending-slopeorder.Next,thesesegmentsaremergedintoasinglelist.This
listrepresentsthecontourCA

_
+Cb.Wecancomputeareducedsumbysimplymergingany

segmentshavingequalslope(e.g.,thecaselabeled“merge”)andbyeliminatinganysegments
beyondthefirstidealpoint(e.g.,thecaselabeled“eliminate”).
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Figure9:IllustrationofContourAddition.Uppercontoursaresummedbymergingtheir
segmentsindescending-slopeorder
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ForconvexdownwardpointsequencesAandB,theirconvexdownwardsum,denotedA
^
+B,is

definedunderthesameconditionsandinthesamefashion,butwiththeoffsetelementsordered
δi−1≤δi.Clearly,A

^
+Bisconvexdownward.IfAandBarelowercontoursforconvexsetsSa

andSbsuchthatSa+Sbisdefined,thenA
^
+BisthelowercontourforSa+Sb.Observethat

computingthissumimplementsthetangentsweepingforthelowerboundary,wherethetangents
startatthelefthandsidesandsweepcounterclockwisetotherighthandsides.

Theseresultsyieldanefficientalgorithmforcomputingthesumofaconvexpolygonhavingupper
andlowercontoursUaandLawithaconvexpolygonhavingupperandlowercontoursUbandLb.
First,wedetermineifthesumisdefined,bycomparingthefinalelementsofcontoursUaandLb
aswellasthoseofcontoursLaandUb.Ifeitherofthesepairsconsistofdistinctidealpoints,then
thesumisnotdefined.2Otherwise,computetheuppercontourasthereductionofUa

_
+Ub,and

thelowercontourasthereductionofLa
^
+Lb.Forargumentpolygonsofdegreeskaandkb,this

algorithmhascomplexityO(ka+kb),andtheresultingpolygonhasdegreelessthanorequalto
ka+kb.

6.NetworkAnalysis

NowthatwehavedevelopedmethodstocharacterizeTheveninandNortonequivalents,wecan
returnourattentiontothetaskofanalyzingtheextremeoperatingconditionsofacircuit.

6.1.SingleNodeAnalysis

Ouralgorithmsforthegeometrictransformandpolygonadditionoperationsformthebasisofa
networkanalysistechniqueforseries-parallelnetworks.Thistechniqueisillustratedforthecircuit
ofFigure10tocharacterizetherangeofpossiblebehaviorsatnodeDwithrespecttoground.
First,wemustdecomposethecircuitintoaseries-parallelstructurewithoneterminalbeingthe
nodeofinterest,andtheotherbeingground,asshowninthelowerpartofthefigure.Inthis
decomposition,theintermediatesubnetworksarereferredtoasN1throughN7.Basedonthis
series-paralleldecomposition,wederivetheTheveninandNortonpolygonsbyasequenceof
geometricoperations,asillustratedinFigure11.Notethatinthisfigure,thepolygonslabeledNi

andTishowtheNortonandTheveninrepresentationsforsubnetworkNi.Observethatateach
stepweconverttoaTheveninrepresentationforcombiningsubnetworksinseriesandtoaNorton
representationforcombiningsubnetworksinparallel.

Assumethecircuitcontainsatotalofnelements,ofwhichkarevariable.Thekvariableelements
arerepresentedbypolygonsofdegree2,whilethefixedelementsarerepresentedbysinglepoints.
Eachtimetwopolygonsaresummed,theresultingpolygonhasdegreelessthanorequaltothe
sumoftheargumentdegrees.Forthespecialcasewhereoneoftheargumentsisasinglepoint,
theresultingpolygonhasdegreelessthanorequaltothedegreeoftheotherargument.TheN-T
transformoperatorproducesapolygonwiththesamedegreeasitsargument.Thus,thepolygon
describingtheentirenetworkhasdegreeatmost2k.InthecircuitofFigure10,forexample,the

2Notethatjustthesetwocomparisonsaresufficient—wecandetectwhethertherighthandboundariescontain
distinctidealpointsbycomparingthemaximumofonewiththeminimumoftheother,andvice-versa.
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Figure10:CircuitanditsSeries-ParallelDecomposition.Thisdecompositioncharacterizesthe
circuitatDwithrespecttoground.
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Figure11:DerivationofTheveninandNortonRepresentationsforExampleCircuit.The
derivationfollowstheseries-paralleldecomposition.

finalresultisapair(TheveninandNorton)ofpolygonsofdegree6,slightlylessthanthemaximum
degreeof8achievableforacircuitwith4variableelements.

Theseries-paralleldecompositionofann-elementcircuitcanberepresentedasatreewithn
leaves(correspondingtotheelements),n−1internalnodes(eachrepresentingaseriesorparallel
combination),and2(n−1)edges.ToconstructtheNortonorTheveninrepresentationofsucha
networkrequiresatmostn−1additionoperations(oneperinternaltreenode),and2n−1transform
operations(oneperedge,plusoneattheroot).Foranetworkwithkvariableelements,nopolygon
hasmorethan2kvertices,andhenceeachpolygonoperationhastimecomplexityO(k).Therefore,
theworstcasecomplexityofanalyzingsuchacircuitisO(nk),whichinturnisatworstO(n2).

6.2.GroundedTreeNetworks

Inpotentialapplicationsofthisanalysis,wemaywishtocharacterizetherangeofbehaviorsfor
multiplecircuitnodes.Oneapproachwouldbetoderiveaseries-paralleldecompositionforevery
nodewithrespecttogroundandanalyzeeachsuchcaseseparately.Thisapproachwouldhave
worstcasecomplexityO(n2k)toanalyzeallnodesinanetworkwithnelementsofwhichkare
variable.Oncloserinspectiononefindsthatmuchofthiscomplexityisduetorepeatedanalysisof
thesubnetworks.

Forthespecialcaseof“groundedtree”networks,wecanexploitthecircuitstructuretoanalyzethe
circuitsforallnodesintimeO(nk).Thisclassofnetworksobeysthefollowingrestriction:the
circuitgraphbecomesacyclicwhenallbranchesconnectedtogroundareeliminated.Byselecting
anarbitrarynodeasroot,suchacircuitcanbedrawnasatree,wherethegroundnodeisreplicated
foreachconnectedbranch.Figure12illustratesthetreestructurefortheexamplecircuitshownin
Figure10.Thisclassofcircuitsalsohasthepropertythatforeverynodeinthecircuitthereisa
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Figure12:RepresentationofExampleCircuitasaGroundedTree.Byreplicatingtheground
node,thecircuitattainsatreestructure.
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Figure13:TransformationofCircuitintoBinaryTree.Highdegreenodesaresplitandconnected
byperfectconductors,whilelowdegreenodesareconnectedtogroundbyinsulators.
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series-paralleldecompositionforthenodewithrespecttoground.

Indevelopinganalgorithmforgrounded-treecircuits,wecanmakesimplifyingassumptionsabout
thetreerepresentationofthecircuit.Theseassumptionssimplifythepresentationwithoutaffecting
theasymptoticcomplexityofthealgorithm.Inparticular,wecanassumethateverynodeexcept
groundhasexactlytwochildren,whichwewilldenoteasLeftChildandRightChild.Suchatree
correspondstoacircuitinwhichtherootnodeRoothasexactlytwobrancheswhileallothershave
three.Wecantransformthecircuitintosucharepresentationbysplittinganynodesofhigher
degreeintomultiplenodesconnectedbyresistorswithresistance0.Inaddition,anynodesoflower
degreecanbeaugmentedwithbranchestogroundhavinginfiniteresistance.Figure13illustrates
thebinaryrepresentationofourexamplecircuit.Assumingtheoriginalcircuithadnelements,it
canbeseenthatsplittingthehighdegreenodeswillinvolveaddingatmostn−1resistors,while
expandingthelowdegreenodeswillinvolveaddingatmost2nresistors.3Hence,boththenumber
ofbranchesandthenumberofnodesinthetransformedcircuitwillbeO(n).

Figure14showspseudo-code(followingthestylisticconventionsof[15])forthegroundedtree
analysisalgorithm.ThiscodecomputestheTheveninrepresentationforeverynodeNwithrespectto
groundandstorestheresultasThev(N).Alternatively,asimilartechniquecouldbeusedtocompute
theNortonrepresentations.ThecodeexpressesthealgorithmintermsofadatatypethevPoly,
withoperations+and||.The+operationdenotespolygonadditionandhencecomputesthe
seriescombinationofThevenincircuits.The||operationisdefinedforpolygonsP1andP2as
P1||P2

.
=τ(τ(P1)+τ(P2))andhencecomputestheparallelcombinationofThevenincircuits.

ThethevPolyrepresentationsofashortandanopencircuitaregivenas{〈0,0〉}and{〈〈0〉〉},
respectively.

ThecodeassumesthattheTheveninrepresentationofeachcircuitelementhasbeencomputed
andstoredasTLeftBranch(N)orTRightBranch(N),accordingtowhethertheelementconnects
Ntoitsleftoritsrightchild.Thealgorithmoperatesbytraversingthecircuittreetwiceby
recursiveroutinesScanSubtreesandCombineUpDown.Duringthefirsttraversalitcomputesthe
Theveninrepresentationsofeverysubtreeinthecircuit.FornodeN,itstoresintermediateresults
ThevLeft(N)andThevRight(N),givingtheTheveninrepresentationofeachofitssubtreeinseries
withtheconnectingelement.Itreturnstheparallelcombinationofthesetwointermediatevalues
astheTheveninrepresentationoftheentiresubtree.Duringthesecondtraversal,itcombines
theseintermediateresultswiththeTheveninrepresentationoftherestofthecircuit,passedas
theparameterThevDowntocomputethefinalvaluefornodeN.Itthencontinuesthetraversal
byrecursivelycallingtheprocedureforitstwochildren.Whenmakingeachcallitcomputesthe
Theveninrepresentationfortherestofthecircuitwithrespecttoeachchild.

Observethat,withtheexceptionofground,agivennodeNis“visited”byeachoftherecursive
routinesexactlyonce.Eachsuchvisitinvolvesonlyaconstantnumberofpolygonoperations.
Hence,theoverallcomplexityofthealgorithmisO(nk)foranetworkwithnelementsofwhichk
arevariable.

Figure15showstheTheveninandNortonrepresentationsofallnodesintheexamplecircuit,
computedbythegroundedtreeanalysisalgorithm.ObservethattheTheveninrepresentations

3Anexampleofanetworkthatapproachesthisworstcasewouldbeaªstarºconsistingofn−1ªleafºnodeswith
branchestoasingleªrootºnode.Splittingtherootwouldrequireaddingn−2branches,whileexpandingtheleaves
wouldrequireadding2brancheseach.

25



       

procedureTreeAnalysis(nodeRoot):
{StoreTheveninrepresentationofeverynodeingroundedtreecircuit.}

ScanSubtrees(Root)
CombineUpDown(Root,{〈〈0〉〉})

functionScanSubtrees(nodeN):thevPoly
{ReturnTheveninrepresentationofcircuitformedbysubtreewithrootN.

Storerepresentationsofleftandrightsubtreesforlateruse.}
ifNisgroundthenreturn{〈0,0〉}
else

ThevLeft(N)←TLeftBranch(N)+ScanSubtrees(LeftChild(N))
ThevRight(N)←TRightBranch(N)+ScanSubtrees(RightChild(N))
returnThevLeft(N)||ThevRight(N)

procedureCombineUpDown(nodeN,thevPolyThevDown)
{StoreTheveninrepresentationforeverynodeinsubtreewithrootN.

ArgumentThevDowngivesTheveninrepresentationofeverythingbutsubtree.}
ifNisgroundthenThev(N)←{〈0,0〉}
else

Thev(N)←ThevDown||ThevLeft(N)||ThevRight(N)
ThevDownLeft←TLeftBranch(N)+(ThevDown||ThevRight(N))
CombineUpDown(LeftChild(N),ThevDownLeft)
ThevDownRight←TRightBranch(N)+(ThevDown||ThevLeft(N))
CombineUpDown(RightChild(N),ThevDownRight)

Figure14:AnalysisofGroundedTree.ThealgorithmcomputestheTheveninrepresentationfor
eachnodewithrespecttoground.
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TheveninRepresentationNortonRepresentation

Figure15:TheveninandNortonRepresentationsofAllNodesinExampleCircuit.Byex-
ploitingthetreestructure,alloftheserepresentationscanbecomputedin2passesofthenetwork.

forthedifferentnodesdiffermarkedly.Two—nodesAandCaredeterminedcompletelybythe
connectedvoltagesources.NodesDandEhavesimilarforms—theTheveninrepresentationatEis
simplytheresultofaddingseriesresistanceR4tothatofnodeD.SinceR4isvariable,thepolygon
isbothtranslatedleftandextendedhorizontally.Finally,thepolygonsfornodesDandBbearlittle
resemblancetoeachother.Infact,thesettingsthatminimizeormaximizetheTheveninvoltage
arequitedifferent.Thisexampleshowshowouralgorithmcanefficientlycharacterizetherange
ofpossibleoperatingconditionsforeverynodeinthecircuit.

7.Conclusions

Bycharacterizingtherangeofcircuitbehaviorsinageometricform,wehaveshownthataseemingly
difficultoptimizationproblemcanbesolvedbyasimpleandefficientalgorithm.Furthermore,
foraninterestingclassofcircuitswecanefficientlycomputethebehaviorforallcircuitnodes
simultaneously.

Asmentionedearlier,thegeneralproblemofcomputingthemaximumorminimumnodevoltages
inacircuitisNP-complete.Onenaturallyaskshowoursolutiontechniquebreaksdownforcircuits
thatarenotseries-parallel.Itcanbeshownbynetworktearing[16]thattheeffectofvarying
anysingleelementinalinearcircuittracesoutastraightlinesegmentintheTheveninorNorton
half-planes.Thus,therangeofallpossibleoperatingpointsmuststillbeapolygon.However,the
polygoncanpotentiallybeconcave.Figure16showsanexampleofacircuithavingaconcave
polygonforitsTheveninrepresentation.Furthermore,thereisnosimplewaytoexpressthenetwork
analysistaskasaseriesofgeometricoperations.Perhapsthemostpromisingavenueofresearchis
tofindanalgorithmthatapproximatestherangeofbehaviorsforanarbitrarycircuitbyapolygon
thatformsasupersetoftheactualsetofrealizablevalues.
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Figure16:NonSeries-ParallelCircuitExample.TheTheveninrepresentationisstillapolygon,
butitmaybeconcave
.
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