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Abstract

Ternarysystemmodelinginvolvesextendingthetraditionalsetof binaryvalues
�

0 � 1 � with
a third valueX indicatinganunknown or indeterminatecondition.By makingthis extension,
we canmodela wider rangeof circuit phenomena.We canalsoef�ciently verify sequential
circuitsin which theeffect of a givenoperationdependson only a subsetof thetotal system
state.

Thispaperpresentsa formalmethodologyfor verifying synchronousdigital circuitsusing
a ternarysystemmodel. The desiredbehavior of the circuit is expressedas assertionsin
a notationusinga combinationof Booleanexpressionsand temporallogic operators. An
assertionis veri�ed by translatingit into a sequenceof patternsand checksfor a ternary
symbolicsimulator. This methodologyhasbeenusedto verify a numberof full scalecircuit
designs.

1. Intr oduction

1.1. Ternary Modeling

Most formalmodelsfor hardwareveri®cationassumethatevery signalalwayshasawell­de®ned,
discretevalue.For example,abinarymodelassumesthateachsignalmustbeeither0 or 1. In this
paperwe presenta methodologyfor formal veri®cationin which a third valueX is addedto the
setof possiblesignalvalues,indicatinganunknown or indeterminatelogic value.By shiftingto a
ternarysystemmodel,wegainseveraladvantages.

As a ®rst advantage,this extensionmakesit possibleto modelan increasedrangeof circuit
phenomena.For example,we candealwith circuits in which nondigitalvoltagesaregenerated
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in the courseof normalcircuit operation. This occursfrequentlywhenmodelingcircuits at the
switch­level [6], dueto (generallytransient)shortcircuitsor chargesharing.Wecanalsodealwith
circuitsin whichindeterminatebehavior occursdueeitherto timinghazardsor tocircuitoscillation.
In all of thesecases,themodelingalgorithmexpressesthisuncertaintyby assigningvalueX to the
offendingcircuit nodes,indicatingthattheactualdigital valuecannotbedetermined[8, 15].

As a secondadvantage,we canef®ciently verify many aspectsof digital circuit behavior by
representingthecircuit with a ternarysystemmodel. We do this by ternarysymbolicsimulation,
in which a simulationalgorithmdesignedto operateon scalarvalues0, 1, and X, is extended
to operateon a setof symbolicvalues. Eachsymbolicvalueindicatesthe valueof a signal for
many differentoperatingconditions,parameterizedin termsof asetof symbolicBooleanvariables.
SincethevalueX indicatesthata signalcouldbeeither0 or 1 (or a non­digitalvoltage),we can
often representmany differentoperatingconditionsby the constantvalueX, ratherthanwith a
morecomplex symbolicvalue. For example,we canverify thata particularsequenceof actions
will yield a 1 (or 0) on somenoderegardlessof theinitial stateby verifying thatthis valueresults
whenstartingfrom an initial statewhereall nodesaresetto X. This requiresfar lesseffort than
analyzingtheeffectof theactiononall possibleinitial binarystates.

Simulatorsthat supportternarymodelingintentionallyerr on the side of pessimismfor the
sakeof ef®ciency. That is, they will sometimesproducea value � even whereexhaustive case
analysiswould indicatethat the valueshouldbebinary (i.e., 0 or 1). For example,mostternary
simulatorsevaluatelogic functionsin a ternaryalgebracreatedby extendingthestandardBoolean
operators.Thisalgebradoesnotobey thelaw of excludedmiddle,becauseX ��� X

���

X, where���

and � areternaryextensionsof Booleansumandcomplement,respectively. On theotherhand,
symbolicsimulationavoids this pessimism,becauseit canresolve the interdependenciesamong
signalvalues,andcompute��� �

�

1 (theBooleanfunctionthatalwaysyields1). By combining
theexpressive power of symbolicvalueswith thecomputationalef®ciency of ternaryvalues,we
cantradeoff precisionfor easeof computation.

Whencreatinga ternarysystemmodel,we imposethefollowing monotonicityrequirement:In
the presenceof X signalsasstimuli, no actionof the circuit shouldyield a binary value,unless
the samevaluewould occur if any subsetof thesestimuli had binary valuesinstead. That is,
whengivenincompleteinformationabouttheexactcircuit state,weshouldneverproduceasignal
inconsistentwith one that would result if more informationwereavailable. This monotonicity
conditionmakesit possibleto verify propertiesof circuit operationin the presenceof potential
sourcesof indeterminatebehavior by representingthis indeterminacy with the value � . It also
makesit possibletoverify propertiesunderaternarysystemmodelasameansof provingproperties
underabinarysystemmodel.

1.2. Contrib ution of Paper

In earlierwork, we demonstratedtheutility of ternarymodelingfor verifying a varietyof circuits
[1, 7]. Ourmethodologyisbasedonternarysimulation,eitherscalaror symbolic.With asimulator
wecanverify assertionsspecifyingapostconditiononthecircuit statethatwouldresultgivensome
preconditionon thepreviousstateandsomeconditionimposedon theinputvalues.By restricting
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theformof theprecondition,postcondition,andinputconditiontospecifyingthatsomeof thenodes
have particularbinary values,we canverify suchan assertionby a singlesimulationsequence.
Thatis,weperformasimulationin whichany nodethatis constrainedby thepreconditionoraction
is setto its speci®edvalue,while all othernodesaresetto X. If theresultingnodestatessatisfy
thosespeci®edby the postcondition,thenthe assertionis proved. For someclassesof circuits,
e.g.,randomaccessmemories,we canverify correctcircuit operationfor all possibleinputsand
initial statesby simulatingonly a polynomialnumberof scalarpatterns. For othercircuits, we
canovercomethecombinatorialcomplexity of consideringmany differentinitial statesandinput
actionsvia symbolicsimulation.

This earlierwork demonstratedtheviability of circuit veri®cationby symbolicsimulation,but
it fell shortin termsof generality, easeof use,anddegreeof automation.Wedid nothaveaformal
notationfor specifyingthedesiredcircuit properties,noramethodto generatesimulationpatterns
directly from the speci®cation. Instead,we derived symbolicsimulationpatternsby handand
arguedinformally that thesepatternsserved to verify thedesiredproperties.Furthermore,it was
particularlycumbersometo verify operationsrequiringmultiplestatetransitions,suchasoccursin
pipelinedsystems.

In this paper, we correctthis shortcomingby presentinga formal statetransitionmodelfor a
ternarysystem,a formal syntaxfor expressingdesiredpropertiesof thesystem,andanalgorithm
to decidewhetheror not thesystemobeys the speci®edproperty. Our statetransitionsystemis
quitegeneral,andis compatiblewith a numberof circuit modelingtechniques.

Our speci®cationstaketheform of symbolictrajectoryformulasmixing Booleanexpressions
and the temporalnext­timeoperator. The Booleanexpressionsprovide a convenientmeansof
describingmany differentoperatingconditionsin a compactform. For example,we canexpress
thedesiredbehavior of anALU on all possibleinputs. By allowing only themostelementaryof
temporaloperators,theclassof propertieswe canexpressis relatively restricted,ascomparedto
othertemporallogics[10, 17]. In particular, wecanonly reasonaboutcircuit operationsinvolving
a boundednumberof statetransitions.Nonetheless,we have found that we canreadilyexpress
many aspectsof synchronousdigital systems. It is quite adequatefor expressingmany of the
subtletiesof systemoperation,includingclockingconventionsandpipelining.

Our decisionalgorithm is basedon ternarysymbolic simulation. It teststhe validity of an
assertionof the form [ �

��� �

], whereboth � and
�

are trajectory formulas. That is, it
determineswhetheror not every statesequencesatisfying � (the “antecedent”)mustalsosatisfy

�

(the“consequent”).It doesthisby generatingasymbolicsimulationsequencecorrespondingto
theantecedent,andtestingwhethertheresultingsymbolicstatesequencesatis®estheconsequent.

An importantpropertyof our algorithmis that it requiresa comparatively small amountof
simulationand symbolic manipulationto verify an assertion. The restrictionswe imposeon
the formula syntaxguaranteethat thereis a uniqueweakestsymbolic sequencesatisfyingthe
antecedent.Furthermore,thesymbolicmanipulationsinvolve only variablesexplicitly mentioned
in the assertion.Unlike othersymboliccircuit veri®ers[3], we do not needto introduceextra
variablesdenotingthe initial circuit stateor possibleprimary inputs. Finally, the lengthof the
simulationsequencedependsonly on thedepthof nestingof temporalnext­time operatorsin the
assertion.
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Someinsightinto theexpressivepowerof ourspeci®cationlanguagecanbegainedbyreviewing
thedifferentclassesof propertiesexaminedby Pnueliin his originalpaperon temporallogic [17].
In particular, ournotationis adequatefor expressingmany invariantpropertiesof thesystem.That
is, weformulateanassertionwheretheantecedentexpressesasetof guaranteedconstraintson the
circuit inputsandstateovermultipletimeintervals,while theconsequentexpressessomeadditional
desiredconstraintson thestate. Thesedesiredconstraintsgenerallyincludethestateguarantees
of theantecedentshiftedto a latertime. By verifying suchanassertion,we prove thatthedesired
propertiesof theconsequenthold over theentireoperationof thecircuit aslong astheinputsare
suppliedcorrectly. On theotherhand,propertiesthat requirereasoningabouteventualitycannot
beexpressedwith ournotation,unlessthedesiredpropertyis guaranteedto holdwithin abounded
time.

1.3. Overview of Implementation

By modifying theCOSMOSsymbolicsimulator[5], we have beenableto implementthealgorithm
describedin this paperandto verify severalfull scalecircuit designs.COSMOSrepresentsa MOS
circuit at the switch level as a networkof transistorswitchesconnectingcharge storagenodes.
The simulatorpreprocessesthe circuit to transformit into a Booleanrepresentation[6]. Using
this Booleanrepresentation,the switch­level behavior of the circuit canbe computedby simply
evaluatinga seriesof Booleanoperations,muchasonewould in a gate­level circuit model. The
preprocessoris quitegeneralandaccurate.Theresultingrepresentationis guaranteedto produce
theexactsameresultsasmoretraditionalswitch­level simulators.

Simulatingacircuit symbolicallyinvolvesevaluatingtheseBooleanoperationsover thealgebra
generatedby a setof Booleanvariables. That is, eachelementof the algebracorrespondsto a
Booleanfunctionover thevariables.By representingthesefunctionsasOrderedBinary Decision
Diagrams[4], complex functionscanberepresentedandmanipulatedef®ciently. Of course,all of
theveri®cationpropertieswewishto deciderequiresolvingNP­hardproblems.Ourapproachhas
a worst casetime andspacerequirementthat grows exponentiallywith the sizeof the formulas
expressingthecircuit propertyto bedecided.Nonetheless,we have beensuccessfulat avoiding
exponentialblow­up for many useful cases. Our systemmodelandcheckingalgorithmis not
stronglytied to theuseof BDDs. In this work, we view our BDD codeassimply a packagefor
representingandmanipulatingBooleanfunctionssymbolically.

COSMOSsupportsa ternarymodelof switch­level circuit operation,whereX indicateseitheran
unknown or potentiallynon­digitalnodevoltage.It doesthisby encodingeachnodestateasapair
of binaryvalues,accordingto a“dual rail” codingof thecircuit state.Theexcitationfunctionfor a
nodeis givenby a pair of Booleanexpressionsspecifyinghow theencodednew stateof thenode
shouldbecomputedfrom theencodedold states[6]. This implementationdecisiongreatlyhelped
thedevelopmentof our symbolicsimulator. Whensimulatingthecircuit symbolically, we simply
representthestateof eachnodeby pointersto therootsof two BDDs,andcomputethenew states
of a nodeby evaluatingtheexcitationexpressionssymbolically.

Thefollowing tableindicatestheperformanceof our veri®eron severaldifferentcircuits. All
CPUtimesweremeasuredon a DEC 3100(a 10–20MIPS machine).We alsolist themaximum
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memoryrequirementof theprocess,asthisismoreoftenthelimiting factorin BDD­basedsymbolic
manipulationthanis CPUtime.

Circuit Transistors CPUTime Memory
64 � 32bit moving datastack 16,470 1.25min. 3.1MByte

64 � 32 bit stationarydatastack 15,873 7.5min. 5.7MByte
1K staticRAM 6,875 3.7min. 9.5MByte

The two stackexamplesdemonstratetheabstractioncapabilityof our approach.Both started
with thesamehighlevel speci®cation—de®ningthebehavior of PUSH, POP, andHOLD operationsin
anabstractstack.Wethende®nehow thecircuit representstheabstractmachinestateby trajectory
formulas,examplesof which will beshown later. Thetwo differentcircuitsrepresenttheabstract
statein totally differentfashions.In themoving datastack,bit

�

(countingfrom thetop of stack)
of theabstractmachineis storedin cell

�

of thecircuit. In thestationarydatastack,bit
�

is stored
in location ���

�

of astaticRAM, where� is thecurrentdepthof thestack.As aconsequence,the
symbolicvaluesmanipulatedin verifying thestationarydatastackaremorecomplex thanthose
for themoving datastack.In bothcases,however, theperformancewasacceptable.

The staticRAM exampleindicatesjust how ef®cient symbolicveri®cationcanbe. We have
alreadydemonstratedthatthisclassof circuit canbeveri®edby simulatingjust ���	� log ��
 scalar
patterns[7]. By exploiting the bit­level parallelismof the logical instructionsin a conventional
machine,wewereableto simulate32of thesepatternsatatime. Evenso,thesymbolicveri®cation
outperformsthe scalarveri®cationby a factorof 4. Furthermore,creatingthe assertionsfor the
symbolicveri®cationwasfar morestraightforwardthanwasgeneratingthepatternsfor thescalar
veri®cation.For thescalarveri®cation,wehadto considerdetailsof thememory'srow andcolumn
addressingstructureto avoid errorscausedby thepessimisticmodelingof X. No suchtuningwas
requiredfor thesymbolicveri®cation.

We arenow applyingour veri®er to morecomplex circuits suchaspipelineddatapathsand
simplemicroprocessors.Wehavefoundtheexpressivepowerof ournotationandtheperformance
of theveri®eracceptablein mostof thecaseswehave considered.

1.4. RelatedWork

Our approachto veri®cation relatesmost closely to the symbolic model checkingalgorithms
devised by Boseand Fisher(BF) [2, 3], and by Burch, Clarke, McMillan, and Dill (BCMD)
[9]. In fact,all of theseapproachesareimplementedusingthesameBooleanmanipulationcode!
Furthermore,BoseandFisherimplementedtheir checkerby extendingCOSMOS. Despitethese
internalsimilarities,however, therearesigni®cantdifferencesin thecapabilitiesandcomplexities
of thealgorithms.In particular, ourmethodis themostrestrictedin termsof theclassof properties
thatcanbeveri®ed.Both theBF andBCMD algorithmscandecideaclassof formulasconsisting
of a completebranchingtime, propositionaltemporallogic undera binary systemmodel. Our
methodcan only be usedto verify propertiesof boundedstatesequences.What we loosein
expressive power, however, we makeup for in computationalef®ciency. Thecomputationaleffort
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requiredbyourmodelcheckerisconsiderablylessthantheirs.Onecanview thecombinedeffectof
theseresearchprojectsasproviding a spectrumof checking­basedveri®ersthattradeoff between
expressivenessandperformance.

In the BF algorithm,the underlyingcircuit is assumedto be synchronousanddeterministic.
Nondeterministicsequentialbehavior arisesdueonly to thedifferentsignalsthatmaybeapplied
to the inputs(expressedasexistentiallyquanti®edBooleanvariables). Their algorithmrequires
creatinganexplicit representationof thenext statefunctionfor every statevariablein thesystem.
They createthis representationby symbolicsimulation.Thatis, theuseridenti®eseachplacestate
is storedin the system,eitheraschargeon a node,or asa pair of complementaryvalueswithin
a staticmemoryelement. They thensymbolicallysimulatea single systemcycle, whereeach
statevariableandeachinput signalis representedby a distinctBooleanvariable.Oncethey have
obtainedthis Booleanrepresentationof thenext statebehavior, thevalidity of a temporalformula
canbederivedby (ratherextensive) symbolicBooleanmanipulation.This processof extracting
the explicit next statefunction canbe quite costly. In contrast,our methodrepresentsthe next
statefunctionimplicitly asa combinationof circuit structureandsimulationalgorithm. We only
computethenext statebehavior for theparticularpatternsrequiredtoverify agivenassertion.These
patternsinvolve far fewervariablesthanis requiredby BoseandFisher's functionalextraction.

In theBCMD algorithm,theunderlyingsystemcanbenondeterministic,andtheusercaneven
imposefairnessconstraintson themodel. To supportthis greatexpressive power, they requirean
explicit representationof thenext staterelationfor theentiresystem.Thatis, for eachstatevariable
in thesystemthey haveoneBooleanvariablerepresentingits “old” valueandonerepresentingits
“new” value.Thenext staterelationis representedasa Booleanfunctionof all of thesevariables,
wherethe functionyields1 whentheold andnew statearerelated,and0 otherwise.Generating
this characteristicfunctionis evenmoredif®cult thangeneratingrepresentationsof theindividual
next statefunctionsfor eachstatevariable.

Most otherautomatedapproachesto sequentialcircuit veri®cationarebasedon testingstate
machineequivalence[11, 13]. Suchmethodsareusefulfor comparingtwo different(but hopefully
equivalent)representationsof thesystem,suchasoneat a register­transferlevel andoneat a gate
level. However, they do not work well for verifying the correctnessof incompletelyspeci®ed
systems,nor for reasoningaboutsystemsthatemploymethods,suchaspipelining,thatshift the
sequencingof activitiesin time. Furthermore,mostof thesemethodsassumethatthesystemstarts
in someknown initial state.In actualcircuits,theinitial stateusuallycannotbepredicted.

Otherresearchershavesuggestedsymbolicsimulationasameansof circuitveri®cation[12, 18].
Noneof this work haspresenteda clearmethodologyfor sequentialcircuit veri®cation,however.

2. Ternary System

Let �

���

0 � 1� bethesetof thebinaryvaluesandlet �

���

0 � 1 � X� . ThevalueX is introducedto
denotean“unknown”, or “don't care”value.

De®nethe partial order � on � as follows: ��� � for all �
	�� , X � 0, andX � 1. The
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�

�

�

�

X

1

0

0 1 X

0 0 0

0 1 X

0 X X

�

�

� �

X

1

0

0 1 X

0 1 X

1 1 1

X 1 X

�

�

�

X

1

0

X

0

1

Table1: TernaryExtensionsof � , � , and .

partialorderingordersvaluesby their “information content.” That is, X indicatesan absenceof
informationwhile 0 and1 representspeci®c,fully­de®nedvalues.

We saythat ternaryvalues� and
�

arecompatible, denoted���

�

, whenthereis somevalue
�

	 � suchthat � �

� and
�

�

� . In otherwords,two scalarvaluesarecompatibleunlessoneis 0
andtheotheris 1.

Themeet, denoted� , of two ternaryvalues� and
�

is de®nedasthe largestelement�

	 � in
thepartialordersuchthat �

� � and �

�

�

. For scalarvalues,if �

�

�

, then ���

�

�

� , while if
���

�

�

then �	�

�

�

X. Furthermore,giventwo compatibleternaryvalues� and
�

, thejoin between
them,denoted��


�

, is de®nedto bethesmallestelement�

	 � in thepartialordersuchthat � �

�

and
�

�

� .

It is convenientto de®nean algebraover � with operators
 , � , aswell asthe operators�

� ,
� � , and � , wherethelatterarede®nedin Table1. Theseoperationsaresimply extensionsof the
correspondingBooleanoperations� (product),� (sum),and (complement).

Let �
� , ��� 1, denotethe set of all possiblevectorsof ternaryvaluesof length � , i.e.,
���

� 1 ������� � �

�����

��� 	 � � 1 �

�

��� � . Thepartialorder � is extendedto �

� pointwise: �� �

�

�

if f
��� �

�

� for 1 �

�

��� . Similarly, if �� 	 ��� and �

�

	 �
� , we say ����

�

�

if f thereexistsa vector
�

�

	 �
� suchthat �� ���

� and �

�

���

� . In otherwords,two vectorsof scalarternaryvaluesarenot
compatiblewhenonevectorhasa 1 in somepositionand the othervectorhasa 0 in the same
position. Finally, theoperations
 and � areextendedpointwise.Notethat ���


�

�

is de®nedonly
when �� �

�

�

.

A ternaryfunction, ! : �"�$# � , is saidto bemonotonewhenfor any �� 	 �
� and �

�

	 �
� we
have

�� �

�

�

�

! �%� � 
 �&! �

�

�




Thisde®nitionis extendedpointwiseto vectorfunctions, �

! : �
��# �
' .

The above monotonicityde®nition is consistentwith our useof information content. If a
function is monotone,we cannot“gain” any informationby reducingthe informationcontentof
theargumentsto thefunction. In otherwords,changingsomesignalsfrom binaryvaluesto X will
eitherhave noeffecton theoutputvalues,or it will changesomebinaryvaluesto X.

To expressthe behavior of a circuit operatingover time, we mustreasonaboutsequencesof
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states.Conceptually, wewill considerthestatesequencesto bein®nite,althoughthepropertieswe
will expresscanalwaysbedeterminedfrom someboundedlengthpre®xof thesequence.De®nea
theset � � to consistof all sequences� �� 0 � �� 1 ��������� whereeach� � 	 �
� . Therelations � and � are
extendedfrom vectorsto sequencespointwise.That is, two sequences� �� 0 � �� 1 ��������� and �

�

�

0 �

�

�

1 ���������

areordered(compatible)if andonly if eachpair �� � and �

�

� is ordered(compatible),for all
�

� 0.

For vector �� andsequence� , theexpression���� denotesthesequenceconsistingthevector ��

followedby thevectorsin � .

3. Cir cuit Model

Theunderlyingmodelof a circuit we useis quitesimple,aswell asgeneral.A circuit � is a triple
��� �

�

	

��
 
 , where

� : is asetof nodes.Let �

�

�

�

�

.

�

	

: is avectorof excitationfunctions.


 : is asetof symbolicBooleanvariableswith whichparameterizedpropertiesof thecircuit areto
beexpressed.

In the mathematicalpresentationwe will refer to the nodesas � 1 � � 2 ������� � ��
 , whereasin our
examplesweoftenwill usemoredescriptivenames.In logic gatecircuitsthenodescorrespondto
theprimary inputsandtheoutputsof thegates.In switch­level circuits the nodescorrespondto
electricalnodesin thecircuit.

The excitation functionsarede®nedin a non­traditionalway. We view themas expressing
“constraints”on thevaluesthenodescantakeon onetime unit latergiventhe currentvalueson
the nodes. By constraintwe meanspeci®cbinary values,whereasthe valueX indicatesthat no
constraintis imposed.Sincethevalueof an input is controlledby theexternalenvironment,the
circuit itself doesnot imposeany constrainton thevalue;hencetheexcitationof an“input node”
is X. More formally, if node �

� correspondsto an input to thecircuit then
	

���

� �� 


�

X for every
�� 	 �


 . Nodesthat do not correspondto inputsarecalledfunctionnodes. For a functionnode
�

� theexcitationfunction is a monotoneternaryfunction
	

���

: �




# � determinedby thecircuit
topologyandfunctionality. For example,if thecurrentinput to a unit delayinverteris 0, thenthe
outputof theinverteronetimeunit lateris constrainedto be1.

It shouldbe pointedout that the “time unit” referredto above is the smallestperiodof time
that is distinguishablein thecircuit model. Theminimumdelayin any individual componentof
thecircuit canbesigni®cantlylarger. Thuswe arenot limited to unit delaycircuit models. For
example,by usingthetransformationtechniquedescribedin [19], bothnominaldelayandbounded
delaycircuit modelscanbeused.

Theexcitation functionfor a functionnodeis oftena ternaryextensionof a binaryexcitation
function. Note thatsuchanextensioncanbedonein many ways. However, we requirethat the
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extendedfunctionagreeswith thebinaryon binaryinputs,andthat theternaryfunctionobtained
is monotone.Theserequirementssimply ensurethatwe do not “loose” informationby extending
a binaryexcitationfunctionto theternarydomain.In othercases,like in switch­level models,the
excitationfunctionsderivedarealreadyternary, sinceevenbinarysignalscangeneratenondigital
voltageson somenodes.

3.1. Cir cuit Trajectories

Statesequencesareusefulwhenreasoningaboutcircuitbehaviors. However, notall statesequences
representpossiblebehaviors of a circuit. Theexcitation functionsgenerallyrestrictthe possible
statesequencessigni®cantly. We formalizethis propertyby introducingtheconceptof a circuit
trajectory. Givena circuit � andanarbitrarysequence� �� 0 � �� 1 ��������� 	 �


 we saythat thesequence
is acircuit trajectoryif andonly if

�

	

� �� � 
 � �� �

�

1 for
�

� 0 �

Thesetof all trajectoriesof circuit � is denoted� ��� 
 . Theabove rule for trajectoriesis consistent
with ourde®nitionof anexcitationfunction,i.e.,a functioncomputingaconstraintonthepossible
valueof a nodeonetime unit later. Thusif thecurrentexcitationof a nodeis binary, say � , then
thenodemusttakeon thevalue � in thenext statein a valid trajectory. On theotherhand,if the
excitationis X, thenthenodevalueis notconstrained.

On ®rst reading,it mayseemstrangeto de®nea circuit modelwherea nodewith excitationX
mayspontaneouslychangeto either0 or 1. This is ourwayof capturingthepropertythata circuit
mayexhibit a varietyof differentbehaviors dueto variationsin theinitial state,theprimaryinput
values,andtheoutcomeof marginaloperatingconditions.An inputnodemaychangeto 0 or 1 on
everystep,re�ecting thefact thatits valueis determinedsolelyby theoperatingenvironment.An
uninitializedinternalnodemaychangeto 0 or 1 to re�ect thefact that it couldhave hadeitherof
theseasinitial values.An internalnodethatwassetto X dueto marginaloperatingconditionscan
changeto 0 or 1 to re�ect thattheactualnodestatecouldresolve in eitherdirection.

To illustratetrajectories,considera unit delayinverter. Assumethecircuit containstwo nodes:
theinverterinput � 1 andtheinverteroutput � 2. Theexcitationfunctionsare �

	

�%� � 


� �

X � � 1
�

�

. It is
easytoacceptthat,for example,

�

0 � 1
�

�

�

0 � 1
�

�

�

0 � 1
�

������� and
�

0 � 1
�

�

�

1 � 1
�

�

�

1 � 0
�

�

�

1 � 0
�

������� arevalid
circuit trajectories.Lessintuitive is thata sequencelike

�

X � 0
�

�

�

X � 1
�

�

�

X � 0
�

�

�

X � 1
�

������� is alsoa
valid circuit trajectory. Ourmethodologyveri®espropertiesfor all circuit trajectoriesthatsatis®es
someconditions,including degeneratetrajectoriesas this one. Consequentlyit will performa
strongerveri®cationthanabsolutelynecessary. Again, this pessimismstemsfrom our useof X as
a completelyunknown value.

4. Speci�cation Language

Ourspeci®cationlanguagedescribesapropertyof thecircuitasanassertionof theform[ �

��� �

],
whereboth � and

�

aresymbolictrajectoryformulasexpressingconstraintsonthecircuit trajectory.
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4.1. SymbolicExpressions

Beforewecande®neourlanguage,weneedto introducesomenotationandde®nitions.If 
 isaset
of symbolicBooleanvariablesthenaninterpretation,

�

, is afunction
�

: 
 # � assigningabinary
valueto eachvariable. Let F bethesetof all possibleinterpretations,i.e., F

� �

�

: 
 # � � . A
domainconstraint, ��� F , de®nesa restrictionon thevaluesassignedto thevariables.We will
denotesuchdomainconstraintsby Booleanexpressions.That is, let � bea Booleanexpression
over elementsof 
 .1 This expressionde®nesa Booleanfunction � : F # � andthusdenotesthe
domainconstraint�

���

�

�

� �

�




�

1 � . Thesetof all interpretationsF is denotedby theBoolean
function1, de®nedasyielding1 for all interpretations.Expressingdomainconstraintsby Boolean
expressionsallowsustocompactlyspecifymany differentcircuitoperatingconditionswith asingle
formula.

4.2. SymbolicTrajectory Formulas

A trajectoryformulaexpressesasetof constraintsonacircuittrajectory. Whentheformulacontains
Booleanexpressions,eachinterpretationof thevariablesyieldsa differentsetof constraints.

A step­levelsymbolictrajectoryformulais de®nedrecursively as:

1. Constants: TRUE is a trajectoryformula.

2. Atomic propositions: for �
�

	 � thefollowing aretrajectoryformulas:

(a) � � �

�

1 


(b) � � �

�

0 
 .

3. Conjunction: ��� 1 �

� 2 
 is a trajectoryformulaif � 1 and � 2 aretrajectoryformulas.

4. Domain restriction: �	� # � 
 is a trajectoryformulaif � is a Booleanexpressionover 


and � is a trajectoryformula.

5. Next time: � X 

��
 is a trajectoryformulaif � is a trajectoryformula.

Wesaythataformulais instantaneouswhenit doesnotcontainany next timeoperatorX 
 . For
convenience,we oftendropparentheseswhentheintendedprecedenceis clear.

Thetruth of a formula � is de®nedrelative to a circuit, aninterpretation
�

of thevariablesin

 , anda circuit trajectory. The truth of � , written � �

�

� �

�

�

� , is de®nedrecursively. In the
following,assumethatboth � and �� � aretrajectoriesof � .

1. � �

�

� �

�

�

TRUE holdstrivially.

1For thesakeof brevity, weomit a formalsyntaxof Booleanexpressions.Any standardexpressionsyntaxsuf®ces.
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2. (a) � �

�

� �� �

�

�

� � �

�

1 
 if f ���

�

1.

(b) � �

�

� �� �

�

�

� � �

�

0 
 if f ���

�

0.

3. � �

�

� �

�

�

��� 1 �

� 2 
 if f � �

�

� �

�

�

� 1 and � �

�

� �

�

�

� 2

4. � �

�

� �

�

�

�	� # � 
 if f � �

�




�

0 or � �

�

� �

�

�

� , where � is theBooleanfunctiondenoted
by theBooleanexpression� .

5. � �

�

� ����

�

�

X 
 � if f � �

�

� �

�

�

� .

Foraninstantaneousformula,its truthcanbede®nedrelativetoasinglestate.For instantaneous
formula � , thenotation� �

�

� ��

�

�

� indicatesthat � holdsunderinterpretation
�

for state �� . A
formalde®nitionof thisnotationcanbederivedby astraightforwardadaptationof rules1–4above.

4.3. Assertions

Ourveri®cationmethodologyentailsprovingassertionsaboutthemodelstructure. Theseassertions
areof theform [ �

��� �

], wheretheantecedent� andtheconsequent
�

aretrajectoryformulas.
Thetruthof anassertionis de®nedrelativeto acircuit � andaninterpretation

�

. Unlikea formula,
however, an assertionis consideredtrue only if it holds for all trajectories. That is, � �

�

�

�

[ �

��� �

], whenfor every � 	 � ��� 
 we have that � �

�

� �

�

�

� implies that � �

�

� �

�

� �

.
Given a circuit andan assertion,the taskof our checkingalgorithmis to computethe Boolean
functionexpressingthesetof interpretationsunderwhichtheassertionis true.Formostveri®cation
problems,this shouldsimply be theconstantfunction1, i.e., theassertionshouldhold underall
variableinterpretations.

4.4. Properties

We have intentionallychosento introduceonly a heavily restrictedtrajectoryformulasyntaxfor
ourbaselogic. As discussedpreviously, we donotsupportmoresophisticatedtemporaloperators
suchas“Until,” “Globally,” or “Eventually.” Furthermore,wedonotevenpermitsuchelementary
logic operatorssuchasdisjunction,negation,or quanti®cation.

By imposingtheserestrictions,wecanguaranteethefollowing key property:

Proposition1 For anytrajectoryformula � , andanyinterpretation
�

, oneof thefollowingcases
musthold:

1. There is no trajectory � 	 � ��� 
 for which � �

�

� �

�

�

� , or

2. There exists a unique trajectory �

��� �

	 � ��� 
 such that for every � 	 � � � 
 we have
� �

�

� �

�

�

� if andonly if �

��� �

� � .
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In the®rstcaseabove,wesaythattheformula � is notsatis®ableunderinterpretation
�

. In the
secondcase,we refer to thesequence�

��� � astheweakesttrajectorysatisfyingformula � under
interpretation

�

.

This theoremcanbeprovedby inductionon the formulastructure.Ratherthanprove it here,
however, we will show in a later sectionhow the checkingalgorithm can computea Boolean
function describingthe set of interpretationsfor which the formula is satis®able,as well as a
symbolicsequencerepresentingtheweakesttrajectoryfor every satis®ableinterpretation.

Notethatthis theoremexpressesaverystrongpropertyof our logic. It demonstratesthereason
why wecanverify anassertionby simulatingasinglesymbolicsequence,namelytheoneencoding
theweakesttrajectoriesallowedby theantecedentfor every interpretation.It is strongerthanthe
simplemonotonicityconditionthatif � �

�

� �

�

�

� and � � ��� , then � �

�

� ���

�

�

� .

Observe that this propertywould not hold if our formula syntaxpermitteddisjunction. For
example, given a circuit with two nodes � 1 and � 2, the two formulas � 1

�

1 and � 2
�

0
have weakesttrajectorieswherethe®rst elementsarethevectors

�

1 � X
�

and
�

X � 0
�

, respectively.
Furthermore,theformula � 1

�

1
�

� 2
�

0 hasa weakesttrajectorywherethe®rst elementis the
vector

�

1 � 0
�

. On theotherhand,thereis no weakesttrajectorysatisfying � 1
�

1
�

� 2
�

0. Only
thevector

�

X � X
�

is lessthanboth
�

1 � X
�

and
�

X � 0
�

, anda trajectoryhaving thisasits initial vector
satis®esneither� 1

�

1 nor � 2
�

0.

If our syntaxpermittednegation,thenwe would loseeven the monotonicitypropertyof our
logic. For example,in thecircuit describedabove, theformula � � � 1

�

1 
 wouldbesatis®edby a
trajectoryhaving ®rst element

�

X � X
�

, but notby onehaving ®rst element
�

0 � X
�

.

Disjunction is a useful extensionto our languageand can be implementedusing quanti®ed
Booleanvariables.Negation,on theotherhand,seemsto runcontraryto theprinciplesof ternary
modeling.

5. Extensions

The logic, asdescribedabove, is convenientfor deriving the underlyingtheory. Unfortunately,
expressing“interesting” assertionsabout real circuits using only the constructsabove is very
tedious.Two shortcomingsmakeusingthelogic cumbersome:the®negranularityof thetiming,
andthelackof morepowerful logicalconstructs.It is convenientto addextensionsthatdonotadd
any expressive power, but makeit easierto write assertions.

This basicstructureof startingwith a minimal basic logic and then addingmore elaborate
structuresasextensionsalsomirrors our currentimplementation.The implementationconsists
of two parts. The underlyinglogic, with somefew extensions,is takencareof by our modi®ed
versionof theCOSMOSsymbolicswitch­level simulator. Thesyntacticextensionsaresupportedby
a front­endwritten in SCHEME. TheuserwritesSCHEMEcodethat,whenevaluated,generatesa®le
of low­level simulationcommandswhich arethenevaluatedby thesimulator.
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5.1. Timing Extensions

Ourmaininterestis in verifying synchronouscircuits. Hence,we wouldlike to reasonabouttime
on amoreabstractlevel thanbasictimeunits. For many VLSI circuitsit is naturalto describethe
desiredbehavior in termsof phaselevel behavior. Let a phasebea periodof time duringwhich
no inputs(includingclocks)change.For simplicity, we will assumethatall phaseshave thesame
duration.For example,if phasesare � basictimeunitslongandwewanttheinstantaneousformula

� to hold for theentirephase,thenthis canbetranslatedinto
���

1
�

���

0

� X
�




� 


where,for �&� 0, X
�




denotes� repetitionsof the next time operator, andX0



� is de®nedas � .
A “next phase”operatorX 	 canthenbede®nedsimply asX

�




. Thusa formula in a logic based
on the next­phaseoperatorcan be translateddirectly into a formula in the logic basedon the
next­stepoperator. In ourcurrentimplementation,thelogic wesupportonly allowsthenext­phase
operator. Thetransformationinto thenext­steplogic is takencareof by theCOSMOSsimulatorso
thatevent­schedulingcanbeusedto achieve goodperformance.

If we areusing a nominalor boundeddelaycircuit model, the basictime stepcorresponds
directly with someexactamountof time. Hence,in thesecasesit is easyto de®nethe lengthof
a phase.At othertimeswe arenot interestedin theexact timing of the circuit. For example,if
we do not have delayvaluesavailable(pre­layout)or if we usea very inexact delaymodel(say
unit­delay)it is somewhatmeaninglessto saythataphaseis � timeunitslong. In thesesituations
we oftenwant to expressthebehavior in termsof “stable” phases.In otherwords,a phasemay
de®nedto beaslongasneededfor thecircuit to stabilize.Of course,wemustalsotakecareof the
casewherethecircuit never stabilizes,but oscillates.Thesolutionto this is to “force” thecircuit
simulatorto stabilizeaftersomereasonablylargenumberof steps.This canbeaccomplishedby
runninganormalsimulationfor thatmany stepsandthenforcingoscillatingnodesto X. We leave
thedetailsonhow to do thissymbolicallyto theinterestedreader.

5.2. Logic Extensions

As alreadyalludedto above, it is very tediousto write assertionsusingonly thebasiclogic. Thus
in our SCHEME translatorwe provide a numberof syntacticextensions.In the following we will
outlinesomeof these.

An obviousextensionto thelogic is to allow theuserto write � �

�

� , where� � 	 � and � is
someBooleanexpressionover 
 . Themeaningof thisis simply � � # � � �

�

1
 �

�

� � # � � �

�

0 
 � ,
where � denotestheBooleancomplementof � .

Our next additionis to allow theuserto specifya domainrestrictionfor a completeassertion,
i.e.,weallow theuserto write � # [ �

��� �

], meaningthattheassertiononly needsto holdfor
interpretations

�

	 F suchthat � �

�




�

1, where � is theBooleanfunctiondenotedby � . This is
simplya short­handfor theassertion
 �	� # ��


���

��� #

�


�� .
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The following extensionto the logic, dealingwith ®nite integerdomains,is perhapsthemost
usefulof themall. Let �

� beavectorof Booleanexpressionsover 
 . Givenaninterpretation
�

	 F
onecanview �

� asthebinaryencodingof a number. Denotethis numberas
�

�

� �

�




�

. Let �

� denote
a vectorof Booleanexpressionsover 
 . Whatwe wouldlike to do is to use �

� to selectoneof the
Booleanexpressionsin �

� . Assumethevectorcontains� expressions.Thevalueof ���

� is de®ned
as:

���

�

�

�

�

�

�

�

�

0 


�

�

0 � ����� � �

�

�

�

�

�

� � 1 


�

�

'

�

1

where if �

�

� �

� 	

�

1 � � 	

�

2 ������� � � 0
�

, and
� �

	

�

1 �

�

	

�

2 ������� �

�

0
�

is the binary encodingof
�

, the
expression �

�

�

�

�

� �


 is the Booleanexpression
�

0 �

�	�

	

� ���

�

�

�

�


 � � �

�

�

�

�


 
 . It is easyto
seethat given an interpretation

�

	 F this de®nitioncapturesour intuition of what it meansto
selectoneof theexpressions.

Finally, wewouldalsolike to doasimilarselectionamongcircuit nodes.Let �Ndenoteavector
of � circuit nodes. The expressionN �

�

��


, where



is someBooleanexpressionover 
 , is
simplya shorthandfor thetrajectoryformula

� �

�

�

�

�

�

0 
 # � N0
��



 �

�

� �

�

�

�

�

�

1 
 # � N1
�




 �

�

�����

�

� �

�

�

�

�

�

� � 1 
 # � N
'

�

1
��



 �

where �

�

�

�

�

� �


 is de®nedasabove.

Giventhat thefront­endis embeddedin SCHEME, andtheuseractuallywritesSCHEMEcode,it
is easyto de®nenew extensions.In fact,by writing SCHEMEproceduresit becomesverynaturalto
expressthecircuitassertionsin ahierarchicalway, improving thereadabilityof—andconsequently
thecon®dencein—theassertions.

6. Examples

Theextensionsdescribedin theprevioussectionprovideaphaselevel timingmodelandanassertion
languagewith morepowerful abstractioncapabilities.Giventheseextensionswe claim thelogic
is both suf®ciently powerful andeasyto useto expressa wide varietyof veri®cationtasks. We
supportthisclaimwith someillustrativeexamples.

6.1. Moving Data Stack

First we will demonstratetheutility of thetemporalnotationin expressingphaselevel circuit
timing andpipelining. The exampleis the nMOS stackcircuit describedby MeadandConway
[16]. Figure1 shows the block diagramfor the circuit. The circuit operateswith a two­phase
nonoverlappingclock. Thestackcommandis speci®edby a pairof signals,OP1andOP2,which
aremultiplexedontoa singlecircuit input Op. Thecontrolsignalis pipelinedhalf a clock cycle
aheadof thedatasignals.Thatis, thecommandfor clockcycle � is speci®edby supplyingOP1on
thePhi2 phaseof cycle � � 1, andOP2on thePhi1 phaseof cycle � , asillustratedin Figure2.
Theinput datamustbesuppliedduringthePhi1 phase,andtheoutputis valid duringthePhi2
phase.For eachstackcell, wewill considerthe“state”of thecell to bethevalueheldthereduring
thePhi1 phaseof thecycle.
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OmittedFigure:stack­block

Figure1: Block Diagram of Mead and Conway Stack. Bit
�

of thestackis storedaschargeon
node��� � (negative logic).

OmittedFigure:stack­timing

Figure2: Timing Diagram Stack. Thetwo controlsignalsfor agivenclockcyclearemultiplexed
on thesingleline Op.
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To illustrateapossibleassertionfor thiscircuit, considercheckingthataPUSHoperationcanbe
carriedoutcorrectly. ThePUSHoperationis performedwhenOP1

�

1 andOP1
�

0. Informally, a
PUSHoperationshouldput thepushedvalueinto cell 0 andmovethecontentsof cell

�

to cell
�

� 1
for every

�

lessthan � � 1, where � is thenumberof cells in thecircuit. For convenience,let �

���

bea vectorof the ��� � nodes.Let � and � be two Booleanvariables,and �

� � ���

	

�

1 ������� �

�

0
�

bea
vectorof Booleanvariables,where� � 2	 .

First, we mustincludein our assertionsa speci®cationof how theclocksshouldbeoperated.
We usetheshorthandClock1 to denotethetrajectoryformula

�������
	

�

1


�

X 	 ��������	

�

0


�

X2
	

���
����	

�

0 


�

X3
	

���
���
	

�

0 
 �

Clock2 to denote

�������
�

�

0


�

X 	 ���������

�

0


�

X2
	

���
�����

�

1 


�

X3
	

���
���
�

�

0 
 �

andCyclesto denote

Clock1
�

Clock2
�

X4
	

� Clock1
�

Clock2


�

X8
	

� �������
	

�

1 


�

�
���
�

���

� �

TheformulaCyclesde®nestheoperationof theclocksover thetimeperiodillustratedin Figure2.

Sincenegative logic is usedinternally, let Stored�

�

�

��� 
 bea shorthandfor ���

�

�

�

� . Let Push
denoteX2

	

���
�

�

1 


�

X4
	

���
�

�

0 
 .

We cannow expressourassertionas:

�

�

���

� � 1 
 #

�

Cycles
�

Push
�

X4
	

� �����

�

�




�

Stored�

�

�

��� 
 �

���

X8
	

� Stored� 0 �

�




�

Stored�

�

�

� 1 ��� 
 ��� �

Note that �

�

���

� � 1 
 denotesa Booleanfunctionover 
 that, for a given interpretation
�

, is 1
if f

�

�

�

�

�




�

�

� � 1. Similarly, �

�

� 1 denotesa vectorof Booleanfunctionssuchthat, for a given
interpretation

�

,
�

�

�

�

� 1 
 �

�




�

�

�

�

�

�

�




�

� 1.

In this example,verifying thecorrectoperationof a singlestackoperationrequiresreasoning
aboutthebehavior of thecircuit over partsof 3 clock cycles. Suchis oftenthecasein pipelined
systems.

6.2. Static RAM

Oursecondexampleis astaticRAM, asillustratedin Fig.3. Thedatafor eachmemorylocation
�

arestoredon node  �� . Within theRAM cell thereis a nodeholdingthe complementaryvalue.
Unlikein theveri®cationdescribedin [7] basedonscalarsimulation,wedonotneedtoexplicitly set
or checkthiscomplementaryvalue.Thephaselevel timing abstractionhandlesthisautomatically.
Thatis, assertingavalueonnode 

� for 2 unit stepsforcesthecomplementaryvalueontotheother
nodein theRAM cell.

16



OmittedFigure: ram­block

Figure3: Block diagram of Static RAM. Stateis storedin location
�

asa pairof complementary
valueson nodes��� � and ��� � .

The only information we needto know aboutthe designof the RAM is the namesof the
input/outputsignals,and the namesof the storagenodesof eachmemorycell, as well as the
interfacetiming. For easeof exposition,we expressthe speci®cationat the clock cyclelevel in
termsof a cycle­level next­time operatorX � . Givena speci®cationof theclocking patternsand
interfacetiming for thecircuit, we couldtranslatetheseassertionsinto phase­level assertionsin a
similar fashionaswe did for themoving datastack.

It is easyto convince oneselfthata correctmemorymustsatisfythreeproperties:1) thatwe
canwrite successfullyinto eachcell

�

, 2) that we cannondestructively readthe contentof each
cell

�

, and3) that, unlesswe arewriting into somecell
�

, the valuestoredin cell
�

shouldnot
change.Let �

 bea vectorof the  �� nodes.Furthermore,let � , � , and � beBooleanvariables,and
�

� � ���

	

�

1 ������� �

�

0
�

and �

� �����

	

�

1 ������� �

�

0
�

bevectorsof Booleanvariables,where� is thewidth
of theaddressinput. We usetheshorthandOperate�

�

�

��� �

�


 to denotetheformula

�������
	��

�

�




�

��
����

�

� 


�

��� 	

�

1
���

	

�

1 


�

�����

�

��� 0
���

0 
 �

Similarly, let Stored�

�

�

�

�


 denotethe formula �� 

�

�

�

�


 . With this notation,we canexpressall
threeconditionsmentionedabove with asingleassertion.

Stored�

�

�

�

�




�

Operate�

�

�

��� �

�




���

X �

�

�

�

# Stored�

�

�

��� 
 �

�

�

�

�

�

�

� �

�

�


 # � DOUT
�

�


 �

�

�

�

� �

�

�

�

�

�

�


 # Stored�

�

�

�

�


 ���

where �

�

�

�

�

�

denotestheBooleanexpression�

�

	

�

1 �

�

	

�

1 
 �

�����

� �

�

0 �

�

0 
 � and �

� �

�

�

denotes
thecomplementof thisexpression.
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6.3. Discussion

Astheseexamplesillustrate,ournotationworkswell for expressingthestatetransitionpropertiesof
acircuit. For circuits,suchasmemoriesanddatapaths,thisis afairly naturalformof speci®cation.
That is, onethinksof eachoperationof thesystemasupdatingsomeportionof thestoredsystem
state.

In theseexamples,weconstructedthespeci®cationassertionin ahierarchicalway, startingwith
low level timing informationandworking up to moreabstractsystemoperations.This seemsto
bea fairly convenientway to view thesystemat differentabstractionlevels. Becausewe actually
write ourspeci®cationsasSCHEMEprograms,wecanusetheproceduralabstractioncapabilitiesof
SCHEMEto expressthespeci®cationhierarchically.

7. SymbolicSimulation

As we have shown, symbolicformulasprovide a concisemeansto specifydesiredpropertiesof
thecircuit undermany differentoperatingconditions.We arenow readyto introducea methodof
verifying theassertionsvia symbolicsimulation.Thekey ideais to preservethesymbolicstructure
of the formulasin the veri®cationalgorithm. By doing so, we can replacethe needfor large
amountsof caseanalysiswith algebraicmanipulation.

7.1. SymbolicAlgebras

In creatingasymbolicmodel,weextendthescalarmodelde®nedin termsof thebinaryandternary
domains� and� , to onede®nedin termsof binary­andternary­valuedfunctionsoverthevariables


 . De®nethesymbolicdomain��� 
 
 (respectively, � � 
 
 ) asdenotingthesetof functionsmapping
aninterpretationsin F to � (resp.,� ). More formally

��� 
 


���

! : F # � �

and
� � 
 


� �

! : F # � ���

We thenextendtheoperationsde®nedoverscalarvaluesto createasymbolicalgebra.

We canalsoextendthevectorandsequencealgebrade®nedoverscalarvaluesto their counter­
partsde®nedover symbolicvalues.Thatis, de®nethevectordomain� � 
 
� as

� � 
 


�

� ���

� 1 ������� � �

�����

� � 	 � � 
 
 ���

In implementingasymbolicsimulator, wein effectextendtheexcitationfunction �

	

to thesymbolic
domainas �

	

: � � 
 





# � � 
 



 . For �� 	 � � 
 
 � , let �� �

�


 	 �
� denotethevectorwith eachelement
�

equalto � � �

�


 . In this way, we canview the symbolicvector �� 	 � � 
 
 � eitherasa vectorof
symbolicelements,or asa symbolicvaluewhich for agiveninterpretationyieldsascalarvector.
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We extendmostoperationsfrom scalarto symbolicdomainsin a uniform way. Consideran
operation� � : � 1 � � 2 # � 3, de®nedover vectors,singleelements,or a combinationof thetwo.
Its symboliccounterpart� � : � 1 � 
 
 � � 2 � 
 
 # � 3 � 
 
 is de®nedsuchthatfor all � 	 � 1 � 
 
 and

�

	 � 2 � 
 
 , we have � ��� �

�


 �

�




�

� �

�


�� �

�

�

�


 . We usethis methodto extend the ternary
algebraicoperations�

� , ��� , and � , aswell astheoperation� .

Whenextendinga relation
�

symbolically, we de®netheresultto bea functionspecifyingthe
interpretationsunderwhichitsargumentsarerelated.Thatis,givenabinaryrelation

�

� � 1 � � 2,
de®ne

�

: � 1 � 
 
 � � 2 � 
 
 # ��� 
 
 as � �

�

�


 �

�




�

1 if andonly � �

�




�

�

�

�


 . Weusethismethod
to de®neoperations� and � over bothsingleelementsandvectors.

7.2. SpecialOperations

Werequireoneoperationthatisextendedto vectorsin anonstandardway. De®nethein®x operator
?: � � � # � as � ?

�

equals
�

if � is 1, andequals� otherwise.Whenextendingthis operation
to vectors,only thesecondargumentis vector­valued. That is theoperation?: � � � � # ��� is
de®nedas � � ? �

�


 �

�

� ?
�

� . Thisoperationis thenextendedsymbolicallyin themannerdescribed
above.

As a®naloperation,wede®neavariantof thejoin operationthatis de®nedevenwhenfor some
�

	 F , we have �� �

�


 ��

�

�

�

�


 . Whenusingthis operation,we will separatelykeeptrack of the

conditionsunderwhichtheargumentsarecompatible.De®netheoperation
�


 : � � 
 


�

� � � 
 


�

#

� � 
 
 � as

� ��

�




�

�


 �

�




� �

�� �

�


 


�

�

�

�


 � �� �

�


 �

�

�

�

�




�

� � otherwise

where �

� denotesavectorwith all elementsequalto � .

7.3. Translating InstantaneousFormulas to SymbolicVectors

Giventheabovede®nitions,we®rstgiveaprocedurethatfor aninstantaneousformula � derivesa
BooleanfunctionOK� anda vector ��

� . ThefunctionOK� canbeviewedasa “domain” function
of � in the sensethat OK�

�

�




�

1 if f underthis interpretation� canhold true in somestate.
Furthermore,we will also show that ��

� is “weakest” in the sensethat if OK�

�

�




�

1, then
��

�

�

�


 �

�

�

for everystatevector �

�

	 �


 for which � holdsunderthis interpretation.Thefunction
OK� andthevector ��

� arede®nedrecursively as:

1. If � is TRUE thenOK�

�

1, and ��

�

� �

X ������� � X
�

.

2. (a) If � is � � �

�

1
 thenOK�

�

1, and ��

�

� �

X ������� � X � 1 � X ������� � X
�

, wherethe 1 is in
position

�

.

(b) If � is � � �

�

0
 thenOK�

�

1, and ��

�

� �

X ������� � X � 0 � X ������� � X
�

, wherethe 0 is in
position

�

.
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3. If � is ��� 1 �

� 2 
 thenOK�

�

OK�

1
� OK�

2
�

�%� �

�

1 � ��

�

2 
 , and ��

�

�

��

�

1

�


 ��

�

2.

4. If � is ��� # � 1 
 thenOK�

�

� � OK�

1, and ��

�

�

� ? ��

�

1, where� is theBooleanfunction
denotedby theexpression� .

Proposition2 Givena circuit � , let � beaninstantaneousformulaandOK� and ��

� bederivedas
above. ThenOK�

�

�




�

1 iff there existssomestate �

�

	 �


 such that � �

�

�

�

�

�

�

� . Furthermore,
if OK�

�

�




�

1, then � �

�

�

�

�

�

�

� iff ��

�

�

�


 �

�

�

.

Thispropositioncanbeprovedby inductionon theformulastructure.

7.4. CheckingAssertions

Our ®rst stepin verifying an assertionis to rewrite theantecedentandconsequentinto a normal
form whereall next­time operatorsare collectedtogether. It is easyto show that a trajectory
formula � canbe rewritten into � 0 �

X 

� 1 �

X2



� 2 �

�����

�

X
� �

1



�

���

1, for some � � 1, where
each�

� is instantaneous.Notethatsomeof the �
� 's mightbethetrivial formulaTRUE. Notealso

thatsucha sequencecanbeextendedby appendingX �




TRUE for
�

� � . Hence,without any loss
of generality, wewill henceforthassumethattheantecedentandtheconsequentin anassertionare
trajectoryformulasin normalform containingthesamenumberof terms.

Givenanassertion[ �

��� �

] of theform
�

� 0 �

X 
 � 1 �

�����

�

X
���

1



�

� �

1
��� �

0 �

X 


�

1 �

�����

�

X
���

1



�

���

1 �

de®nea sequenceof symbolicternaryvectors �

�

0 ������� � �

�

���

1 asfollows:

�

�

�

� �

���� 0 �

� �

0
�

	

� �

�

�

�

1 


�


 ����

�

�

���

0 �

De®netheBooleanfunctionOK�

�

�

0 �

�

� � OK�

�

, where
�

denotesBooleanproduct.This func­
tionyields0 for thoseinterpretationsfor whichtheantecedentcontainssomeinternalinconsistency.
Forexample,theformula �

�

� � �

�

� 


�

� � �

�

�


 wouldhave �����

�

�

�

�

, becausethisformula
cannotbesatis®edwhen

�

� � 
 �

�

�

�

�


 . De®netheBooleanfunctionTraj
�

�

1 �

�

� �

�

�

	

� �

�

�

�

1 
 ��� ���

�

� .
This functionyields0 for thoseinterpretationswhereanincompatibilityarisesin thetrajectory.

Wecanshow that � issatis®ableundersomeinterpretation
�

if andonly if OK� �

�




� Traj �

�




�

1.
Furthermore,wecanextendthesequence�

�

0 ������� � �

�

���

1 to beanin®nitesequenceby de®ning �

�

�

�

�

	

� �

�

�

�

1 
 for all
�

� � . It canthenbeshown thatfor interpretation
�

thesequence�

�

0 �

�


 � �

�

1 �

�


 �������

is the weakesttrajectorysatisfying � underinterpretation
�

. This constructionthenprovidesa
proof of Proposition1. This demonstrateshow our symbolicsimulatorcansetup the weakest
allowableconditionsallowedby theantecedentunderall possibleinterpretations.

To checkthe consequent,de®nethe Booleanfunction OK	

���

0 �

�

� � OK	

�

. This function
yields0 for thoseinterpretationsfor which theconsequentcontainssomeinternalinconsistency.
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Finally, de®netheBooleanfunctionCheck
�

�

0 �

�

� �

� �� 	

�

� �

�

� � . This functionyields0 for those
interpretationswheresometrajectorysatisfyingtheantecedentmayviolatetheconsequent.

Now de®neOK[ �

�

�

	 ] as:

OK� � Traj � � OK	

� Check 


Informally, this equationstatesthat theassertionis trueunderthoseinterpretationsfor which the
antecedentis unsatis®able(dueeither to internal inconsistenciesor to an incompatibility in the
trajectory),aswell asthosefor whichtheconsequentholds(i.e, it is bothinternallyconsistentand
is satis®ed.)

Themainresultof this paperis capturedin thefollowing theorem:

Theorem1 Givena circuit � andan assertion[ �

��� �

] let OK[ �

�

�

	 ] 	 ��� 
 
 bederivedas
above. Then

� �

�

�

�

[ �

��� �

] if andonly if OK[ �

�

�

	 ] �

�




�

1 �

Hence,determiningwhethera circuit satis®es[ �

��� �

] is reducedto determiningwhether
OK[ �

�

�

	 ]
�

1.

7.5. Summary of CheckingAlgorithm

In practice,we encodetheternaryvaluesaspairsof Booleanvalues.Thuswe expresstheternary
functionsover 
 aspairsof Booleanfunctionsover 
 . It is straightforwardto implementall of
theoperationsde®nedabove usingsuchanencoding.Thus,to verify anassertion[ �

��� �

] we
wouldproceedasfollows: Firstconvert � and

�

into normalformscontainingthesamenumberof
terms.Now computethesequenceof states�

�

� asde®nedabove. Althoughtheabove presentation
used� � 1 distinctvectors,the implementationneedonly retainthemostrecentvector. In fact,
the vector can be viewed as the currentcircuit state. Hence,step

�

in this veri®cationwould
entail: 1) run thesimulatorone“step” to derive �

	

� �

�

�

�

1 
 , 2) computeOK�

�

and ����

�

, 3) compute
�

�

	

� �

�

�

�

1 
 � ����

�


 , 4) compute �

�

� , 5) compute �� 	

�

, and6) compute�%� � 	

�

� �

�

� 
 . As we go along,
we alsomaintainBooleanfunctionsrepresentingthe4 constituentcomponentsof theexpression
for OK[ �

�

�

	 ] shown above. In the endwe simply combinethesetogetherandcheckthat the
derivedfunctionis theconstantfunction1. If thetestfails, thederivedfunctionprovidesdiagnostic
informationindicatingwhich casesencounterdif®culties.

7.6. Example

Considera 4­bit memoryof thestructureillustratedin Figure3. In verifying thecorrectnessof
a READ operation,oneaspectof thedesiredbehavior is thatafterreadingwith theaddressinputs
setto

�

, thevaluedstoredin memorylocation
�

shouldappearontheoutput.Thiscanbeexpressed
by theassertion(in ourextendedsyntax):

�

Stored�

�

�

� � 


�

� write
�

0 


�

�

�A
�

�

�




���

X � � Dout
�

� 


�
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OmittedFigure:sram­pattern

Figure4: Veri�cation of 4­bit RAM ReadOperation.

OmittedFigure:pseudo­xor

Figure5: PseudoXOR Cir cuit. This circuit satis®estheassertionfor anXOR circuit, because
theantecedenttrajectoryfails whenever theoutputshouldbenonzero.

Theantecedentis convertedinto thesimulationpatternoutlinedon theleft handsideof Figure4.
Thatis, theaddressinputsaresetto Booleanvariablesencodingthepossibleaddresses.Thecells
aresetto morecomplex symbolicvalues.For eachpossibleinterpretationof theaddressvariables,
weseethatonecell is setto value � , while theotherthreecellsaresetto � . Verifying theassertion
involvessimulatingthis singlepatternandthencheckingthattheresultingvalueon Dout equals

� .

This exampleillustrateshow our methodologycombinessymbolicand ternaryvalueswhen
encodingthe differentpossiblecircuit states. In a binary modelof the circuit, thereare16 (in
general2

�

) different initial binary statesof the memory. Thesecasescan be coveredby 8 (in
general2� ) differentinitial statesin a ternarymodel—eachhaving onecell setto 0 or 1 andthe
restset to � . Thesedifferentcasescanthenbe encodedby a singlesymboliccasein termsof
3 (in general1 � log � ) Booleanvariables.As thesizeof thememory � grows, the reductionin
complexity werealizebecomesdramatic.

8. Areasfor Futur e Investigation

Thecheckerdescribedhereprovidesausefultool for reasoningaboutdigital circuits.However,
somequestionsremainasto exactly how it canandshouldbe used. In particular, we muststill
devisea comprehensive theoryonhow to prove thatacircuit fully realizesits speci®cation.
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To illustrate one subtletyof this task, considertrying to show that a circuit with inputs A
andB andoutputOut implementsthe exclusive­or function. Intuitively, it seemsthat it would
besuf®cient to prove thatcircuit obeys theassertion
 ���

�

� 


�

�� 

�

�




���

X 
 ������	

�

�

�

�


 � .
Unfortunately, thisisnotthecase.Forexample,thisassertionisobeyedby theratheruselesscircuit
of Figure5, wherethetwo inputsaretied together, andtheoutputis always0. Any interpretation
of thevariables

�

for which
�

� � 
 �

�

�

�

�


 will causetheantecedenttrajectoryto fail, becauseinputs
A andB areelectricallyequivalent.Theonly interpretationsfor which thetrajectorysucceedsare
onesfor which theoutputshouldbe0, in which casetheconsequentis alsosatis®ed.

Any checkingbasedpurelyontestingimplicationsis proneto thissortof “falsepositive” error.
Problemsof thissorthavebeenencounteredbypeopleusingothersystemsfor hardwareveri®cation
suchasHOL [14] andEMC [10]. We believe thatshortcomingsof this sort canbecorrectedby
morecarefulattentionto thecaseswhereanimplicationsucceedsduea failure of its antecedent.
In all of the veri®cationexampleswe have performed,we makesurethat the speci®cationis
formulatedin suchawaythattheantecedenttrajectoryshouldnever fail. We checkthisaspartof
theveri®cationprocess.

9. Conclusions

In termsof mathematicalsophistication,theproblemsolvedby ouralgorithmis far lessambitious
thanwhat is attemptedby full­�edged temporallogic modelcheckers.However, we believe that
our languageis rich enoughto be ableto describemany importantpropertiesof a circuit andto
provideadirectpathby whichsuchpropertiesmaybeautomaticallyveri®ed.By keepingthegoals
of ourveri®ersimple,we obtainanalgorithmthatis capableof dealingwith muchlargercircuits.

One interestingpropertyof our algorithm, in fact, is that its computationalcomplexity is
relatively insensitive to the circuit size. That is, the complexity is determinedlargely by the
complexity of theassertionto beveri®ed,measuredin termsof thenumberof symbolicvariables,
andthedepthof nestingof next time operators.We have foundthat in many circuits,properties
canbeexpressedin termsof a surprisinglysmallnumberof variables.For example,our formulas
providing a completespeci®cationof of a � ­bit staticRAM involve only 2 � 2log � variables.
Thus,wecanperformtheveri®cationin polynomialtime irrespectiveof theheuristicef®ciency of
theBooleanmanipulator.
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