
A Nonparametric Approach to Noisy and Costly OptimizationBrigham S. Anderson brigham@cmu.eduAndrew W. Moore awm@cs.cmu.eduRobotics Institute, Carnegie Mellon University, 5000 Forbes Ave, Pittsburgh, PA 15213 USAhttp://www.cs.cmu.edu/�AUTON=David Cohn cohn@justresearch.comJust Research, 4616 Henry St, Pittsburgh PA 15213 USAAbstractThis paper describes Pairwise Bisection:a nonparametric approach to optimizing anoisy function with few function evaluations.The algorithm uses nonparametric reasoningabout simple geometric relationships to �ndminima e�ciently. Two factors often frus-trate optimization: noise and cost. Outputcan contain signi�cant quantities of noise orerror, while time or money allows for onlya handful of experiments. Pairwise bisectionis used here to attempt to automate the pro-cess of robust and e�cient experiment design.Real world functions also tend to violate tra-ditional assumptions of continuousness andGaussian noise. Since nonparametric statis-tics do not depend on these assumptions,this algorithm can optimize a wide variety ofphenomena with fewer restrictions placed onnoise. The algorithm's performance is com-pared to that of three competing algorithms,Amoeba, PMAX, and Q2 on several di�erenttest functions. Results on these functions in-dicate competitive performance and superiorresistance to noise.1. ProblemThe problem of optimizing a function f : <n ! <will be discussed here as �nding a local minimum forthe function, i.e. a point x� such that there exists aneighborhood B of x� withf(x�) � f(x) 8x 2 B: (1)In the noisy case, the observed output y is a combina-tion of the underlying function f and some amount of

error or noise. Assuming noise has a mean of zero,y(x) = f(x) + noise (2)For example, during the optimization of a chemicalprocess, if the underlying function f(x) is the yieldof a chemical reaction using parameters x (say, tem-perature and pH,) then the noisy output y(x) mightrepresent the observed yield. The task of the optimizeris to �nd x�, the combination of temperature and pHwith the greatest expected yield. Many algorithms ex-ist to perform this task, especially in the numericalanalysis literature (Press et al., 1992), but they typi-cally require many iterations of the experimental cycle.When experiments are costly or time-consuming, thesealgorithms are inappropriate.2. Other ApproachesMany disciplines have methods that are relevant tonoisy optimization. Space permits only a brief survey.Numerical analysis: Numerical methods such asLevenberg-Marquardt (Press et al., 1992) have fastconvergence properties, but they can oscillate or di-verge to in�nity. Furthermore, current numericalmethods cannot survive noise.Stochastic approximation: (Robbins & Monro,1951) �nds roots without the use of derivative esti-mates. Keifer-Wolfowitz (KW) (Kushner & Clark,1978) is a related algorithm for noisy optimization.It estimates the gradient by performing experimentsin both directions along each dimension of the inputspace. Based on the estimate, it moves its experimentcenter and repeats, using decreasing step sizes to en-sure convergence. KW's strengths are its aggressiveexploration, its simplicity, and its convergence guaran-tees. Noise can cause it to attempt wild experiments,



however. The number of experiments can also be large,since it throws away all data after each gradient esti-mation.Amoeba search: Amoeba (Press et al., 1992)searches k-d space using a simplex (i.e. a k + 1 di-mensional polyhedron). The function is evaluated ateach vertex. The worst-performing vertex is re
ectedthrough the hyperplane de�ned by the remaining ver-tices to produce a new simplex that has moved upthe estimated gradient. Ingenious simplex transforma-tions let the simplex shrink near the optimum, growin large linear zones, and ooze along ridges. Amoebais sensitive to noise, and it is also not e�cient withits experiments; it only keeps the most recent k + 1results.Experiment design and Response surface meth-ods (Box & Draper, 1987): A region of interest (ROI)is established at a starting point and experiments aremade at positions that can best be used to identify lo-cal function properties with low-order polynomial re-gression. When the gradient is estimated con�dently,the ROI is moved accordingly. Quadratic regressionlocates optima within the ROI. The strength of RSMis that it avoids changing operating conditions basedon inadequate evidence, but moves once the data jus-ti�es it. Noise can be handled by adding experiments.Experimental e�ciency is also good, but a weakness ofRSM is that human judgment is needed for choosingthe size and shape of the ROI to trade o� bias andvariance.Evolutionary computation and Learning au-tomata: Methods such as genetic algorithms begin bysampling uniformly, but then bias later samples in fa-vor of the experiments that had good outcomes. Thereis a vast literature of re�nements of such methods.These approaches need thousands, sometimes millions,of evaluations, so experimental e�ciency is very low.PMAX: Based on the data from the experiments sofar, PMAX uses a non-linear function approximatorto estimate the underlying function f(x). The nextexperiment is taken at the point that maximizes theestimate of f . This approach has been used witha decision-tree approximator (Salganico� & Ungar,1995), with neural nets (in many commercial prod-ucts), and with locally weighted regression (Moore &Schneider, 1996). Variations of PMAX include takingthe next experiment not at the predicted optimum, butinstead where the con�dence intervals are widest, orwhere the top of the con�dence interval is maximized(Moore & Schneider, 1996), or in accordance with theInterval Estimation heuristic (Kaelbling, 1990).

Empirically, we have found that PMAX using locallyweighted regression as the function approximator is of-ten faster than more sophisticated alternatives (Moore& Schneider, 1996). However it has some serious draw-backs:� First, one must solve the bias-variance trade-o�. This is often determined automatically us-ing cross-validation (Moore et al., 1994), but thisproves di�cult with a set of very few, weirdly dis-tributed datapoints obtained during optimization.Empirically we have observed dismal performancewhen attempting this.� Second, PMAX is very expensive. It needs totrain a function approximator each time an exper-iment is made, and then the approximate func-tion must be numerically optimized to producethe suggested experiment.� Third, PMAX can get stuck in \hallucinated" op-tima.� Fourth, and most importantly, it assumes a locallysmooth function. Discontinuities are disastrousfor PMAX.Q2: the Q2 algorithm (Moore et al., 1998) attemptsto achieve second order (quadratic) convergence by �t-ting local quadratics in a Newton-like method. UnlikeRSM it attempts to entirely automatically determinea good region of interest, i.e. a region predicted towith high probability contain a local optimum, thatis as small as possible (so as to minimize bias in thequadratic approximation) but not so small that thereis no con�dence in the optimum location. Q2 performswell on a variety of noisy tasks subject to the assump-tions of a continuous underlying f(x) and Gaussiannoise. Experimental e�ciency appears to be competi-tive with Amoeba and PMAX.3. Nonparametric StatisticsNonparametric statistics have been heavily used inmany areas of data analysis and machine learning foryears (Sprent, 1989). They rely on taking numericaloperations on the data and then testing for evidenceof some e�ect. They usually do so by empirically look-ing at the distribution of this property implied by thenull hypothesis, and then testing whether the currentdata set's property lies in or out of the empirical nulldistribution.Nonparametric statistics have the advantage of hav-ing fewer assumptions about the data, and can there-fore be applied more broadly and with less trepidation.



Surprisingly, nonparametric statistics generally su�erlittle loss in power in removing these assumptions.Because of their more general nature, nonparametricstatistics can handle a diverse array of distributionsof data; in most arenas, nonparametric statistics aresynonymous with distribution-free statistics. Whenexperimental conditions depart substantially from thebasic assumptions underlying parametric tests, suchas normally distributed noise, nonparametric statisticscan o�er much more powerful and robust tests.Nonparametric statistics have rarely been used for ac-tive learning or experiment design, and never previ-ously (to our knowledge) for automated optimizationof noisy functions.4. Detecting MinimaBecause the function to be optimized will typically beunknown before optimization takes place, we wish tocreate a guiding model for minima which has simpleand hopefully robust assumptions about the shape ofthe minimum. Therefore, we restrict ourselves to thefollowing assumption: the outputs of points closer tothe minimum are smaller than those of points fartheraway. Given a set of points and a candidate minimumx� we assume that, locallyf(x) = g(kx� x�k) gmonotonic (3)Since we do not specify the shape of the function g; theonly parameter for a model k is x�k. Having few modelparameters allows e�cient use of the data to make in-ferences, thus requiring fewer experiments. The shapeof the minimumcan take any form so long as the func-tion is monotonically increasing with respect to thedistance from the minimum. Although this imposesa strong assumption of symmetry with respect to thedistance metric k�k, there is no requirement on f(x)for continuousness or any prespeci�ed noise distribu-tion for y(x). Another useful property of this modelis immunity to all monotonic transformations of thedata.Observed data will �t this model of minima to varyingdegrees, so one would like to quantify the degree of�t. Given the assumption of Equation 3, we will use anonparametric method to test the positive monotonicassociation between kx� x�k and f(x). A typical non-parametric measure used for this purpose is Kendall'scorrelation coe�cient, otherwise known as Kendall'stau (Kendall, 1938). We will denote the Kendall's taufor the relationship between kx� x�k and y(x) in thedata set D as �x�;D. In this paper, the subscript Dwill be omitted whenever possible.
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Figure 1. Example calculation of the statistic � with twoinput dimensions. Each circle is a point in two-dimensionalspace, with the y value inside the circle. Solid lines are theperpendicular bisectors of each pair of points. For eachpair's bisector, a solid triangle indicates the direction of thesmaller of the two points. A +1 or -1 indicates whether thequery point X is on the same side of the bisector as thesmaller of the two points. The statistic �X is equivalentto the sum of these numbers divided by the number ofbisectors.An intuitive geometric interpretation of the appear-ance of Kendall's tau here is the following: if one cre-ates a perpendicular bisector between a pair of pointsx1 and x2, our model of a minimum will be satis�edonly if the minimum is on the same side of the bisectoras the point with the smaller y(x): One can imaginecreating n choose 2 bisectors in space, one for each pairof points in the data set. The number of satis�ed bisec-tors minus the number of unsatis�ed bisectors, dividedby the total number of bisectors, will have the samedistribution as Kendall's tau. Figure 1 contains an ex-ample of our use of Kendall's tau and its calculationwith three data points.More generally, we wish to calculate �m for the modelof Equation 3 with x� = m and data set D. To dothis, we acquire the paired data, kxi �mk and yi, anddenote their ranks by ri and si respectively. Next,arrange the ri in ascending order (so that ri = i.)A monotonic association between kx�mk and y(x)should cause the si to show either an increasing or de-creasing trend. To measure this, we score each paireddi�erence sj � si for i = 1; 2; :::; n� 1 and j > i as+1 if the di�erence is positive and as -1 if negative.Kendall called a positive di�erence a concordance anda negative di�erence a discordance. Denoting the sumsof concordances and discordances by nc and nd respec-tively, the equation for our tau is



�m = nc � nd12n(n � 1) (4)If the monotonic association is perfectly positive, �m =1, and perfectly negative association gives �m = �1.If the rankings of kx�mk and y are independent, weexpect �m to be close to 0. Ties in the rankings poseno special di�culty; full explanation can be found inSprent (1989).
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x)Figure 3. Data from Figure 2 plotting jx� 15j against y(x)in order to test the hypothesis that x� = 15.jx� 15j rank 1 2 3 4 5 6 7 8 9 10 11 12y(x) rank 2 3 5 4 6 1 12 9 11 10 8 7Table 1. Ranked data from Figure 3. The paired ranks areused to calculate � for the hypothesis that x� = 15 for thedata in Figure 2.For example, suppose that we have observed the datain Figure 2 in which there is one input x and one

output y(x) = f(x) + noise: A possible model for aminimum might be Equation 3 with x� = 15. Inorder to test this model's degree of �t, we will testfor a positive monotonic association between kx� x�kand f(x). This relationship is illustrated in Fig-ure 3. Calculating �m=15 and its signi�cance for thismodel's �t to the data in Table 1 yields the following:nc = 10+9+7+7+6+6+0+2+0+0+0+0= 47;nd = 1+1+2+ 1+ 1+ 0+ 5+2+3+ 2+ 1+ 0 = 19;and � = (47� 19)=66 = 0:4242: A test for signi�canceof the hypothesis H0 : � = 0 against H1 : � > 0, willrequire a precalculated table of critical values (foundin Sprent (1989).) Such a table gives a threshold valueof 0.3929 when n = 12 for 5% signi�cance. Since0:4242 > 0:3929, we reject H0 and accept a positivemonotonic association between jx� 15j and f(x) witha con�dence of 95%.5. The PB1 AlgorithmThe Pairwise Bisection (PB1) algorithm has twomajor phases. The �rst phase is sample reduction, inwhich the data set is narrowed to a subset of promis-ing points. The second phase is experiment selection,which consists of choosing a point x from the areade�ned by the reduced sample generated in the �rstphase.Phase 1: Sample ReductionThe purpose of sample reduction is to select a promis-ing subset of the known datapoints. The reduced sam-ple will ideally possess the following properties:A. Covers a small enough section of the input space toeliminate the bias of the monotonic model (Equa-tion 3)B. Contains enough points to counter the e�ects ofnoiseC. ConvexityNot all these conditions can usually be satis�ed atonce, so sample reduction makes tradeo�s amongthem. The sample reduction phase used by PB1 con-sists of �nding the reduced set of points, Dred. Atthe global level, the monotonic-minimum model is al-most certainly biased. However, we will assume thatit is still useful as a heuristic indicator of unpromis-ing points. These unpromising points are graduallyeliminated until a small set of points remains.The sample reduction phase consists of the followingthree steps :



1. Include all n known points into sample set D0.2. For every point j in Di; calculate �j : GenerateDi+1 by removing the exterior 1 point in Di withthe smallest � . Repeat this step for D0 throughDn�1:3. Decide which of these sample sets, D0 throughDn�1; to use by choosing the smallest sample setwith a signi�cant � . The determination of signif-icance in this case is decided by applying a two-tailed hypothesis test to all points in Di (i.e., oneof the points' � must be either signi�cantly highor low.)Intuitively, since the � measure detects basin-likestructures, steps 1 and 2 will tend to produce reducedsamples that converge on local minima. When this isthe case, always selecting the smallest reduced samplein step 3 will favor condition A, and the requirementof structural signi�cance will enforce condition B. The�nal condition C is directly ensured by step 2, becausepoints are only allowed to be removed from the \exte-rior" of the sample.Phase 2: Experiment SelectionThe purpose of this phase is to select a point insidethe region de�ned by the points in the reduced sample.The experiment selection phase consists of two steps:1. De�ne the Region of Interest (ROI). The ROIis de�ned as the set of all points in the inputspace which meet the criteria given by Equations 5and 6. For all points x in ROI;miny2Dred kx� yk � minz2(D�Dred) kx� zk (5)This describes a Voronoi manifold from withinwhich the experiment must be drawn. The otherrequirement is that all points in the ROI must also�t the data in the reduced sample, i.e., for all xin ROI, �x;Dred � �� (6)Where �� is a critical value for � that indicates asigni�cance level of � (typically 0.05). This valueonly depends on the number of points in Dred,and is precalculated.1An exterior point is de�ned here to be any point whichis furthest from the centroid of the sample when all pointsare projected onto the line through it and the centroid.This is intended to be an approximation of the exteriorpoints of the minimum-area convex polyhedron.

2. Choose g experiments uniformly randomly fromwithin ROI. From these g points, with proba-bility p choose the point with the best � . Withprobability (1�p) choose the point furthest awayfrom all previously seen points.The above procedure is currently implemented by asimple algorithm that randomly draws points from thefull input space, then eliminates all points that do notmeet the criteria of 5 and 6. For our experiments thesomewhat arbitrarily chosen g and p values were 25and 0.25, respectively. The values were selected priorto running the algorithm on the test functions. Theperformance of the algorithm does not seem sensitiveto the values.6. ResultsWe compare PB1 with four versions of Amoeba andthree versions of PMAX. Amoeba is the classic searchalgorithm from Press et al. (1992). Amoeba2 is thesame except it is made resistant to noise by doing twoevaluations at each simplex vertex and taking their av-erage. Amoeba4 and Amoeba8 similarly average fourand eight evaluations at each vertex. All the Amoebasbegin with a medium-sized simplex started randomlyin input space. The three di�erent versions of PMAXused locally weighted quadratic regression with di�er-ent kernel widths, meaning di�erent positions on thebias-variance tradeo�.We use exactly the same experimental methodology asMoore et al. (1998). All algorithms were tested on thefunctions from Figure 4; Table 2 contains the results.In all experiments we performed 25 independent runsof each optimizer, with each run consisting of 60 exper-iments. In addition to selecting the datapoints for theexperiments, at every stage the optimizers also gavetheir estimate of the location of the optimum, and sowe look at the true value of the underlying functionat these estimates of the optimum. For PB1, the esti-mate of the optimumwas taken to be the point in thereduced sample with the highest � value. For the ithrun of a particular optimizer, let si denote the mean ofthe true values at the estimates of the optimum. The�gures in the columns are the mean si value of the op-timizer on the �nal 15 of the 60 experiments over all25 runs (i.e. (Pi si)=25).PB1 performs well on all the functions, although itperforms especially well in domains which are noisy,contain outliers, or contain discontinuities. An initialsuspicion was that the symmetric nature of the mini-mummodel that PB1 uses would render the algorithmsusceptible to \ridges" in the objective function; we
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non-quadratic function; one input is almost irrelevant,the others are all important, and two of the inputsmust run to their maximum legal value for best per-formance. The results are given in Table 2, and showthat PB1 performs signi�cantly better than all othermethods tested.Next, we examine a domain where experiments aretime-consuming, a generalization of the multi-bu�ermachine task described in Mahadevan et al. (1997)(this makes ten products instead of �ve). There aretwo inputs de�ning a simple parameterized policy forwhen to service an unreliable machine. This taskis evaluated by a computationally expensive simula-tion; each function evaluation requires 10000 simu-



Table 2. The functions used are those from Figure 4, with the goal of maxmization. Numbers in columns are mean scoreof last 15 experiments out of 60. The sample size is 25. `Noise' is normally distributed with a standard deviation of 0.3.`Outliers' indicates that with probability 0.1, noise will be an order of magnitude greater (standard deviation = 3.0).`2dims' indicates that two irrelevant input dimensions were added to the function. Signi�cant (p � 0:05) results aredenoted by an asterisk, and indicate that the algorithm tested signi�cantly better than all other methods on that task.Due to the highly non-normal distribution of these means (bimodal in many cases) a nonparametric rank-sum test wasused to determine signi�cance. Amoeba Amoeba Amoeba Amoeba PMAX PMAX PMAX1 2 4 8 Global Local V.Local Q2 PB1fgauss 1.00 0.99 0.80 0.61 0.99 0.99 1.00 1.00 1.00fgauss+Noise 0.36 0.52 0.52 0.45 0.42 0.57 0.54 0.69 0.79*fgauss+Noise+Outliers 0.48 0.29 0.38 0.41 0.20 0.36 0.35 0.43 0.72fgauss+2dims 0.99* 0.82 0.56 0.21 0.40 0.41 0.34 0.78 0.79fgauss+2dims+Noise 0.21 0.21 0.22 0.20 0.36 0.36 0.28 0.31 0.60*fgauss+2dims+Noise+Outliers 0.17 0.14 0.13 0.16 0.20 0.25 0.19 0.18 0.48*fdiscont 0.67 0.66 0.59 0.61 0.93 0.93 0.89 0.53 1.00*fdiscont+Noise 0.76 0.81 0.78 0.76 0.86 0.90 0.78 0.86 0.90fdiscont+Noise+Outliers 0.71 0.73 0.70 0.74 0.65 0.71 0.65 0.71 0.89*fRosenbrock 9.97* 9.75 8.94 5.40 8.96 9.23 9.43 9.71 9.59fRosenbrock+Noise 9.60 9.58 8.93 5.42 8.89 9.28 8.93 9.72* 9.46fRosenbrock+Noise+Outliers 9.27 9.56 8.79 5.36 8.90 9.07 8.47 9.53 9.51fcosines 0.75 0.75 0.65 0.42 0.58 0.60 0.56 0.88 0.90fcosines+Noise 0.54 0.59 0.56 0.36 0.53 0.60 0.34 0.56 0.79fcosines+Noise+Outliers 0.41 0.39 0.38 0.34 0.33 0.34 0.21 0.29 0.77*Chemical Plant Simulation 26.39 30.04 25.24 17.90 40.33 39.52 24.80 42.79 48.86*Multi-Bu�er Simulation 1.68 2.41 2.82 1.02 -1.38 -1.45 -1.52 3.06 3.49lation steps. Evaluations are very stochastic (withhighly non-Gaussian noise). The results are shownfor runs of only 24 experiments. PB1 learns a goodpolicy in these 24 experiments, i.e. a total of only24� 10000 simulation steps. This compares favorablywith the tens of millions of simulation steps needed forreinforcement learning in Mahadevan et al. (1997).7. DiscussionThe ability of PB1 to choose points in the experimentselection phase is still being improved upon. The cur-rent method has di�culty in movingalong some ridges,for example the ridge in the fRosenbrock function. Thisdi�culty may be a result of the model's inherent biastowards basin-like structures. Ways to address this,such as a di�erent methods of experiment selection or
manipulation of the distance metric, are being inves-tigated.Since pairwise bisection only requires distance mea-surements to evaluate points for their potential as min-ima, future work will apply it to optimization in hybridcontinuous-discrete input spaces. The only aspect ofthe current algorithm that uses measurements otherthan distance is the determination of which points are\exterior" points. Ongoing work eliminates this de-pendency and allows PB1 to be used in any domainwhere a distance or similarity function can be de�ned,e.g., combinatorial optimization of Bayes net structure�ts to data. The nonparametric nature of this algo-rithm already allows it to optimize in non-continuousoutput spaces.



8. ConclusionWe have developed a statistical method for char-acterizing optima, pairwise bisection, which uses aKendall's tau distribution. A new optimization al-gorithm based on this nonparametric approach usesthe statistic for sample reduction and experiment se-lection, and it seems to be competitive with existingalgorithms. Pairwise bisection attempts to introducediscrete reasoning into optimization by assuming a setof binary constraints on the the minimum, namely,that the smaller member of every pair of data pointsis closer to a minimum. Nonparametric statistical rea-soning decides whether a set of points indicates thepresence of a minimum, and where to choose futureexperiments. This initial foray indicates a promisingline of research for integrating nonparametric statisticsinto optimization and active learning. In future workwe will apply these methods to learning parameters forrobot control and other types of control systems.ReferencesBox, G. E. P., & Draper, N. R. (1987). Empiricalmodel-building and response surfaces. Wiley.Kaelbling, L. P. (1990). Learning in embedded systems.Doctoral dissertation, Department of Computer Sci-ence, Stanford University, Stanford, CA). StanfordUniversity, Department of Computer Science.Kendall, M. G. (1938). A new measure of rank corre-lation. Biometrika, 30, 81{93.Kushner, H., & Clark, D. (1978). Stochastic approx-imation methods for constrained and unconstrainedsystems. Springer-Verlag.Mahadevan, S., Marchalleck, N., Das, T., & Gosavi,A. (1997). Self-improving factory simulation us-ing continuous-time average-reward reinforcementlearning. Proceedings of the Fourteenth Interna-tional Conference on Machine Learning (pp. 182{190). Morgan Kaufmann.Moore, A. W., Hill, D. J., & Johnson, M. P. (1994).An empirical investigation of brute force to choosefeatures, smoothers and function approximators. InS. Hanson, S. Judd and T. Petsche (Eds.), Compu-tational Learning Theory and Natural Learning Sys-tems, Volume 3, 361{379. MIT Press.Moore, A. W., & Schneider, J. (1996). Memory-basedstochastic optimization. Neural Information Pro-cessing Systems 8 (pp. 1066{1072). MIT Press.
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