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Abstract

One way to improve the efficiency of mine search,
compared with a complete coverage algorithm, is to
direct the search based on the spatial pattern of the
minefield. This paper eztends our originel statisti-
cal approach{9] to identify the regular pattern of a
minefield at the beginning of the searching process.
The extracted pattern parameters are used to build
a probability distribution map of the configuration of
the minefield. The map then can be used to guide the
search for more mines efficiently. The new approach
can efficiently capture the systematic and accumu-
lated random departure of the actual mine locations
from the grid pattern caused by the inaccuracy of the
translational and rotational motion of the mine layer.
Online implementation of our approach on a mobile
robot is feasible. :

1 Introduction

The probiem of detecting and cleaning surface-laid
mines using mobile robots is of great interest to
civilians and military alike. One critical step of de-
mining is to pass the mine detector to cover the
minefield to iocate the mines. An exhaustive cov-
erage algorithm[2, 3] is a path planning technique
where the robot explicitly passes over all points in
the minefield at least once. Exhaustive coverage is
the best strategy when the robot has unlimited time
and a perfect mine detector.

However, in many situations time or power limita-
tion may not permit covering a target environment
completely. Probabilistic path planning technolegy
can significantly extend the capabilities of current
sensors in such de-mining applications. Probabilis-
tic path planning utilizes a probability density map
of the mine locations to opportunistically guide an
agent to locate mines to increase the nuniber of the
found mines within the time and resource limitation
compared to completed coverage. For example, a
robot equipped with a probabilistic path planner will
search first the area which has higher probability to
have mines, then move to the lower probability area.
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The work of [5] provides a more detailed discussion
of a probabilistic path planning algorithm given a
known probability density map. In most of the sit-
uations, the probability density map is unknown, in
which, the map has to be built before the path plan-
ning begins. Being able to build a map quickly and
accurately by analyzing the sensor information col-
lected by the robot searching a small sample area of
the minefield is critical for successfully applying the
probabilistic path planning.

In this paper, we extend our original statistical
method [9] to efficiently build a probability density
map of mine locations when mines are intended to
be laid in a regular pattern. The new approach can
efficiently capture the systematic and accurnulated
random departure of the actual mine locations from
the intended pattern caused by the inaccuracy of the
translational and rotational motion of the mine layer.

Following our previous work [9], we assume that the
intended minefield pattern is a regular row-shifted
grid pattern ( See Figure I(a} for the intended pat-
tern and Figure 1(b) for the actual laid mine posi-
tions.), which is commonly used in mine deployment
operation {1]. Our strategy is to search a small sam-
ple area A of a minefield and then to recognize the
underlying intended pattern which best matches the
found mine locations in A as shown in Figure 1(c).
Finally, a probability density map of the mine loca-
tions is constructed based on the recognized pattern.
In this paper, we focus on presenting the pattern
recognition algorithm which is a generalization of our
previous work [9].

In Section 2 and 3, we build the link between the new
recognition method and the prior work [9]. Section 4
describes a hierarchial probability model to specify
probability law of the difference between the detected
mine locations and the intended pattern. The prob-
ability model is used to construct a likelihood func-
tion, which provides a matching function between the
detected mine locations and the intended pattern.
Derivation of the likelihood function is shown in sec-
tion 5. A Maximum Likelihood Estimator (MLE)
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Figure 1: (a} Intended mine locations (circles): siz
pattern parameters are show on the figure. (b) Actual
mine locations (crosses). [¢) Detected mine locations
in the covered region A: the cover region A is shown
as o rectangle.
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approach is used to recognize the intended pattern
based on the likelihood function. The computation
issue related to use of the MLE approach to preform
the pattern recognition is described in the section 6.
In section 7, we describe the method to construct
the probability map based on the recognized pat-
tern. Discussion of the results of the simulation ex-
periments of our method is in Section 8.

2 Relation to Prior Work

The challenging part of our strategy is the pattern
recognition. The intended pattern is a finite set of
intended mine locations g = {; : ¢ = 1,...,n} where
pi € R2,4 = 1,...,n, which are in some spatial rela-
tion with each other. The regular intended pattern
is an intended pattern g, which can be determined
by a set of pattern parameters A and we denote the
regular intended pattern as p(A). Regular pattern
recognition is to find the intended regular pattern
p{A) (or equivalent, pattern parameters A, because
u(A) is a function of A), which best matches the
detected mines in a observation window A. The de-
tected locations are y4 = {y; : ¢ = 1,...,y&}, where
1y € Ai=1,...,k and A is the observation window.

The regular pattern recognition is a difficult task
because of the random difference between the in-
tended mine locations (pattern) (Figure 1(a) as an
example ) and the detected mine locations ( Fig-
ure 1(c) as an example). Generally, we can decom-
pose the random difference into two sources: errors
in the mine laying process and errors in the mine
detecting process. The errors in the mine laying
process makes the actual laid locations of the mines
x = {z; € R2:i= 1,...,n} different than the in-
tended locations u{A). Furthermore, because of the
false negative errors in the mine detecting process,
not all actual mines in the searched area A are de-
tected. The detected mine positions y 4 are a subset
of the actual mine positions located in A. So, there
is no position error in detection.

In previous work [9], we modelled the random er-
rors in both the mine laying process and the mine-
detecting process. The mine laying process model
p(xlp(A)) specifies the probability density function
of actual mine locations x given the intended loca-
tions p(A).! The model assumes that mines are
intended to be placed at regularly spaced intervals
along a row. However, during the mine-laying pro-
cess, the actual mines are placed somewhere around
the intended locations and are distributed mutually

1The interpretation of  p(x|p(A)) is  that
p(x}pe(A))dxy ---dx, is the probability that there are n
actual mines and every intended mine u;{A) is actually
located in an infinitesimal ball B(z;) with volume dz; for
i=1,..,n




independently according to a distribution with a den-
sity function px (z;|u:(A)) for each mine. Therefore,
p(x|u(A)) = ITi  px (il pa(A)).

The mine detection model specifies the probability
law of detected mine locations y4 given the actual
locations x. The model assumes that the mine detec-
tor has a constant false negative error rate. There-
fore, the detected mine position in A, y 4 is a subset
of {x; : z; € A}. Based on the mine laying process
model p(x|p{A)) and the mine detection model, we
can specify the probability density function of the
random vector y 4 given A, p(ya|p(A)). Given data
¥a, the likelihood function L{Alya) , & function of
A, is defined as

L{Alya) = p(yaip(4A)). (1)

This provides a matching function between observed
data y4 and the intended pattern pu{A); a higher
value of the likelihoed function makes a better match
between the intended pattern and the observed data.
Then, the pattern recognition is based on the maxi-
mization of the likelihood function L{A|y 4).

3 Contribution

In this paper, we consider a more general error struc-
ture in the mine laying process model, which enables
us to recognize the pattern when there is a more
complicated mine laying process error structure. We
begin our effort by examining the mine laying pro-
cess more carefully. Usually, mines are laid by a
mine layer and the laying process involves two ac-
tions: layer movement {(m) and mine laying ({). The
whole mine laying process begins with an initial mine
laying followed by a repeated sequence of layer move-
ments and mine laying, that is (Ip, m1,11, ..., M, In).

Let 7; € R? be the mine layer position after m;, the
ith movement action and let z; be the actual position
of the mine in the ith laying action I; given that the
mine layer is at position 7;. The laying process in-
tends to follow the intended pattern, that is, if there
is no error in either m; and I; then x; = 5; = p;(A)
for ¢ = 1,...,n. But, usually, »; will be different from
ui(A). Such a difference could be specified by a mine
layer movement model p(n|u(A)). Note that ;s are
mutually dependent.

Similarly, we expect x; to be different from ;.
A mine laying model p{x|n) specifies these differ-
ences. Therefore, a general mine laying process
model should be a two-level hierarchical model: a
layer movement model and a mine laying model.
Our previous work [9] is a special case of the gen-
eral model discussed above; the previous model as-
sumes that u;{A) = n; # z,, so it eliminates the
layer movement model.
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In Section 4, we provide the detailed description of
a specific two-level hierarchical mine laying process
model. The new model allows us to capture the sys-
tematic increase of the difference between z; and
1:(A), and increased variability in that difference
accumulated along the mine laying process.

4 Hierarchical Probability Model

4.1 Intended Grid Pattern

Before describing the probability models, let's de-
scribe the specific regular pattern we used. Following
our previous research [9], we continue to assume that
the intended pattern is a column-shifted grid pattern
as shown in Figure 2. That is, mine laying process
begins with pg.0. oo = (ugfg,u((,fg) is the intended
position of the (0,0) mine with respect to a Carte-
sian robot coordinate frame. We use (i,§) to index
the mine at the row i and column j. (0,0) mine is the
row 0 and column 0 mine. Then, the mine layer con-
tinues to lay mines at positions pg 3, #o,2, ... along &
direction with equal distance C; apart in row 0. The
mines in row 1 begin with u; 0, which is v distance
away from po,p in row direction and are laid the same
way as we do in row 0. The distance between row 0
and row 1 is Cy. We continue this pattern to lay the
rows 2, 3,.... Therefore, the intended mine positions
{pi;; (i =0,1,..;5 = 0,1,...)} can be determined by

the six parameters, A = (Cy,Cy, v, H,Mc(]?g,ﬂg’fg .

Figure 2: Intended column-shifted grid pattern

4.2 Layer Movement (m;) Model

In this section, we describe the first level of the hi-
erarchical model: layer movement model p(|u(A)).
{Note that we write A as parameters, but later on
we see that we need A and o as parameters.) Since
mines are intended to be laid according to a grid pat-
tern and all rows of mines are laid independently, the



mine layer movement model can be written as
p(nlp(A)) = p({ns; H{ui{A)}) (@)

n’

= H P({%s.’l = Oaam}‘{uIJ(A)33 :Oa'",m})=

i=—n
where we denote {n;} = {mi;,i = ~n,..,nj =

0,...,m} and {{py} = p(A)T = 0,07
0,..,m}. .

The key for the laver movement model is to describe
P({"I:J,J = 0! "'7m} | {#I,J(A)v.” = 07 Bt} m})) the
model for mine layer positions in laying every row.
Since the model for every row is the same, we delete
index ¢ in the notation of the rest of this section for
simplicity. {n;} = {m:;,5 =0, ...,m} and {§1;(A)} =
{1;;{A),7 = 0,...,m}, where there are I + n +n’
rows and 1+ m columns.

I

It is natural to incorporate the sequential character-
istic of mine layer movements into our model, there-
fore, we rewrite our density function sequentially as

p({m {5 ()}) = [T emstns—1, s o, {ts (D)D) (3)

§=0
Note, when j = 0, we  denote

p(miii—1, om0, {p(A)Y) = plml{p;(A)}) = 1
if 5o = pe(A); 0 otherwise. In the next part, we

- specify our model for p(n;lni-1,....m0, {1;}) for
i=1,.,m.

Figure 3: Relationship between the Polar coordinate
system and the Cartesian robot coordinate system.

Until now all of the positions are defined according
to a Cartesian robot coordinate system. Let’s define
a polar coordinate system related to the Cartesian
coordinate system as shown in Figure 3. The origin
O of the polar coordinates is located at n;_; in the
Cartesian coordinates; and the initial ray OP is 8;_;
degrees away from the positive x-axis of the Carte-
sian coordinates, where #;_; is the angle between
direction from 7;_2 to 7;_, and the direction of the
positive x-axis direction. Therefore,

(v} (v}

0 . <1~ i
j—1 = arctan ) =
Mi—1 — -2
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when j > 1 and also we define 8y = ¢ when j =
1. The polar coordinates (d;, ;) and the cartesian
coordinates (n§x), ngy)) of the same point n; have one-
to-one relationship with each other.

Let d; and a; be the distance and angle of %; in the
polar coordinates. Given 7;_1,,...,7p, we model d;
and o as two independent normal random variables,
d; ~ Normal(C1,03),  a; ~ Normal(a,02), (4)
where C; is the intended moving distance, ¢3 is
the variance in moving distance, o represents the
systematic (mean) directional divergence and o2
represents the variability of the directional diver-
gence. The joint distribution of {d;, ;) conditional
on -1, and {p;} is a bivariate normal dis-
tribution in the Polar coordinates. The proba-
bility p({m;}/{x;(A)}) now transfers to probability
Pt (A), a)).

Usually, 0 and o4 are small. Then we can approxi-
mate the original distribution (4) as a bivariate nor-
mal distribution in terms of the Cartesian coordi-
nates using the transformation relationship between
(n?(_z)’ngy)) and (dj, ;). The conditional density of
7; (i.e. the jth term in the product of Equation 3)
in the Cartesian coordinates can be expressed as

P57 0N g1, o0, {15(A)}, @)
= Np(Ajnma+ Ajemi—2 + 45, 5;5). (5)

where N, represents the bivariate normal density
function that deseribe #;; the mean is Ajin;.-1 +
Ajomj—2 + u; and the variance is ;. Ajy, Ajo, u;
and X; are functions of A, a, 04 ande,. Note that
lots of details were omitted to derive at A;;, Aja.

Based on {3} and (5), the joint distribution of {n;} =
79, .-, Thm conditional on {#;(A)} has a density func-
tion

p({n;Y{u;{A)}, o)

=[] Nus(Asami1 + Ajatlioa + 4;.55), (6)
F=0

When § = 0, we define N, (Ajim;_1 + Ajomj—2 +
uj, 5;) =1 if o = pp(A); 0 otherwise.

From (6), we prove that the joint distribution of {n;}
is a multivariate normal distribution. Because of
space restrictions, we do not show the proof. Now,
lets return index ¢ back and denote the joint distri-
bution of ; = {m;,7 =0,,,m} as

p({m:Hp(A), e} = Nn,(7;; Ts), (7)

where 7); and 3; are functions of A, a, o4 ando,.



Figure 4: An example of simulated layer posi-
tions based the approxrimated layer movernent model.
Model parameters: 5o = (0,0), d = 1, og4 = 0.05
0=0° a=10° and o, = 2°.

Figure 4 shows the simulated mine layer positions in
multiple steps based on (7). Small grey dots repre-
sent the simulated mine layer positions. This illus-
trates the effect of the accumulated distancing errors
and accumulated and systematical directional errors
in the multiple steps of the mine layer movement. A
mine-layer is originally at position #y with direction
# and intends to move at € distance along the 6 di-
rection. Because of the systematic directional error
o, the laying direction diverges from the original di-
rection in every step. We see that the variability of
the layer position increases after every step of mov-
ing. The large ellipses are the contour plots of the
marginal probability distribution of the layer posi-
tion calculated from the model (7).

4.3 Mine Laying Model [;

Now, let’s describe the second level of the hierar-
chical mine laying process model: mine laying model
p(x|7). We assume that mines are laid independently
of each other given the mine layer positions; there-
fore, the mine laying model can be written as

p(xIn) = pl{z: Him ) = [ [[ pzeslnes),  (8)

i=0j=0

where z; ; represents the actual mine laying posi-
tion and 7; ; as the position of the mine-layer. As
in our original model, we choose the normal density
to specify the conditional probability density of z;
given 7; ;:

p(€i5|7,5) = Na, (13,5, 2}, (9}

where ¥ = diag{c?, o2}
4.4 Mine Detecting Model

The assumptions of the mine detecting model are the
same as those used in the previous model. A simple
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model is used to model the false negative error of the
mine detector. That is, for every mine located at x; ;
in the minefield,

05 = {

which assumes that every mine has the same prob-
ability to be detected no matter its location in the
minefield and the detection is independent with each
other. Therefore, the detected mine positions in A is
a subset of the mines actually located in A, that is
¥4 ={z;; : 2:; € A}. Now we have our probability
model, from next section, we are going to describe
how to decode the pattern parameters based on the
probability model.

1,
0,

if detected
if undetected

with probability pg ;
with probability 1 — p4

5 Likelihood Function

In this section, we derive the likelihood func-
tion, which we use to decode the pattern pa-
rameters in section 6. The parameter vector to
characterize the curved grid pattern is now A =
(C1,Ca,v, 8, u(gfg,pc(f‘g) and &«. What we observe in
the covered region A are detected mines at positions
va = (y1,...,Uk), where y; € A, i = 1,...,k. Let
p(ya|A, ) be the joint probability density of the
detected mines y4. Given that y,4 is observed, the
likelihood function of A, is defined as

L(A1 a!yA) = p(YAIAv O!)

= [ poallmshptin s (A @)éts)

We discuss how to approximate p(y.a|{n: ;}) in sec-
tion 5.1. The evaluation of the full likelihood func-
tion (10} is discussed in section (5.2). o4, o4
and & are also parameters in the density function
p(ya.|A,a). Since we assume that they are known
and small, we do not list them as the parameters in
the likelihood function.

5.1 Approximate p(yal{m;})

Since the assumnptions of the mine detecting model
in this paper are the same as those of the mine laying
process model and the mine detecting model in (9],
the derivation of p(y.al{n:;}} is similar as the deriva-
tion of p(yalp(A)) in (1). Here, we outline the re-
sult of evaluating p(y a[{m:;}). See {9] for some more
detailed discussion.

Evaluation of the exact formula of p(y 4|u{A)) and
p(yal{m;}) are generally intractable. Here we pro-
vide the approximated formula when o, o4 and o4
are small, which holds in our application. Based
on the small variance assumption, we could almost

(10)



surely label with the (4, ) index all detected mine
located at y, (¥» € ¥4, and i = 1,..., k) given A, a.
Based on this index information, we can define a one-
to-one mapping ¢, where

¢: {L"'!k} - {(E’J) g € W}:

such that the index for the y, is (i,5) = ¢(s).
When ¢~1((i,7)) = @, it means that (i,5) mine
is not detected. When ¢~1((1,7)) # 0, the (1,7)
mine is detected and the detected (actual) location is
Tij = Ys-1((i5))- - Therefore, the probability den-
sity that the (i,7) mine is observed and its actual
location is z; ; is

Pdet{(i,5(M,5) = Pap(Ti (7,5}, (11)

where p(x; ;|7 ;) is specified in (9).
The probability that (4, ) mine is not observed in A
is

Pua(d (3, 5)) = O 5)
=|/ pap(@i {1 )dis + (1 - pa), (12)
LV

or we can rewrite (12) in another form as

1—p,
[ / + < f ] pap(i ;)4 5 (13)
R2\A Pa  Jre

For notational simplicity, lets denote

o ez, 6N #0;
peﬁ((%])a’h,:ﬂ) = {Pud(el"h',j), if -;b_l((’i,j)) =0 ,

where 2; ; = Yg-1((,5)) When ¢71((3, 7)) # 0.
Then, we have the following result:

pyal{nih = T T1petCi.d)ims) (15)
i=—mn j=0
5.2 Evaluate L{A, alya)

Based on p(yal{m;}) in equation (15) and
p({mi;H{ni;{A)}) in equation (7), the likelihood
function L(A, aly a) (10) can be be rewritten as:

[ fmz\ A +1—;f¢ fm], which is used in evaluating
pe((i,7),mi,;) when ¢1((i, 7)) = 0, (16) becomes

1_
L o2 ) e
(e Gan=e) RNA - PdJR2

nl
H // Yd{mj,j=0,.m}, {17)
i=—mn {’li,j}

where, ' = [T} pap(@i ;1m,5) N, (71, ;). Based
on the model (9), [T;LqP(2i;lm,;) can be written
in the form of a multivariate normal density of

Xi = {Zig, . Tim} given 1 = {Mig,--,Mm} as
Ny, (n;, ), where B = diag{Z,....,Z}. Then, we
have

™
I pep(ilm. ;) Ny, (715, )
i=0

= Ne(n: E)Nni (M4, 33;)

Therefore, (17) becomes

1_
L = [/ +—'—pdf ]d{:c,-,j}
Wnghe(Gan=0,y URANA - Pd TR
n’
H in(ﬁiiz‘l'zi)w (18)
t=—n

which can be evaluated numerically by some further
approximation. Because of space limitations, we will
not describe the details here. Therefore, we approxi-
mate the likelihood function, which can be evaluated

(14)relatively easily.

6 Efficient Maximum Likelihood Esti-
mation

The parameters A and « are estimated by maxi-
mizing the likelthood function L{A, aly 4), as shown
in equation (10}. That is, the Maximum Likelihood
Estimator {MLE)

(A!a)m = a'rgrna‘xA,aL(AsalyA) (19)

Evaluating (A,a)™ is computational challenging.
There are two major challenges. First, the integra-
tion of the likelihood function (10) does not have
closed form. To make matters worse, L(A,aly4)
has many local maxima; and, the likelihcod function

o
L(A,alya) = H f/{ }Qd{ﬂi,jaj =0,...m}, (16} around the local maximum could be very peaked,
Ti.j

i=—n

where, Q = H;.';Op(,((i,j),n,-,j)Nnt(ﬁ,-,E,-). Then,
by switching the integral between [, (s} and

2Note, we consider detector error, but if the detector de-
tects the mine, then it actually detects its location.
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but, its value could drop to zero very quickly. All
of this makes finding the parameters that globally
maximize the likelihood function difficult.

There exists a general and well-understoad technique
for hill-climbing in likelihood space: the EM algo-
rithm [4], which in the context of Hidden Markov



Models is often referred to as Baum-Welch or elpha-
beta algorithm {7]. EM is a hill-climbing routine in
likelihood space which alternates two steps, an ez-
pectation step (E-step) and a mazimization step (M-
step). Iterative application of both steps leads to a
refinement of both the pattern parameters and layer
motions, therefore avoids evaluating the integral in
the likelihood function. Existing HMM algorithms
assume the state space of the environment (pattern
parameters A, a ) and its observation space {mine
layer positions) {7; ;} are discrete, which is not-the
case in our application. Some researchers have devel-
oped algorithms that support continucus state and
actions spaces [6] [8]. However computational com-
plexity prevents on-line implementation of the algo-
rithm on the available resources of a mobile robot.
Moreover, the algorithm converges to a local maxi-
mum in likelthood space, no global maximum can be
guaranteed.

In our research, we approximate the likelihood func-
tion L(A,alys) (10) using a multivariate normal
distribution approximation. The approximate likeli-
hood (18) dramatically decreases the computational
complexity in likelihood function evaluation because
of the nice properties of the normal distribution.
This is way we approximate the likelihood function
in section 5.

A global maximum is guaranteed by a mode directing
algorithm. The mode directing algorithm identifies
all possible local maximum areas and directs the op-
timization routing to search each local maximum .
In the next part, we discuss the details of the mode
directing algorithm.

6.1 Mode Directing Algorithm

It is practically impossible to apply any general op-
timization algorithm to maximize the approximate
likelihood function (18) to get (A, a)™. The algo-
rithm will be very inefficient because of the specialty
of the likelihood function. First, the likelihood func-
tion has many lecal maxima. Second, the likelihood
function could peak very quickly around the local
maxima and the function is relatively flat when it is
away from maxima. These two characteristics of the
likelihood function mean that the general optimiza-
tion algorithm could easily be trapped in local max-
ima. The reason that the likelihood function shows
these characteristics is explained in our previous pa-
per [9].

The solution to improve the performance of the gen-
eral optimization algorithm is the mode directing a-
gorithm introduced in {9]. The mode directing algo-
rithm identifies all of the possible local maxima and
generates one starting point near every local maxi-
mum. Beginning with the local starting point, the
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optimization algorithm could reach the local maxi-
mum. By directing the general optimization algo-
rithm to all possible local start points, global maxi-
mum could be guaranteed.

It is very difficult to develop a mode directing algo-
rithm if the first row of the minefield is not covered in
the observation window. In this paper, we provide a
partial solution by assuming that the covered region
A always includes the first column of the minefield
and at least one of the mines in the first column and
even number row is detected. It serves the first step
to the full solution.

We discretize # € [0,27). For any 8 € [y, 60 + A},
let y; € ya be the found mine location that has the
lowest x coordinate value in a new Cartesian coordi-
nate. The new coordinate system has the same ori-
gin as the robot coordinate system and the positive
x-axis direction is § degrees away from the positive
x-axis of the robot coordinate system. [fy, 8y + Ad]
is short such that for every & € |, 6o + A8} we will
get the same y;.

Based on our assumptions, we can show that the
detected location y; in at least one of the & interval
is a mine in the first column and even number row.
Therefore, we label y; as the (0,() mine. Now, we
have the bound for ,ut(fg, ,ug’:’g, 6, and « as follows:

. 1y + 30} and u) € [u¥ -

30, Y,¥ + 30], where 5, ™) is the value of
1; in the robot coordinate system.

e [y,gz) - 30,y

i

» § € [fy, 6y + A, where Af is small.

¢ o € [~ag, ag). ap is small, since we assume that
the directional error is small.

Since we can identify the (0,0) mine and bound

(péfg,ug’:g) as we do in [9]. By setting e = 0, we
can apply the mode directing algorithm developed
in [9] to find all of the possible local maxima when
@ € [fp,6 + Af]. The possible number of the lo-
cal maxima is the possible {4, 7} label for the second
found mine, the found mine nearest to the first mine.
The possible (¢,7) label and the corresponding pa-
rameter starting point can be calculated. Because of
space limitations, we will not discuss the details of
the calculations.

7 Probability Density Map Building

For the path planing application, the useful summary
information is the predicted probability density map
of undetected mine locations:

p(:cHu,-‘j(Am)},am,yA), T e ]Rz' (20)



The prediction is based on the detected mine loca-
tions in A, y4 and MLEs of the parameters, A™,
™. The interpretation of the predicted probability
density map is that p(z|{u; ;(A™)}, o™, y 4)dx is the
probability that an undetected mine is located in an
infinitesimal disk centered at z with volume dz.

Then, the predicted density map of mine locations
can be used to calculate the predicted expected num-
ber of unobserved mines in any area B, n{B), for
B C R?; that is

E(n(B)|{u:;(A™)}, 0™,y a)
fIB($)P($|{H:',J‘(AM)}:ama)’A)dI,

where 1g(x) = 1,if x € B,0 otherwise. Since we
have A™),a™, based on the same argument as in
Section 5.1, we could label with {4, §) index the ac-
tual mine located at x, and all y, € y,; therefore,
the actual locations that we intend to detect mines
z becomes zy ;» and the actual locations we detect
mines y; become z;; for s = 1,..k. Then (20) can
be simplified as

e p {6006 5) # 81 = ¢}, {wi (B™),a™).

Since the joint distribution of s ; and {z;;
¢, 5)) # 8,4 = i’} is a multivariate normal
distribution conditional on {u;;{A™}} and o™ as
shown in (18), the distribution of z; ;» conditioning
on {x;; : ¢ —1)((3,7)) # 0,4 = ¢’} is another normal
distribution and can be easily calculated.

8 Simulation Experiments

The simulation experiments are conducted to exam
the performance of the pattern recognition and the
map building algorithm. A set of actual mine loca-
tions are simulated base on the two-level hierarchial
mine laying process model as described in Section 4.
Figure 5(a) shows an example of the simulated ac-
tual mine locations. All circles represent the actual
mines. Then a subset of actual mines inside the rect-
angle observation region is randomly selected based
on the mine detecting model (Section 4.4). The de-
tected mines in the covered region are represented by
solid circles. The pattern recognition is conducted
using the Maximum Likelihood Estimator method.
The mode directing algorithm guarantees that all lo-
cal maxima are explored, therefore, a global max-
imum is guaranteed. Furthermore, the multivari-
ate normal approximation makes the evaluation of
the likelihood function very efficient. Therefore, the
whole algorithm is very efficient and fast. Figure 5(b)
shows the contour plot of the predicted probability
density map of the undetected mines in the mine-
field, plo|{pi ;(A™)}, a™,y4). The biggest cllipses
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surrounding the undetected actual mine locations are
the 95% confidence area. There is 95% of chance
that a mine is located in one of the biggest ellipses.
The ellipses are smaller in rows that some mines are
detected. The reason is that the detected mine lo-
cations in those rows help decreasing the prediction
uncertainty of undetected mine locations. We see
that all actual mines are inside the 95% confidence
ellipses in this example, which indicates that the pat-
tern recognition algorithm does a good job.
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Figure 5: (a) Simulated actual and detected mine
locations. (b)Contour plot of the predicted prebability
density map of undetected mine locations

9 Conclusion

This paper extends our original statistical approach
to identify the regular pattern of a minefield at the
beginning of the searching process. The new ap-
proach can capture systematic and accumulated ran-
dom departure of the actual mine locations from the



grid pattern caused by the inaccuracy of the transla-
tional and rotational motion of the mine layer. The
extracted pattern parameters can be used to build a
probability distribution map of the configuration of
the minefield. The map then can be used to guide
the search for more mines efficiently.

The simulation evaluations are used to illustrate the
performance and efficiency of the probability ap-
proach algorithm. The mode partitioning algorithm
guarantees that a global maximum is reached effi-
ciently in the optimization algorithm. Because we
use the multivariate normal approximation to eval-
uate the likelihood function, the Maximum Likeli-
hood Estimation evaluation is very efficient. There-
fore, online implementation of our pattern search al-
gorithm on a mobile robot is feasible.

Although this paper makes a significant contribution
to the design of search strategies when the minefield
follows some regular pattern, there remains much
more work to be done. Remaining research includes:
(i) to extent our methodologies to extract patterns,
which belongs to many possible families of the pat-
terns; (ii) to include the detector false positive into
our noise model.
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