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Abstract

We present a method for defining a hybrid control system dapafosimultaneously addressing the
global navigation and control problem for a convex-bodidrtaied mobile robot navigating amongst obsta-
cles. The method uses parameterized continuous localdekdtontrol policies that ensure safe operation
over local regions of the free configuration space; eachl loalicy is designed to respect nonholonomic
constraints, bounds on velocities (inputs), and obstdolése environment. The hybrid control system
makes use of a collection of these local control policiesoncert with discrete planning tools in order to
plan, and replan in the face of changing conditions, whiksprving the safety and convergence guaran-
tees of the underlying control policies. In this paper, wevjte details of the system models and policy
definitions used to validate the approach in simulation aqpeement with a convex-bodied wheeled mo-
bile robot. This work is one of the first that combines forminming with continuous feedback control
guarantees for systems subject to nonholonomic constramuut bounds, and non-trivial body shape.
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1 Introduction

The problem of simultaneously planning and controlling thetion of a convex-bodied wheeled mobile

robot in a cluttered planar environment is challenging bseaof the relationships among control, nonholo-
nomic constraints, and obstacle avoidance. The objedit@rnove the robot through its environment such
that it arrives at a designated goal set without coming imtatact with any obstacle, while respecting the
nonholonomic constraints and velocity (input) bounds rehein the system.

Conventional approaches addressing this problem typidaltouple navigation and control [12, 31, 33].
First, a planner finds a path, and then a feedback contraegiraattempts to follow that path. Often the
methods assume a point or circular robot body; other netatriobot body shapes complicate the problem
of finding a safe path, as the path must be planned in the firdegooation space of the robot. This leaves the
challenging problem of designing a control law that conesrp the one-dimensional path, while remaining
safe with respect to obstacles.

We address the coupled navigation and control problem bgrgéing a vector field along which the
robot can “flow.” Unfortunately, determining a global vecfeeld that satisfies all of these objectives for
constrained systems can be quite difficult. Our approashpijiied by the idea acfequential compositigi 1],
uses a collection of local feedback control policies codpléth a switching strategy to generate the vector
field. Composing these relatively simple policies inducp®aewise continuous vector field over the union of
the policy domains. Aolicyis specified by a configuration dependent vector field defined@local region
of the robot’s free configuration space, termedetl. From this vector field and knowledge of the current
robot state, the control inputs are determined such thatitised-loop dynamics flows to the specified policy
goal set within the cell. Figure 1 shows four paths induceéhligking the local policies for four different
initial conditions in the robot experiments, as will be dissed in Section 6.

y (meters)

0
x (meters)

Figure 1: Experimental results of four robot runs using trappsed hybrid control framework. An explicit
desired path is never calculated, the path is induced byesgiglly chaining local feedback control policies
together; the policy ordering is determined by a discrespér. The induced path preserves the local
guarantees of the local polices, and is thus free of cofligihile respecting the system constraints.
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A discrete transition relation represented by a graph isded by the transition between the domain of
one policy to the domain of a second policy containing thécgajoal set of the first. On-line planning, and
re-planning under changing conditions, becomes moredfpéebn the graph, allowing us to bring numerous
discrete planning tools to bear on this essentially cowmtirsuproblem. By sequencing the local policies
according to the ordering determined by a discrete plarthergclosed loop dynamics induce the discrete
transitions desired by the discrete plan. The overall ldytsivitched) control policy responds to system
perturbations without the need for re-planning. In the faioghanging environmental conditions, the discrete
graph allows for fast online re-planning, while continutngespect the system constraints.

By coupling planning and control in this way, the hybrid aohsystem plans in the discrete space of
control policies; thus, the approach represents a depgsiitoim conventional techniques. A “thin” path or
trajectory is never explicitly planned; instead, the tcégey induced by the closed-loop dynamics flows along
the vector field defined by the active policy, which is chossroading to an ordering determined by a discrete
planner. A plan over the discrete graph associated withdheation of policies corresponds to a “thick” set
of configurations within the domains of the associated lpcéities.

This approach offers guaranteed convergence over the ohibe local policy domains. For the method
to be complete, the entire free configuration space must bered by policy domains (cells). This is a
difficult problem due to the multiple constraints on the rotdgnamics. Herein, the focus is on deploying a
“rich enough” collection of policies that enables the natign problem to be addressed over the bulk of the
free configuration space.

This paper describes the basic requirements that any ladizlypmust satisfy to be deployed in this
framework; each local policy must be provably safe with ez$go obstacles and guarantee convergence
to a specified policy goal set, while obeying the system caimgs within its local domain. We develop a
set of generic policies that meet these requirements, atantiate these generic policies in the robot’s free
configuration space. The underlying equations are detadied examples are provided. Finally, a concrete
demonstration of controlling a real mobile robot using dextilon of local policies is described.
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2 Related Work

The approach advocated in this paper maintains the coupktgeen planning and control, unlike con-
ventional approaches that decouple the problem into a gatinjmg problem and a path-following control
problem. This section presents a brief overview of coneerati approaches, and concludes with a discussion
of the sequential composition approach that motivatesnbik.

2.1 Motion Planning and Control with Nonholonomic Constraints

The control of systems with nonholonomic differential coasits is more complex than control of purely
holonomid systems. This section contains an overview of techniques tesplan paths and trajectories for
nonholonomic systems, and address four basic control @nabfor nonholonomic systems — stabilization,
path-following, trajectory-tracking, and point-to-pbsteering [18, 30, 43]. The discussions give insight into
the difficulties associated with nonholonomic motion pliaigrand control. For a more thorough discussion
and reference list, refer to [30, 32, 33].

To recognize the complexity introduced by nonholonomicstmints, consider the “simple” problem
of stabilizing a system about a given equilibrium point. &kett's theorem provides necessary conditions
for the existence of a smooth, time-invariant feedback robitaw that stabilizes the system about the given
point [10]. It is well known that many nonholonomic systerakhough small-time locally controllable, fail
Brockett's test [30, 43]. This precludes the use of conwarai feedback control based on potential functions.
Several classes of stabilizing feedback control policiagelbeen developed: discontinuous time invariant,
time varying, and hybrid control policies [30]. Given thengplexity of this control task, it is no surprise that
the coupled navigation and control task is more complex tbaholonomic systems.

Many approaches addressing the coupled navigation antbtpnbblem for nonholonomic systems de-
compose the problem into a motion planning problem, folldg a control problem. A common planning
approach is to pretend the system is holonomic and hopeddreht. In the holonomic case, the path or tra-
jectory can be planned using any of a number of methods [12&G@%-based search algorithms are popular
in path planning, as are roadmap methods such as Voronaigiesg Potential function methods, while not
necessarily complete, are also widely used in path/t@jg@anning.

Given a path through the environment, a path-following tho is then used to converge to the desired
path. There are two basic formulations to path-followingtHe first, a designated point on the robot traces a
given path in the workspace, without concern for orientafib]. This may fail in cluttered environments as
the designated point may exactly follow a safe path, ydtaltdw the system to collide with an obstacle at
another point on the robot body. The second formulatiomgite to track position and orientation of a path
in the free configuration space [17].

If the environment is not overly cluttered, so that deviasi@re not catastrophic, path following may
work well. In fact, if a system is small-time locally contiable, any continuous path can be approximated
arbitrarily well [34]. Unfortunately, the methods used tmtrol the system along arbitrary paths often lead to
highly oscillatory motions that require great control effdf the path does not respect the system constraints,
the resulting motions may require an inordinate numbenadngals to follow the desired path. One approach
to address this problem is to plan a path without regard tdnalmmomic constraints, and perturb the path to
respect nonholonomic constraints [51].

Techniques that consider the nonholonomic constrainiaglpfanning typically use only a discrete set of
feasible motions. The shortest feasible path (SFP) metriséd to plan paths that approximate a holonomic
path using a finite number of motions[42]. The motions arecel by choosing the shortest feasible path
to a point on the holonomic path intersecting the largest defined by the SFP metric [56]. Dynamic
programming methods determine an optimal path for a discet of controls (e.g. hard left, soft left,

IHere we follow the literature, and refer to systems lackingholonomic constraints as “holonomic”.
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straight, soft right, hard right) [3, 21, 36]. Probabilistoadmaps (PRM) and rapidly-exploring random

trees (RRT) are other discrete approaches to determinagjbie paths for nonholonomically constrained

systems [37, 54]. With the exception of dynamic programmthgse discrete methods are not feedback
based, and require replanning if the system deviates frerdékired path.

Even if the planned path respects the nonholonomic consdrahe path must be followed by the robot.
The presence of nonholonomic constraints renders paliwfiolg a non-linear controls problem. Control
laws based on a Lyapunov analysis [17] or feedback linei@oiz§l 8, 50] are common. Most path-following
algorithms assume continuous motion, with a non-statippath defined for all time. This (temporarily)
avoids Brockett's problem with stabilization to a point [15]. The path-following control policy asymptot-
ically brings the error between the desired path and theabptath to zero. Typically, the control policy is
constructed for a specific vehicle and class of paths [2, 8,/53].

The path-following control laws are unaware of environnaéobstacles; therefore, for a nonzero initial
error or perturbation during motion, the system may colidkd an obstacle. Path-following may be coupled
with local obstacle avoidance, but this may invalidate thevergence guarantees. Thus, if the errors are
large enough, the paths must be replanned, starting froutiient location.

In addition to path-planning, trajectories that specifyamlthe system arrives at points along the path may
be planned [17, 50]. Trajectory-tracking problems can lebj@matic if the system is subject to a constraint
that delays the tracking [17]. In this case, the accumulateakr may make the system unstable or require
unreasonably high inputs. Another possible problem istthgctory-tracking controls may switch directions
for certain initial conditions [50]. Unless the time matehialong the trajectory is crucial, path-following is
often a better formulation [17, 50].

In related work, several methods — including sinusoidaliteppiecewise constant inputs, optimal control,
and differentially flat inputs — solve the point-to-poingésting problem between two positions using open
loop controls [34, 43]. These methods are sometimes incatpd into the discrete planning systems. Each
of these methods is an open loop control method that doesspéect obstacles. Collision detection must
be performed after the path is found to determine feagihiitita cluttered environment [27]. These point-
to-point steering methods are strictly open loop, and nivékle for feedback control. The inevitable errors
necessitate repeated applications to induce convergetice goal point.

There have been a few attempts to address the coupled riaigat! control problem for nonholonomic
systems. A method based on potential fields uses resistiweries to approximate the nonholonomic con-
straints [14]. This approach requires a discretizatiorhefd¢onfiguration space, and is therefore subject to
numerical difficulties when calculating derivatives nesaeg for feedback control. Other approaches define
integral sub-manifolds in configuration space that contaegoal [25, 29, 41]. On the sub-manifold, the
nonholonomic constraints are integrable, and the contitalrally respects the constraints. The approaches
drive the system to the sub-manifold, and then along thensabifold to the goal. While these methods are
suitable for feedback control implementations, determdmaof a suitable manifold is sometimes difficult.
For systems where the stable manifold is not given in closed fan iterative process is used to approximate
the manifold. The approaches also involve designing sefiamations that require insight into the specific
problem and system constraints.

2.2 Sequential Composition

The research presented in this paper uses the technicgezjoéntial compositigrwhich enables the con-
struction of switched control policies with guaranteeddabr and provable convergence properties [11].
The original form of sequential composition uses state leging feedback control policies, whose do-
mains of attraction partition the state space into cell§.[The control policy can be thought of as a funnel,
as shown in Figure 2, where the vertical represents the wdlad.yapunov function, and the domain is the
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Figure 2: An idealized Lyapunov function Figure 3: Composition of control policies leads
and its associated domain of attraction rep- {0 an enlarged domain of attraction. Note that
resented by its shadow on the state space. the active policy switches to the highest priority
The goal point is shown as a large dot policy as soon as the state enters its domain.

within the domain.

“shadow” cast by the funnel on the state space below [11]. ddmeainis thesafe domain of attractign
which is the largest positive invariant region that doesinigrsect an obstacle

The basic idea behind sequential composition is to compasdéphe control policies in a way that
enlarges the overall domain of attraction, while preseyuime underlying convergence guarantees. The
approach specifies the goal of one policy to lie within the donof another policy. By properly prioritizing
the policies, and switching to a higher priority policy ortbe state enters the domain of the higher priority
policy, it is possible to construct a switching control gglivith a larger domain of attraction than any single
policy [11]. The domain of attraction of the switched polisyequal to the union of the domains of the
component policies, as shown in Figure 3. By composing @diwith limited domains, constraints in the
state space can be respected while building an almost gtalmaivergent control policy. In this way, the free
state space may be covered by incrementally covering atiauiliregion of the free state space.

The policy composition is based on a formal notionpoépares[11]. For a given control policy®,
denote the domain of the policy(®;) and the goal¥(®,). Given two control policies®, is said to
prepare®,, denotedd, > @4, if ¥(®,) C 2(®,). Let a finite collection of instantiated control policies,
A = {®,,...,Py}, defined over the free state space of a given system be gimdrgssume at least one
policy stabilizes the overall goal. The prepares relatigmbetween any two policies in the collection induces
a directed graphl’s, over the collection of instantiated control policies. kengral the policy graph, is
cyclic; however, an acyclic graplt),, may be generated over the collection of policies by seacctiie
original graph breadth first, beginning at the node corredp to the policy that stabilizes the overall goal,
and adding only those links and nodes that connect back womsy visited nodes. The acyclic graplj is
a partial order over the collection of control policies. Bynstruction, the partial order graph is a connected
graph containing a node corresponding to the policy thailstas the goal. Given the collection of policies
A, the switching strategy defined by the associated partildrdnduces an overall switching control policy,
denotedb. The union of the domains of the instantiated policies idelliin the partial order gives the domain
of the overall policy; that is

7@)= | 2(2)). (1)

d)j EF;\
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The overall control policy induced by sequential composifs fundamentally a hybrid control policy [6,
8, 24]. The composition of these local policies in a hybristeyns framework enables analysis on the discrete
representation of the transitions between policy domand.1]. We may analyze whether a goal node is
reachable using the partial order grabk, which functions as a finite state automata [24]. Reachwgbili
of the goal state and decidability of the navigation probfema particular collection of policies can be
determined by the discrete transitionslog, without analyzing the underlying continuous system [Z4is
analysis may be done prior to, or during, construction ofpthetial order.

The stability of the underlying control policies guarargdbe stability of the overall switched policy
because the partial order results in monotonic switchidg [Ihis obviates the need for complex hybrid sta-
bility analysis of the form givenin [5, 7, 16, 38]. Disturb@@s are robustly handled provided their magnitude
and rate of occurrence is small compared to the convergdrtice mdividual policies [11].

The system in [11] uses multiple policies to demonstratdrtherent robustness of the technique. The
deployment of the generic policies — including specifiaatid the setpoints, control policy gains, and pol-
icy ordering — is accomplished manually. The deploymens usmservative approximations of the policy
domains obtained through experimentation and simulation.

Sequential composition-like techniques have been appptietiobile robots. Many examples are for
systems without nonholonomic constraints, where the jgsliare defined over simple cells — polytopes and
balls — in configuration space [47, 48, 57]. Other approabbes used optimal control techniques on discrete
state space representations to encode local policies]9, 22

Sequential composition has also been used to control wiheeddile robots using visual servoing [28,
44]. In these cases, the local control policies were desidi@sed on careful analysis of the system, its
constraints, and the problem at hand. These later appreaelve the key feature that many of the individual
policies are not designed to converge to a single point.drater example, the “goal” of the highest priority
policy is to drive through a doorway [44]. It is assumed thadther control policy becomes active after the
vehicle passes through the doorway. This idefiaaf-throughpolicies inspired work where generic policies
are defined over polytopes that partition the environmetatlimcal cells [13]. This work was followed by
similar approaches that used different methods of defitiagbntrol vector fields over the polytopes [4, 40].

These methods were originally developed for idealized iatoic systems, but may be applied to point
nonholonomic systems using feedback linearization [4)\weleer, these approaches do not apply to systems
with non-trivial body shapes, and cannot guarantee thdirtbarized system does not “cut a corner” between
polytopes and collide with an obstacle.

A key feature of these approachesis that the policies arergpeand are therefore amenable to automated
deployment [4, 13, 40]. These approaches also formed theefbatater work in applying discrete planning
techniques to specify logical constraints on the orderfrig®local policies [19, 20]. Using the policy graph,
'y, a model checking system generates an open loop sequencdiacépwhose closed-loop behaviors
satisfy the tasks specified in temporal logic.

In addition to model checking, there has been substantigd imdhe problem of planning and replanning
on discrete graphs. The D* algorithm, originally develogedgrid based path planning, facilitates fast
replanning based on changes in the graph cost structureAS3inilar, but algorithmically different version,
called D*-lite has been applied to graph structures; inidlgdhose, such as Markov Decision Processes
(MDP), that support non-deterministic outcomes [39].

6 (© 2006 Carnegie Mellon



3 General Framework

This section presents the framework used to address thgateon problem described in this paper. First, a
brief overview of the robot modeling framework is given. Netkhe generic requirements for the the local
policies are presented. This section concludes with arv@rof planning based on the discrete transition
graph induced by the policies.

3.1 System Models

The robot system consists of a single body that navigatesigfira planar environment that is cluttered with
obstacles. The planar environmentyarkspaceis a bounded subs@V C R%. Letg = {z,y,0} € G =
SE(2) denote the position and orientation, relative to the worddrfe, of a reference frame attached to the
robot body. As the robot moves through its workspgceyolves on the manifol§ E(2).

To address the navigation problem, the robot body must mioveya path that reaches the overall goal,
while avoiding obstacles along the way. LR{g) C VW denote the two-dimensional set of workspace points
occupied by the body at position and orientatipnThe obstacles in the workspace are represented as the
union over a finite set of convex regiof®;} C W. Thus, for all body positions and orientatiopsalong

a collision free path,
R(g)(JOx=10.
k

The robotic systems considered in this paper are driven l®elghn contact with the planar environment;
the wheel-to-ground contact generates nonholonomic itglognstraints. The rotation of these wheels may
be represented by interrgtiapevariables [1]. Thus, the robot configuration is fully spesifasy = {g,r} €
Q = GxR,wherer € R denotes the shape variables. The shape variable velaui&esntrolled via control
inputsu. € U C IR”. For kinematic systems, = u; for second-order dynamical systeins= u. This paper
is restricted to simple robot models where the nonholonawistraints determine a linear mappinag(g),
between velocities in the shape space and the veldgcityA (q) 7, of the body fixed frame.

The robot is induced to move along a path by application ofcthrol inputsu € U/; the closed-loop
dynamics determine the velocityvia the mapping4 (¢). The velocityg determines the robot path. The
control problem is to specify control inputse ¢/ such that the system moves along a collision free path and
reaches the overall goal. To be a valid control, the inputstrine chosen from the bounded input spdcé\s
bounded inputs and the mappidg ¢q) constraing, the navigation problem is tightly coupled to the control
problem.

To address the navigation and control problem in a couplatherawe define local control policies over
local regions ofG that are termedells Let ®; denote the'" feedback control policy in a collection of
policies and leE; C G denote the local cell. Define the cé&} in a subset ofR? that locally represents
the SE(2) configuration space; the cells are restricted to compalttdiimensional subsets dR® without
punctures or voids. It is assumed that the boundary of tHe@®#], has a well defined unit normat,(g),
that exists almost everywhere. Thelicy goal setdenoted? (Z;), is a designated region in the local cell;
thatis¢(=;) C Z,.

In this framework, the coupled navigation and control penblof moving the robot body through the
space of free positions and orientations of the body fixeahérés converted to a problem of specifying safe
feedback control policies over the local cells, and thenposing these local policies to address the larger
navigation problem. Over each local cell, define a feedbackrol policy ®; : 7Q — U, whereT Q
denotes the tangent bundle over the robot’s configuratianespln other words, the local policy maps the
current robot state, whose configuration falls within thealacell, to an input in the bounded set of inputs
U associated with the policy. The policy must be designed setilow of g induced byA (¢) o ®; enters

(© 2006 Carnegie Mellon 7
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Figure 4: A cell defines a local region in the space of roboytmakitions and orientations. In this example,
the cell is funnel shaped and the designated goal set is takk gpening at the point of the funnel.

¢ (Z;). Thus, instead of a specific path, the closed-loop dynanfiteedocal policy®; induce a vector field
flow over the celE; that enters/(=;).

3.2 Generic Policy Requirements

For a local policy to be useful in the sequential compositiamework, it must have several properties. First,
to be practical, the local policies must have efficient téstsee if a specific local policy can be safely used;
that is the system must be able to determine if the curremitrstte is within the domain of a given policy.
Second, to induce safe motion, the cell must be containdtisgace of free body positions and orientations
so that collision with any obstacle is not possible while lloely frame is within this cell. Third, under the
influence of the policy, the induced trajectories must reehpolicy goal set defined within the local cell
without departing the associated cell from any initial iosi and orientation within the cell. Finally, the
system must reach the designated goal set in finite time foimétial condition within the cell.

The requirements discussed below are generic with resp#o igiven robot model and any specific cell
definition. The focus in the remainder of this section is ol dleneric policy requirements that enable the
proposed hybrid control framework to work with a variety gé&em models.

3.2.1 Simple Inclusion Tests

A given policy is safe to activate if the robot state is wittiie policy domainZ(®;). The domain, which
depends upon the policy definition, generally specifies botifigurations and velocities. As the policies are
defined oveE; C G, the first test of domain inclusion is thate =;. For kinematic system&(®;) = =,
because the state is simply the configuration. Therefoig tba cell inclusion test is needed to check to see

if a policy is safe to activate for the simple models consden this paper.
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As the policies will need to be executed in real time, the ioellusion test must be simple and relatively
fast. There are several approaches to developing effigiehisgion tests for a given cell. Which approach is
considered the best largely depends on the specific tealnipd to define the given cell. As such, discussion
of specific tests will be deferred until the cells are defiréelction 4 will present a specific inclusion test for
the cells developed therein.

3.2.2 Contained in Free Space

The second condition is that the cell must be contained ispaee of free positions and orientatiofs g,

of the robot body; that i&; C FSg C G. In other words, any position and orientation within a val@l is

free of collision with an obstacle. Lét=, C W be the composite set of points occupied by the robot over
the entire cell; formally

Rz, = | R(g) -
gEE;
Thus,Rz,, represents the swept volume of all the points occupied &ydhot over all positions and orienta-
tions in the cell. The celE; is contained in the free configuration space if

Re, (1 JOk=0.
k

Figure 5 shows the representationff, for a given cell.

Testing that the cell is contained JASg would seem to require constructitigSg, and then performing
tests on this complicated space. The conventional apprisagchmap the obstacles to configuration space
and expand them based on the Minkowski difference betwesenliktacle boundaries and the robot body at
various orientations [35]. Although there exist algorithtn construct these representations for obstacles and
robots defined as semi-algebraic set$i(2), the resulting representation &1S¢ is quite complex. This
complexity can be avoided by testing the cells based on wadesmeasurements.

Appendix A presents a method for calculatiRg, given a representation of the body and the cell. By
determining the boundar§R=,, the intersection of?=z, with any obstacle can be tested based on workspace

X

Figure 5: Rz, - Extent of robot body in workspace. The projection of theé lbelindary is shown as the darker
inner surface. If the minimum signed distance from the baupd Rz, to the closest obstacle is positive, the
cell is contained in th&Sg.
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measurements. If no obstacle intersects the boundafi=ofand no obstacle is completely contained in
the interior of Rz,, thenZ; C FSg. Given a representation dfR=, and representations of the obstacles,
Appendix A presents an automated procedure for verifyiag ttihe cell meets the necessary condition that it
is contained inFSg.

3.2.3 Conditionally Positive Invariant

The third necessary condition is a generalizatiopasitive invariancetermedconditionalpositive invari-
ance [29]. Earlier versions of sequential composition wieffined for policies with positive invariant domains
that converged to a single goal point. In contrast, we allolicies that cause the systemftow-througha
designated goaletlocated on the cell boundary, and not come to rest within ta get. For a conditionally
positive invariant domain, the configuration remains indbenain of the policy until it enters the designated
goal set. Coupled with the fact that the cell is containedr@e fconfiguration space, conditional positive
invariance guarantees the policy is safe with respect tsoi.

Formally, the domai® (®;) is conditionally-positive invariantinder the influence of polic®; with goal
set9(®;), if ¢ (0) € 2(9,), ¢(T) € 4(®;), andg (t) € 2(®;) forall t € [0,T]; that is the configuration
remains in the domain of the policy until it enters the deatgd goal set [29]. Thus, under the influence of
policy ®;, the cell=; must be conditionally-positive invariant.

To maintain conditional positive invariance, the systenstrhe able to generate a velocity that, while
satisfying the system constraints, keeps the system caoafign within the cell. Except, of course, for
boundary points contained #(Z;); for flow-through policies the aim is to drive the system cgufation
through the goal sef/(=Z;). Thus, on the portion of the cell boundary that is not pai%¢E;), the robot
configuration velocity is restricted to the negative haése defined by the outward pointing unit normal at
the boundary point. Formally, for gl € 0=;\¥(Z;), there must exist & such that

n(g) ¢g<o0. (2)

For flow-through policies the analogous necessary comtiti@y) - ¢ > 0 must hold for all pointg; in the
interior of ¢ (Z;). In generalyn (¢) - ¢ > 0 would only need to hold for an open set of points in the goal set
interior; to simplify control policy design, we require @ hold over the entire interior &/ (Z;).

Using the general model, and substituting= A (¢) 7, condition (2) can be rewritten in terms of shape
velocities asu (g) - A (¢) 7 < 0. Letw (q) = n (9)" A(q); w () defines a half-space constraint on the shape
velocities,r.

Given a specific system model(¢) and a bounded input skt these constraints limit the size and shape
of the associated cell in the free configuration space. Thetcaint (2) specifies a necessary condition that
must be satisfied on the boundary before a conditionallytipesnvariant policy can be defined; it does not
guarantee the existence of such a policy.

3.2.4 Finite Time Convergence

The final necessary condition is that a valid control poliaysinbring any initial configuration within the
cell to the specified goal set in finite time. This is implicitthe definition of conditional positive invariance
if we require that for any initial conditiog (0) € Z;, there exists some finit€ such thaty (T") € 4(=;).
Addressing this requirement requires designing a provedisect feedback control policy over the domain.

Proving finite time convergence is necessary to guarangatbequence of policy transitions will even-
tually occur; that is, the system will not become stuck in celé If the system converges to the active policy
goal set in finite time, and if that goal set is contained inghkr priority policy domain, then the higher
priority policy is guaranteed to become enabled.
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In general, proving finite time convergence for constraisgstems can be difficult and must be consid-
ered for each policy design in conjunction with its cell ar@hlgset specification. Section 4 addresses this
issue for the specific policies used in this paper.

In summary, policies that respect the system constrairsge Bimple inclusion tests, are completely
contained in the free configuration space, are conditigrdkitive invariant, and whose vector field flow
converges to a well defined goal set in finite time may be deggldy the proposed hybrid control framework.
Together these four requirements mean that the validitygiven policy can only be evaluated knowing the
mappingA (q), the associated cell;, input spacé/;, and the designated goal set. In Section 4, we describe a
family of policies that admit verification of these necegsainditions, and enable deployment of a collection
of valid policies.

3.3 Discrete Planning in Space of Policies

Given finite time convergence and conditional positive ifaface, the closed loop behavior of the control
policies induces a discrete transition relation betweencl and its associated goal set. If the goal set of
one policy is contained in the domain of another, the discirensition relation is defined between policies.
Recall from Section 2, that these discrete transitions éetwpolicies in a collection), may be represented
by a directed, generally cyclic, graph structurg, This allows the continuous dynamics to be represented
by the more abstract discrete transitions on the graph. dJspropriate discrete planning tools, several
high-level planning problems may be addressed using theriyidg feedback control policies that induce
the discrete transitions.

This subsection describes an extension to the conventilgfiaition of prepares and the impact on the
resulting graph structure. The subsection concludes wdibaussion of the pros and cons of some techniques
for planning in the space of policies associated with thelgra

3.3.1 Extensions to Prepares Definition

Often the size of a valid cell that satisfies the policy reguients is tied to the size of the specified goal set.
To enable larger cells, it is useful to consider policies kehgeveral policy domains cover the designated
goal set, but no single policy domain covers the designatetiset. The conventional definition pfepares

®; = @, if 9(®;) C 2(®,), describes a relation between two policies [11]. We extéisldefinition to a
relation between a policy and a set of policies. A selectdityod;, preparesa set of policies if the goal
set of the selected polics (®;), is contained in the union of the domains of the policies mdbt, that is

®; = {®;}if 9(®;) C U; Z(®;). Consider Figure 6-a, whefey = {®p, ®¢}.

Under the influence of a given control policy, the flow along thduced vector field over a given cell is
mathematically determinate; however, from the perspedfithe discrete transition relation defined by the
prepares relationship, the single policy could result iraagition to any of the policies in the union. In other
words, while it is possible to determine the subset of themisontrol policy domain that enters a particular
policy domain in the union, the resulting calculations asmplicated. Restricting the domain representation
to simple cells introduces indeterminacy into the grapicstirel’s ; this indeterminacy can be represented as
anactionwith multiple outcomesas shown in Figure 6-b. From the point-of-view of the diseteansitions
encoded by, this indeterminacy results in the outcome being imposexthaxternal choice that a discrete
planner has no control over. Consider the example pathsrshewlotted lines in Figure 6-a. The paths start
from two different initial conditions, denoted andl1, and exit the goal set oby in different locations,
thereby entering different policy domainkp and®;.

Using this extended definition of prepares allows flexipilit instantiating policies that might otherwise
not be deployable using the conventional definition of prepaThis added flexibility comes at the cost of
added complexity at the planning stage. If the extended itlefinof prepares is used to deploy policies,
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a) Prepares relationship between a collection of policies. b) Graph representation of the induced discrete abstractio

Figure 6: This figure shows the relation between a set of gslignd the discrete abstraction. The goal sets of
the policies are the right edges of the bounded regiongmitte small end of the funnel shapes or the minor
axis of the half-ellipses. In this examplé,; prepares{®,,,®;}. Note, that different initial conditions
(denoted and[X) in & lead to different paths through the policy graph.

then the discrete planner must take this indeterminacyantmunt. Therefore, the design choice to deploy
policies using this extended definition of prepares mustaduated given the particular planning problem
at hand, the constraints in the specific robot model, therenmental complexity, and the available planning
tools.

3.3.2 Planning in Policy Space

The discrete policy grapli,s, represents the continuous dynamics of the problem as a §ieftof transitions
between nodes corresponding to policies. Thus, a fundaihenbntinuous navigation problem is reduced
to a discrete graph search ovéy. If the current configuration is contained in the domain obéqgy corre-
sponding to a node ifvy, and a path through, to the overall goal node exists, then the given navigation
problem is solvable with the collection of currently indiated policies. Proving that such a graph traversal
exists, and ordering the policies to generate a valid tealgis the specialty of discrete planners.

To facilitate planning, each edge I, may be assigned a cost. Any non-negative cost is permitted,
but the choice of cost impacts the resultant ordering, amtda¢ghe overall behavior of the system. In the
experiments presented in this paper, a heuristic costigraestbased on the relative complexity of each policy
and a measure of distance between policy goal sets. By éngcthe feedback control policies according to
an ordering determined by a discrete planner, the trajestorduced by the local policies solve the specified
navigation problem. Given policies that meet the aboveirements, the proposed technique is amenable to
any number of discrete planning tools.

The most basic discrete planning approach is to order theig®in the graph according to the assigned
costs [11]. First, a node in the graph is identified as theallvgoal node; that is the node corresponding to
the policy that flows to the overall goal set. From this goal@dasic graph search techniques may be used
to order the graph and build the partial ordigr, that is, convert the generally cyclic graph into an acyclic
treeI”, . Dijkstra’s Algorithm, A*, or D*, are natural candidatesrfthis planning [12].

Given the ordered grapfiy,, there are two basic approaches to executing the policike.simplest is
to convertl”, into a total ordering of the policies [11]. Given the curretdte of the system, the hybrid
control strategy searches for the highest priority polityogse domain contains the current state and executes
that policy. This is simple to implement, and allows the liglmontrol system to opportunistically switch to
a higher priority policy. The drawback to this approach iatthignificant search time relative to real time
operation may be required for large graphs; this approadtemiaaving efficient inclusion tests imperative.
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Another approach is to use use the local structure of theltfe guide the search for an active pol-
icy. This introduces an internal state where the system keeg track of the previously active policy, but
allows the system to search a limited number of successdheqdreviously active policy that are expected
to become active. If no successor is valid, the previoudiy@apolicy is checked. If neither a policy corre-
sponding to a successor in the tree nor the previously agtiliey is valid due to some system perturbation,
then the hybrid control system can resort to searching teeds a total order based on the node cost used
during construction of the tree. This approach will typigaéquire fewer policy domain inclusion tests, but
limits the chance for opportunistic policy switching.

While the choice of switching strategy impacts the indugesiesm trajectory, the convergence guarantees
of the hybrid system are maintained so long as the graphiogler observed. This inherent flexibility in
the hybrid system approach may be exploited by a high-leegliner by selecting a switching strategy for
choosing between valid policies before the system exetutiopossibly by using higher-level information
to change the switching strategy on-the-fly. This later fpility is beyond the scope of this current work,
but is allowed by the hybrid control framework.

Once the initial ordering is generated, the discrete regmtagion allows for fast re-planning in the event of
changing conditions. The D* algorithm and its variants aqgressly designed to allow for existing plans to
be modified if the cost structure is updated [39, 52]. For eplanconsider an ordering that uses a policy that
navigates a particular doorway. If the doorway is unexpiigiglosed, the robot may use this new information
to update the graph cost structure — thereby invalidatiegpiblicy that passes through the doorway — and
reorder the remaining policies. By operating on the discpetlicy-based graph, which will generally have
fewer nodes than a conventional grid-based path planniaghgthe policy-based re-planning step is faster
than conventional grid-based re-planning, while presgytine guarantees of feedback policies.

One of the key benefits to planning using the ordered gigpts the inherent robustness. If an external
disturbance invalidates a currently active policy, theesyscan quickly search the ordering for another valid
policy. Consider the case shown in Figure 7, which is a clgsefthe layout in Figure 6. For the path shown,
the system begins executidyg; then®; during execution ofbp an external disturbance moves the state
outsideZ(®r). By searching the ordered graph; may be activated without needing to stop and replan.
This allows the system to plan once, and execute many timespritrast to conventional approaches, that
must completely re-plan the desired paths in response nifisgnt perturbations.

The biggest drawback to the ordering approach is that ordynawigation task at a time can be addressed.
This works well for simple navigation tasks, but does nanalfor higher level task specifications that require
multiple goals. Recent work has addressed this issue by ioimglihe policy grapi, with temporal logic
specifications [19, 20]. The approach uses model checkatigues to generate an open loop sequence of

perturbation

F

Figure 7: An ordering of policies provides robustness teedl disturbances. When an external disturbance
moves the state outside(® ), ®, is activated without needing to stop and replan.
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policies that satisfy the temporal logic specification.sTdépproach works well for specifying multiple goals,
but loses the robustness inherent in the partial order agpro
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4 Local Policy Definitions

In defining the local policies, there are several competogg First, we desire policies with simple repre-
sentations that are easy to parameterize. Additionallyjegre policies that have simple tests for inclusion
so that the system can determine when a particular policybeaafely used. On the other hand, for a given
policy goal set, we want the policy domain to capture as muddhefree configuration space as possible
given the system constraints. That is, we want the poliddseexpressive This paper considers how far a
set of relatively simple policy parameterizations can bghaal.

To simplify the control policy design problem, the remaindgthis paper is limited a particularly simple
class of robots. First, the mappimy(q) is only a function of the orientation of the robot body; that i
A(q) = A(g) = A(6). Second, the robot dynamics are kinematic; that is, thetrdlyectly controls
the shape variable velocities= « for inputsu € /. These two restrictions allow the shape variables to
be ignored, and thug = ¢. Differential-drive robots, which are widely used, are Imstclass of robots
provided their inputs are considered kinematic. This pagkfocus on a specific robot model that meets
these restrictions — th@nematic unicycld12, 35]. The kinematic unicycle uses inputs that controthef

forward speedy, and rate of body rotationy. Given,u = [v w]T € U c TR?, the body position and
orientation velocity is) = A (g) u, where

cosf 0
Ag) = {sig@ ﬂ . 3)

The mappindA (g), which is defined by the control vector fields that annihitatenonholonomic constraints,
is fundamental to the policy design techniques developéuisisection.

This section develops a class of generic policies based caraneterized representation of the cell
boundary. First, the basic cell definitions are presenté@eer@he cell definition, the four requirements from
Section 3.2 are verified. As part of this verification, we use mappingA4 (g) to generate a vector field
that satisfies the policy requirements and maps a configaratithe cell to a specific control input, The
resulting closed-loop dynamics naturally satisfy the r@ahomic constraints inherent it (g).

The cells,=;, represent a set of configurations in the configuration sgacehe cells are defined in an
IR? representation of relative to a world coordinate frame witfx, y, #}-coordinate axes . We choose to
define generic cells relative to a local coordinate framechttd to the center of the cell’'s designated goal set;
let gq0a1 denote the goal set center in the world frame &§pdy’, '} denote the coordinate axes of the local
reference frame.

Given a generic cell specified in the local coordinate frathe,cell is instantiated in the configuration
space by specifying the location @f,. and the orientation of the local frame relative to the worddrie. We
restrict the policy goal set to lie within a plane orthogateathe world framer-y plane; thus the loc#l -axis
is parallel to the world-axis. We restrict the positive -axis, which corresponds to the goal set normal, to be
aligned with the robot direction of travel at the configupatcorresponding tgg..1. Thus, the locak’-axis
is normal to the cell goal set, and outward pointing with szdo the cell boundary. Lé..; specify the
orientation of ther'-axis, and lelgoa1 = {Zgoal, Ygoal; Ogoal + Ab} € IR3. For forward motion, the'-axis
is aligned with the robot heading, ard = 0. For reverse motion, the -axis is opposite the robot heading,
thereforeAf = +r.

The remainder of this subsection describes the definitidhetells relative to this local cell frame. That
is, a parameterization gf = {z',y’,8'} is given. Given the goal set centgk,.i, any pointp € {z',y’,6'}
represented in the local generic cell frame can be mappegdomag € G by

[cos Ogoar  —SinbBgoa 0 Tyoal -I
q (p) = !sin 9g0a1 COs 9g0a1 0 p + Ygoal . (4)
o ] R Y]
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Although similar to a homogeneous transform, the non-stethttansformation (4) is required due to the
placement of the cell withilR*. The cell is both positioned and rotatedty..;; Aé is used to position the
cell along theéf-axis, but does not affect the orientation of the cell.

To define the generic cells, a good definition of the cell'siglested goal set is needed, along with a
specification of the cell boundary. In keeping with sequar@omposition, the general idea is to “funnel”
relatively large regions df into the cell’'s goal set. This is analogous to the fan-shapgibns of workspace
defined by the optimal paths of car-like systems [56]. Thanesfwe chose to define the cells such that they
fan out from the goal set using a generalization of a supelmgisurface [26].

We define the generic cell boundary in local coordinates twithsmooth two-surfaces embeddedRr.
The intersection of the cell boundary with a plane orthodtmthe central axis is a simple closed curve that
may be parameterized by the orientation aroundithaxis. This suggests a cylindrical parameterization for
the generic cell boundary. Letbe a scalar encoding the “depth” of the cell along the negathaxis, and
let v be a scalar encoding the angle about the letalxis. Define a generic cell boundary poiptin these
local coordinates as

—C
p(¢7) = {P(Cﬁ) +(cos B cosy — ¢ sin 8 Sinv)-l € R’ (5)
[p((,fy) - (sin 8 cosy + ¢ cos 8 sin fy)J

The equations in parenthesis encode an ellipse with eécignr < ¢ < 1 rotated bys about the centrak()
axis, as shown in Figure 8-a. With< ¢ < 1, the velocity constraint (2) requires that < g < 0. The
functionp (¢, ) governs the radius in the local cylindrical coordinate eysas the system moves bylong
the negative;’ axis, as shown in Figure 8-b. This representation is an eidario the standard superquadric
representation becaugenay be a function of botlj and~ [26]. The goal set is defined &t= 0.

There is freedom in defining({, v) provided the velocity constraint (2) from Section 3.2 carshisfied
for all points on the surface. We choose &nction that uses two continuous, piecewise-smooth satgne
that correspond to the two surface patches — a funnel and-adafining the cell boundary. The segments are
shown in Figure 8-b. In the portion corresponding to the Rinketps (¢, ) be a monotonically increasing
function in ¢ that governs cell growth &Sincreases away from the policy goal set:= p; in this portion.
The portion ofp (¢, y) corresponding to the cap section monotonically decreasesthe maximal value of

2

QY

a) Elliptical Parameters b) p Parameters

Figure 8: Schematic representations of the generic cetheSaf the important parameters are labeled.
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py to zero at the maximal extent ¢f Formally, define the complete function as

pr(C) O<CsC
5 - 2 i ’ 6
p(C,) { ps (Cio) V(cm—gcﬂzl&(cfcﬁ) (L <C<Cum ©)

The~ dependency ip; allows radial asymmetry to be built into the cells, proviggdis monotonic ing.
This paper defines three basic cell shapes by defining thifeestitp; functions; typical cell shapes for the
three functions are shown in Figure 9.

The first cell shape, as defined py = py,, results in the simple symmetric funnel shapes shown in

Figures 4 and 9-a. Let
Pt (CaV) = Ro + Re <C05h <R£> — 1) s

r

where R, is one-half the length of the major axis of the goal set efljpgnd R, and R, govern the rate
of expansion. Theosh function gives good results, but other monotonic functioosld be used. For this
choice, the cell size and shape is governed by the paranwétefs, which areR,, R., andR,, along with
the parameters of the ellipseandg, the length of the cel{;, and(,,, and the location and orientation of the
goal set given by,.a1. At ¢ = 0, the goal set is an ellipse like that shown in Figure 8-a. Hstrictions
from Section 3.2 will dictate how much the cell can grow, arsdshape by limiting the parameter values.
Choosing the parameter values during deployment will beudised in Section 5.

3D View 3D View

ot - LT,
1-.:,*:#‘::".1’##}, Y,
'|;|\ I_|||I I EJ.I:?‘-{_-
..|i|!||| ':‘.-".-’ﬂ' 2 .'

a) Cell usingp 7, b) Cell usingp 1, c) Cell usingp s,

Figure 9: Example cells for eagy showing 3D and:-y views.
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The second cell shape, as defineghy= py,, is used to generate a one-sided asymmetric cell, as shown
in Figure 9-b. Let

Pt (C:y) = Ro+Re <cosh <Ri> _1> %ﬁ_%)

whereR,, R., andR, are as defined above, and is used to localize the asymmetry relative to the angle
about the central axis. As with the first function, the goaledé = 0 is an ellipse.

The third cell shape, as defined py = py,, is used to generate a two-sided asymmetric cell, as shown
in Figure 9-c. This cell is designed to generate a more agiyeeturn than the first two cells allow under
condition (2). Let

prs (C7) = <Ro + R, (cosh <R£> - 1)) .

(1 + Ky, exp ( (05 (7 ) ~ 1)2>

Og1

+ Ky, exp ( (cos (3 ;792) — 1)2>> ;

whereR,, R., andR, are as defined abové&l,, andkK,, specify the relative size for the two wings of the
cell, o4, ando,, specify the width of the wings, ang, and~,, localize the wings relative to the angle about
the central axis. Unlike the first two functions, the goaldfet,, is not an ellipse.

Given the classes of generic cells defined by these threéidmscit must be shown that instantiations of
the cells satisfy the necessary conditions given in Se&ian

4.1 Inclusion Test

Given a cell, the system must check if the current robot rsand orientatioy € G is inside the cell. The
inclusion test makes use of the cylindrical representatiothe cell. Givery = {g,r} € Q and a selected
cell, represeny in the local cylindrical coordinate frame of the cell &5, v,, p, }, Where(, is the distance
from g1 @long the central axisy, is the angle relative to the ellipse major axis, agds the radial distance
from the cell’s central axis. Since the cell is defined ilR&ihchart of SE(2), we must also test for inclusion
based oy = {z,y,0 + 2n7} wheren € {-1,0,1}.

The inclusion test uses two steps. The first step test9)tkat, < (u;if (, < 0or¢, > (u then the
point is outside the cell. If the point passes the first témintfind the cell boundary point, = {(;, 74, P}
that corresponds tg = {(;, 74, pq }» Where(, and~, are the same ang is the radius of the boundary point
along the vector defined kg and,. These points are shown in Figure 10. From (5), the valyg &f given
as

_ p(Cq,7vq) - (cos B cosy, — ¢ sin § sin+y,)
P (G- %) H {p((j,vj) - (sin 8 cos'y;—l— c cos 3 sin'yZ)} H
) V142 — (2 —1)cos (27,)
7 )

If p, < pp and0 < ¢, < (m, the configuration is within the cell.

= p (G (7)

4.2 Free Configuration Space Test

We verify that the cell is contained in the free space of pmsit and orientations, that&; C FSg, using
the approach outlined in Appendix A. The test is for a spec#itusing a particular choice of cell parameter
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Figure 10: Corresponding boundary points. Given a pgjndletermine its local cylindrical coordinates,
{45745 pq }» @nd find the corresponding poipt = {(;, 74, p» } ON the cell boundary.

values{R,, R, R,,c, 3, (1, (v } and optionally{~, } or { K., V4 ,04,, Kg,, Vg, 04, }- Using the param-
eterized representation of the cell boundary given in ¢&),approach described in Appendix A generates a
representation oRz,. The setRz, is tested for intersection with any obstacle. If intersatithccurs, the cell
parameter values must be modified.

From (5), a point on the cell boundagy(,v) = g (p (¢, 7)), and surface normai, (¢, v) = %,
can be calculated for the given set cell parameter valuesh 8¢(,~) andn (¢, ) are piecewise smooth
functions. Given an implicit representation of the robadypboundary, the cell boundary point is analytically
mapped to a point iRz, . By determining points along the boundary®f, , intersection with obstacles can
be tested.

Appendix A describes an approach based on a triangulatioinedf, v} parameter space that leads to
a projection of the triangulated surface into the workspdeer the deployment presented in this paper, a
surface visualization tool was used to visually inspectpghgection for intersection with an obstacle; this
is shown in Figure 5. Future work will automate this test bingghe brute force method described in
Appendix A.

4.3 Conditional Invariance Test

During instantiation, the cell parameter values must becsetl so that the control system can generate
velocities that enforce conditional positive invariansedascribed in Section 3.2.3. For the models used in
this paper, wherg = A (g) u, condition (2) can be rewritten as

n (g (¢ Alg(¢,7)u<0.

This condition must hold over the entire cell bounda@¥,. Letl/ be the bounded input set associated with
this policy, for each poing (¢, ) € 0=; define

L(¢) =minn(¢7)" Ag(¢7)u- ®)
For a valid cell, condition (2) must hold, such tiat¢, ) < 0 over the entire cell boundary. In other words,
at each point on the cell boundary, the system must be abknergte a velocity that is inward pointing with

respect to the cell boundary. Thus, in the worst case ovdydhadary, a valid cell satisfies the constraint

max L ((,v) <0. (9)
¢y
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Figure 11: Constraint surface fér(¢, ) from (8).

Although non-linear, the functioi ((,~) is piecewise smooth and generally “well-behaved” for the
mappingA (g); therefore, it is feasible to verify that (9) is satisfied &ogiven set of cell parameter values.
Figure 11 shows a typical constraint surface for the celisshim Figure 4. The ridges shown in the figure
are due to switching behavior in the minimization that osowhen the cell boundary normal is parallel to
thex-y plane; that is the component in thelirection is zero.

If condition (9) is satisfied for a given cell, then it is pddsito define a control law over that cell that
enforces conditional positive invariance. Designing sacbntrol law, and proving that it provides finite time
convergence to the cell goal set, is the next topic.

4.4 Vector Field Definition and Convergence Test

To define the control law, we use a family of level sets basethercell boundary parameterization given
in (5). This family of level sets is used to define a controlteedield that flows to the policy goal set.
Forg € Z;, the corresponding level set that passes thraugiust be determined; represenin the local
cylindrical representation &; by {(;, V4, pq}-

Recast the cell definition equations given in (5) and (6) im&eof(}, and(; to differentiate the control
level sets from the cell boundary These parameters cdrtnlealelative Iength and size of the internal level

S = S

sets used for control are defined by (5) wittt,, v,) = pr ({g, %) where

(Chr =G ) = (G — )
pL<cq,%>=pf<c;,,%>¢ v (10)
CM: CL:

That s, the control level set is governed the by (6), with{((}, , 7,) using the same parameter values as those
defining the cell boundary.

First consider the casg,, = 0 and(} , = 0, the level set defined by, = 0 andy, € (—, 7] corresponds
to the policy goal set. Increasirng,, while fixing ¢} = 0, generates a family of level sets for< ¢, < ¢},
that grow out from the goal; these are termeditireer level sets, as shown in Figure 12. By fixigg, at its
maximum value(), = (u, and increasing; , theouterfamily of level sets grows; these are also shown in
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Figure 12: Level Set Definition for control

Figure 12. Thus, given = {{,, 74, pq}, the values foc}, and(; must be determined such that the level set
passes through. For this to be the casey, ((,,7,) = pq; thus values foc), and(; that satisfy

VG G-
G — 1

P (CIL:'Vq) —pg =0 (11)
must be found.
For configurations within the inner family of level sef$, = 0 and(;, can be determined in closed-form
from (11). If the configuration is within the outer family avel sets, as shown in Figure 12, thgp = (s
and we must determine the value@fthat satisfies (11). Unfortunatel§}, cannot be found in closed form.
Fortunately, (11) is a monotonic function ¢f, which admits a simple numeric root finding procedure.
Given the values of}, and(; , the level set normal is used to define a constrained opttioizaver the
input space. The level set normal(,,,) is defined as in Section 4.2 using (5) and (10). The simplest
constrained optimization is

u* = argmin [n (Cg,7g) - A (9 (Cg: V) u] st 1 (Cgovg) - A9 (Covg)) u < 0. (12)

ueU

For a convex polygonal input s&t, the solution to this optimization will lie at the verticebi@. To smooth
u*, the cost functionjn ({,,v,) - A4 (g ({4,74)) u], can be augmented by a simple quadratic term.

Using u* as the control input drives the system from the outer leved & the inner level sets, and
then continuously on to the goal. We force all the inner antbiolevel sets to satisfy (9) at every point
in the cell, which guarantees that a solution to (12) exi¥ise body velocityg = A (g) «* will bring the
system configuration to a “more inward” level set; thus, tygteam moves a finite distance closer to the goal.
Although a formal analytic proof is lacking, experiencewBldhat if the outermost level set corresponding
to the cell boundary satisfies (9), all interior level seth also satisfy (9). This can be checked for various
values of¢y; and(;, during deployment.

Given the input:*, the reference vector field over the cgll is simply A (¢g) u*. In reality, onlyu* is
important; the vector field is induced by the flow of the systgwen the control inputs, and is never explicitly
calculated.
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5 Policy Deployment Technique

To deploy a policy in this sequential composition framewarke must specify the parameters that govern
the location, size, and shape of the cell. Given a specificaif these parameters, the requirements from
Section 3.2 must be verified. Currently, we lack an automptedess for deploying the policies; therefore,
we use a manual, trial and error, process to specify theygpticameters. Future work will develop automated
deployment methods. While there are many possible deployayproaches, this section focuses on the
approach used in the experiments described in Section 6.

The policies are generally deployed sequentially using ckdaaining procedure; that is, we test the
prepares relationship to ensure the policies prepare sit tege policy. We begin instantiating a policy by
specifying that the policy goal set is completely contaiméthin the domain of a set of existing policies.
Assume at least one safe policy is instantiated; that isallyy A = {®,} where®, stops the system in a
safe configuration.

For the policies presented here, the prepares test can leebyoverifying that all points on the policy
goal set boundary are contained in the domains of neighpposiis. First, we specify,.a; to lie within the
domain of an existing cell, or set of cells; this is verifiedamatically using (7). Next, we initialize the policy
goal set by specifying the elliptical parametgrandc from (5) and the functiom (0, ) by specifying the
parameters ip;. We test that the policy goal set boundary does not intetsedioundary of the neighboring
cell, or the boundary of the union of neighboring cells. Fos test we use a automated test based on (7) for a
dense sampling of points around the goal set boundary. Téekatan also be done visually using Figure 13.
We iteratively adjust the parameters, including the pajjowl set centey,,.1, as needed until the policy goal
set is fully contained in the neighboring cell or set of cellsiring this iterative process, we also test that the
policy goal set is valid with respect to the mappidgg) and chosen input set; that is

i T
min maxn A(g)u>0.
9EY(E) uEL){{ (9) (9)

Forg € 9(Z;), n(g) is aligned with the locat’-axis. Assuming that the previously deployed policies are
contained in free configuration space, a valid goal set ieilil 7S.

If the goal set is not contained in a single policy, a simpiifieersion of the extended prepares test
(®; = {®,}) is used to test for inclusion in the union of neighboringippldomains. Here, we require
that each neighboring policy in the union contain the goateeof the policy being tested. This is shown
in Figure 14, where the goal center fd;, is contained in the cells labeledl, B, andC. Then, for each

"\. p
A ""

' \\" A
‘%“‘“\‘1\{\\\\‘\"&%

\f‘\“‘\-\\ Y

a) Schematic view of prepares test b) Prepares testin 3D c) Prepares test in 3D - close up

Figure 13: Prepares test for policy deployment. In the 3Dréguthe goal set ob; and the corresponding
points on the surface df; are traced in lighter colors.
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Figure 14: Prepares test for union of policy domains. Here> {®4, @5, & }.

point on the goal boundary @f;, the maximum of the minimum distance to the cell boundasesind.
For ally € [—=,n] find g; (0,~), a point on the goal set boundary ®f in the world frame. For eacft;

find Clh' (gj (0/ 7))* Yas (gj (0/ 7))' andpl]i (gj (0/ 7)) ; then, using (7) ﬁn(ﬁ)bi (Clh (gj (0/ 7)) ) Vai (gj (0/ 7)))
The goal set prepares the union of neighboring cells if

min ma}}( (pbi (qu (gj (077)) s Vai (gj (077)) — Pq; (Cth (gj (0/7)) » Vai (gj (0/7))))) >0.

v {®;

This test is performed automatically based on a dense sagnplipoints around the the goal set boundary;
the result can also be checked visually as in Figure 13.

Given a valid policy goal set, we grow the cell by specifyihg pparameters that determine the rate of
cell expansion and cell shape, includiRg, R,, {r and(ys. During this process, we must confirm that (9)
is satisfied and that the cell remains in the free configunatmce. Given these conditions, the requirements
that we can reach the goal in finite time and have a test foirggiision are automatically satisfied given the
methods for defining the cell and vector field.

The test that (9) is satisfied is automated by using numesimization to find the maximum value of
(8) over the{(, v} parameter space. Given a violation of (9), we iterativelysithe parameters as needed
to ensure the requirements are met. Figure 11 can be usedtimthe process of modifying parameters by
showing where the violation occurs on the cell boundary.

To verify that a policy is safe with respect to obstacles, sethe expanded cell described in Section 3.2.
In these experiments, we graphically verify that the priogecof the expanded cell is free of intersection. We
sample thg[(, v} parameter space with a fine resolution mesh, and calcukaitihesponding points on the
expanded cell surface. We project the resulting expandéduwréace mesh into the workspace and visually
check for obstacle intersection, as shown in Figure 22-lollfsion occurs, the parameters governing cell
size and shape are adjusted as needed, and both the freepdd8¢ tests are repeated.

Once an instantiated policy has been validated, it may bedxtiithe collection of instantiated policies,
A.
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Given a collection of instantiated policies, the final stepoi specify the prepares graghy; this step is
completely automated. The automated graph builder chéeksrepares relationship for each policy against
all other policies in the deployment; that is we test for ppljoal set inclusion within other cells or sets of
cells as described above. For the deployment used in thisrpeglections of up to three cells were tested
for the extended prepares. For policies that have a prepaled®nship, we assign an edge cost heuristically
based on the path length between the goal center and the@deyedls associated goal center, and a factor for
the policies relative complexity. By assigning a relatywkigh transition cost between forward and reverse
policies, changes in direction are reduced.

Currently, the trial and error process of policy instarbiatakes between two and 30 minutes. The time
depends mainly on the tightness of the corridors and shasprfehe turns being navigated. The final graph
generation step is fully automated; it took several hounsitofor the collection of 271 policies Section 6.
The up-front cost of generating the deployment is mitigdtgdhe ability to reuse the policies by planning
multiple scenarios on the discrete graph.
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6 Current Results

The control techniques and cells described in this paper haen validated experimentally on a real mobile
robot. This section describes the robot system used toatalithe work, and describes the deployment of
policies used in the experiments. Several navigation éxyets on the physical robot are discussed. These
experiments demonstrate planning and re-planning in theespf deployed control policies. The section
concludes with simulation results of planning using tenapdwgic specifications and model checking to
address multiple task scenarios.

6.1 Robot System and Implementation

The techniques described in Sections 3 and 4 have beentealida our laboratory robot. This standard
differential-drive robot, shown in Figure 15, has a convexighly elliptical body shape. To simplify cal-
culations ofRz,, the composite set of points occupied by the robot body oV@oaitions and orientations
in the cell, the robot body and wheels were tightly approtaddy an analytic ellipse centered in the body
coordinate frame. This is shown in Figure 16. The length efrttajor and minor axes of the bounding ellipse
arel.12 and0.68 meters respectively.

The control policies use the kinematic unicycle model, \lith standard form

atw = | o]

Lol

The inputsu = [v w]T are forward velocityp, in meters per second, and turning rate,in radians per
second.

The policies in the deployment are instantiated by chooaimgng a collection of four different input
sets to account for local conditions. The system changestthn by switching between “Forward” and
“Reverse” input sets; each having an “Aggressive” and “@ast set of values. The numerical values,
shown in Figure 17, are based on the velocity limits of thearmtand scaled back for cautious modes and
the reverse input sets. Although the robot is capable of-zmils turns, the input bounds are chosen to
model a conventional car-like system with bounded steerTigs choice limits the rate of expansion of the
cells based on the conditional invariance condition give(®); the cell shapes would only be limited by the
obstacles if zero-radius turns were allowed. This papes asavex polygonal bounds on each input set; this
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£
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>
-0.5
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Figure 15: Laboratory robot Figure 16: Bounding ellipse
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Figure 17: Four sets of bounded steering inputs. Forwarddggive -O), Forward Cautious <y, Reverse
Aggressive O, Reverse Cautiousx

restriction is for computational convenience, and is natfamental. Each cell is evaluated with respect to a
specific choice of input set.

For these experiments, a set of polygonal obstacles defieeE)tmeter x 10 meter world shown in
Figure 18-a. The world includes several narrow corridoid @penings. The width of the narrow corridors
is approximately one meter. This provides a clearance ofcqipately 16 centimeters on either side, but
prevents the robot from turning around within the corridor.

For these experiments, a total of 271 basic policies of the tlescribed in Section 4 are deployed using
the techniques described in Section 5. A partial deployrisestiown in Figure 18. Each policy is associated
with a specific input set from Figure 17. From the collectidrinstantiated policies), the discrete graph
representationl’,, is determined. The deployment uses the extended defirdfigmepares described in
Section 3.3.1, so that 15 separate policies prepare 3Xdlitfeinions of policy domains.

0N L~
<

a) Projection of cells into workspace with obstacles b) Representation of cells in 3D C-space

Figure 18: Partial deployment of cells in environment.
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6.2 Navigation Experiments

Given an implementation of the policy deployment and grapicture on the robot, the navigation task is
specified as bringing the robot to a designated goal setdddatthe middle of the lower corridor. The
designated goal set is associated with a specific policytlaee:fore, a specific node in the policy graph.
This node is specified as the overall goal of these expersnel ordering of the policy graph from this
overall goal node is generated using a Mini-max version of & [39].

D* Lite [39] resolves the indeterminacy described in Sett3.1, and provides an efficient way to re-
plan in the case where a policy status is changed to invakd #ife initial planning stage. Initially, the planner
generates a partial orddr, , of the policy grapi’s by assigning a cumulative node cost based on the edge
costs determined during graph generation. If a valid patbutiph the ordered graph from a given policy node
to the designated goal node does not exist, then the node¢aresponding policy) is flagged as invalid. As
the planner executes, the effects of invalid nodes propabatugh the graph; as a result, a path to the goal
from a given node is guaranteed to exist if the node remailic. va

During execution, the hybrid policy tests the current eatemof body position and orientation for in-
clusion in the cells associated with successors of the itlyractive policy. If the current configuration is
included in one of the successor domains, the associatay obctivated. If not, the currently active policy
is checked for validity, and executed if it is still valid. Asfinal check if this fails, the robot is temporar-
ily stopped and™, is searched for a valid policy. If this final search fails tadfia valid policy, the robot
terminates execution and reports failure.

The policy switching is completely automatic once the alitart command is given. The system stops
when it reaches the policy designated as the goal or, if théguration is not contained within a valid policy
domain. If a valid policy is found, the control is calculatasl described in Section 4.4. On our robot, the
forward velocity and turning rate calculated by the congrolicy is converted to wheel speeds used by the
low-level PID motor control loop.

Seven representative tests on the robot are presented) atdo tests were conducted, all in the same
environment. The actual data was logged every 0.1 seconigydbe robot experiment, and is plotted with
the obstacles shown in the figures. On the plots, the robobsisyare shown every five seconds of travel
time. Although the policies were initially validated in sithation, the results presented here are for actual
robot runs.

For the experiments described in this paper, the robot lackexternal localization system, therefore
the configuration estimates are based on pure dead-reckohina result of dead-reckoning error, inherent
in all wheeled-mobile robots, the robot would have crasimd some obstacles had they been physically
present. Therefore, we run the robot in an open space, buhegmlicies that consider the obstacles shown
in Figure 18-a.

Figure 19-a shows the results of four of the robot runs froar tbfferent initial conditions and the same
goal node. To emphasize, the paths shown are plotted frooeikoned estimates of body position and
orientation from an actual robot run. The induced paths lagerésult of policy ordering that is based on
assigned edge costs in the discrete graph; an explicitedbpath is never calculated. The paths are labeled
(#1 - 4) clockwise from the lower left.

The path labeled #5, shown in Figure 19-b, begins near the gasition as for path #1 (shown in Fig-
ure 19-a); however, the orientation is approximately 18§reles different. As the deployment also includes
policies that allow the robot to go in reverse, the robot Isagk, stops, and then moves forward to the goal.
To avoid damaging the real robot, the system was requirediteecto a stop before switching between a
forward and reverse policy. The policy switching is automatith no operator intervention.

Paths #6 and #7, shown in Figure 20, have two features thabiignate the flexibility of the approach.
First, like path #5, they demonstrate automatic forwareyree switching. In this case, the deployment does
not include policies that are expressive enough to turndivel right corner in one continuous motion. The
robot initiates a K-turn, again with the policy switchingooering automatically as dictated by the policy
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Figure 19: Experimental results of five robot runs using theppsed hybrid control framework. The exper-
imental runs use the same ordering determined by a disclatagr, only the initial conditions vary. The
projection of the individual policy domains are shown irhliggray. Runs #1 and #5 start at the same position,

but 180 degrees apart in orientation. Run #5 automaticattk® out of the narrow corridor, and then switches
to forward motion.

ordering. While this points to the need for future researchklésigning more expressive policies, it also
validates the basic approach as the combination of simgieig®with discrete planning is still capable of
generating expressive motions.

The second feature demonstrated by paths #6 and #7 is taptdmning in the discrete space of available
policies. The robot starts from slightly different initiednditions, but begins to converge to the same vector
field flow near the K-turn. Just after the K-turn during run #& two policies crossing the circular obstacle
shown in Figure 20-b are flagged as invalid. This triggersplaaning step using D* Lite that reorders the

policies, thereby inducing the robot to take “the long wayuend” via path #7. This re-planning occurred in
real time, while the hybrid control policy was executing be tobot.

6.3 Task Level Planning Simulations

To demonstrate the utility of planning in the space of cdmidicies, a multiple task scenario is simulated
using the same robot model, obstacle environment, andypdéployment described above. The scenario
is modeled on a mail delivery robot operating in an office emuinent. The robot, which begins in a given
region, is tasked with picking up a package at a designatgdireand dropping the package off at the mail-
room. The robot is also tasked with picking up two packagekemail-room, and delivering them to two
separate locations. The robot is to finish at a designatedireg
Each pickup or delivery point is associated with the goalo$et specific policy. Using the labeling of

policies in the deployment, the specification may be given as

e Startin location BT

e Pickup (visit) at either DE or FO, then deliver to GO (maibm)
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Figure 20: Paths #6 and #7 show the execution of a K-turn tavathotion around a sharp corner. The paths
diverge in response to two policies that are invalidatedndurun #7; the online re-planning is performed
using D*-Lite.

Note, policies DE and FO have goal sets in approximatelyangesposition, but the goal sets are 180
degrees apart in orientation.

Pickup GO (mail-room), then deliver (visit) CR

After CR, deliver CF

Avoid BA, BB, BH, and HI

Finish in location A

The plan must generate motion that navigates between tlens=BT and A in a way that satisfies the other
specifications. These specifications can be encoded in tatipgic by

(O (DE | FO) A O (GO) A O ((CR) A< ((CF) A S (4))))) A
O(-BAA-BBA-BH A-HI)) ,

where & denotes theeEVENTUALLYtemporal operatord denotes theaSLOBALLY temporal operator
denotes th&lOT logic operator| denotes th©Roperator, and\ denotes thé\ND logical operator [19, 20].

Given the temporal specification and the policy grédph model checking techniques are used to gen-
erate an open loop sequence of policies that satisfy thefadion? [19, 20]. Given an initial position and
orientation of the robot that lies within the domain of pglR&T, executing the policies according to the given
sequence satisfies the specification. The simulation opthisis shown in Figure 21-a. Alternately, we can
change the specification so that instead of avoiding thensgiBA, BB, BH, and HI), we visit either BB or
BH. The results of this later result is shown in Figure 21-b.

This task level planning worked well in simulation, but ltetl attempts to execute the plans on the actual
robot exposed some limitations. The attempted runs endéailire when a perturbation took the robot

2Many thanks to Hadas Kress-Gazit at UPenn for assistanaeciding the specification and executing the planner.
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outside the domain of one of the policies in the open loop sege. This can be addressed by modifying the
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Figure 21: Simulation of open loop policy sequences derixe temporal logic specifications.

policies to have a larger domain, thereby making it lesdylike escape a policy under perturbation, or by

rerunning the model checking based planner with the cuoemfiguration as the new initial condition [19].

Fundamentally, the open-loop sequences lose the robsstiesent in the partial order approach.
One reason for the system being forced through policies hmittied domains is that the current imple-

mentation of the planner does not handle the indeterminaeytal the extended prepares; therefore, edges

connecting unions of policies were removed from the gragtis Torced the system through some policies
with limited domains, making the system much more sensitiecalization disturbances.
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7 Conclusion

The results of simulations and actual robot experimentsguried in this paper demonstrate the validity of the
approach, and provide a powerful demonstration of the mtitdtexibility of planning in the space of control
policies. Policies of the type outlined in this paper enablarge class of discrete planners, including those
that can handle temporal logic specifications, to work wéthl rnon-ideal, convex-bodied systems operating
in real environments. The approach provides consistenitseand maintains the provable guarantees of
the local control policies, while enabling the flexibility teplan in real time. The sequential composition
techniques advocated in this paper are generally appidalbd wide variety of control policies — beyond
the flow-through policies described in this paper — provitterlbasic requirements that we outline are met.

One shortcoming of this set of experiments is the lack ofjrated localization, which prevented the robot
from running in an actual cluttered environment due to theedelence on dead reckoning. As the ultimate
success of the strategy depends on accurate estimatesfigfuration, future experiments will incorporate
vision-based localization that allows the system to ed@nita configuration based on the position of known
landmarks. This will allow testing the control strategyhwit fully integrated autonomous system operating
amongst physical obstacles.

Another issue that must be addressed is the time requiretstantiate the policies. Currently, the trial
and error method used to specify the policy parameter vakigso time consuming. Future work will
incorporate improvements to the deployment scheme thavdfister, more automated deployment. One
of these improvements, automated methods for testing ttlasion in the free configuration space, was
discussed in Section 3.2.2. Work remains in developingraated techniques for specifying the policy
parameter values.

A major theoretical issue with the approach is the lack of pleteness. The work on automating the de-
ployment of local policies will address the completenessady automatically deploying additional policies
on-line if the current configuration is not contained in therent deployment. That said, there are valid rea-
son for not seeking to be complete. By not trying to cover fgveok and cranny” of the free configuration
space, the number of policies is kept reasonable . Limitiegsize of the discrete planning problem enables
faster planning in the space of control policies. By allagvfor online deployment when new policies are
needed, the benefits of fast planning can be maintainedewHidressing the lack of completeness.

Our immediate research plans are to extend the results te owmnplicated configuration spaces and
system models. Specifically, the 4-variable Ackermannreteear, where the mapping (¢) # A(g).
This structural difference, which necessitates a changieeirtontrol laws, is due td (¢) depending on an
internal shape variable that specifies the steering anglditi@nally, more expressive cell definitions will be
developed that allow more aggressive maneuvers relatireetmbot capabilities.
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A Free Space Testing

This appendix presents an approach to determining the csitefset of pointd?=, occupied by a robot body
over all configurations within a cell;; that is we determine the swept volumefg) over allg € =;. This
enables testing that a given cell is contained in the freeespépositions and orientations of the robot body.
The approach presented here is complementary to the appobazpanding obstacles; here we expand the
cell.

First, identify the body configuration spaGewith 1V x IR and map the celE; to W x IR; in an abuse of
notation, let=; denote the cell iV x IR. The cell=Z; C W x IR is expanded to account for the extent of the
robot body (Figure 22-a), then the expanded cell is projetiéV to yield Rz, (Figure 22-b). It is sufficient
to show that no obstacles intersect the boundaiyf denotedRz=,, and that no obstacles are completely
contained in the interior oRRz,. The expansion and subsequent tests depend only on thebmiypshape,
the collection of obstacles, and the specific cell shape.

Loosely speaking, the expanded cell is found by calculdtisgviinkowski sum of R () and=;, denoted
R (g) ® =;. Inthis case, howeveR (g) is a 2D set inV and both=; andR (g) & =; live in W x IR. Another
complication is thatR (g) varies withg € Z;. Thus, the Minkowski sum must be calculated based on a
planar slice of the cell at a given orientatiér{Figure 23-a) and the robot body oriented at that orientatio
We extend the Minkowski sum definition as

0 0 0

whereR ({0,0,6}) represents the set of robot body points at the origin butedtayé. This extended
definition maps the 2D point into the 3D spac@V x IR. This continuous mapping is equivalent to the
standard Minkowski sum of a planar slice®f at constant orientation with the robot at the same orietiati
(see Figure 23).

IR
R(g)®E; = [yJ—i-[O IJp|g:{a:,y,9}eEiandpeR({O,O,G}) , (13)

3The Minkowski sum is in contrast to the Minkowski differeneehich is used to expand obstacles.

Y X b. 4

a) Cell expanded to represent robot body extent b) R=; - Extent of robot body in workspace

Figure 22: The cell boundary (dark inner surface) may be mdpd to account for the non-trivial robot
shape. The minimum signed distance from the boun8aty, to the closest obstacle is the closest approach
of the system to an obstacle under the control of the assacfailicy. Note, the open face of the goal set
is not shown. The goal set will be contained within the donwdianother policy, so expanding this set is
unnecessary.
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a) Cell cut at constant orientation b) Robot body at cut boundary point ¢) Boundary of extended cell for cut plane

Figure 23: The calculation of the extended surface is basedmanar Minkowski sum. a) Consider cutting
the cell at constant orientation. b) The robot body is pleaiedg the boundary of the cell for this constant
orientation. The corresponding point on the extended sarigfound by matching normals for the planar
cell boundary and the robot body. ¢) The boundary of the eldditell is calculated.

The composite seR=, is found by projecting the boundary &f (g) ¢ =; into the workspace using the
trivial projectionr,, {z,y,0} = {z,y} € W. To determine the boundary, use the convolution surface of
OR (g) andJZ;. For Minkowski sums of two setgl and B, the boundary ofA & B is a subset of the
convolution of the boundarieésd anddB [45, 46, 49]. Thatid (A © B) C 0A x B, where

OAx 0B ={a+b|acdAbe B, s.t.nsa(a) || nap (b)} (14)

with ns4 (a) the boundary normal td ata andngg (b) the boundary normal t® atb. If both sets,A and
B, are convex, thef) (A @ B) = 0A = 0B.

The convolution surface definition in (14) is extended agalss to the Minkowski extension in (13).
Given a robot configuration point on the cell boundarg 0=;, the corresponding outward pointing normal

to the cell boundaryn (g9) = [n. ny ’ne]T, is projected to thex-y plane using the trivial projection

Ty (9) = [na ny]T. Given a poinp € R ({0,0,6}), letng (p) denote the outward pointing normal to
the robot body at orientatich Then, the robot boundary poinisuch that (p) is parallel tor,,n (g) are
found (see Figure 23-b). The convolution surf@ée(g) ©0=;, which contains the boundary & (g) &=, C

W x IR, is given by

T 1 0
OR(g) * 0=; = |'y-l + |70 1-| plg={z,y,0} € Z;,p€ OR({0,0,0}) ,s.t.mzyn (g9) || nr (p)
o] o o
(15)
For realistic body representations, this will give a finitenber of possible points on the expanded surface.
For convex robot bodies, this result gives two potentiahfmithe correct choice is the robot boundary point
whose normal points in the same direction as the cell boyngarmal. Thus, given a piecewise analytic
representation of the robot body boundary and a paramefpiesentation of the cell boundary, an exact
piecewise parametric representation of the cell/robovalmion surfacedR (g) « 0Z;, can be determined.
While the convolution surface may define some points on ttezior of the expanded cell, the convolution
surface will contain the expanded cell surface.

Example A.0.1 Elliptical Robot Body.
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Consider the elliptical robot body shown in Figure 23-b. e tbody reference frame, the robot
body boundary is defined byp,, = {24, y:o} € R* | f~' (p,s) = 0}, where the functionf (p.s) =
pL Mp,.» — 1 with M defined as @ x 2 matrix that encodes the elliptical shape.

Use the extended convolution operator (15) to find the pairthe expanded cell boundary given a point
on the cell boundary. Let = {z,y,6} € 9=; C W x IR represent the configuration of the body reference
point on the cell boundary, and let the cell surface normg}) be given. Define the projected unit vector

fix (9) = =9 To determine the expanded cell, the pgint {z,, y,,0} € OR (9)*0=: C WxIR

~ Jlreun ]
that corresponds tg must be found.
In the body reference frame, the pojris given byp,, = Rot(8)” Ty (p — g) With Rot(0) the2 x 2
rotation matrix. Let, = .y (p — g), and rewrite the body function as

fp) = UZRot(G) MRJOt(Q)T vp — 1. (16)
The robot boundary normal in the workspace frame is given by
nr (p) = 2Rot(8) M Rot(6)" v, .

Sincep, and thusnr (p), is unknown, letk represent the unknowfinz (p)||. To satisfy the matching
normal requirement of the convolution surface, equatdp) /k andn.. (¢g) and solve for, as follows:

an(p) — ,ﬁ/w (g)
2Rot(f) MRot()" v, = Fkix (g)
-1
- g (Rot(8) M Rot(6)") " inr (g)
- gRot(e) M Rot(6)7 it (g) -
Substituten, into (16), and solvef (p) = 0 for
2

k=

V= (9)" Rot(6) M~ Rot(6) i1, (g)

Substitutingk into the solution fow, yields

S
Il

g+[(1] (1)} v, € OR(g)* 0%,

[00

o D e R Vs O )
o] Lo) 0 o) o (9) Rot®) M1 Rot(®)" s (9)

Thus, the poiny = {z,y, 6} on the cell boundary is mapped to the pgint {z,, y,, 8} on the convolu-
tion surface that contains the expanded cell boundary.

To verify that the set does not intersect an obstacle, thedenyo R=, is found, whereRz, = m,, (OR (g) * 0Z;).
Findingd Rz, is equivalent to the silhouette extraction problem in cotepgraphics. Fortunately, there are
several existing algorithms that may be used to determmsithouette 0B R (g) * 0=; [23].

Given a triangulated surface representation of the exghondlt, a common “brute force” approach is
to determine the set of edges that contribute to the projettbundary by examining the adjacent facet nor-
mals [23]. The resulting finite set of line segments can edswdr intersection with a obstacle boundary edge
or inclusion of an obstacle vertex inside the projectionrary. The minimum distance from a boundary
line segment to an obstacle may also be determined. The eaitypbf this approach is linear in the number
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of edges in the triangulation. While this brute force appto® silhouette extraction is not appropriate for
real-time calculations, it is easy to implement and is &lédor cell validation during policy instantiation.
The accuracy of the technique is determined by the accufabg surface triangulation; thus, more triangles
implies more accuracy. Provided the closest approach tbstade is greater than the maximum error in the
triangulation approximation, the cell is contained in theefconfiguration space.
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