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Fig. 1. Regular pattern with characteristics of collinearity and
equal-spacing.

pattern. We focus on a particular minefield pattern
described in Section 3.1. Fig. 2 shows a graph of this
regular distribution. The pattern can be characterized
by six parameters, which means that given these six
parameters we could reproduce the minefield pattern.
The key to this work is to extract the “true” pattern
parameters of the spatial distribution during the pro-
cess of the detection efficiently. The extracted pattern
information can be used to design the optimal search
strategy and provide real-time decision models for spa-
tial orientation of robots. This work also serves as a
beginning point to extend our methodology to extract
patterns that belongs to a larger families of the pat-
terns.

Fig. 2. A typical example of the regular pattern. “Circle” rep-
resents the intended mine position, which are the function
of a set of characteristic parameters. “Cross” represents the
detected mine position.

We have the following requirements to our method:
e The method should be able to deal with
uncertain information. Presenting a strategy
to determine the mine location is hard enough.
The detector error further complicates the prob-
lem. Detector produces false negative, false pos-
itive and inaccurate reading about the location
of a detected mine. Moreover, the model of the
minefield pattern is generally inaccurate. Possi-
ble reasons for deviations of the model from the
real world are deploying errors, mine explosion
and model simplification. All of these random er-
rors increase the difficulty to decode the underly-

ing pattern.

e The method should be computationally ef-
ficient. It is important that the computation can
be finished in real-time on the robot. The de-
tector information must be used continuously to
update the probability map of the mine locations.
Moreover, real time path planning based on the
updated map must be implemented onboard the
robot.

e The method should allow the integration
of sensor readings from different detectors
over time. Integration of sensor reading over
time could compensate noise and is necessary to
resolve ambiguities about the minefield pattern.

2 Literature Review

This work has roots in classical motion planning for
robots. Conventional path planning was developed to
search a collision-free path to the goal from the ini-
tial position, considering the size and the shape of the
robot[8]. This does not serve the application of lo-
cating for landmines. Coverage path planning on the
other hand specifically emphasizes the space swept out
by the robot’s sensor. Integrating the robot’s foot-
print (detector range) along the coverage path yields
an area identical to that of the target region. An ap-
proach to coverage path planning problem makes use
of the exact cellular decomposition method [2], [1]. to
divide the target region into overlapping regions called
cells such that adjacent cells share a common bound-
ary. Complete coverage is achieved by covering each
cell.

Complete coverage may be time consuming or not
possible with robots that has limited power budget.
Therefore, we consider a probabilistic planning that
has access to a probabilistic map of mine locations.
The planner can guide opportunistically the robot in
the situation that time does not permit a complete
coverage of a target environment. In [6], Gelenbe and
Cao discuss strategies for directing robots to search for
mines in a pre-selected area based on a priori spatial
distribution. The prior information about the mine-
field is represented by a probability distribution of pres-
ence of mines. Simplified Infinite Horizon Optimiza-
tion is designed to optimize the rate of finding mines.
First, a stochastic process is introduced to describe
robot positions. Then, the STHO algorithm makes de-
cisions based on optimizing the long term probability
that a robot will be directed to locations proportionally
to the probability that those locations contain mines.
The STHO algorithm computes the transition rates at
each ith step so that the long run probability after ith
step, that the robot visits a point in the search area



R matches closely the probability of finding a mine at
that point. The advantage of the SIHO algorithm is
that the decision is not only based on robot’s percep-
tion of its immediate neighborhood, but also use of
global information to match its perception of the cov-
erage of the whole field.

However, in most of situation, a probabilistic map
of mine locations is unknown . Therefore, constructing
the probabilistic map by navigating the minefield is the
first task. Modeling the characteristics of the spatial
distribution of the minefield could help us building the
probabilistic map more efficiently. In statistical litera-
tures related to the minefield detection, the character-
istics of the spatial distribution of the minefield were
modeled in both regular and scatter pattern minefields.
The models were used to classify mines from other ob-
jects including other metal or plastic objects in a noisy
image obtained from Aerial Reconnaissance, which is
another promising technology to detecting minefields
and individual mines. In Aerial Reconnaissance, an
aircraft flies over an area and images it; the images are
then analyzed to detect minefields.

Lake, Sadler and Casey [10] suggest a method to de-
tect collinearity and regularity in regular pattern mine-
field. One advantage of their approach is that it effec-
tively detects generic regularity in minefields without
explicitly taking advantage of collinearity and equal-
spacing. Therefore, the method can be used to de-
tect generic regularity without prior knowledge of the
possible patterns. A two-step procedure for detect-
ing minefields is proposed whereby collinear points are
first detected using a variant of a standard approach,
the Hough transform and the period (spacing of the
mines) then estimated using the modified Euclidean
algorithm.

A different way of detecting approximate collinear-
ity and regularity is to model the minefield as a point
process. In doing so, Walsh and Raftery [11] model
the approximate collinearity and equal space of mines
in a more explicit way in their sequential placement
model. The basic idea of their model is that mines are
laid sequentially roughly a constant distance apart in
approximately parallel. The distance between sequen-
tial mines, the mean distances between rows and the
direction of the rows are parameters to be inferred. A
Bayesian framework is used to obtain posterior prob-
abilities of each point being a mine and a Metropolis-
Hasting algorithm is designed to estimate the param-
eters. Six different types of proposal distributions are
used; Add, Delete, Swap, Grow, Kill and Jump. At
any given iteration of the Markov chain Monte Carlo
(MCMC) algorithm, one type of move is proposed. The
first five moves are designed to explore current mode

of the posterior locally. Jump move is intended to en-
able the chain to make large jumps from one posterior
mode to another. Add move is to add a randomly se-
lected point at the end of the mine row. Delete is to
delete a randomly chosen end mine. Swap is proposed
to swap a noise point for a randomly chosen end mine.
In Grow step, three mines are proposed to form a new
row. In kill step, a row with exactly 3 mines is se-
lected and changed to noise points at random. Jump
move proposes new model parameters and “grows” a
new minefield based on these parameters.

A critical difference between the above two methods
is that the method by Walsh and Raftery is based on
the framework of an explicit statistical model. This
leads directly to good estimation methods using estab-
lished statistical principles. It also suggests ways of
improving the method’s performance in different situ-
ations, by modifying the model so as to approximate
the situation considered more closely. Cressie and Law-
son [3], [4] also fitted a Bayesian model via MCMC; in
their case, it is a hierarchical point process model and it
does not specifically model approximate linearity. The
advantage of the explicit statistical model is important
in our case, so we will follow the explicit method.

3 Problem Setup

Our goal is to determine the parameters for a reg-
ular spatial distribution. We focus on the particu-
lar minefield pattern described in Section 3.1. The
pattern can be characterized by the parameter vector
A = (C1,Cs,v,0, X0, Yo0), which means that given
A we can reproduce the minefield pattern p. In the
remainder of the paper, we will use the symbol A to
represent the pattern parameter vector. The key is to
extract the unobserved underlying pattern p, so that
the probability map of the minefield can be constructed
based on the underlying pattern and the optimal search
strategy can be designed to guide the robot based on
the probability map of the mine locations.

Our strategy to solve the pattern extraction prob-
lem is to implement a full coverage of a partial mine-
field region A, as described in earlier work[1], [2]. The
observed information is a set of detected mines at po-
sitions y = (y1,...,Yk), where y; € A, i = 1,...,k.
A minefield pattern is simply a set of intended mines
at positions g = (41, ..., U, -..). The intended mines
are in some spatial relationship to each other, i.e. the
minefield pattern p can be reproduced based on the
pattern parameter vector. See Fig. 3 for a diagram of
the data collection strategy. In the main parts of this
section, we will concentrate on describing our method-
ology to solve the pattern parameter estimation prob-
lem using the information collected in the covered re-
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Fig. 3. Data collection strategy. The rectangle represents the
cover region A. “Cross” are the found mines in the cover
region.

gion.

A strong motivation to adopt a Bayesian approach
is that the Maximum Likelihood Estimate (MLE) pro-
vides only a point estimate of the parameters and
does not directly tell the uncertainty of the estima-
tion. (Methods do exist for attaching uncertainties to
MLE’s.) A Bayesian approach calculates the posterior

distribution fajy(dly) = %&2)’%(6) after observ-
ing the locations of some mines. Meanwhile, the ob-
served mines y depend on the true minefield pattern
x(9) through a known conditional probability density
fy|a(y[x(d)), which is also called likelihood function.
fy|a can be specified based on the noise model in Sec-
tion 3.2; and it is derived in Section 3.3. The posterior
distribution is often impossible to compute in closed
form, and even if it were possible, the density fa|y is
typically impossible to recognize as anything familiar.
Instead of trying to calculate the density, we will use
Markov chain Monte Carlo (MCMC) to create a sam-
ple from the posterior distribution of the parameters.

3.1 Minefield Pattern

This initial research addresses a grid pattern with
every other row shifted with respect to neighboring
rows (Fig. 4). That pattern is selected from Field Man-
ual 20-32 of the Department of the Army. Ultimately,
this work will serve as one component of a system in
which many possible patterns are considered. We use
(I,J) to index the mines on the grid. The first found
mine is indexed as (0, 0) mine. Then, (I, J) represents
the mine in the I** column and J** row with respect to
the (0,0) mine as illustrated in Fig. 4. The scale and
rotation of the pattern are described by six parameters;
see Table 1 for the their descriptions.

3.2 Noise Model

Random error in location of detected mines is in-
troduced from two main sources. First, the mine de-
tector is imperfect; the detected mine position may
be different from the real mine position. Second, er-
ror is introduced in the mine-laying process; the real
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Fig. 4. The grid pattern with one row shifted with respect to the
neighboring row.

TABLE 1
THE PARAMETERS TO DESCRIBE THE SCALE AND THE ROTATION
OF THE PATTERN.

C7 distance between two mines on the same
row.
Cy distance between two rows.

v v(C; is the shift of the odd rows with re-

spect to the even rows.

0 angle of the row direction with respect to
the robot coordinate frame (usually w.r.t.
horizon).

Location of the (0,0) intended mine with
respect to the robot coordinate frame.

(Xo0, Yoo)

laid position is different from the position in which the
mine is intended to be laid. A Gaussian white noise
model is used to model the combination of errors from
two sources. The detected mine position, (z,y), is bi-
variate normally distributed with mean (u,,u,) and
fixed variance-covariance matrix o2I(1,1). The den-
sity function is

207 1)

£ )12 1)) = 55 :

where (pz, ty) is the intended mine position, which is
the function of the index (I, J) and the pattern param-
eters A. The chance that the detected mine is located
in any region decreases as the distance between the in-
tended and detected locations increases. With 99.9%
of chance, each mine will fall within a circle centered
at the intended mine position with radius 3.2¢.
Typical mine detectors produce false negatives; the
detector can be near a mine, but not sense it. False
positives are false alarms — the detector says there is a
mine where there is none. Although false positives may
delay demining, false negatives are catastrophic. For
the sake of simplicity, the initial research assumes that
the robot does not produce false positives, but false
negatives. Gage[5] suggests a “cookie cutter” model for
false negatives, which says that the detector responds

1 E—p2)®+y—py)?



with probability pq if it comes within a fixed radius of
the mine. Therefore, the probability of detection of a
mine given that it is covered is

P(detected|mine € covered region) = pq.

Another possible reason that an intended mine is not
detected is that the mine was accidentally not deployed
or the mine exploded before the demining. Therefore,
we modeled the probability of detection and mine ab-
sence together in pg.

3.3 Likelihood Function

We assume that the detections of all of the mines
in the covered region are independent of each other
and of their intended locations p(r ). We match the
k found mines with the k intended mines and analyze
the matched (detected) intended mines and unmatched
(undetected) ones separately. All of the possible com-
binations of the matching of the k& found mines with
the intended (7, .J) mines should be considered. The
likelihood function can be expressed as following:

fy|a(yr € Al9)

k

= 2 II

inall matched
(I, J)ymine

P ((zr, yr) | r,0)

combinations

[ Pan((1.7) ¢ - (2)

unmatched
(I, J)mine

The calculation of P,, and P,, are shown in equations
(4) and (5) and will be explained.

We do not have much information about the location
of mines far away from the covered region. Therefore,
matching only intended mines within the covered re-
gion and outside but near the covered region gives a
good approximation to the likelihood function. Fur-
thermore, the summation in (2) should sum all of the
possible combinations of the matching of the k& found
mines with the intended (I,J) mines. But, in all of
these matches, the “correct” match has significantly
higher probability than the other matches. The “cor-
rect” match is defined as the match which has the high-
est probability among all of the matches. Therefore, we
can approximate the likelihood function (2) as follows:

max {HP (k> Yr |H1J))}

comb.

x I Pun(Z.0). 3)

(I, Jymine
nearA

fyia(yr € Ald) =

In the next part, we will show how to calculate the
P,, and P,, functions approximately.

o Calculation of Py,

where fy(y

. P, is the probability that the
(I,J) mine, which is supposed to be positioned
t ((r.nye, I(17)y), is detected at (zg,yx), which
is modeled by the location error distribution f in
Section 3.2. We also know that the mine is de-
tected. Therefore

P (@, yi)ir, 7))

= pa- [((@r, 2r) (172> (1T)y) (4)
_ pd 2k — 11,0)2)” + Wk — B(1,0)y)*
T 2702 P~ 202 )

e Calculation of P,,. P,, is the probability that the

(I,J) mine is not found inside the robot covered
region. Two possible reasons are (i) the mine ex-
ists inside the covered region but is not detected.
(ii) the mine is outside the covered region. There-
fore, P, can be expressed in the following way:

un((1,7)) = pa- [l — P((LJ) mine ¢ A)]

+P((1,J) mine ¢ A), (5)
where
B(=8) = [ e (~5)
. N if (I,J)e A
P((I,J) mine ¢ A) ~ a(h f_oo L op (- 2;2)
it (I,]) ¢ A

p represents the probability that a mine is not de-
tected. h is the minimum distance between an in-
tended (I, J) mine and the bound of a polygon A;
here we approximate the cover region by a convex
polygon for implementation reason.

4 Bayesian Approach Computation

A Bayesian approach calculates the posterior distri-

bution of the parameters after observing the locations
of some mines. In abstract terms, let A be the param-
eter and let y stand for the observed data. We begin
(before observing any data) with a prior distribution
for the parameter A with density fa(d) together with
a statistical model that gives the probability of observ-
ing each possible value y of Y conditional on A = ¢
as in Section 3.3. The posterior density of A after
observing y is given by Bayes’ theorem to be

1)
fay(dly) = —fYAJ(c?(}),{A( );

ffY|A Y|5)fA( )dé

Instead of trying to calculate the density, we will

instead draw a large sample of observations 61, ..., 0,
from the distribution with density fa|y. The method
for doing this, Markov chain Monte Carlo (MCMC) [7],
can be summarized briefly as follows. Pick a starting
value &g from the possible values of A and let i = 0.



Then we propose another value 67, ; and compute the
ratio

fY\A(Y|6f+1)fA(6;+1)
fyia(yld) fa(d:)

If this ratio is sufficiently large, let d;y1 = 67, ; other-
wise, let d;41 = d;. Then increment ¢ by one and re-
peat. The sequence of §; values forms a Markov chain
whose distribution eventually becomes close to the sta-
tionary distribution of the Markov chain, which is the
distribution fa|y. After i becomes very large, we start
extracting the values of our sample 41, . .. , ., from this
Markov chain.

4.1 Mode Partitioning Algorithm

It is practically impossible to apply the above gen-
eral MCMC algorithm directly. The algorithm is very
inefficient because of the specialty of the likelihood
function. First, the likelihood function has many local
maxima. Second, the likelihood function could peak
very quickly around the local maxima and the func-
tion is relatively flat when it is away from maxima.
This means the MCMC algorithm could either easily
be trapped in maxima or accept proposed parameters
with near zero probability.

A mode partitioning algorithm is developed to solve
these two problems. The goal of the mode direction
algorithm is to partition the parameter space into sub-
spaces. In each subspaces, only one local maximum
exists, and the subspace only includes the area where
the likelihood value is not too close to zero. Then, we
can direct the MCMC algorithm from one subspace to
another one. In the next part, we describe the details
of the mode partition algorithm.

Let label the first found mine as (0,0) mine. Then,
the possible (I, J) label for the second found mine, the
found mine nearest to the first mine, can be calculated
in the following way. We assume that the intended
locations of (0,0) and (I,J) mines can lie anywhere
within circles of radius r = 3.20 centered at the found
mine locations. Also, we assume that the mines could
not be closer together than some fixed distance:

C1 > Cimin Cs > Comin

The possible minimum distance n between the in-
tended locations of (0,0) and (I,J) mines for a given
v can be calculated as:
n = { \/(iclmin)2 + (jCZmin)2 Zf J is even.

V(G + v)cimin)? + (Jeamin)? if j is odd.
The valid (I, J) labels for the second mine should sat-
isfy the following equation for some v.

n <l+2r

where [ is the distance between the first and second
found mines.

Based on the intended mine location and the mini-
mum distance restriction, the boundary of the parame-
ter subspace when the second mine is labeled as a valid
(I,J) can be calculated sequentially. However, due to
space restriction, we are not going to give the details of
these calculations. We are only going to give an outline
of our approach.

e Given a valid (I, J) pair, find a bounded interval

[Wmin((I,J)), Vmaz (I, J))], of valid v values.

e Given (I,J) and v, find a bounded interval
Brmin (L, 1), ), 6z (I, J), )] of valid 6 values.
Given (I,J), v and 6, we find a region of valid
(Z(0,0)s Y(0,0)) Pairs.

Finally, given (I,J), v, 8 and (z(0,0),%(0,0)), We
calculate bounds for ¢; and ¢y separately.
4.2 Priors

The prior is decomposed as following
fa(d) = fler,e2,v,6,%00,Y00)
= P(c1)P(c2) P(v)P(6)P(x00) P (yoo)-
This decomposition is chosen mostly for simplicity. Ev-
ery probability is specified by prior intelligence.

4.3 Proposal Distribution for MCMC Algo-
rithm

For all of the parameters A, two types of proposal
distributions are used: Move and Jump. The subspaces
can be indexed by (I, J), which represent the subspace
in which the second found mine is indexed as (I,J)
mine. Let define AEI’J), (i=1,...,6) as the ‘" coordi-
nate of the parameter vector A, which is in the (I, J)
subspace. At any given iteration of the MCMC algo-
rithm, either all of the parameters AEI’J), (i=1,...,6)
are proposed to be moved within (I, J) subspace ( in-
dividually, in random order, using Move proposal dis-
tribution). Or all of the parameters jump from (I, J)
mode to (I', J') model (using Jump proposal distribu-
tion). The Move proposal is designed to explore the
current mode of the posterior locally. The Jump pro-
posal is intended to enable the chain to make large
jumps from one posterior mode to another. Which
type of moves is proposed depends on a specified prob-
ability vector pprop = (Pmoves Pjump)- The two types of
proposals will be described below.

Move Within One Subspace

The griddy Gibbs sampler for Gibbs sampler
method is modified to design the proposal distribution
of Move step. The method is proposed by Ritter and
Tanner and the idea is to evaluate the density on a grid
and use an approximate cumulative distribution func-
tion based on these grid values to generate variables
with approximately the right conditional distribution.
The problem to use this algorithm in its pure form



is that it requires quite a fine grid and thus a very
large number of posterior density evaluations to con-
trol the error in the approximation. The problem can
be solved by embedding this algorithm in a Metropolis
chain to ensure that the equilibrium distribution is ex-
actly the posterior distribution even for a coarse grid.
Our algorithm reaches high efficiency by balancing the
acception rate and the computational complexity in
every iteration. In higher-dimensional problems, the
one-dimensional algorithm can be applied to each coor-
dinate in turn, as in Gibbs sampler or along randomly
chosen directions.

Let [ALY) ALD) 16 the bound for the it* coor-
dinate of the parameter space, assuming that the val-
ues of the parameters except for the i** coordinate,
AL = (A A, AL ALY, L AR,
are all known and the parameters are associated with

the second mine as (I, J) mine. Both Az(f,;;]g, Az(,ln’g are
a function of A(fi’J); the computation is similar as we
did in section 4.1.

We propose a candidate value A

A(Ii‘]) A(Ii‘I)

imin’ —imazx

:(I’J) within the

interval | ] using a sliding lattice centered
at the current location AgI’J) of the chain.
o Define
hm =

AT AL
Py = —H——imin P
AT ATD

h — imaz
m-right — m

grid point value < A

grid point value > A
Evaluate the conditional posterior density func-
tion W(AEI’J) + jhm|A(fi’J)) on the grid AgI’J) +
jhm for —(m—1)<j<m-—1.

e Select a point AEI’J) + jh, from the grid points
according to a distribution that is proportional to
the density values W(AgI’J) + jhm|A(fz.’J)).

« Generate a candidate AM"”) following uniform
distribution with density function:

*(I,J I1,J
17 af) =

2
hm-left+hRm-right I[AEI’J) — hmé‘e“ ,AEI"’)-i- hm';ight ]

itk=0

1
e N N T ey
if k #0

Therefore, the proposal distribution is
Gmove (AL, AT AL

tion (MLE) into the proposal distribution. The local
MLE can be obtained by applying a general numeric
optimization algorithm in every restricted (I,J) sub-
space. We can get AE,IL}LJQC), the MLE in (I, J) subspace,
and p&{gﬁ), the corresponding local maximum likelihood
value. These values will be used in designing the Jump
proposal. The Jump proposal is constructed in the fol-
lowing two steps.

o We determine the (I,J) subspace to which the
MCMC algorithm will visit. The decision de-
pends on a specified probability vector Pz =
(p%h’w‘h), pida) p%ﬁf")), where n is the num-
ber of valid (I,J) pair. We specify Pysit , the
probability to visit (I;, J;) pair, to be proportional
to the local maximum likelihood value in the (1, J)
subspace.

e We propose a new parameter vector A*(:J)
within picked (I, J) subspace. The modified one-
dimension griddy Gibbs sampler algorithm, intro-
duced in Section 4.3, is applied to each coordinate
in turn to propose A*(:/). pretending ALY as
the parameters accepted in the previous iteration.
Therefore, the proposal distribution for the Jump
step is:

q]ump(A*(I’J”A%g;))
= Gmove(ALD AMID|ALD ALLD)

2maz’ " 6max
1,J 1,J 1,J I1,J
XQmove (Agma)za A;( ) |AI( ) b Aéml)z’ .

I1,J
X -+ Xmove (Agma)z;

LA

5 Results of Simulation Experiments

Our approach works well in terms of performance
and efficiency. These are illustrated with some sim-
ulation results. A set of “found” mines in a covered
region is randomly generated based on the noise model
from an intended minefield characterized by the pa-
rameters A. The mode direction algorithm guarantees
that all local maxima are explored, therefore, a global
maximum is guaranteed. Further, the mode direction
algorithm directs the MCMC algorithm quickly out of
the trap of local maxima, therefore the algorithm is
very efficient and fast. In Fig. 5, we show the sam-
ple of possible intended minefield simulated from our
MCMC algorithm based on the posterior distribution
of A. The uncertainty of the parameters depends on
the amount of information observed. When we “found”

Eﬁ:ﬁa_l) W(AEI’J) + jhmIA(f,-’J’)f(AI”’J) |A§I’J)) 11 mines instead of 4 mines by covering a larger region,

- ) 1,7 : 1,7
Eﬁl(r)ﬂflﬂ(AE "+ | A%7)
Jump Between Two Subspaces

Simulation efficiency is improved by incorporating

the information from the Maximum Likelihood Estima-

in Fig. 5[Bottom], we see that the parameter uncer-
tainty is much smaller compared to Fig. 5[Top]. The
advantage to calculating uncertainty in the estimates
using the Bayesian approach is now clear.

Because we use the maximum likelihood informa-

(1,J)

6max

*(I,J *(1,J *(I,J
AN AP AL

)



