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Abstract— This work considers the motion planning for a rod- sions [19]. Even though we are mainly interested in rod-
shaped robot in a three-dimensional space. Our approach is shaped robots as a stepping stone towards motion planning
to construct a roadmap in the configuration space of the rod of the highly-articulated robots, rod-shaped robots are in
and use it to navigate and map unknown spaces. Previously, we LT ’ . . . .
defined the rod-HGVG, which is a roadmap for a rod-shaped terestlng_ln themselves _because thelr_conflguratlon space |
robot operating in a three-dimensional space. However, the rod- Non-Euclidean. The previous work [19] introduced a roadmap
HGVG is only guaranteed to be connected if the point-GVG is for the rod operating inR3 termed therod-hierarchical
connected. This work extends the rod-HGVG into more general generalized Voronoi graplfrod-HGVG) and its incremental
environments where the point-GVG may not be connected but the construction procedure. The proof of completeness, howeve

point-HGVG is connected. For this, we define new components, 3 . .
termed the higher-order edges for the rod-HGVG and linking assumed that aR* workspace structure, the point-generalized

strategies which are based on the point-HGVG. Just as there is Voronoi graph (point-GVG), was connected. This is not a
a close relationship between the components of the point-GVG reasonable assumption since the point-GVG, in generabtis n
and the rod-HGVG, there is a close relationship between the connected inR3. In this work, we re-define the rod-HGVG
components of the point-HGVG and the higher-order edges of \ithout this assumption. We do, however, assume that the
the rod-HGVG. We provide the construction procedures for the . - . . - .
higher-order edges, which, like the components of the rod-HGVG, pOInt-hlerarChlcaI generall_zed VOYOHQI grap(pomt-HG\(G) .
can be constructed using only sensor-provided information. — an extension of the point-GVG — is connected. With this
assumption, we introduce new components of the rod-HGVG,
termed thehigher-order edgesto connect the disconnected
I. INTRODUCTION components of the rod-HGVG. We also provide the linking
This work examines sensor based planning in a noprocedures from the higher-order edges to the disconnected
Euclidean configuration space. Sensor-based planningrsliffcomponents of the rod-HGVG.
from classical planning in that full knowledge is not avhi&a One structure of interest, defined in this work, is the
to the robot prior to the planning event. Our approach hered-occluding edgewhich arises because we consider more
is complete, in that there are provable guarantees whichstacles than the closest ones. Unlike the other comp®nent
ensure the robot has indeed explored the space. This diffefghe rod-HGVG, the rod-occluding edges are defined using
from heuristic methods [14] which do not have guarantedise discontinuity of a function, and they cannot be consgdic
and the probabilistic methods [18], [25] which tradeoffl fulusing a root tracing technique used in [8]. We present a new
completeness for computational efficiency. tracing method for the rod-occluding edges using only senso
In all of these areas, three motion planning techniquesovided information.
dominate the field: potential functions, roadmaps, andizell  The organization of this paper is as follows. In Section &, w
decompositions. Potential function methods [2], [11], 5 discuss some of the planning methods based on the gendralize
[17] find a path by tracing a vector field defined on the spac¥pronoi diagram; in particular we discuss the point-HGVG
but often have problems with local minima. Roadmaps [54nd the rod-HGVG ifR? in some detail since this work uses
[7] are one-dimensional structures that a robot can useato pthese roadmaps. In Section lll, we define the higher-order
paths between start and goal many times. Since roadmapd-HGVG edges, and discuss the tracing methods for them.
possesses the properties of accessibility, connectivitgt aFinally, Section IV summarizes this work and discusses some
departibilit, simply constructing the roadmap using sensof the remaining issues.
data is a kin to exploration because once the roadmap is
constructed, the planner can use it for future excursiotes in I
the environment. Cellular decomposition methods [4], [22
decompose the free space into simple cells and then repredenCVD-related work
the relation between cells using an adjacency graph which isThis work belongs in the family of planning methods that
used to find a path between the cells. use the generalized Voronoi diagram (point-GVD) [1] asrthei
In this work, we extend the authors’ previous work otpasis. The point-GVD is defined using the Euclidean distance
sensor-based planning for rod-shaped robots in three dimea., the distance between the pointand the obstacl€’; is
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defined as

di(x) = min |z — cf| @

Then the point-GVD is defined as the union of point-tw
equidistant faceg;;, which is the set of points equidistan
to obstacles”; andCj, i.e., F;; = {x € R" : 0 < d;(z) =
d;j(x) < dpVk #1i,7}.
In the plane, the point-GVD forms a one-dimensional set (a) (b)
and C)’DUnIaing and Yap [23] first applied the point-GVD to
path planning for a disk-shaped robot — which can be model€g. 1: The point-HGVG or the hierarchical generalized Voronoi
as a point — operating in the plane. diagram, which consists c_Jf tge GVG edges and higher-order
The generalized Voronoi graph (point-GVG) is a gener- GVG edges. The GVG irk" does not form a roadmap
. . . . as shown in (a). Using the higher-order GVG edges, dis-
alization of the point-GVD and is defined as the set of connected components of GVG can be connected, and thus
points equidistant tox obstacles inR™. Especially, inR3, forming a roadmap (b).
the point-GVG is the union of point-GVG edgé$;;;, which
is the intersection of three point-two-equidistant fadgs,
Fy, and Fj,. The point-GVG edges intersect at the pointhierarchical Voronoi graph (point-HGVG). As noted above, t
GVG meetpointsF;;;, which are, by definition, the four-way point-GVG is, in general, not connectedi. To connect the
equidistant points. The point-GVG does not form a connectpdint-GVG, we introduce new structures, termed khgher-
set inR? in general (Fig. 1 (a)), and therefore cannot be usedder edges(Fig. 1 (b)). We consider an individual point-
as a roadmap by itself. two-equidistant face;;, and define new structures on it to
The point-GVG has been used for motion planning for theonnect the point-GVG edges which are actually the boundary
robots with general shape in two- or three-dimensional spacomponents of;;.
[6], [12], [14], [20], [21]. Recently there have been hybrid Here we need to consider the obstacles other than the closest
approaches [13], [24], [25] that use a randomized plannenes. For a point in F;;, the obstacleg’; andC; are called
along with the point-GVD. These methods, in general, are nibte first closest obstacles and the obstacle which has a distance
provably complete and require full knowledge of the spaaemaller than other obstacles exce&pt and C; is called the
before the planning. secondclosest obstacle. Since we consider the second closest
Choset et. al. [10] developed the planar rod-HGVG whicbbstacle as well as the first closest one, we need to pay more
is a roadmap for a rod-shaped robot operating in the plamareful attention to the definition of the distance functibaet
The rod-HGVG is defined using the workspace distance. Thgx) be the closest point ofi; from the pointz, i.e.,c;(z) =
distance between the configuratignand the obstacl€’; is argmin .. ||z —c||. Note that, if there are multiple obstacles,

defined as the pointc;(z) may not be “visible” from the point:. That

Di(¢)= min |r—¢|, (2) s, the line segment connecting the poiatsand ¢;(z) may
re€R(g),c€C: not lie completely in the free space. In this case, we define
where R(q) is the workspace volume of the rod at thdhe distance between the pointand C; to be infinity. This
configurationg. discussion leads us to use tielistance functiod? (=), which
The rod-HGVG in the plane consists of the rod-GVG edgds defined as
and the one-tangent edges. The rod-GVG edges are the sets of mineee, |z — ¢l if s(z,ci(x)) € FS
three-way equidistant configurations and are one-dimeasio % (x) = { 00 otherwise (3

sets. The rod-GVG edges implicitly define the cellular decom ) ] ]
position of the configuration space, such that a rod-GVG ed§#iereF's is the free space and.r, ¢;(z)) is the line segment
is a retract of a cell. Since in general there cannot be a of@Nnecting the points andc;(z). L
dimensional retract of the space with dimension greaten tha There are three kinds of the higher-order edge®in ()
two [3], the union of the rod-GVG edges is not connecteg&cond-order point-GVG edges, (i) occluding edges, aiyd (i
To connect the rod-GVG edges, they use the point-Gvdoating boundary edges. Theecond-order point-GVG edge
resulting in the one-tangent edges, which is defined as the|r;, IS the set of point orF;; that contains all of the points
set configurations which are doubly equidistant and tangentéquidistant toCj. and C;. The intersection of two second-
the point-GVG edges. order ro_d—GVG edges is termed the second-order _pomt-GVG
The one-tangent edges and the rod-GVG edges roughigetpoint, denoted by, . The second-order point-GVG
correspond to the point-GVG edges and the point-GVG me&@dges are used to find a disconnected point-GVG cycle, i.e.,
points in the plane. Actually, the connectivity of the rod@ PoINt-GVG edge which is homeomorphic £ and is not

HGVG can be shown using this correspondence. connected to any other point-GVG edges.
The occluding edgearises because of the use of the

] ) distance function. An occluding edd&;|r,, is defined as the
B. Point-HGVG and Rod-HGVG iR? set of the points oi;; where the distance to the second closest
1) Point-HGVG: Choset et. al. [8], [9] extended the point-obstacles”;, and C; changes discontinuously.
GVG into the three-dimensional space, resulting in the fpoin Thefloating boundaryedge is the set of points dfi;, where
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. Rod-GVG edges

Cr

Fig. 2: The closest point on the obstaalg from the pointb is the
point ¢;. However, if the line segment connectingand c;
intersects the first closest obstaclg, the distance to the One-tangent Two-tangent
obstacleC; defined to be infinity for thé/-distance function edges edges
As the robot moves from the pointtowards the poinb, the
second closest obstacle changes frGmto C}, at the point
p, and the distance to the second closest obstacle chan
discontinuously.

F(i% 3: The rod-HGVG in a rectangular box environment with a

g block in the middle. The rod-HGVG consists of three com-
ponents : the rod-GVG edges, the two-tangent edges, and the
one-tangent edges.

distance gradients to the two closest obstacles become - . . .
same, i.e.Vd;(z) = Vd;(z). The floating boundary edge iséla(aldIStant configurations, i.e.,
required for completeness, but the simulation results ftioen CFijkim = CFijri N CFiym N CFlgim,

various environments seem to |nd|cate_that the point-HGVG ACFjkm N CFjim, (5)
forms a connected set without the floating boundary edges.

Essentially, we are forming a cellular decompositionfop may not exist at all, and exist only if the rod is_, Iong_. Then, as
(the cells are termed theecond-order generalized Voronoiln the planar rod-HGVG, one can see the relationships betwee
regiony and the higher-order edges are the boundary of tHe Point-GVG edge and the one-tangent edge (or rod-GVG
cells. Unfortunately, in addition to these components, ttR¢lge) and between the point-GVG meetpoint and the four-way
point-HGVG also requires some linking strategies sincegheequidistant face.
additional components do not guarantee that the point-HGVGOUr retract is the four-way equidistant face, which is two-
is connected. Instead, these structures give clues abeut dfnensional, and therefore, we have not defined a roadmap
“directions” to which the planner looks for the disconnecteyet. To define a one-dimensional structure, we define another
components of the point-HGVG components. A more detailég!lular decomposition on the four-way equidistant faces,
discussion on this subject can be found in [9]. resulting in thetwo-tangent edgesTwo-tangent edges are

2) Rod-HGVG inR?: The rod operating irR? has five defined as the set of four-way equidistant configurations tha
degrees-of-freedom, i.e., three translational and twatimtal a'€ als0 tangent to the point-two-equidistant fagg i.e.,
degrges-of-}‘reeo!om, apd hence its cpnfiguration spaceds-an Rijm = {q € CFym + (PQ(q), (ci(q) —¢;(q))) = 0}. (6)
Euclidean five-dimensional space diffeomorphidii® x S2. _

Just like the planar rod-HGVG, In defining the rod-HGV@t can be shown that the union of the two-tangent edges
in R3, we form a decomposition of the free space anidogether with the rod-GVG edges if they exist) form a con-
define a retract, and connect them usime-tangent edges nected set on afour-wgy eqU|d|sta}nt face. From this, ibVed
The one-tangent edge is defined as the three-way equidistidi the rod-HGVG — i.e., the union of the rod-GVG edges,
configurations tangent to the point-GVG edgeRA, which the one-tangent edges and the two-tangent edges — forms a

can be represented also as connected set (Fig. 3). As in the planar rod-HGVG, in proving
the connectivity of the rod-HGVG, we use the connectivity of
Rijr = {q€CFyk: (PQ(q),ci(q) —¢i(q)) =0 the point-GyG, Whi(?h implies_ that the rod-HGVG may not be
and (PQ(q), ci(q) — cx(q)) = 0}, 4) connected if the point-GVG is not connected.
whereC'Fy;;, denotes the three-way equidistant configurations, I1l. M AIN CONTRIBUTION: SECOND-ORDER
PQ(q) a line segment parallel to the rod at the configuration COMPONENTS OF THEROD-HGVG - CONNECTING THE
¢, and ¢;(¢) the closest point or®; to the rod. The closest ROD-HGVG USING THEPOINT-HGVG

point on the rod taC; is denoted by-;(¢). However, here, the In this section, we define new components of the rod-
retract is the four-way equidistant-fac€&; ., i.e., the set HGVG, termedthe higher-order edgesto connect the dis-
of four-way equidistant configurations, rather than theafet connected components of the rod-HGVG and discuss the
five-way equidistant configurations, even though the rod hasnstruction methods for them. These new structures ieclud
five degrees-of-freedom. (i) second-order one-tangent edges, (ii) second-ordeG\¢G

The rod-GVG edgeswhich are the sets of the five-wayedges and (iii) rod-occluding edges.
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Since the rod-HGVG is defined using the point-GVG, it i€ssentially, the second-order one-tangent edge traces the
natural to use the point-HGVG to define the components sécond-order point-GVG edgey|r,;. Since Fy,|r,; is the
the rod-HGVG. Just like the higher-order components of thietersection ofF;; and S5S.;t, and the rod must be tangent
point-HGVG are defined on a two-way equidistant-fa6g, to both of these planes to be an element Ryf|rc,,, it
the higher-order components of the rod-HGVG are definddllows that;(q) = r;(¢) = r:(q) = 71(g) for all of the
on a two-way equidistant structure. This two-way equidittarod configurations iny;|rc;; -
structure, denoted bjC;;, is defined as The boundary components, i.e., the endpoints, of the
second-order one-tangent edge are either: (i) a boundary
RCi; ={q € CFyj : {ci(a) = ¢j(q), PQ(q)) =0} (V) configuration (i.e., the distance to the closest obstackes b

The RC;; is three-dimensional, as shown in [19]. Essentiallomes zero), (i) a four-way equidistant configuration,,i.e
RC;; is the set of two-way equidistant configurations that aR configuration onC'Fy;p,, or (iii) three-way equidistant to
also tangent to the point-two-equidistant faEg. Note that the second closest obstacles,. i.e., a configurajiomhere

a two-tangent edgeR,; ., can be defined as the subset oPi(q) = D;(q) < Di(q) = Di(g) = Dm(q) for an obstacle
RCj;, ie., Rij/u is the set of the configurations iRC;;, C,, (we call this configuration thesecond-order connect-
which are also four-way equidistant. Also, a one-tangegeedconfiguratior), or (iv) a configuration on an occluding edge.
R, can be viewed as the intersection B;; and RCy. When the rod reaches a boundary configuration, it simply
This gives a motivation to define the higher-order rod-HGV@&tops tracing the edge, and returns to the previous node with
structures onRC;;, since we want the higher-order rod-explored edges associated with it. When the rod reaches a
HGVG structures to connect the disconnected componentsf@fr-way equidistant configuration, the rod is actually at a
the rod-HGVG. Just like the second-order point-GVG edgé&@nfiguration in a two-tangent edg®;;,.;, since the rod is
result in a planar GVD-like structure defined on the twoat @ configuration inC;;. Moreover, sincery(q) = 7i(q)
dimensional point-two-equidistant fadg ;, the second-order at ¢, this is a configuration orR;;;; as welf. If the rod
edges of the rod-HGVG result in a planar rod-HGVG likéeaches a configuration at which it is three-way equidist@ant
structure defined on the three-dimensiord’;;. The rod- the second closest obstacles, as well as doubly equidistant
occluding edges are also defined &C;;, and allow the the first closest obstacles, then it is on a second-order rod-
planner to find the disconnected component of the rod-HGV@&VG edge, which is defined in the next section. The case of
which is not “visible” from the current configuration. the occluding edge is discussed in more detail below.

Before we define the new components of the rod-HGVG, Fig. 4 shows an example of the second-order one-tangent
we briefly mention that if there is a point-GVG cycle, ther€dges in a rectangular enclosure with a box inside. Just like
also can be a one-tangent edge cycle, i.e., a one-tangeat g one-tangent edges of the planar rod-HGVG does not form
that is homeomorphic t6" and disconnected from any other@ connected set by themselves, the union of the second-order
components of the rod-HGVG. Then, from the continuity oPne-tangent edges does not form a connected set, even on a
the distance function, the one-tangent edge cycle has an esigle RC;;.
number of local maxima and local minima of the distance
along it. This is a different situation from [19], where a eneg  gecond-order Rod-GVG Edges

tangent edge can have at most one local minimum of the )
distance on it and no local maxima. At the local minima of 1he seécond-order rod-GVG edge is analogous to second-

the distance the rod can slide forwards along the lengtheof tArder Point-GVG meetpoint, or to the rod-GVG edge for the
@lanar rod-HGVG. Just like the rod-GVG edges connect the

rod at the contact point between the rod and the point-GVG; .
as described in [19]. At the local maxima, the rod also slig&hdpoints of the one-tangent edges for the planar rod-HGVG,

along the length of the rod, but here, it moves backwards urihe second-order rod-GVG edges connect the endpoints of the
the contact point changes from the one endpoint to the othefcond-order one-tangent edges B867;. The second-order
and then tracks the point-GVG. rod-GVG edge is defined as

CFrim|re,,={q € RCi; : (i)Di(q) = Di(q) = Dm(q),
A. Second-order One-tangent Edges (ii)VDx(q) # VDi(q), VDi(q) # VD, (q),

The second-order one-tangent edgiss analogous to the VDi(q) # VD,(q)}. 9)
second-order point-GVG edge, or, as its name suggests, anal
ogous to the one-tangent edge of the planar rod-HGVG. Thfghe rod were smallC’Fl.;y, | rc,, would be homeomorphic to
structure is not necessarily connected to the disconnectéd and there would be three second-order one-tangent edges
components of the rod-HGVG, but provides a “bridge” frongManating from it. If the rod were long; Fyim | rc,, would be
which a link can be made to the disconnected componentsh@meomorphic to the union of the closed interval&otn this
the rod-HGVG. case, the boundary componentstfy;,, | rc,; are either: (i) a

The second-order one-tangent edges are defined as follogf¥¥figuration on a rod-GVG edger;xim, (ii) a configuration
on an occluding edge, or (iii) a configuration that has theesam
Rulre,;, = {a€ RCi;: (1)Dr(q) = Di(q),

1 3
VD vD 58k ={p € R?: 0 < d(p) = di(p), Vdi(p) # Vdi(p)}
( ) k(q) 7& Z(Q)’ 2Note that this does not mean this configuration is on a oneetangdge,

(iii){cx(q) — c1(q), PQ(q)) = 0}. (8) since there is no guarantee tHat — ¢;, PQ(g)) = 0 at q.
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a second-order
rod-GVG edge

a one-tangent
edge cycle

Links

Fig. 4: The rod-HGVG with the second-order edges without the
links. Note that there is a point-GVG edge (not shown%_ ) ) ) )
associated with the small box, the ceiling and the flook;id. 5: The rod-HGVG in the same environment as Fig. 4, but with
and hence the one-tangent edge associated with the same the links. Using the links, the planner can access and trace
set of obstacles. Without linking, just like the point GVG- the inner one-tangent edge cycle. There are links from each
cycle is disconnected from the other components of the point- of the configurations where a second-order one-tangent edge
HGVG the one-tangent edge associated with the small box ~ and a second-order rod-GVG edge intersect each other.
is disconnected from the rod-HGVG, even after the second-
order edges are constructed.

the one-tangent edge cycle can be linked from the second-
distance to the four second closest obstacles (we termtthis erder rod-GVG edge since the second-order rod-GVG edge is
second-order rod-GVG meet-configuratjon analogous to the second-order point-GVG meetpoint. Hare, a
In Fig. 4, we can see that the second-order rod-GVG eddBsthe point-HGVG, we will try to connect to a one-tangent
connect the second-order one-tangent edges that lie on @dge cycle from every second-order rod-GVG edge. Again,
point-two-way equidistant face defined by the top and bottomis will create some redundant links, while the time to skar

walls. cycles is saved.
Since the second-order rod-GVG edge is a one-dimensional
C. Connecting to a One-tangent Edge Cycle structure rather than a zero-dimensional structure, we e

Like the second-order point-GVG edges, the second-orcﬁ?roose specific conﬁguratlons_ at which the connegtlng bro
cedure starts. The natural choice would be the configumation
one-tangent edges and the second-order rod-GVG edges do
where a second-order rod-GVG edge and a second-order one-

not actually connect two c_hsconnected components of thg rqangent edge intersect each other, since they are the nédes o
HGVG. Rather, from their structures, the planner can |nf?rr1(? r0d-HGVG

that there is a disconnected component of the rod-HGVG an
make a connection to it. Here we describe how to make thisThe linking is achieved in two steps. From a configuration
connection. q € CFum|rc;; N Rulre,,;, the rod performs a gradient
For the point-HGVG, the existence of a set of the secong@lescent taC, while staying onkC';, until it becomes three-
order point-GVG edges whose union is homeomorphic ¥y equidistant toC;, C; and Cy. The rod is guaranteed
S, indicates that there could be a disconnected point-G\i@ terminate on a three-way equidistant configuration from
cycle, i.e., a point-GVG edge that is homeomorphisitoand the continuity of the distance function. Let this three-way
disconnected from any other components of the point-Gv&duidistant configuration be denoted py From ¢ the rod
[9]. The planner accesses a disconnected point-GVG cy@gns itself to the point-GVG edge defined By, C; and Cy,
using a gradient ascent restrictedfg from the second-point Py following the solution of the curve
GVG meetpoints. In practice, it is computationally expeesi
to find a cycle in the point-GVG graph. Instead, the planner
attempts to link to a point-GVG cycle at every second-order
point-GVG meetpoints. This means that some redundant links
are formed in the graph, while the time to search cycles wgherer is a projection operator andq) is defined as/(q) =
saved. (7p,, (—Vdy (ri(g))),0). In a sense, we move the contact
Now, note that if there is a point-GVG cycle, there capoint between the rod anff;; towards the point-GVG edge
also be a one-tangent edge cycle, i.e., a one-tangent edgg while keeping the rod o€ F;;, N RC;;. Figs. 5 and 6
that is homeomorphic t6* and disconnected from any othershow the same environment as in Fig. 4, but with the links to
components of the rod-HGVG. Just like the point-GVG cyclthe inner one-tangent edge cycle constructed. Also note tha
can be linked from the second-order point-GVG meetpoirthere are some redundant links.

é(t) = mcr,nre;;v(c(t))
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One-tangent

By tracing, we mean that a rod-occluding ed8®};|rc;; is
defined such that the equation

One-tangent edge
Vi

F; = UqERVkl ‘Rci] Ti (q) (10)

Second-order is satisfied, wheréd/,|r,. is a point-occluding edge. This im-
one-tangent edge plies that for any point in Vy;|,,, there is a rod configuration
q in RVi|cr,; such thatr;(q) = r;(q) = =. Now, assume
that a second-order point-GVG edde;|r,, intersects the

I(;Ir?ek_?;r?gzm edge Point-occluding edgé/.|r,, at a pointz’. Then, if Eq. 10
cycle is satisfied, there is a configuratiofi € RVi|rc,,, such
that 7;(¢') = 7;(¢') = Vulr,, N Fij|Fr,,. The configuration
¢’ is not necessarily an element of the second-order one-
/ tangent edgdix | rc,; Sinceq’ may not be equidistant to’,
écond-order and C;. However, fromq’, we could reach a configuration
rod-GVG edge on RVy|rc,, by sliding and rotating the rod around the

Redundant links point =’ = Viu|r,, N Fij|F,,, which is not difficult since the

Fig. 6: This figure is the part of the rod-HGVG in the environmen{Od IS _already 'r_] the _tangent space [f (because_ the rod-
shown in Fig. 5 to illustrate, in more detail, the links fromoccluding edge is defined aRC;;) and from the point;(q),
the second-order connecting configurations to the inner orifte tangent direction of;;|r, can be readily computed.
tangent edge cycle. Note also that there are redundant lir&#milar statements can be made about the point-GVG edge
to the one-tangent edges which do not form a cycle. intersecting the point-occluding edge and the one-tangent
edge associated with it. This means that if a point-HGVG
component is connected to the point-occluding edge, the rod
D. Rod-Occluding Edges HGVG structure associated with that point-HGVG component
gan also be easily detected and reached flovy; | rc,, .
With this in mind, we define the rod-occluding edge as
lows:

The point-occluding edge for the point-HGVG is the set
points on F;; where there is a discontinuity in the distanc?OI
to the second closest obstacle. The motivation for acagssin
and tracing the point-occluding edge is to look for the point RVilre,, = {q€ RCij :7i(q) € Viu|r, and
HQVG components that are not visible from the “c.urr'ept” R(q) normal to Viu|r, } (11)
point-HGVG component. It is assumed that these invisible v
point-HGVG components are connected to the point-occtudiThe second condition, i.e., the condition thafg) is normal
edge, and thus by tracing the point-occluding edge, thenglanto the point-occluding edge, is in some sense arbitrarytlaad
can access and start tracing the disconnected point-HGY6sl-occluding edge can be defined in different ways as long
components. Recall that the components of the point-HGV43 it satisfies Eq. 10. We use this definition because, from the
are the boundary components of the second-order Voromirnulation results of the point-HGVG in various workspades
regions, which is defined on an individudl;;, and thus if is observed that, quite often, but not always, the point-{8GV
the point-occluding edge is not an isolated component of tbemponents intersect the point-occluding edge at an arfgle o
point-HGVG, it must intersect some other components of the/2. Thus this definition of the rod-occluding edge could make
point-HGVG. it easier to connect the rod-occluding edge and the rod-HGVG

We could define the rod-occluding edge as the set of catemponents that intersect the rod-occluding edge.
figurations where the distance to the second closest obstaclThe rod-occluding edge can be accessed from a config-
changes discontinuously, which is analogous to the definitiuration in the one-tangent edge through a gradient descent
of the point-occluding edge. This, in turn, would imply ttia¢ restricted toRC;;. The planner starts the linking procedure on
rod-occluding edge is a boundary component of the seconble configuration in the one-tangent edge where the distance
order generalized Voronoi region (which could be define the closest obstacles attains a local minima. The planner
on the rod-two-way equidistant fac€'F;;, i.e., the set of terminates tracing the rod-occluding edge when (i) a rod-
double equidistant configurations) in the configurationcepa occluding edge cycle is detected, (ii) the rod-occludingesd
However, it should be noted that the other components of timersects another rod-occluding edge. Recall that foptiet-
rod-HGVG are not necessarily the boundary components l8GVG, it was not possible to determine the tangent direction
the Voronoi region or any higher-order Voronoi region, whicof the point-occluding edge precisely, and the planner @ fa
could be defined recursively on the boundary of the Vorontiaces the point-occluding edge in a zigzag manner. We can
region. Thus, there is no guarantee that the rod-occludiagsume that a similar kind of phenomenon would happen in
edge defined as the boundary component of the second-ottthercase of rod-occluding edges defined using the rod-distan
generalized Voronoi region intersects any other companeint function. Then, it would not be easy to determine when the
the rod-HGVG. rod should terminate tracing an occluding edge cycle, szxau

Instead, we define the rod-occluding edge in such a wiyis not generally possible to align the rod precisely altimg
that the rod “traces” or “tracks” the point-occluding edgepoint-occluding edge. However, with this definition, thedro
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become sufficiently close to the poinf(gs) of the starting

can terminate tracing the occluding-edge when the poia) a9 .q"
configurationg,, even if there is some error in the orientation. 07 ﬂy

= e Vi

E. Tracing the Rod-occluding Edge ﬁA -

The second-order one-tangent edges and the second-order Q w -
rod-GVG edges can be constructed exactly the same way as the / -
rod-HGVG edges are constructed, described in [19]. However T
we cannot construct the rod-occluding edge using the same e
technique, since the rod-occluding edge is defined using the " qTq/ q"
discontinuity of a function.

Recall that even for the point-HGVG, it is not possibleig. 7: First correction step: After making a prediction step by

to trace the point-occluding edge precisely since the @ann translating byst (from ¢ to ¢'), the rod is in general not
cannot determine the precise tangent direction of the digu normal either to the occluding edge nor the occluding face
dge. Likewise, we cannot expect the planner to trace the Vi Left: The curved occluding edge: &t is small so that
edge. . ' X _p P the occluding edge can be approximated by a circle, we have
rod-occluding edge precisely either. Therefore we preaent 0 = tan~'(5t/dor). Right: The initial angle between the rod
approximate method to trace the rod-occluding edges. and the occluding is not/2. The correcting) is computed
First we make some observations. We define pmént- by 0 = tan™'(6t/dox:), wheredoy, is the change of they,
occluding faceV;,; as the set of points in the free workspace, on the rod. Note that we have the same equation for both

cases, and can make a correction by rotating the rod,by

where the distance to the second closest obstacle changes resulting in the configuration’”.

discontinuously. Then the point-occluding edgg|r,; can be

defined as the intersection &}, and F;;. Here, we assume

that given a rod configuratiop (not necessarily on a rod- ) L
occluding edge), ifR(¢) intersectsVi;, we can find the point The first step can be done as follows. Assume that initially,
of the intersection, denoteg; (¢). We also assume that we carf"® angle betweer(q) and Vii|r,, was /2 + 6. Then as
find the pointey (0:(q)), i.€., the closest point on the obstacl€OWn in Fig. 7, unlesg = 0, the pointoy(q) changes
Cy from the pointog(q). Since we assume that we have s Iocatlon. on the rod, and W(le can approxmately compute
series of the range-sensors along the length of the rodlit W€ correcting term ag = tan™(dt/doy,), wheredt is the

not be difficult in practice to find the point where the disendfanslational step size ari, is the change iy, (¢) on the
to the second-closest obstacle changes discontinuousiyn, T "0d- Then by rotating the rold by aroundoz(¢) on the plane
by definition of the point-occluding face, the line passin%‘;g;ne‘;j byPQ(q) and PQ(¢’), we can bring the rod on the

throughog;(q) andci(oxi(¢)), denoted byl*! (q), is tangent

occ

occ q .

to the boundary of the obstaclg; (assuming, without loss Let ¢ denote the configuration after the first correction. In
(] 1 . .

of generality, C; occludesCy), and also lies onV. This generalg” will not be an element of the rod-occluding edge

means that there is a pla@i&’, (¢) tangent toV;; alongi*. _(q). yet and we need a second correcting step that brings the rod

Finally, if we consider the plan&’’ (q) thatintersectg“ffc(q) onto RC;;. For this, the rod performs a gradient descent of

at ¥ and is normal tor’*. (¢), it is not difficult to see that the function{D; — gﬂ" (PQ.ci —c;)}(q), while keeping the
NE(q) is also normal to, and more specificallyNX. (q) "od on the planeVi(g), which can be computed using the

£y 0 N*. (g). This vectorsPQ(q) andc;(q) — ori(q) (Fig. 8).

is normal toVy,|r,, at the pointp = V}, s S N4 :
means that a configuratiart such thatR(¢’) C N*. (¢), can Thls_ is the description of the tracmg method§ for the rod-
A occluding edge. Note that for the first correction step, we

easily access the rod-occluding edge by slidinggi..(q). i s A
Now we describe a tracing method for the rod-occludingSSUme that after taking a prediction step, the rod stidrint

edge, which consists of two steps : (i) a prediction step ar§Ccts the point-occluding face. But, since the point-atioly
(i) a correcting step. edge and the point-occluding face can have sharp cornéss, it

The prediction step from a rod configuration on the POSSible that the rod may not intersect the point-occlutiog
occluding edgeRVii|res,, is a translation of the rod on after the pl'edICtI.OI’I step. Also, if |n|t|_ally thg rod is taeTy to.
T, Fi; (i-e., the plane tangent tB;; atr;(q)), in a direction the po!nt-occludmg edge, the r.ooll will not intersect thenpoi
normal to the vectorPQ(q). After the prediction step, the pccludlng face after the preqll'cnon step. Our current work
rod would not be on the rod-occluding edge in general. Motavolves development of additional methods to solve these
specifically, the rod might not be oRC;;, and even if it is Problems.
on RCjj, it might not be normal to the point-occluding edge.

Let ¢’ be the configuration after the prediction step. The IV.- CONCLUSION
correction step works in two steps. First it brings the rotbon This work considered sensor-based planning of a rod-shaped
NEL (¢, i.e., after the first correcting steR(q’) C N*!.(¢’). robot in a three-dimensional space. This work introduced th
Then while keeping the rod oN*(¢), the second correction higher-order edges for the rod-HGVG, so that the rod-HGVG
step brings the rod back on a configurationd’;;, which is connected in more general environments. These structure
according to the discussion above, is an elemetdf;|rc,; cludes the second-order rod-GVG edge, the second-order one
also. tangent edge and the rod-occluding edge. These components
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(3]
(4]

(5]
(6]

(71
Fig. 8: Second correction step - correcting onR(;;: From the
configurationg”, the rod corrects tg”’ which is in RC;; (8l
by gradient descent. During this correction, the rod maintains
tangency to the plan&*!.(¢"). ]

Nkl /(q//)

occ

[10]
are, like the rod-HGVG, defined using the workspace distance
and based on the point-HGVG, a structure in the workspagei]
More specifically, just as there is a close relationship ketw
the components of the point-GVG and the rod-HGVG, there
is a close relationship between the components of the poing
HGVG and the higher-order rod-HGVG edges. This rela-
tionship essentially guarantees that the rod-HGVG togethe
with the higher-order rod-HGVG edges is connected if the3]
point-HGVG is connected. Since the point-HGVG represents
the connectivity of the workspace, the rod-HGVG togeth 14
with the higher-order edges, in some sense, let us infer the
connectivity of the configuration space using the connigtiv
of the workspace. [

However, the rod-HGVG may not be connected even witié]

the higher-order edges in a connected configuration space.

As discussed in [9], the linking strategy used for the poin;7]
HGVG does not actually guarantee that all of the disconmiecte
components of the point-GVG are connected. Actually
example can be constructed where the point-HGVG is not con-
nected. To completely connect all the point-GVG components
would require an exhaustive search on some of the two-w g]
equidistant faces. Since the higher-order rod-HGVG edges
defined using the point-HGVG, the rod-HGVG inherits this
problem. [20]

Also, the tracing method for the rod-occluding edge is
approximate. However, the advantage of this method is t
we useminimal information to trace the rod-occluding edge.
To trace the rod-occluding edge, we used only the point on tjze]
rod where the distance to the second-closest obstacle ehang
discontinuously. In reality, we could be provided with more
information since we assume that there is a series of rarjgg
sensors along the length of the rod, and using them, we C[%ﬂ
find more precisely the tangent direction of the point-odirig
edge, and thus making tracing procedure for the rod-oaogudi
edge more precise. The next goal of this research is to develé’]
a method that can trace the rod-occluding edge more prgcisel
using more information which is already available from the
current sensor model.

2
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