MINIMIZING DFAs
THURSDAY SEP 8

IS THIS MINIMAL?

THEOREM

For every regular language L, there exists
a unique (up to re-labeling of the states)
minimal DFA M such that L = L(M)

NOT TRUE FOR NFAs
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EXTENDING 5

Given DFA M = (Q, Z, &, q,, F) extend 3
to §: Q xX* — Qas follows:

8a.9)=q
80, 0) =84, 0)
S(Q, Wi Wy ) = &( S(Q, Wi W), Wi )

A string w O Z* distinguishes states q, from g,
if

&a, w)OF = &a,w)OF

Fix M=(Q, Z, 8,9, F)and letp,q,r0Q
Definition:
p ~ q iff p is indistinguishable from q
p + q iff p is distinguishable from g
Proposition: ~ is an equivalence relation
p ~ p (reflexive)
p~qg = q-~p(symmetric)
p~qg and g~r = p ~r (transitive)

Fix M=(Q, £, 8,4, F) and let p, g, r 0Q

Proposition: ~ is an equivalence relation
so ~ partitions the set of states of M into
disjoint equivalence classes




Algorithm MINIMIZE

Input: DFA M
_>O -0 Output: DFA M,, such that:
L M = My
1111 1 Otlo Mmiy has no inaccessible states
Munis irreducible
O T’ states of My, are”pairwise distinguishable

Theorem: My, is the unique minimum

TABLE-FILLING ALGORITHM
Input: DFAM=(Q, £, ,q,, F)

Output: (1) Dy={(p.g)Ip.g0Qandp+q}
(@ Ey={ldllqOQ}

Idea: States of M, will be blocks of
equivalent states of M q, Base Case: p accepts

and q rejects => p £ q

a3 Recursion:
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If 2 states are not distinguished by table-
filling algorithm, then they are equivalent

Proof (by contradiction):

Suppose there exist states p, q not
distinguished by the T-F algorithm, but p + g

Then there exists w such that:
S(p,w) OF and S(q,w) OF
w =ow',where c O X
Let p'=§(p,0) and q'=4(q,0)
Then (p', ') is also a bad pair

Algorithm MINIMIZE
Input: DFA M
Output: DFA M,y

(1) Remove all inaccessible states from M

(2) Apply Table-Filling algorithm to get
Ey ={[a] | g is an accessible state of M }

Muin = (Quins Z, Byins Ao mine Fuaind
Qumin=Em domin=[dols Fun={[a] |q OF}

Syin([al.o)=[8(q,0)]
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My is the unique minimal DFA equivalent to M

Suppose M'=M,,,, and M' has no inaccessible
states and is irreducible

Claim: There exists a 1-1 correspondence
between M' and M,

Proof: We will construct a map recursively
Base Case: qgun — do’
Recursive Step: If p — p’
10 10 Thenqg —q'
q q

Base Case: qgun — do’
Recursive Step: If p — p’
10 10 Thenqg —q'
q q
We need to prove:

The map is defined everywhere
The map is well defined
The map is a bijection




Base Case: qgun — do’

Recursive Step: If p — p’
10 10 Thenqg —q'
q q

The map is defined everywhere

That is, for all g O My, there is a
g' OM' suchthatq — g’

If g O My, there is w such that
in(Go minW) =1

Let o' = §(qq' W)

Base Case: gy yn — do’
Recursive Step: If p — p’
10 10 Thenqg —q'

qa q
The map is well defined
Suppose there exist q' and " such that
g—qandg—q"”

We show that ' and q" are indistinguishable,
so it must be that q' =q"

Suppose there exist q' and " such that
g—qandqg—q"”

Suppose q' and g" are not indistinguishable
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Base Case: gy yn — Ao’

Recursive Step: If p — p'
10 10 Thenqg —q'
a q

The map is onto




Base Case: gy — do'
Recursive Step: [f p — p’
10 10 Thenqg —q'
a g
The map is 1-1

How do we prove two regular
expressions are equivalent?
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Finish Chapter 1 of the book for next time




