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Problem 1

Let S={ M| Mis a TM that accepts wR whenever
it accepts w}. S is undecidable.

S — If s =01 accept —_
If s =10 run M(w)
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N accepts wR
whenever it
acceptsw

Problem 2.1 UNDECIDABLE

{(Mw) | Mis a TM that on input w
attempts to move its head left from the
leftmost cell }

Problem 2.2 pecIDABLE

{(M,w) | Mis a TM that on input w
moves its head left at least once}




Problem 2.1 yUNDECIDABLE

{(Mw) | Mis a TM that on input w
attempts to move its head left from the
leftmost cell }

Proof: Assume, for a contradiction, that TM L
decides the language

We use L to decide Apy,

On input (M,w), make new machine N that marks
the first square of the tape and then simulates
M(w). If M moves to the marked square, N moves
the head back to the second square. If M
accepts, N moves its head all the way to the left

Run L on input N

Problem 2.2 peCIDABLE

{(M,w) | Mis a TM that on input w
moves its head left at least once}

On input (M,w), run the machine for
|Qul + [w| + 1 steps:

Accept If M moves its head to the left
Reject Otherwise

Problem 3

Let P be a language of Turing machines. Assume
that P satisfies the following properties:

For any TMs M; and M,, where L(M,) = L(M,),
M, OPif and only if M, O P

There exists TMs M, and M,, where M, OP
and M, OP

Prove that P is undecidable

Theorem: P is undecidable

Proof: Assume, for a contradiction, that TM T
decides P

Since P is decidable, =P is also decidable

Assume, WLOG, that P does not contain Ty with
L(Tg) =0

LetM, 0P




Algorithm for A, On input (M,w):

MW
S —> If Macceptsw & M; |—
accepts s, ACCEPT
If M accepts w, then L(M,,) = L(M,) l
and T, accepts M,
If M does not accept w, then L(M,,) TP
=0 and T, rejects M,, l

RICE’S THEOREM

Let P be a language of Turing machines. Assume
that P satisfies the following properties:

For any TMs M; and M,, where L(M,) = L(M,),
M, OPif and only if M, O P

There exists TMs M, and M,, where M, OP
and M, OP

Then P is undecidable

EXTREMELY POWERFUL!

The rest of the content of today’s
lecture has been a major source of
headaches and misunderstandings

Theorem: There is a computable q : Z* - Z*,
where for any string w, g(w) is the description
of a TM P, that on any input, prints out w and
then accepts
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A TM THAT PRINTS ITSELF

THE RECURSION THEOREM

s Theorem: Let T be a Turing machine that
{ computes a functiont : Z* x Z* o, X* Thereis
a Turing machine R that computes a function
M— B P M r: I* ., I* where for every w
M y
' r(w) =t(R, w)
M
} @by —| T |— t@b)
W —> PB —_— B PB B
w =] R |— tRw)
i
Proof:
(a,b) — T — t(a,b)
s
y A Turing machine can obtain
M—| B |—=|Pulwm its own description and then go
1 on to compute with it
M
W —> PBT —_ B —_ — t(R,w)




Theorem: Aq, is undecidable
Proof (using the recursion theorem):
Assume H decides Ay,

Construct machine B such that On input w:

1. Obtains, via the recursion
theorem, its own description B

2. Runs Hon (B,w) and flips
the output

Running B on input w does the opposite
of what H says it should!

THE FIXED-POINT THEOREM

Theorem: Lett: Z* 5 Z* be a computable
function. There is a Turing machine F such
that t(F) describes a Turing machine
equivalent to F.
Proof:
On input w:
1. Obtain, via the recursion theorem,
its own description F

2. Compute t(F) to obtain a
descriptionof aTM G

3.RunGonw
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Read chapter 6.1 of the book for next time




