COMPUTABLE FUNCTION

f:Z* 5 Z*is a computable function if some

THE ARITHMETIC HIERARCHY Turing machine M, on every input w, halts
TUESDAY OCTOBER 11 with just f(w) on its tape

MAPPING REDUCIBILITY

A language A is mapping reducible to f
language B, written A <, B, if thereis a
computable function f : Z* - Z* where for
every w,

wOA - f(w)OB

f is called a reduction from Ato B f




Theorem: If A <, B and B is decidable, then A
is decidable

Proof: Let Mdecide B and let f bea
reduction from Ato B

We build a machine N that decides A as follows:

On input w:
1. Compute f(w)
2. Run M on f(w)

ATM
HALT,
FIN={M|MisaTMand L(M) is finite }

Are all of these equally hard?

ORACLE TMs
Is (M,w) in
FINITE Apy?
STATE
CONTROL | *«—————
Yes
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INFINITE TAPE

ORACLE MACHINES

An oracle is a set B to which the TM may pose
membership questions and always receive
correct answers after a finite amount of time

This makes sense even if B is not decidable!




HALT, is decidable in Ay,

On input (M,w), decide if M halts on w as follows:

We say A is semi-decidable in B if there is an

oracle TM M with oracle B that semi-decides A 1. Ask the oracle for Ay whether M accepts w.

If yes, then ACCEPT

We slayT,:\Alfﬂde_crI]dablellnBB 'r: thgre _'j anA 2. Switch the accept and reject states of M to
oracle with oracle B that decides get M'. Ask the oracle for A, whether M’

accepts w. If yes, then ACCEPT

3. REJECT

A Turing Reduces to B

Ay is decidable in HAL Ty We say A is decidable in B if there is an
On input (M,w), decide if M accepts w as follows: oracle TM M with oracle B that decides A

A< B
/

<;is transitive

Ask the oracle for HALT, whether M halts on
w. If yes, then output M(w). If no, then REJECT.




<, VERSUS <,

Theorem: If A<, Bthen A<; B

Proof:

THE ARITHMETIC HIERARCHY

Ag = { decidable sets }
Zg = { semi-decidable sets }
ZO

n+1 =1 sets semi-decidable in some B O Zg}

0
An+1 = { sets decidable in some B O Zg }

0 .
M ={complements of sets in Zg }

THE ARITHMETIC HIERARCHY

Ag = { decidable sets }
Zg = { semi-decidable sets }
ZO

n+1 =1 sets semi-decidable in some B O Zg}

0
An+1 = { sets decidable in some B O Zg }

0 .
M. ={complements of sets in Zg }




Theorem: A language A is semi-decidable if and
only if there exists a decidable binary predicate
R(x,y) such that:

A={x|Ty R(xy)}
Proof:

Zg A° (1) If A={x| Oy R(x,y) } then A is semi-decidable

(2) If A'is semi-decidable, then A ={ x | Oy R(x,y) }

Zg = languages of the form { x | Oy R(x,y) } Zg = languages { x | Oy,0y, R(X,y;,Y,) }

n 2 = languages of the form { x | Oy R(x,y) } n 2 = languages { x | Oy,0y, R(X,y;,Y,) }

0 0 0 _vo0 0
Alzzl nl'lg Az‘zz n M,




0
2 n = languages { x | Oy, 0y,0/5...QY, R(X.Y1,.-.¥0) }

0
M =languages { x | Oy,0y,0y;...Qy, R(XY1,.-Y,) }

0 _ 0 0
Al=X.  nn0

Zg = languages of the form { x | Oy R(x,y) }

Show that Aqy, is in Zg

I'Ig = languages of the form { x | Oyz R(x,y,z) }

Show that TOTAL ={ M| M halts on every input }
e 0
isin )

I'Ig = languages of the form { x | Oy R(x,y) }

Show that EMPTY ={M|L(M)=0 }is in 1 2




Zg = languages of the form { x | OyOz R(x,y,z) }

Show that FIN ={ M | L(M) is finite } is in Zg
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Read handout for next time




