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Abstract

P oin t lo cation in dynamic Delauna y triangulations is a

problem that as y et has no elegan t solution. Curren t ap-

proac hes either only giv e guaran tees against a w eak ened

adv ersary , or require sup erlinear space. In this pap er w e

prop ose that w e should seek in tuition from balanced bi-

nary searc h trees, where rotations are used to main tain

a shallo w w orst-case depth. W e describ e a (w ell-kno wn)

data structure and a no v el and simple algorithm based

on bistellar 
ips to implemen t rotation in the structure.

The rotation tak es time linear in the c hange in the data

structure. The hop e is to pro vide a to ol that w ould lead

to the design of an e�cien t dynamic Delauna y p oin t lo-

cation data structure.

1 Intro duction

A ma jor cost in Delauna y mesh re�nemen t algorithms,

where a Delauna y triangulation is re�ned b y adding new

p oin ts to ac hiev e some qualit y ob jectiv e (large mini-

m um angle, for instance), is the subroutine to disco v er

in whic h triangle a giv en candidate p oin t lies. W e are

therefore in terested in �nding fast, simple algorithms to

p erform this p oin t lo cation op eration. In addition, w e

need to b e able to main tain the p oin t lo cator through

insertions (as w e re�ne the mesh) and deletions (as w e

coarsen it). While the problem generalizes trivially to

an y dimension, w e are for the time b eing mainly in ter-

ested in handling p oin t sets in the plane.

In the static case, Kirkpatric k [5] has a deterministic

data structure with O ( n ) size that answ ers queries in

O (log n ) time. Construction tak es O ( n log n ) time.

Ho w ev er, in the dynamic case, no suc h b ound is

kno wn. Under the so-called c ommunist mo del [7], Mul-

m uley has data structures that o�er exp ected O ( n ) size

data structures and exp ected O (log n ) time up dates and

O (log

2

n ) time queries (the up date time b ound assumes

w e ha v e a p oin ter in to the structure, p erhaps b y ha v-

ing done a query b eforehand). Also, Devillers et al. [2 ]
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ha v e a data structure that o�ers exp ected O ( n ) size ex-

p ected O (log n ) time up dates and queries; Clarkson et

al. [1 ] ha v e equiv alen t b ounds. Ho w ev er, the adv ersary

is greatly w eak ened in this mo del: when it w an ts to in-

sert or remo v e a v ertex, it m ust c ho ose a random v ertex!

Against the usual adv ersary , all these data structure de-

generate to w orst case 
( n ) depth and 
( n

2

) size.

One di�cult y in designing dynamic data structures

for Delauna y p oin t lo cation is that an y data structure

that explicitly represen ts the triangulation has a lo w er

b ound of 
( n ) p er up date, ev en in an amortized setting:

the adv ersary can c hange all the triangles with ev ery

insertion if it inserts p oin ts on a parab ola from righ t to

left. Assuming w e limit ourselv es to data structures that

represen t the triangulation explicitly , this indicates that

w e w an t a data structure with output-sensitiv e up date

times.

In that v ein, w e can use the deterministic data struc-

ture of Go o dric h and T amassia [4] to obtain O ( k log n )

up date time, with O ( n log n ) space and O (log

2

n ) query

time, where k triangles ha v e b een mo di�ed.

The op en problem this w ork attempts to attac k is:

can w e design a data structure that ac hiev es the optimal

O ( n ) space and O (log n ) query time, and fast output-

sensitiv e up date time { ideally O ( k + log n )? W e do

not solv e the problem, but w e presen t to ols that ma y

pro v e to b e useful to analyze it. Our to ols are only

pro v en to w ork for Delauna y triangulations in the plane,

but most of the tec hniques used easily extend to higher

dimensions, so w e exp ect the en tire approac h can b e

generalized.

2 App roach

The main in tuition in this pap er is that to solv e the

problem in t w o dimensions, it ma y b e useful to dra w on

our exp erience with the analogous problem in one di-

mension. In one dimension, the Delauna y triangulation

is a set of 1-simplices (segmen ts) de�ned b y t w o p oin ts

at its extremities, and con taining no p oin t within its cir-

cumcircle (the same segmen t). In other w ords, a query

is: giv en a p oin t on the line, tell me what in terv al it

lies in. The usual approac h for this is to use a balanced

binary searc h tree: A VL, red-blac k, spla y , treap, and

lik ely others. All these approac hes share t w o essen tial
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features: a binary searc h tree as the underlying data

structure, and a metho d of rebalancing that transforms

the tree using only the rotation op eration. A tree in-

duces a partial order on the insertion times of the p oin t

it con tains. Rotation corresp onds to in v erting the in-

sertion order of t w o p oin ts a and b : b efore rotation, a

is inserted b efore b ; after rotation, b precedes a in the

new induced partial order. The t w o p oin ts m ust b e ad-

jacen t: there cannot b e another p oin t c with insertion

time b et w een a and b .

Sleator et al [8 ] pro v e that doing rotations on trees

of n no des is isomorphic to doing bistellar 
ips on tri-

angulations of con v ex ( n + 2)-gons. Our conjecture is

that this generalizes: doing rotations in a searc h data

structure for Delauna y triangulations is isomorphic to

doing series of bistellar 
ips on a class of triangulations

in one higher dimension. This pap er demonstrates the

isomorphism for planar Delauna y triangulations.

Our 
ip-based rotation op eration runs in time linear

in the size of the c hange of the data structure (see Corol-

lary 3), whic h in general is faster than simply tearing

out the parts of the data structure related to a and b and

retriangulating. This is critical in Delauna y triangula-

tion in the plane and in higher dimensions, b ecause the

size of the part of the data structure related to an y one

v ertex can b e linear in the n um b er of v ertices. Using

bistellar 
ips mak es the co de simple, b ecause the usual

approac h to building a Delauna y triangulation already

requires implemen ting them; the rotation algorithm it-

self is also simple. Finally , b y basing the rotation op er-

ation on small atomic 
ips, the data structure is alw a ys

v alid, whic h allo ws for parallel access to it.

3 T o ols

W e use three main to ols in our algorithms and analysis.

On a �rst reading of the pap er, it ma y b e w orth while to

skim through the follo wing sections and return to them

when their usefulness has b een fully motiv ated.

3.1 Bistella r Flips

Bistellar 
ips are a top ological transformation de�ned

on triangulations in an y dimension d . There are essen-

tially t w o t yp es: ones that in tro duce or remo v e a v ertex

from the triangulation, and ones that 
ip faces of the

triangulation.

A non-degenerate geometric bistellar 
ip { hence-

forth, \bistellar 
ip" { of order i tak es as input a ( d � i )-

simplex e (an edge, for instance). Let C b e the set of

d -simplices that include e . If C forms a con v ex space

and has d + 2 v ertices, then a theorem of La wson [6 ]

implies that there are exactly t w o triangulations of the

v ertices: one that includes e and one that instead in-

cludes the i -simplex made up from the other v ertices.

A bistellar 
ip mo v es b et w een the t w o triangulations.

A Order 0 
ips B Order 1 
ips

Figure 1: The bistellar 
ips in dimensions 1, 2, and 3.

A 
ip of order i rev erses a 
ip of order ( d � i ), so w e

only discuss the 
ips of order less than d= 2.

Not ev ery simplex can b e eliminated b y a single bis-

tellar 
ip: if C is not con v ex, La wson's theorem do es

not apply; if C is to o small (for instance, in t w o dimen-

sions, one triangle), there is nothing to 
ip; if C is to o

large (only p ossible in d � 3) then the bistellar 
ip is

not de�ned, although there ma y exist a series of 
ips

that will ev en tually eliminate e .

Figure 1 sho ws the bistellar 
ips in 1, 2, and 3 di-

mensions. In d = 1, a d -simplex is a segmen t. The

order-0 
ip breaks a segmen t in t w o b y in tro ducing a

new v ertex.

In d = 2, a d -simplex is a triangle. The order-0 
ip

again in tro duces a v ertex, splitting a triangle in to three.

There is also a order-1 
ip, whic h 
ips an edge shared

b y t w o triangles, creating t w o new triangles.

In d = 3, a d -simplex is a tetrahedron. The order-0


ip no w splits a tetrahedron in to four. The order-1 
ip

tak es t w o tetrahedra that share a triangular face t , and

pierces t with the segmen t b et w een the ap exes of eac h

tetrahedron, pro ducing three tetrahedra along that edge

(the face and edge are sho wn in b old in the �gure).

Because the order-1 
ip in t w o dimensions tak es t w o

triangles to t w o triangles, it is often called a 2-2 
ip.

Similarly , the order-1 
ip in three dimensions is a 2-3


ip, while the order-2 
ip is a 3-2 
ip.

3.2 P a rab olic lifting map

The parab olic lifting map tak es p oin ts in R

d

to the

parab oloid in R

d +1

. That is, a p oin t p = h p

1

; : : : ; p

d

i

is mapp ed to p

+

= h p

1

; : : : ; p

d

; z =

P

d

i =1

p

2

i

i . The z

axis giv es us a w ell-de�ned notion of up and do wn in

arbitrary dimensions.

W e study the parab olic lifting map b ecause it exp oses

a connection b et w een the Delauna y triangulation and

the lo w er con v ex h ull on the parab oloid. Giv en a set

S � R

d

, the ( d + 1)-dimensional lo w er con v ex h ull of

S

+

pro jected bac k do wn to R

d

is the Delauna y trian-

gulation of S . Figure 2 sho ws this pro cess for d = 1.
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Figure 2: The parab olic lifting map in one dimension.

First, w e lift the p oin ts on the line to the parab ola.

Then w e tak e the con v ex h ull, and pro ject the facets

(segmen ts) of the con v ex h ull bac k do wn to the line.

3.3 The histo ry D A G

Insertion of a new v ertex v in to an existing Delauna y

triangulation in d dimensions can b e done b y the fol-

lo wing algorithm, paraphrased from Edelsbrunner and

Shah [3 ]. Consult their pap er for a pro of of its correct-

ness (and of its running time).

Inser t-ver tex( v )

1. �nd the d -simplex s that con tains v

2. split s in to d + 1 simplices using a 0-order

bistellar 
ip

3. while a neigh b ouring d -simplex s

0

con tains v

in its circumcircle,

3.1 destro y s

0

: p erform an order 1 bistellar 
ip

on the ( d � 1)-simplex through whic h s

0

is a neigh b our

Seed the algorithm b y creating a large d -simplex in

whic h all the p oin ts will �t. This is for simplicit y of

exp osition, and is not fundamen tal.

W e can main tain a data structure that describ es the

history of the run of the algorithm: up on splitting a

simplex s , set a p oin ter from t to the d + 1 new simplices

that replace it. Similarly , up on 
ipping a ( d � 1)-simplex

e (in d = 2, this is an edge), set a p oin ter from the t w o

simplices on either side of e to the d new ones created

b y 
ipping e .

Since this data structure is acyclic and represen ts the

history of the algorithm, it is termed the history D A G .

W e sa y a simplex is burie d b y the simplex that replaced

it. W e sa y a simplex is a le af if no simplex buries it

{ notice that a leaf is a Delauna y facet. Finally , the

b ounding simplex is the r o ot .

The history D A G can b e used to implemen t the searc h

for the simplex that con tains v . Starting with s b eing

the ro ot, w e lo ok at the simplices that buried s and

recur in to the single simplex that con tains v , returning

the leaf w e come to.

3.3.1 In d = 1 and d = 2

In dimension d = 1, a d -simplex is a segmen t. A segmen t

on the line can only ha v e a p oin t inside its circumcircle

if the p oin t is inside the segmen t, therefore when in-

serting p oin ts in to the 1- d Delauna y triangulation, the

algorithm will nev er 
ip out from s . When splitting the

segmen t s , it will b e replaced b y t w o subsegmen ts. The

history D A G will ha v e a p oin ter from s to its t w o sub-

segmen ts. In other w ords, the history D A G in this case

is a normal binary searc h tree.

In dimension d = 2, a d -simplex is a triangle. Split-

ting a triangle creates three new triangles that partition

the space of s . Flips are imp ortan t no w; they tak e 2 tri-

angles and 
ip the edge b et w een them to create t w o new

triangles. This means that the structure is no longer a

tree, although it remains acyclic.

3.3.2 Lifting the histo ry D A G

The history D A G has an elegan t in terpretation in the

lifting map. Splitting a face (a d -simplex) corresp onds

to creating a ( d + 1)-simplex with one face (the face that

w as split) on the top, and the other faces (the d + 1

new faces) on the b ottom. Similarly , 
ipping a ( d � 1)-

simplex is �lling in the space b elo w the t w o d -simplices

b y creating a ( d + 1)-simplex that has the t w o d -simplices

as faces on top, and the remaining faces on the b ot-

tom. Th us the no des of the history D A G corresp ond to

simplices in a simplicial complex that �lls the con v ex

closure of the set of p oin ts lifted to the parab oloid.

In d = 2, the set of tetrahedra created b y inserting

a v ertex v de�nes a shap e not unlik e a circus pa villion:

some n um b er of p oles holding up can v as, meeting in a

p oin t. Because of this, w e call this set the ten t ( v ). Us-

ing the same analogy , the triangles that w ere on the

surface b efore v but are buried b y the ten t( v ) are called

the base ( v ). These de�nitions trivially generalize to ar-

bitrary dimension.

4 Rotations in 2-d

It's already b een kno wn for almost 20 y ears that rota-

tion in a tree (the 1-d Delauna y p oin t lo cation struc-

ture) is a bistellar 
ip in one higher dimension. Here w e

sho w that rotation in the 2-d Delauna y p oin t lo cation

structure { the history D A G { is a series of bistellar


ips in three dimensions. There are t w o main di�er-

ences b et w een the 1-d and the 2-d cases: one p oin t no w

corresp onds to a set of simplices (a tent ) in our D A G;

and our D A G is not a tree. In one dimension, a and

b can b e rotated if they are paren t and c hild. In t w o

dimensions, they m ust b e not only paren t and c hild but

also no third v ertex c ma y ha v e part of its ten t o v erlying

a if b also o v erlies ten t( c ).

A k ey observ ation is that during the rotation op era-

tion, nothing happ ens to simplices outside of ten t( a ) [

ten t( b ). Therefore, the surfac e of the rotation region

(the exp osed lo w er faces { initially , the lo w er faces of

ten t( b ), plus the lo w er faces of ten t( a ) that ten t( b ) do es

not bury) do es not c hange; and similarly with the b ase

of the rotation region.
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In the algorithm, Q is a structure that allo ws the

constan t-time op erations push to add an elemen t, pop

to remo v e an arbitrary elemen t, and remove to remo v e

a giv en elemen t. Despite the naming, Q need not b e a

queue or a stac k: ordering is not imp ortan t.

R ot a te( a , b , K )

1. Q  all tetrahedra in ten t ( b ) descendan t of K

that ha v e b oth a and b

2. while Q not empt y

2.1 p op T from Q

2.2 if T has a legal bistellar 
ip

2.2.1 let C b e the tetrahedra in the 
ip

2.2.2 remo v e all tetrahedra C from Q if presen t

2.2.3 p erform the bistellar 
ip C ! C

0

2.2.4 push on to Q the tetrahedra of C

0

that

ha v e b oth a and b

T o �nd a v alid 
ip for a tetrahedron T , w e form all

com binations of T and its neigh b ours. In a v alid 
ip

C , all tetrahedra ha v e a , at least one (namely , T ) has

b , the tetrahedra �ll their con v ex h ull, and all tetrahe-

dra are within the rotation region. W e can c hec k the

last restriction b y n um b ering v ertices b y an insertion

order that yields the D A G. A tetrahedron that has a

v ertex n um b ered higher than a or b is b elo w the rota-

tion region and th us cannot b e in v olv ed in a v alid 
ip.

A tetrahedron ab o v e the rotation region cannot ha v e a

on it.

F or lac k of space, w e presen t here only a sk etc h of the

correctness of the approac h; the detailed pro ofs are in

the full pap er at www.cccg.ca .

� Prop osition 1 Pr o gr ess: Every 
ip we p erform

pr o duc es at le ast one tetr ahe dr on of the �nal r esult.

� Prop osition 2 Non-stick: Unless we have r e ache d

the end of the algorithm, every 
ip brings us to a

state in which another 
ip c an b e done.

T ogether, these t w o prop ositions mean that the al-

gorithm terminates (since there is a �nite amoun t of

w ork to b e done) with the correct answ er (since it do es

not stop unless all of the w ork has b een done). As a

corollary to Prop osition 1, w e can compute the running

time:

Corollary 3 The algorithm terminates after doing a

numb er of 
ips e qual to the numb er of triangles in

base ( a ) on which b encr o aches. F urthermor e, the al-

gorithm only do es c onstant work p er 
ip.

The algorithm assumes that it is giv en the keystone

tetrahedron K { that is, the �rst tetrahedron in ten t( b )

that has b oth a and b on it. In fact, all w e need to kno w

is a tetrahedron that has b oth a and b : from that, w e

can searc h b oth up and do wn to �ll Q . Ho w ev er, if no

suc h tetrahedron is kno wn, w e w ould ha v e to searc h the

ten t( b ), whic h w ould c hange the asymptotics if ten t( b )

is large compared to the c hange in the data structure.

5 Designing rotation logic

With the mac hinery w e ha v e brough t to b ear on this

problem, w e are no w in a go o d p osition to b egin con-

sidering not only how , but when and wher e to p erform

rotations. Unfortunately , a completely straigh tforw ard

application of binary tree tec hniques ma y not directly

w ork. In particular, w e ha v e in v estigated implemen ting

a treap analogue.

A treap is a binary searc h tree with the added prop-

ert y that ev ery p oin t inserted in to the tree gets a ran-

dom priorit y . The priorities are k ept in heap order via

rotations. Equiv alen tly , the priorit y is a virtual inser-

tion time, and the tree is made to b e indistinguishable

from ha ving inserted the p oin ts in the random order.

Because a searc h tree built in random order has O (lg n )

depth, so do es the treap.

W e can easily generalize this to the Delauna y history

D A G and our rotation op eration { indeed, w e ha v e im-

plemen ted this. Ho w ev er, it is not true that a Delauna y

D A G built in random order is shallo w: in fact, there

are p oin t sets on whic h the depth is linear with high

probabilit y .

Despite this negativ e result, w e kno w that there is

an insertion order that induces a shallo w D A G: Kirk-

patric k's algorithm pro duces one. Therefore, w e exp ect

that there is a rotation-based algorithm for main taining

a shallo w Delauna y p oin t lo cation data structure.
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