Deep Learning
Sequence to Sequence models:
Connectionist Temporal
Classification



Sequence-to-sequence modelling

* Problem:

— Asequence Xy ... X goes in

— A different sequence Y; ... Yy, comes out
 E.g.

— Speech recognition: Speech goes in, a word sequence comes out
* Alternately output may be phoneme or character sequence

— Machine translation: Word sequence goes in, word sequence comes out
— Dialog : User statement goes in, system response comes out
— Question answering : Question comes in, answer goes out

* Ingeneral N # M

— No synchrony between X and Y.



Sequence to sequence

I ate an apple l Ich habe einen apfel gegessen

e Sequence goesin, sequence comes out
* No notion of “synchrony” between input and
output

— May even not have a notion of “alighment”

 E.g. “late an apple” = “Ich habe einen apfel gegessen”



Case 1: With alignment
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 The input and output sequences happen in the same
order
— Although they may be asynchronous

— E.g. Speech recognition

* The input speech corresponds to the phoneme sequence output




Variants on recurrent nets

* Sequenchclassificagydn: Classifying a full input sequence
— E.g phoné Bcognition

* Order synchronous, time asynchronous sequence-to-sequence generation
— E.g. speech recognition
— Exact location of output is unknown a priori c



Basic model
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e Sequence of inputs produces a single output



Training
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The Divergence is only defined at the final input
— DIV(Yiarger, Y) = Xent(Y(T), Phoneme)

This divergence must propagate through the net to update
all parameters

lgnores outputs at intermediate steps



Training

Fix: Use these ad/| Lanys| 1/any
outputs too. I T

These too must - - -

v
T

ideally point to the ! I

correct phoneme Y(2)
T T 1
t t t
X | | x| | X

* Exploiting the untagged inputs: assume the same output for the
entire input

* Define the divergence everywhere

DIV (Yiarger,Y) = z w,Xent(Y (t), Phoneme)
t



Training

Fix: Use these /aH/| /by /ARy Blue
outputs foo. T T 7
These too must F F F

o0
ideally point to the I
?

correct phoneme
7 H t

e B e B

t T T t T T
Xo Xi| [ X2

Color of  sky

* Define the divergence everywhere
DI V(Ytarget, Y) = Z wiXent(Y(t), Phoneme)
t

* Typical weighting scheme for speech: all are equally important

* Problem like question answering: answer only expected after the question ends
— Only wr is high, other weights are 0 or low o



We will initially
focus on the

class of problem
where uniform
weights are
reasonable (e.g
speech recognition)

* Define the divergence everywhere
DI V(Ytarget, Y) = z wiXent(Y(t), Phoneme)
t

* Typical weighting scheme for speech: all are equally important
* Problem like question answering: answer only expected after the question ends
— Only wr is high, other weights are 0 or low 0



The more complex problem

/B/

T

/IY/

[

/F/

/IY/

T

T

T

T

T

T

Xo

X1

Xz

X3

X4

Xq

* Objective: Given a sequence of inputs, asynchronously

output a sequence of symbols

— This is just a simple concatenation of many copies of the simple

“output at the end of the input sequence” model we just saw

But this simple extension complicates matters..
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The sequence-to-sequence problem

/B/ /1Y/ /F/ /1Y/
r ¢+ tr 1 +t+ ¢+ 1t 1 *
e e T e e
Xo| | X | [ X% | | Xs| [ x| | Xs| | X| [X,] | Xs| | Xo

* How do we know when to output symbols
— In fact, the network produces outputs at every
time
— Which of these are the real outputs?



/AH/
/B/
/D/
/EH/
/IY/
/F/
/G/

The actual output of the network

AH

AH

yor | [y | ¥3 1o I I 7 B B a6 7L B I C I I
Yo yr y2 y3 Vi ys ye y7 Y
Yo VP y7 ys Vi yg Ve y7 Ve

yo | |yi | |27 |vs" ] v | yE" | |vé" | |y | ys”

Yo yi¥ A A Vi s Ve y7 Ve
Yo yi Yz V3 Vi s Ye %l Vs
Y6 yr vy v Vi s %3 Vel %3
1 1 t ! ! t 1 1 1
X, X, X, X, X, X X, X, Xq
At each time the network outputs a probability for

each output symbol given all inputs until that time
— Eg yg — pTOb(S4 — D|XO X4)
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/AH/
/B/
/D/
/EH/
/IY/
/F/
/G/

Overall objective

3zl N S e B 17w O O 2 N U7l I C-u o B 157w I 5 2l B 7
Yo yr vz ys Vi ys Ve y7 Vs
Yo yr y7 ys /4 g Ve y7 Vs

yvoo | |y |y | (g™ | |yal | |wE™| |¥é™ | |y | ws"

Yo vi¥ v s’ Vs g Ve v7 Vg
Yo yi Vs y3 Vi Ve Ve y7 Vg
Y6 %t vy el Vi s Ve Ved %3

1 I 1 1 1 I 1 I I
X, X4 X, X, X, X X, X, Xq

-ind most likely symbol sequence given inputs

So .- Sg_1 = argmax prob(S} ...Sg_1|Xo - Xn_-1)

! /
SO ...SK_l
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/AH/
/B/
/D/
/EH/
/IY/
/F/

/o

Finding the best output

Sl I Z i I 7 e B I N I 7 N U ol B I 75 I B ol B B o
Yo yr y2 y3 Vi ys ye y7 Vs
Yo yr y7 ys /4 g Ve y7
yoo | |yi | |27 |vs" ] v | yE" | wvéT | |y | vs”
v | (A ] [ ] [ ] [e ] [ yi
vi | [ of R ARE
0 y: | | ¥5 Vi Y5 Y % %
I I 1 | ! 1 I I 1
X, X4 X, X, X, X X, X, Xq

* Option 1: Simply select the most probable

symbol at each time
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/AH/
/B/
/D/
/EH/
/IY/
/F/
/G/

Finding the best output

Sl I Z i I 7 e B I N I 7 N U ol B I 75 I B ol B B o
Yo yr y2 y3 Vi ys ye y7 Vs
% i y3 3 y7 y? Ve y7 | |l

yoo | |yi | |27 |vs" ] v | vE" | Lwé™ I 1yl | ys”

Yo yi¥ A A Vi Vs Ve
Yo | | yi yé v, s

el | 5] | oS Vi Y % %
I I I 1 1 1 I I I
X, X4 X, X, X, X X, X, Xq

Option 1: Simply select the most probable symbol at each
time
— Merge adjacent repeated symbols, and place the actual emission
of the symbol in the final instant 16



Simple pseudocode

e Assuming y(t,i),t =1..T,i =1..N isalready
computed using the underlying RNN

n = 1
best (1)= max, (y(1,1))
for t = 1:T
best (t)= max, (y(t,1))
1f (best(t) !'= best(t-1))
out (n) = best (t-1)
time (n) = t-1
n = n+l



/AH/
/B/
/D/

/F/
/G/

The actual output of the network

xR A R A A S
v8 vy y3 y3 Ve ye Ve vy Ve
¥y yP y? y? yP y? yP y? -
i Cannot distinguish between an extended symbol and |BZ3H y£H yEH
i repetitions of the symbol Es yiY
Ve vy Vg
Ve yE Ve
| | |
X, X4 X, X, X, X X, X, Xq

* Option 1: Simply select the most probable symbol at each
time

— Merge adjacent repeated symbols, and place the actual emission

of the symbol in the final instant
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The actual output of the network

)zl I 77l I 6 el T 7l I 1 -l O 16 -l I 7 2 B I
2 Vs
"GFIYD"?) & -
Cannot distinguish between an extended symbol and yEH
repetitions of the symbol ylY
Vs
%
t
X, X, X, X, X, X X, X, Xq

* Option 1: Simply select the most probable symbol at each

time

— Merge adjacent repeated symbols, and place the actual emission

of the symbol in the final instant
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The actual output of the network

VA i I I I 7 o I " I 7 I O o B 1577 B 7 B I 7
/B/ Vs y& Vs Y6 y7 Vs
/D/ | Yo Y1 y2 | | ¥3 ys Vs Y6
VR i A i B R A A R A A R B
N yo ||y | |2 y7 | | e
IF | ¥ yi Yz V3 Vi s Ye %l Vs
/6] | ¥§ %t vy v§ Vi s 73 Ved %3
I I 1 | 1 I I [ 1
X, X4 X, X, X, X X, X, Xq

Option 2: Impose external constraints on what sequences are

allowed

— E.g. only allow sequences corresponding to dictionary words

— E.g. Sub-symbol units (like in HW1 — what were they?)
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The actual output of the network

A G i B B 2 i I 1 - I 6 -l B 2 I
/B/ Vs y& Vs Y6 y7 Vs
of | ¥8 | |y | v | | YE| | v | | ¥ | | vE
BH/ |yo™ | |yit | |2t | lpEt ] Lyt | Lwstl lwel | |vit| | vs-
my 8| | F il
[F | y§ | | V3 Vi Vi Ve Ve vy Vs
e/ v | || We will refer to the process 7| | »

t .- . | f

_. of obtaining an output from —.
| the network as decoding 0
0 L1 L1 L1 L1 L1 L1 |_7 5

Option 2: Impose external constraints on what sequences are

allowed

— E.g. only allow sequences corresponding to dictionary words
— E.g. Sub-symbol units (like in HW1 — what were they?)
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Decoding

VA i I I I 7 o I " I 7 I O o B 1577 B 7 B I 7
/B/ Vs y& Vs Y6 y7 Vs
/o) | ¥ P vy V3 yP ye e
VR i A i B R A A R A A R B
v ||y | |2 y7 | | ¥
IF | ¥ yi Yz V3 Vi s Ye %l Vs
/6] | ¥§ %t vy v§ Vi s 73 Ved %3
I I 1 1 1 1 | [ I
X, X4 X, X, X, X< X, X, Xq

This is in fact a suboptimal decode that actually finds the most likely

synchronous output sequence

— Which is not necessarily the most likely asynchronous sequence

* The “merging” heuristics do not guarantee optimal asynchronous sequences
— We will return to this topic later
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The sequence-to-sequence problem

/B/ /1Y/ /F/ /1Y/
r ¢+ tr 1 +t+ ¢+ 1t 1 *
e e T e e
Xo| | X | [ X% | | Xs| [ x| | Xs| | X| [X,] | Xs| | Xo

* How do we know whe~to output symbols
— In fact, the ces outputs at every time
— Which of theseare the real outputs

* How do we train these models?




Training

/B/ /v /F/ /)
t I t t
t ¢+ ¢+ 1 ¢t t ¢+ ¢t t 1

Xo| | X | [ X% | | Xs| [ x| | Xs| | X| [X,] | Xs| | Xo

* Given output symbols at the right locations

— The phoneme /B/ ends at X,, /1Y/ at X,, /F/ at X,
/1Y/ at X,



Y, Y, 7 Yy
1 ] t 1
t ¢+ ¢+ ¢+ + 1+ t 1t 1

Xo| | X | [ X% | | Xs| [ x| | Xs| | X| [X,] | Xs| | Xo

* Either just define Divergence as:
DIV = Xent(Y,, B) + Xent(Y,,IY) + Xent (Y, F) + Xent(Y,,IY)

* Or.

25



M B oG EnEE o

Y, Y, 7 Yy
r ¢+ -t 1+ 1t 1 ¢
t ¢+ ¢+ ¢+ + 1+ t 1t 1
X, X | X Xa| | Xo| [ Xs| | Xe| | X0 | Xs| | Xo

e Either just define Divergence as:
DIV = Xent(Y,,B) + Xent(Y,, 1Y) + Xent (Y, F) + Xent(Y,, 1Y)

* Orrepeat the symbols over their duration

DIV = Z Xent(Y;, symbol,) = — z log Y (t, symbol;)
t t
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M B oG EnEE o

Y, Y, 7 Yy
r ¢+ -t 1+ 1t 1 ¢
t ¢+ ¢+ ¢+ + 1+ t 1t 1
X, X | X Xa| | Xo| [ Xs| | Xe| | X0 | Xs| | Xo

DIV = Z Xent(Y;, symbol,) = — z log Y (t, symbol;)
t t

* The gradient w.r.t the t-th output vector Y;

—1
Vy. DIV = |0 0 ...
1t [ Y (t,symbol;) 0 0]

— Zeros except at the component corresponding to the target



Problem: No timing information provided
/B /Y] [F[ Y
P PP 2 22 2 27?27

Y, | || |v |l |va | 1| || vl |l X

Xo | 1 X | 1% | [ x| x| x| |X | [X, | [Xs| | Xo

* Only the sequence of output symbols is provided for the
training data

— But no indication of which one occurs where

* How do we compute the divergence?

— And how do we compute its gradient w.r.t. Y; o



Solution 1: Guess the alignment

/B/ /8] [N/ /Y[ /IY/ [F/ /F/ /F/ [E[ 1Y/
2 P P Y ? PR,

Yo nr 31 |Ya Y5 | |Ye Y; Yg | |¥o

Xo | 1 X | 1% | [ x| x| x| |X | [X, | [Xs| | Xo

Initialize: Assign an initial alignment
— Either randomly, based on some heuristic, or any other rationale
Iterate:

— Train the network using the current alignment
— Reestimate the alignment for each training instance

* Using the decoding methods already discussed 29



Solution 1: Guess the alignment

/B/ /8] [N/ /Y[ /IY/ [F/ /F/ /F/ [E[ 1Y/
2 P P Y ? PR,

Yo nr 31 |Ya Y5 | |Ye Y; Yg | |¥o

Xo | 1 X | 1% | [ x| x| x| |X | [X, | [Xs| | Xo

Initialize: Assign an initial alignment
— Either randomly, based on some heuristic, or any other rationale
Iterate:

— Train the network using the current alignment

— Reestimate the alignment for each training instance
* Using the decoding methods already discussed 30




Estimating an alighment

* Given:
— The unaligned K-length symbol sequence § = S, ... Sx_1 (e.g.
/B/ /\Y] [F] /1Y])
— An N-length input (N = K)
— And a (trained) recurrent network

* Find:
— An N-length expansion s; ... s)y—1 comprising the symbolsin Sin
strict order
¢ e.g. 505151555553 ... Sx_1
— i.e.59 = 8o, 52 = 51,53 = 51,54 = 55,55 = 83, ...Sy_1 = Sk_1

 E.g. /B/ /B/ /WY /WY /Y] [¥] [} [F] [F] N1Y] ..

 QOutcome: an alignment of the target symbol sequence

So - Sg_q tothe input Xy ... Xpy_1



Recall: The actual output of the network

VA i I I I 7 o I " I 7 I O o B 1577 B 7 B I 7
/B/ | ¥§ yr vz y3 Vi ys ye y7 Y
/o/ | Yo VP y7 ys Vi yg Ve y7 Ve
JEH/ L yg™ | Lye ] v | ET | e e | wET | |7 | ws”
N | o v A A Vi s Ve y7 Ve
IF | ¥ yi Yz V3 Vi s Ye %l Vs
/6] | ¥§ %t vy v§ Vi s 73 Ved %3
I I 1 1 1 1 I [ I
X, X4 X, X, X, X X, X, Xq

* At each time the network outputs a probability
for each output symbol
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Recall: unconstrained decoding

JAH/ y3© || et yet | |yt | vg"
/B/ | ¥§ yr y2 y3 Vi ys ye y7 Y
/o/ | Yo yr y7 yg Ve y7 Ve
R A A A S R A R A B
/o |vol | (v | |y | vs | |y | | ys | | e
IF | ¥ yi Yz V3 Vi s Ye %l Vs
/6] | ¥§ %t vy v§ Vi s Ve ed %3

* We find the most likely sequence of symbols
— (Conditioned oninput X ... Xjy_1)
* This may not correspond to an expansion of the desired symbol
seguence

— E.g. the unconstrained decode may be

/AH//AH//AH//D//D//AR/[F//IYI/1Y]

* Contracts to /AH/ /D/ /AH/ /F/ /IY/
— Whereas we want an expansion of /B//IY//F//IY/ 3




Constraining the alignment: Try 1

* Block out all rows that do not include symbols
from the target sequence

— E.g. Block out rows that are not /B/ /IY/ or /F/



/B/
/IY/
/F/

/AH/
/B/
/D/
JEH/
/1Y/
/F/
/G/

Compute the entire output (for all symbols)

Blocking out unnecessary outputs

B B B B

v V1 V5 vy V4 Ve Vo V7 Vg
1Y 1Y 1Y 1Y 1Y 1Y 1Y 1Y 1Y
Yo Vi ) Y3 Ya Vs Ve Y7 B4

F F F F F F F F F
Yo Y1 Y2 Y3 Ya Vs Ve Y7 Vs
y§ yit ya y3 it yé yét y3 y§H
vE yP yg yg y2 ye yE yE yE
v& yP y3 y3 Vs yg Ve vy Vg
y§H yiH y5H y5H yiH yet yer yiH ygH
vé* yi¥ v vi¥ vi© y&¥ ve¥ yvir ys©
v§ yi vy vi 3z yE Ve vy V&
Vs yi ys vs Vi ys ve $%d Vs
| { | | | | | | |

| | I I I I I I I
X, X4 X, X5 X, X X, X, X4

Copy the output values for the target symbols into the secondary reduced structure 35




Constraining the alignment: Try 1

/B/ | yE 2k Vs vy Ve Ve Vo vy Vg
/WY |y yi' vs' Vs Vi ye' Ve yyr vg'
/Fl | yE vi ys ys Vs Ve Ve yE Ve

* Only decode on reduced grid

— We are now assured that only the appropriate
symbols will be hypothesized
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Constraining the alignment: Try 1

L 7 7 T e | | 7|
/RN ys' |l | | vs | lwe ] [

/Fl | ¥ i |y m vi | | ¥s y7 | | Vs

* Only decode on reduced grid

— We are now assured that only the appropriate symbols will
be hypothesized

* Problem: This still doesn’t assure that the decode
sequence correctly expands the target symbol sequence

— E.g. the above decode is not an expansion of /B//IY//F//IY/

 Still needs additional constraints .



Try 2: Explicitly arrange the constructed

/B/
/IY/
/F/
/IY/

/AH/
/8/
/D/
/EH/
1Y/
/F/
/G/

table

B B B B B B B B B

Yo Y1 %) Y3 Ya Vs Ve Y7 Vs

1Y 1Y 1Y 1Y 1Y 1Y 1Y 1Y 1Y

Yo Vi ) Y3 Ya Vs Ve Y7 B4

F F F F F F F F F

Yo Y1 Y2 Y3 Ya Vs Ve Y7 Vs

1Y 1Y 1Y 1Y 1Y 1Y 1Y 1Y 1Y

Yo Vi ) Y3 Ya Vs Ve Y7 B4
y§H it y3H y5H yiH yé y&H yi y§H

vy yi v vy vy ye vE vy Vs
v vy s vy vy y2 vE yP vE
v&H yit ysH v vit yeH vt v vs
v§¥ vi¥ vi¥ vi¥ vi¥ yer v v3¥ va©
v§ vy vy vE vi v v& yE &
v§ vy s v Vs vE Ve 3% v§
Arrange the constructed table so that from top to bottom it has the exact

sequence of symbols required



Try 2: Explicitly arrange the constructed

table

/B/ | y& 2k Vs Vs Ve Ve Ve vy Vg
/WY |y yi' vs' V3" Vi ye' Ve yyr vg'
/Fl | yE vi ys ys Vs Ve Ve yE Ve
/WY |y yi' ys' V3" Vi ye' Ve yyr vg'
Note: If a symbol occurs multiple times, we repeat the

row in the appropriate location.

E.g. the row for /IY/ occurs twice, in the 2" and 4t positions

/B/ Yo Y1 Y2 Y3 Vi Vs Yo Y7 Vs
/D/ | Y& vy vy v v yE e vy &
JEH/ | ¥§H i v i vi' y&" v vy v&"
Y/ | vo© yvi¥ vsr vi¥ vi© y&¥ vé¥ yvs¥ v&*
/F/ v§ i y3 i Vi y& vé vy v
/G/ | ¥§ i ys %1 Vs yE vE %4 v§
1 1 Sk b b b b b b
Arrange the constructed table so that from top to bottom it has the exact

sequence of

—

symbols

required

—

—

—

—

—

—

—



Explicitly constrain alighment

/8/ | ¥§ e Yz Vs Vi Ye Ye y7 Vs
/Y| vo' i | o T | [ ] ] ] (o
[Fl | ¥§ yi Y3 V3 YL E Y6 %] V8
oLyl | | o | o T =

e Constrain that the first symbol in the decode must be the top left
block

* The last symbol must be the bottom right

* The rest of the symbols must follow a sequence that monotonically

travels down from top left to bottom right
— l.e. symbol chosen at any time is at the same level or at the next level to
the symbol at the previous time
* This guarantees that the sequence is an expansion of the target
sequence
— /B/ /1Y/ /F/ /IY/ in this case
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/B/
/IY/
/F/
/IY/

Explicitly constrain alighment

v

Iy
Yo

‘:

Yo

Iy
Yo

1l vs \ V3 X i | vE K| Ve y7 Vg
i of Ay s M s R Ye N Y7 | | s
yr %4 §y§ 3 Vi 5' s vé S“ 7 | | v
it | |yvs | s S» Vi’ B\ Vs Ve S» 7' S‘ Ve

Constrain that the first symbol in the decode must be the top left
block
The last symbol must be the bottom right

The rest of the symbols must follow a sequence that monotonically
travels down from top left to bottom right
— l.e. symbol chosen at any time is at the same level or at the next level to

the symbol at the previous time

This guarantees that the sequence is an expansion of the target
seguence
— /B/ /1Y/ /F/ /IY/ in this case
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Path Score (probability)

Ve vy Vg

Y x y7 | |vs'
Y Y7 \ | 8

> B:!
Y6 7 S‘ Vg

« Compose a graph such that every path in the graph from source to sink
represents a valid alignment

— Which maps on to the target symbol sequence (/B//AH//T/)
e Edgescoresarel

A 4

* Node scores are the probabilities assigned to the symbols by the neural
network

 The “score” of a path is the product of the probabilities of all nodes along
the path

* E.g. the probability of the marked path is
Scr(Path) = y5yry3' vi' vi

42



Path Score (probability)

>y vy Vg

Y S“ y7 | |vs'
Y Y7 \ | 8

> B:!
Y6 7 S‘ Vg

« Compose a graph such that every path in the graph from source to sink
represents a valid alignment

— Which maps on to the target symbol sequence (/B//AH//T/)
e Edgescoresarel

* Node scores are the probabilities assigned to the symbols by the neural
network

 The “score” of a path is the product of the probabilities of all nodes along
the path

Figure shows a typical end-to-end path. There are an exponential number of
such paths. Challenge: Find the path with the highest score (probability)
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/B/
/IY/
/F/
/IY/

Explicitly constrain alighment

B

B

B |

o

v, | v Ve :: ve Ve v7 Vs
Yo' e B V3 Vs vs Ve v7 Vg
Yo yi Vs Vi A L A vi L | vé
Yo yi¥ vy s’ S» Vs g Ve Y 2

* Find the most probable path from source to
sink using any dynamic programming algorithm

— E.g. The Viterbi algorithm

44



Viterbi algorithm Basic idea

/8/ yE |l vE | B | vE y7 Vs
/N | vo Nyl Iy |y Yo' y7 Vg
T 1 vi | vs Yé vy Vs
/Y| yo" yi' | |ve | o|ys | |[ve yrw o vE"

* The best path to any node must be an extension of
the best path to one of its parent nodes
— Any other path would necessarily have a lower
probability
* The best parent is simply the parent with the best-
scoring best path

45



Viterbi algorithm Basic idea

/B/ v | 2 ye y7 Vs
/1Y/ /A Yo' y7 Ve
JF/ i || ¥ vé %l %3
7 Ya | lys Ve y7 | yd"

BestPath(y§ — yi) = BestPath(y§ — y3')y5
or  BestPath(yg — yi)yf

BestPath(y§ — y%) = Best (BestPath(y(’)9 - Parent)) y&

Parent e(¥iY,yH)

BestPath(y; — y3) = BestPath(y; — BestParent)yj

* The best parent is simply the parent with the best-scoring best path

BestParent = argmaxpg,on; c(yl¥ 3 F) (Score(BestPath(yg — Parent)))

46



Viterbi algorithm

/B/ \ i lys NK12% y7 Vs

/| o . a. < vs Ve S“ y7 Vs

K| v vy : Vs 5' Ve Ve S, vi | | vh

N/ | vl yi' Vi B\ ye' Ve yyr 51 vg'
e Dynamically track the best path (and the score of the

best path) from the source node to every node in the
graph
— At each node, keep track of

* The best incoming parent edge

* The score of the best path from the source to the node through this
best parent edge

* Eventually compute the best path from source to sink
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/B/
/IY/
/F/
/IY/

Viterbi algorithm

Ve vy Vg

\ 4

!

o
»

ye

B B B o B | B
Yo Vi Y2 \ V3 Vi
: ; Y

vo' o V3" 3 V4 vS: ve Ve S“ yyr vg'
¥$ vy ys v O yi O ye Ve S‘ vi | | vh
vo' | |1 | |z | Vs S» Vi’ B\ Vs PMYe M7 51 Ve

First, some notation:

ytS(r) is the probability of the target symbol assigned to the r-th row

in the t-th time (given inputs X ... X;)
— E.g., S(0) = /B/
* The scores in the Ot row have the form yf
— E.g.S(1) =5(3) = J1Y/
* The scores in the 15t and 3" rows have the form y{Y
— E.g.S(2)=/F/
* The scores in the 2" row have the form y{
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Viterbi

algorithm

vi K ve SOy R or K’ ve | Ve vy Ve
A I v Syl Syl Oy v7 Vg
yi Vs vs Vs 3 Ve Ve vy Ve
y1* ys' y3' v’ Sw v’ V' y7° Vg

* |nitialization:
BP(0,i) = null, i=0..K—1
Bscr(0,0) = y(.)s(o), Bscr(0,i) = —oo, i = 1..K—-1



Viterbi algorithm
Ve K’ ve | ve ys Ve
R < ol yy¥ vg'
Vs 3 Ve Ve yE Ve
Vi’ Sw vs' Ve yy¥ vg'

* Initialization:
BP(0,i) = null, i=0..K—-1
Bscr(0,0) = y(.)s(o), Bscr(0,i) = —oo, i = 1..K—-1
e fort =1..T—-1

BP(t,0) = 0; Bscr(t,0) = Bscr(t —1,0) X yf(o) <:|



Viterbi algorithm

B

o I Kt Ko Koe | [of | ok
4 1Y IY 1Y ‘I_> IY 1Y 2% %

Y2 Y3 3 Va Vs P Vs vy v

v | Nod > i 3‘ AN S‘ Y

* Initialization:

BP(0,i) = null, i=0..K—-1

Bscr(0,0) = yg(o), Bscr(0,i) = —o0, i = 1..K—1
e fort =1..T—-1

BP(t, 0) = 0; BSCT(t, O) = BSCT(t — 1’0) X ytS(O)
forl =1..K—-1

« BP(t,]) = <l —1: if (Bser(t—1, ll—. ;)S: Bscr(t—1,0)) 1 - 1; )

<=
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Viterbi algorithm

B » B B B > B B B
Y2 \ Y3 Y4 t Ve Ve yi yi
1Y Iy | Y J_> Iy | 2% v v

V4

Y2 V3 3 Vs Ve Y7 Vs
Yz yi | vi AN yE yE §y5 | [ 5F
s | N > yiY 3‘ AN S‘ Y

* Initialization:
BP(0,i) = null, i=0..K—-1
Bscr(0,0) = y(.)s(o), Bscr(0,i) = —oo, i = 1..K—-1
e fort =1..T—-1

BP(t,0) = 0; Bscr(t,0) = Bscr(t —1,0) x y;
forl =1..K—-1

« BP(t, 1) = <l —1: if (Bscr(t —1,l—1) > Bscr(t — 1’1)) -1, >_

[ :else

« Bscr(t,1) = Bscr(BP(t, 1)) xy7® -




Viterbi algorithm
v K' vE olve | (08 ] [ o2
W QS R \ | ¥
Vi AN yE Yé vy &
V' S‘\ e v Pyr e

e [|nitialization:
BP(0,i) = null, i=0..K—-1
Bscr(0,0) = y(.)s(o), Bscr(0,i) = —oo, i = 1..K—-1

e fort =1..T—1

BP(t,0) = 0;Bscr(t,0) = Bscr(t—1,0) X yf(O)

forl =1..K—1

(=

« BP(t,]) = <l —1: if (Bscr(t -1, ll—. ell)S: Bscr(t — 1,1)) [—1; >

. BSCT(t, l) = BSCr(BP(t,l)) ny(l)



Viterbi algorithm

| Yo Y7 yg

1Y 1Y 1Y

Ve Y7 Vs
Ve §y5 L vs
Ve yy¥ S« Vg

* Initialization:
BP(0,i) = null, i=0..K—1
Bscr(0,0) = y(.)s(o), Bscr(0,i) = —oo, i = 1..K—-1
e fort =1..T—-1

BP(t,0) = 0; Bscr(t,0) = Bscr(t —1,0) x y;
forl =1..K—-1
« BP(t,1) = (if (Bscr(t—1,1—1) > Bscr(t —1,1)) L —1; elsel)

« Bscr(t,l) = Bscr(BP(t, 1) xy7® } :

54




Viterbi algorithm

| Yo Y7 yg

1Y 1Y 1Y

Ve Y7 Vs
Ve §y5 L vs
Ve yy¥ S« Vg

* Initialization:
BP(0,i) = null, i=0..K—1
Bscr(0,0) = y(.)s(o), Bscr(0,i) = —oo, i = 1..K—-1
e fort =1..T—-1

BP(t,0) = 0; Bscr(t,0) = Bscr(t —1,0) x y;
forl =1..K—-1
« BP(t,1) = (if (Bscr(t—1,1—1) > Bscr(t —1,1)) L —1; elsel)

« Bscr(t,l) = Bscr(BP(t, 1) xy7® } :
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Viterbi algorithm

B

Va K’ s K| Ve y7 Vs
I | IY Iy IY

Y
Ya

> Yéy Ve Y7 B4
vi | vé Ve §y5 Lo v
Vi Sw ye' Ve yyr 31 vg'

* Initialization:
BP(0,i) = null, i=0..K—1
Bscr(0,0) = y(.)s(o), Bscr(0,i) = —oo, i = 1..K—-1
e fort =1..T—-1

BP(t,0) = 0; Bscr(t,0) = Bscr(t —1,0) x y;
forl =1..K—-1
« BP(t,1) = (if (Bscr(t—1,1—1) > Bscr(t —1,1)) L —1; elsel)

« Bscr(t,l) = Bscr(BP(t, 1) xy7® } :
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Viterbi algorithm

| Yo Y7 yg

1Y 1Y 1Y

Ve Y7 Vs
Ve §y5 L vs
Ve yy¥ S« Vg

* Initialization:
BP(0,i) = null, i=0..K—1
Bscr(0,0) = y(.)s(o), Bscr(0,i) = —oo, i = 1..K—-1
e fort =1..T—-1

BP(t,0) = 0; Bscr(t,0) = Bscr(t —1,0) x y;
forl =1..K—-1
« BP(t,1) = (if (Bscr(t—1,1—1) > Bscr(t —1,1)) L —1; elsel)

« Bscr(t,l) = Bscr(BP(t, 1) xy7® } :
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Viterbi algorithm

| Ve Y7

yg

IY 1Y

Iy
B4

Ve Y7
Ve §‘ Y7 Vs
Yo y7 S‘ yiY

* Initialization:

BP(0,i) = null, i=0..K—-1

Bscr(0,0) = yg(o), Bscr(0,i) = —o0, i = 1..K—1
e fort =1..T—-1

BP(t; 0) = 0; BSCT‘(t, O) = BSCT(t — 1’0) X ys(o) —

t
forl =1..K—1

« BP(t,]) = <l —1: if (Bser(t—1, ll—. ;)S: Bscr(t—1,0)) 1 - 1; )

* Bscr(t,l) = Bscr(BP(t,l)) ><ytS(l)
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Viterbi algorithm

| Ve Y7

yg

IY 1Y

Iy
B4

Ve Y7
Ve §‘ Y7 Vs
Yo y7 S‘ yiY

* Initialization:

BP(0,i) = null, i=0..K—-1

Bscr(0,0) = yg(o), Bscr(0,i) = —o0, i = 1..K—1
e fort =1..T—-1

BP(t; 0) = 0; BSCT‘(t, O) = BSCT(t — 1’0) X ys(o) —

t
forl =1..K—1

« BP(t,]) = <l —1: if (Bser(t—1, ll—. ;)S: Bscr(t—1,0)) 1 - 1; )

* Bscr(t,l) = Bscr(BP(t,l)) ><ytS(l)
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Viterbi algorithm

Initialization:
BP(0,i) = null, i=0..K—1
Bscr(0,0) = 3@, Bscr(0,i) = ~oo, i = 1..K 1
e fort =1..T—1
BP(t,0) = 0; Bscr(t,0) = Bscr(t —1,0) X yf(o) _
forl =1..K—-1
. BP(LI) = (l —1: if (Bscr(t — 1,1 —1) > Bscr(t —1,1)) [ —1; > ><:|

[:else

* Bscr(t,l) = Bscr(BP(t,l)) ><ytS(l)
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Viterbi algorithm

¢« s(T—1) = S(K—1)
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Viterbi algorithm

e s(T—1) = S(K—-1)
e fort = T —1downto 1
s(t—1) = BP(s(t))
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Viterbi algorithm

-

B

/B/ vy Vs Ve Ve Y6 Y7 Vg
\7AR vi" }\ V3" Vi ve' Ve yy¥ vg'
/Fl | v i vi | NG -G yE | |vE | |t vE
7 I I I S O I O 7 S 5
¢« sS(T—1) = S(K—1)
e fort = T —1downto 1

s(t—1) = BP(s(t))

/B/ /B /Y]] [R[ Y] TN Y] /1Y
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VITERBI

#N is the number of symbols in the target output
#S (i) is the ith symbol in target output

#T = length of input

#First create output table
For 1 = 1:N
s(l:T,1i) = y(1:T, S(1i))

#Now run the Viterbi algorithm

# First, at t =1

BP(1,1) = -1

Bscr(1l,1) =

Bscr (1,2:N)

for t = 2:T
BP(t,1) = BP(t-1,1);
Bscr(t,1l) = Bscr(t-1,1)s(t,1)
for i = 1l:min(t,N)

s(1,1)
= —-infty

BP(t,1) = Bscr(t-1,i) > Bscr(t-1,i1i-1)
Bscr(t,i1) = Bscr(t-1,BP(t,1))s(t,1)

# Backtrace
AlignedSymbol (T)
for t = T downto

N

1
AlignedSymbol (t-1) = BP(t,AlignedSymbol (T))

?

i

i-1



Assumed targets for training with the

/B/
/IY/
/F/
/IY/

Viterbi algorithm

A NE: Vs Vi Vs Ve y7 Vs
Yo | |21 }\ ys | (2 | |¥s | | | |¥7 | |¥s8
ANEAREAR = va QAR AR AR
w | ] D] ] [ N R

/B/ /B[ /IY]]

-/ [FL WYY /Y] Y

1 E1 G E3 0 3 E

r ¢+ t+ 1t ¢+ 1t 1 1
t T+ ¢+t 1
Xo | [ x| [ X | Xs| | X 1Xs| [Xe| | X| | Xg




Gradients from the alighment

/B/ A NES 3 yi Ve ve vy %
N7 v }\ s’ Vs g Yo' y7 Vg
TEEAREARER A= vl O AR AR A RES
m vl ] ] ] ) e

/B//

B/

Y/ [F//

=/ /Y /WY Y)Y/

DIV = Z Xent(Yt, SymbolbeStpath

* The gradlent w.r.t the t-th output vector Y;
—1
Y(t, Symbolf eStpath)

Vy, DIV = [0 0

z log Y(t Symbolbeswath)

0 .. o]

— Zeros except at the component corresponding to the target in the estimated
alignment
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Iterative Estimate and Training

/B/ /B/ [IY] [F/ /F/ 1Y/ /|Y/ /Y)Y 1Y/
7P 2 2 7 ? 2 Q2 7

Yo Ny 31 |Ya Y5 | |Ye Y; Yg | |¥o

Train model with Decode to obtain

given alignments alignments

Initialize
alignments

The "decode” and "train” steps may be combine into a single "decode, find alignment,
compute derivatives” step for SGD and mini-batch updates




Iterative update

* Option 1:
— Determine alignments for every training instance

— Train model (using SGD or your favorite approach) on the
entire training set

— |terate

* Option 2:

— During SGD, for each training instance, find the alignment
during the forward pass

— Use in backward pass



Iterative update: Problem

* Approach heavily dependent on initial
alignment

* Prone to poor local optima

e Alternate solution: Do not commit to an
alignment during any pass..



/B/
/IY/
/F/
/IY/

The reason for suboptimality

A NEG vE Vi yE ve yE v
Yo v }\ s’ Vs Vg Ve v7 Vg
v§ i vE INGE -G | vE vE i i
i || ] ] D N

We commit to the single “best” estimated alignment
— The most likely alignment

DIV = — Z log Y(t, symbolfeStpath)
t

— This can be way off, particularly in early iterations, or if the model is poorly initialized
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The reason for suboptimality

[ ) R ‘ _
/B/ vz N Y3 Vi K’ vs K|V y7 Vs
1Y/ 0% ' 8% 0% 0% Iy

Yo yi© Vs 3 Vi vs & Ve vy Vg
)| vE i 5 £ 3 q 7 7

Ys Yo Y7 Y8
m D] D] N B NN

*  We commit to the single “best” estimated alignment
— The most likely alignment

DIV = — z log Y(t, symbolfeswath)
t

— This can be way off, particularly in early iterations, or if the model is poorly initialized

e Alternate view: there is a probability distribution over alignments of the target Symbol
sequence (to the input)
— Selecting a single alignment is the same as drawing a single sample from it
— Selecting the most likely alignment is the same as deterministically always drawing the most probable
value from the distribution
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/B/
/IY/
/F/
/IY/

Averaging over all alignments

Yo k v N Vs \ vs X Ve K’ ve | Ve vy Ve
Yo A I v Syl Syl Oy v7 Vg
v 7 Vs §y§ > Vs 3 Ve Ve §y5 L vé
Yo' yi’ ys' v’ S» v’ 3\ v’ V' y7° B« Vg
;0 1 2 3 4 5 6 7 8 .

* |nstead of only selecting the most likely alignment, use the
statistical expectation over all possible alignments

DIV = E

— z logY(t,s;)
_ t i

— Use the entire distribution of alignments

— This will mitigate the issue of suboptimal selection of alignment
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The expectation over all alighments

/B/
/IY/
/F/
/IY/

t

Yo k R v \ ys X Ve K’ ve (| Ve v7 Ve
Yo v vy v Syl Syl Ve v7 Vg
Y6 yi el §y§ S‘ Va 3 Ve Ve §y5 L] v
Yo v v s’ S» Vs 3\ vg' Ve y7 B« Vg
0 1 2 3 4 5 6 7 8 |
DIV = E —ElogY(t, St )]
t

Using the linearity of expectation

DIV = —2 E[logY(¢,s;)]

— This reduces to finding the expected divergence at each input

DIV = _Z Z P(s; = S|S,X)logY(t,s; =S)

t

SES; .

Sk
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The expectation over all alighments

/B/
/IY/
/F/
/IY/

Yo k v N Vs \ vs X Ve K’ ve | Ve vy Ve
Yo A I v Syl Syl Oy v7 Vg
v 7 Vs §y§ > Vs 3 Ve Ve §y5 L vé
Yo' yi’ ys' v’ S» v’ 3\ v’ V' y7° S« Vg
;0 1 2 3 4 5 6 7 8 .

The probability of seeing the specific symbol s at time t,
given that the symbol sequence is an expansion of
S =S, ...Sk_1 and given the input sequence X = X, ... Xy_4
We need to be able to compute this

DIV'="=") 0BT, S]]
t

— This reduces to finding the expectedfdivergence at each input

DIV = _Z Z P(s; = S|S,X)logY(t,s; =S)

t

SES;.

.Sk
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A posteriori probabilities of symbols

. | |
/B | ¥ ‘K | vz Y3 i || ¥ Ve y7 Vs
\7AR 7 vi¥ vy s’ Vs vS: Ve K Ve v7 Vg
/F | Yo yi Y2 yi N v Y s Ve §y5 L | vé
7R v’ v i Lyl .\1 Vg Ve y7 Sw Vg
;0 1 2 3 4 5 6 7 8 |

P(s; =5,|8,X) x P(s; = S, S|X)
 P(s; = S§,,8|X) is the total probability of all valid paths in

the graph for target sequence S that go through the symbol
S, (the rth symbol in the sequence S; ... Sk ) at time t

* We will compute this using the “forward-backward”
algorithm
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A posteriori probabilities of symbols

/B/
/IY/
/F/
/IY/

* P(s; = 5,,8|X) can be decomposed as

t

Yo ‘K R vz yB | vE i v8 [ vE y7 Vs
vo! | My My s Kve olys e N Y7 | | vs
5 % Y3 y:i Y v 3 Vs Y6 §y5 L | s
Yo v v yi 1yl .\1 g Ye y7 31 Vs
0 1 2 3 4 5 6 7 8 |

P(s;, =S, S|X) = P(Sy, ..., Sk, sy = S,.|X)
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A posteriori probabilities of symbols

/B/
/IY/
/F/
/IY/

Yo ‘K i K| V2 yE 1| vE 1 vE 1| 08 y7 Vs
vo! | Yy v s ks Iolvs Rlve N Y7 | | vs
5 % Y3 i Y vi Vs Y6 §y5 L | s
v | ] e e I D D 31 Vs
;0 1 2 3 4 5 6 7 8 .

* P(s; = S,,S|X) can be decomposed as
P(St —_ ST' SlX) — P(Sl, ver )
=P(S;..S,, S =S,,5:+1 € succ(S;), succ(S;), ..., Sk, |X)

* Where succ(S;) is a symbol that can follow S, in a sequence

— Here it is either §,. or S,-,1 (red blocks in figure)

Ser Sk Sp = Sp|X)

— The equation literally says that after the blue block, either of the two
red arrows may be followed
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A posteriori probabilities of symbols

_ | | |
/8/ §| v e K vs 4 e 4 4 vy Vg

1Y 1Y

O\ yi© vs' y3" V' ve' K Ve Vg
/F/ | Yo V1 % i i Ve Ve Eﬁ | 4
5 yy¥ N vg'

N/ | vl yi" ys' vy ! vi Ny s Ve

;0 1 2 3 4

e P(s; =5, 1|X) can be decomposed a
P(s; =15, SIX) = P(5y, ... oSk, St = Sy |X)
= P(!?l Sy, S = §r, Siyq € Succ(S ), succ(S;), .. SK, 1X)
* Where succ(S, ) is a symbol that can follow S, in a

segquence
— Here it is either §,. or S, (red blocks in figure)

— The equation literally says that after the blue block, either of the
two red arrows may be followed
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A posteriori probabilities of symbols

/B/
/IY/
/F/
/IY/

t

Yo i K| vz B yB ol w8 ol P y7 Vs
Yo - M ys s s v ve ol | V8
5 Vi Y i i Vs Y6 y7 Lk
Yo i v T N P y7 N Vs
0 1 2 3 4 -

P(s; = S,, S|X) can be decomposed as
P(St == ST" SlX) == P(Sl, e

Using Bayes Rule

S‘I‘) ---)SKI St = Srlx)

= P(S;...S,,5; = S,,S¢+1 € succ(S;), succ(S,), ..., Sk |X)

= P(S;..S.,5; =S, |X)P(st4+1 € succ(S,), succ(S;), ..., Sk |S1 ... Sy, s = S, X)

The probability of the subgraph in the blue outline, times the conditional
probability of the red-encircled subgraph, given the blue subgraph

79



A posteriori probabilities of symbols

/B/
/IY/
/F/
/IY/

t

Yo R vz B 2 A y7 Vs
Yo v v ys' Ve
Yo Y1 Y2 Y3 {

o | [ | [ ]

0 1 2 3 -

P(s; = S,, S|X) can be decomposed as
P(s; =S,,S81X) = P(Sq, ..., S, ..., Sk, ¢ = S 1X)
= P(S;...S,,5; = S,,S¢+1 € succ(S;), succ(S,), ..., Sk |X)
Using Bayes Rule
= P(S;..S.,5; =S, |X)P(st4+1 € succ(S,), succ(S;), ..., Sk |S1 ... Sy, s = S, X)
For a recurrent network without feedback from the output we can make the
conditional independence assumption:

P(s; = S,,S|X) = P(S; ...S,, 5 = Sy |X)P(S¢41 € succ(S;,), succ(Sy), ..., Sk |1X)

Assuming past output symbols do not directly feed back into the net
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Conditional independence

Yo

V1
X — XO Xl "'XN—l

v

H — HO Hl "'HN—l

N-1

Dependency graph: Input sequence X = Xy X; ... Xy—1 governs hidden
variablesH = Hy H{ ... Hy_4

Hidden variables govern output predictions yg, V4, ... Vy—1 individually
Yo, Y1, --- Yn—1 are conditionally independent given H

Since H is deterministically derived from X, y,, V4, ... Yy—1 are also
conditionally independent given X

— This wouldn’t be true if the relation between X and H were not deterministic or

if X is unknown, or if there were direct connections between the ys o



/B/
/IY/
/F/
/IY/

P(St — Sr,S|X)
= P(S;..5,, 5 =S, |X)P(S¢41 € succ(S,), succ(S;), ..., Sk |X)

A posteriori symbol probability

N i R v2 N ys K| vé y7 v
YN v S oY s’ y7 Vg
y§ YRS % yE
o' i’ vy | N (v €
0 1 2 3 4 5 6 / 8

t

* We will call the first term the forward probability a(t,r)
* We will call the second term the backward probability S(t, )
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A posteriori symbol probability

/B/ V\yé*

/IY/

/F/
/IY/

P(St — Sr'slx)

= P(S;...S,, 5 =S, |xy>(st+1 € succ(Sy), succ(Sy), ..., Sk 1X)

t

k R v ys | ve
Yo oy s’
Yo A= Vi 3 3
Yo v y2' | Nys" 3 Ya
0 1 2 3 4

y

B

v7 Vs
1Y yéY
V5|
Y
7

* We will call the first term the forward probability a(t, )

* We will call the second term the backward probability S(t, )
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Computing a(t,r): Forward algorithm

a(t,r) = P(51..5,,5; = S5;|X)

* The a(t,r) is the total probability of the subgraph
shown
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Computing a(t,r): Forward algorithm

ve ™ ¥yt v8 K

a(3,1Y) = P(S;..S,,s; = S, |X)

a(3,17)

1Y

= P(subgraph ending at(2,B))ylY + P(subgraph ending at(2,1Y))yi¥
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Computing a(t,r): Forward algorithm

ve ™ ¥yt v i N
Y Tl SV S [T

V3

a(t,r) = P(S;..S,, sy = S,|X)

a(3,1Y)
= P(subgraph ending at (2,B) )yi* + P(subgraph ending at(2,1Y))yi"

a(3,1Y) = a(2,B)yi + a(2,1Y)yl
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Computing a(t,r): Forward algorithm

a(t,r) = P(S;..S,, sy = S, |X)
* The a(t,r) is the total probability of the subgraph shown
 We can marginalize the symbol at time t-1

a(t,r) = Z P(Sl...,Sq ySt—1 = Sq, S¢ = Sr|X)
q:Sqepred(Sy)

— Where pred(S,.) is any symbol that is permitted to come before an S, and may
include S,

— q isits row index, and can take values r and r — 1 in this example
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Computing a(t,r): Forward algorithm

a(t,r) = P(5{..5,, s = S,-|X)
* The a(t,r) is the total probability of the subgraph shown
 We can marginalize out the symbol at time t-1

a(t,r) = z P(Sy...,Sq,5¢-1 = Sq, 5. = 5;1X)
q:Sq€pred(Sy)

e Using the conditional independence assumed

a(t,r) = Z P(Sl. ) Sq,St—1 = Sq|X)P(St = S5.|1X)

q:Sqepred(Sy) -



Computing a(t,r): Forward algorithm

a(t,r) = P(S{..5,,5; = Sy1X)
 The a(t,r) is the total probability of the subgraph shown

a(t, T) — z P(Sl.. "SCI ySt—1 = Squ)P(St — Sr|X)
q:Sqepred(Sy)

— Z a(t —1, q)yf’”

q:Sqepred(Sy) .



Forward algorithm

a(t,r) = Z a(t —1, CI)YET

q:SqEpred(Sy)
* The a(t,r) is the total probability of the subgraph
shown
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Forward algorithm

/B/ | Ve y7 Vs
/IY/ Ve v7 Vg
/F/ Ve § v | v
/I\Y/ Ve e
. 6 7 8
a(t—1,r—1)
a(t—1,7) a(t,r)
S(r)

a(t,r) = (a(t —1L,r)+alt—1,r— 1))3’15
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Forward algorithm

/B | ¥ IR \ y: | Ve K’ ys K| ve y7 Vs
\7AR i yi Ayl Myl Lyl ya¥ vg'
K| v vy va ys Vi 3 Ve Ve yE Ve
N/ | vl yi" ys' V3" Vi 3\ ye' Ve yyr vg'

;0 1 2 3 4 5 6 A

* |nitialization:

a(0,1) = y(‘)g(l), a(0,r) =0, r>1

e fort = 1..T -1
a(t, 1) =a(t—1,1)y "
forl =2..K

a(t,l) = (a(t—1,0)+at—1,1-1)y Y



/B/
/IY/

/F/
/IY/

Forward algorithm

R v \ ys | e K’ ve | ve y7 Vs

i©o v v Sl Syl v y7 Vg

yi %4 § v Vi 3 Vs Ve vy v

v vy s’ Vs 3\ g Ye y7 Vs

1 2 3 4 5 6 7 8 |
Initialization:

fort

a(t,1) = a(t —1,1)y "
forl =2..K

a(0,1) = yg(l), a(0,r) =0, r>1

1. T-1

e« a(t,D) = (at—1,D+a(t—1,1- 1)y "

—
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Forward algorithm

y: N vs Vi K’ ve K| vé yE yE
B PR a2 t v Sy N | |
vy’ | Ny |y 3\ y Uy Dyl Iyl
2 3 4 5 6 7 8 |
* |Initialization:
a(o’l) — yg(l)y a(O, T') — 0, r>1
e fort =1..T -1
a(t,1) = a(t —1,1)y°"
forl =2..K e

e« a(t,D) = (at—1,D+a(t—1,1- 1)y "
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Forward algorithm

Vi K’ ve R vé 3 yE
i R R\ | [
Vi 3 Vs Y6 yy Vs
i N DN N N
4 5 6 7 8
* |Initialization:
a(o’l) — yg(l)y a(O, T') — 0, r>1
e fort =1..T -1
at,1) =at-1,1)y "
forl =2..K e

e« a(t,D) = (at—1,D+a(t—1,1- 1)y "
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Ve K’ ve | ve yB yB
TR EANEENEARE
TN Vs [ Vs KM Y7 | | s
Vi’ 3\ ve e My oo
4 5 6 7 8 i
e |nitialization:
a0 =y, ", a(0,r) =0, r>1
e fort =1..T—1
a(t,1) = a(t—1,1)y "
forl =2..K <:|

e a(t,l) =(at—1L,D+a(t—1,1—1)y;®
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Forward algorithm

* |Initialization:
a(0,1) = yg(l), a(0,r) =0, r>1
e fort =1..T—-1
a(t,1) = a(t—1,1)y "

forl =2..K <:|

e a(t,l) =(at—1L,D+a(t—1,1—1)y;®
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In practice..

* The recursion
a(t,) = (a(t—1,0+alt—1,1- 1)y’ "
will generally underflow

* Instead we can do it in the log domain
loga(t,l)

— log(elog a(t—1,1) + elog a(t—l,l—l)) + logyf(l)

— This can be computed entirely without underflow



Forward algorithm: Alternate
statement

* The algorithm can also be stated as follows which separates the graph probability
from the observation probability. This is needed to compute derivatives

* I|nitialization:
a(0,1))=1, a(0,r) =0, r>1

a(0,7) = @(0, r)yg(r), 1<r<K
e fort =1..T—-1
at, 1) =a(t—11)
forl =2..K
e at) =alt—1,D+a(t—1,1—1)
a(t,r) = a(e, r)yf(r), 1<r<K
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A posteriori symbol probability

/B/ V\yé*

/IY/

/F/
/IY/

P(St — Sr'slx)

= P(S;...S,, 5 =S, |xy>(st+1 € succ(Sy), succ(Sy), ..., Sk 1X)

t

k R v ys | ve
Yo oy s’
Yo A= Vi 3 3
Yo v y2' | Nys" 3 Ya
0 1 2 3 4

y

B

vy Ve
1Y yéY
Ve
Y

/

* We will call the first term the forward probability a(t, )

* We will call thgfnd term the backward probability S (t, )

We have seen how to compute this
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A posteriori symbol probability

AN B B > B B B B B B B

/B/ \Yo ‘K Y1 \'| Y2 Y3 Nl Vs y | Ve Y7 Vs

/| voN e L | |

/F/ | Yo Vi 4] T Vg

/| yo' i’ v2 | Mws > Vi 4
;0 1 2 3 4 5 6 7

P(s; =S,,8|1X) =a(t,r)P(s;4q € succ(S,), succ(S;), ..., Sk |X)

* We will call the first term the forward probability a(t, )

e We will call t

B, r)

We have seen how to compute this

ond term the backward probability
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A posteriori symbol probability

/B/
/IY/
/F/
/IY/

t

P(St — Srrslx) —

* We will call the first term the forward probability a(t, 1)

N k: VPR 8 S K vE v Rl vE | | vE | | B
N EEE AR, Y
v T ; yE
wo | || N N yiY z
0 1 2 3 4 5 6 /

—r—
Lets look at this
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A posteriori symbol probability

/B/

/1Y/ R P\

[F/ Vi \3 Vs Ve §y5 |

/IY/ Ny Py vy 31 8"
;0 1 2 3 4 5 6 7 8 .

B(t,r) = P(sS;4q € succ(S,), succ(Sy), ..., Sk |X)

* B(t,r) is the probability of the exposed subgraph,
not including the orange shaded box
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A posteriori symbol probability

/B/
/IY/ Vi’ Y syl AN,
/E/ Vi N Ve Ve § yE
/1Y/ Nyl v yi 31 yiY
;0 1 2 3 4 5 6 7 8
Vit Vs Y6
Vs Ve § vy 3
Ve vyt — gt

Vs Ve Ve — V¥ S
X Vs 3 Ve, =y =y



A posteriori symbol probability

/B/
/IY/ Vi yi oyl
/E/ Vi N Ve Ve § yE
/1Y/ Nyl v yi 31 yiY
;0 1 2 3 4 5 6 7 8 .
Vi Vs Ve
Vs Ve § vy 3
Ve vyt — gt

Vi Ve Ve — V¥ S
X Vs 3 Ve, =y =y



/B/
/IY/
/F/
/IY/

£(3,1) —

A posteriori symbol probability

Ya g e N
Vi Vs R Ve §y5 <
Nyet M ye P 31 Yg'
0 1 2 4 5 6 7 8 |

1Y

o 1Y

inP (D:
+

Vs > Ve
Ve Ve § vy
v yi¥

L Vs

Ve

Y
Vs

Ve
3 Ve

P (S

> V7 S
y7 = g




/B/
/IY/
/F/
/IY/

A posteriori symbol probability

v 4

1Y

1Y

3 Vs > Ve \ 77

Vi Vs R Ve § y7 |

Nyet M ye P 31 Yg'
4 5 6 7 8,




A posteriori symbol probability

/B/

/1Y/ s’ R P\

[F/ Vi \3 Vs Ve §y5 |

/IY/ Ny Py vy 31 8"
;0 1 2 3 4 5 6 7 8

»
»

B(t,r) = P(S¢41 € succ(S,), succ(S;), ..., Sk |1X)

B(t,r) is the probability of the exposed subgraph, not including the
orange shaded box

Note that RHS includes all potential successors of S,.. Lets expand this out
by explicitly summing over all potential successors

pen =

q:Sqesucc(Sy)

P(st+1 = Sq Sqr -» Sk |1X)

108




/B/
/IY/
/F/
/IY/

A posteriori symbol probability

RS N
Vs Y6 §y5
yéY Y6 7 Vs
;0 1 I 6 7 8 .
B(t, 1) = Z P(st+1 = Sq Sqr -r Sk |1X)

q:Sqesucc(Sy)

Lets expand this out in terms of the successors of S, at t+2

— Explicitly consider all possible successors, to cover all possibilities (the two
red boxes)

:B(t: 7") =

q:Sqesucc(Sy)

P(stﬂ = S84, St4+2 € succ(Sy), succ(Sy), -,

Sk1X)
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/B/
/IY/
/F/
/IY/

A posteriori symbol probability

RN
Y6 § Y7 |
Y6 7' 31 Vg
;0 1 2 6 7 8 .,
Expressing f(t,7) in terms of the successors of S,
B(t,r) = P(sHl = Sq, St+2 € succ(Sy), succ(Sy), ...,SK|X)
q:Sqesucc(Sy)
Using our assumption of conditional independence
B(t,r) = P(stﬂ = Sq|X)P(st+2 € succ(Sy), succ(Sy), ...,SK|X)

q:Sqesucc(Sy)
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/B/
/IY/
/F/
/IY/

A posteriori symbol probability

N
Y6 § Y7 |
2 DNy Nop
;0 1 2 6 7 8 |
Expressing f(t,7) in terms of the successors of S,
B(t,r) = P(sHl = Sq, St+2 € succ(Sy), succ(Sy), ...,SK|X)
q:Sqesucc(Sy)
Using our assumption of coryffl)nal independence |B(t+1,q)
I A 11 A 1
B(t,r) = P(stﬂ = Sq|X)P(st+2 € succ(Sy), succ(Sy), ...,SK|X)

q:Sqesucc(Sy)
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/B/
/IY/
/F/
/IY/

B(t,r) =

t

A posteriori symbol probability

1Y

* Ve \ 77
Y6 § V7
2 DNy Nop
0 1 6 7 8 |
Expressing (t,7) in terms of the successors of S,
Z P(St+1 = Sy, St4+2 € succ(Sy), succ(S,), ...,SK|X)

Using our assumption of conditional independence

q:Sqesucc(Sy)

Bt r) =

3

q:Sqesucc(Sy)

S
v, Bt+1,9)
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/B/
/IY/
/F/
/IY/

Backward algorithm

IY

> y6 \ 77
Ve §y5 |
Ve My 31 Ve
6 7 8 .

e

p(t,r) =

S(r
Yet+1

Bt +1,7) + y

S(r+1)

t+1

pt+1,r+1)
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Backward algorithm

/B/
[
v/ 1§k N\
Gl \ Zill NERN B §y5 |
/Y/ Ny DyE 31 v
¢ 0 1 2 3 4 5 6 7 8 .,

Sq

pen = ) B+ Ly,

q:Sqesucc(Sy)

* The B(t,r) is the total probability of the subgraph
shown
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/B/
/IY/

[F/
/IY/

Backward algorithm

o

Y6 yr Y2 \ ys | e K’ ve | ve V7

Yo iy v Sl Syl v vy

RN §y5 RN e ER
Yo | (x| |2 | Mrr P 3\ ys )Y ¥y7 -

0 1 2 3 4 5 6 /
Initialization:

B(T-1,K)=1, p(T—1,r)=0, r<K

fort =T — 2 downto 0

B(tK) = B(t+1,K)y %
forl = K—1..1

« Bt =y DB+ 1,1) + yITVB(E+ L, + 1)
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Backward algorithm

/B/ | ¥§ i K vs \:3@1’3 | vi K’ ve | ve
Y/ | o v Syl ISl Sl Sl (I ] |
MEAREANE §y5 NN TN A
A A I O VL B A I BV 3\ yi Iyl o A
0 1 2 3 4 5 6 7 8 |
e |nitialization:
B(T-1,K)=1, p(T—1,r)=0, r<K
e fort =T —2downto 0
S(K n
B(t,K) =B(t+1,K)y :

forl =K—-—1..1

« Bt =y DB+ 1,1) + yITVB(E+ L, + 1)
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Backward algorithm

/B/ ygkyf 'yf\"yf‘gyftyf‘
I\ 7B v IS Sl S
/Fl | Yo yi Yz § Vs 3 Ya 5 Ve
/A " y2' | s S» Ya 3\ Y5

;0 1 2 3 4 5

y

* |nitialization:
B(T-1,K)=1, p(T—1,r)=0, r<K
e fort =T — 2 downto 0

B(t,K) = B(t+1,K)y %

forl =K—-—1..1 :

« Bt =y DB+ 1,1) + yITVB(E+ L, + 1)
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Backward algorithm

/B/ | ¥ k R vz \:3@1’3 X Vi
N7 iy R wd B/
/Fl | Yo yi %4 § v > Vi
| vY v v s’ S» Vs

;0 1 2 3 4

y

e |nitialization:
B(T-1,K)=1, p(T—1,r)=0, r<K
e fort =T —2downto0
BLK) =Bt + LK)y
forl =K—-1..1
« B(t,T) =y OB+ 1,1) + v IR+ 1, + 1)
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Backward algorithm

/8/ | | ﬂ yE
v NG g‘“
e N
) Nmm N e !
- 0 1 2 3 4 5 6 / 8

e |nitialization:
B(T-1,K)=1, p(T—1,r)=0, r<K
e fort =T —2downto0
B(tK) =Bt + 1K)y
forl =K—-1..1
« B(t,T) =y OB+ 1,1) + v IR+ 1, + 1)
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/B/
/IY/
/F/
/IY/

Alternate Backward algorithm

31 vg'

8 >

B, =y DB+ 1,7) + B+ 1,7 +1))

Some implementations of the backward algorithm will
use the above formula

Note that here the probability of the observation at tis
also factored into beta

It will have to be unfactored later (we’ll see how)
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The joint probability

/Bl | ‘K i K vz A /4 A 7 y7 Vs
/IY/ yé?\¥ e L A || e
/F | Yo i | N f Vs s |
et || e | Vs 3 Vi’

;0 1 2 3 4 5 6 7 8

P(s; =S,,8|X) = a(t,r)P(s;4+1 € succ(S,), succ(S;), ..., Sk |X)

* We will call the first term the forward pr@bility

a(t,r)
 We will call the second term the backwalprobability

:B (t; 7‘) We now can compute this
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The joint probability

/Bl | ‘K i K vz A /4 A 7 y7 Vs
1Y/ yé?\¥ i~y s Y Vg
R AN ARE f V5 Vs
| v yi” yi' | N3 > Vi

;0 1 2 3 4 5 6 7 8

P(s; =S,,S|X) =a(t, r).

* We will call the first term the rd pr. lity a(t, 1)
 We will call the second term t robability

B(t,r)

ackwar

Forward algo Backward algo
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The posterior probability

/B/ | ¥ ‘K R vz 3 Vi K’ ve | ve y7 Vs
N7 oy y Sy y7 Vg
/Fl | ¥ yi %4 Vi 3 Vs Ve vi L | v
| vY v v V3 S» Vs 3\ g Ye y7 Vs
;0 1 2 3 4 5 6 7 8 .

P(s; =5,,81X) =a(t,r)B(t, 1)

* The posterior is given by
P(s¢ = Sy, S|X) a(t,r)p(t,r)

Pl =SS = G =500~ Tt IBGT)




The posterior probability

/B/ | ¥5 ‘K R v ICLys K| v K’ ye | ve y7 Vs
I\ 7B oy s iyl Syl y7 Ve
/Fl| Y6 yi %4 gyé” § Ya 3 s Ve §y5 L| v
/A " y2' | s S» Ya 3\ Y5 Ve yr 31 Vs

;0 1 2 3 4 5 6 7 8 |

* Let the posterior P(s; = S,|S, X) be represented
by y (¢, 1)
a(t,v)B(t, 1)

Y a(t,r)B(E,r)

y(t,r) =



/B/
/IY/

/F/
/IY/

The posterior probability

Yo ‘K 2 3 Ve K’ ve | Ve vy Ve
Yo vi© v R~ v7 Vg
v 7 Vs Vs 3 Ve Ve vy Ve
Yo' yi’ ys' V3 S» v’ 3\ v’ V' y7° Vg
0 1 2 3 4 5 6 / 8

The posterior is given by

P(s; = S,,S|X) = a(t,r)B(t, 1)

a(t,r)B(t,r)

v

P = St BT

* We can also write this using the modified beta formula as (you will see this in papers)

%ﬂ a(t, r),[?(t, )
t

%) =g alt, A T)
Vi

y(t,r) =



/B/
/IY/
/F/
/IY/

The expected divergence

Yo k R vz \ ys X Vi K’ ve | ve y7 Vs
Yo v vy v Syl |yl Yo' y7 Vg
Y6 yi %4 §y§ S‘ Vi 3 Vs Ve §y5 L v
Yo v v s’ S» Vs 3\ g Ye y7 Vs
0 1 2 3 4 5 6 / 8

DIV = —Z Z P(s; = 5|8, X)logY(t,s; =s)

t

SESl

DIV = 22)/(1: ) logyt

v
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/B/
/IY/
/F/
/IY/

The expected divergence

Yo k v N Vs \ vs X Ve K’ ve | Ve vy Ve
Yo A I v Syl Syl Oy v7 Vg
v 7 Vs § v3 S‘ Vs 3 Ve Ve § vy Ve
Yo' yi’ ys' v’ S» v’ 3\ v’ V' y7° Vg
0 1 2 3 4 5 6 / 8

DIV = —Z z P(s; = 5|8, X)logY(t,s; =s)

t

DIV = —Z:Ey(t, ) logyts(r)
t 1

The derivative of the divergence w.r.t the output Y; of the net at any time:

dDIV
7y, DIV = [

SESl..

Sk

dDIV dDIV
dyts1 dy,v_s2

dny

|

— Components will be non-zero only for symbols that occur in the training instance

v
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The expected divergence

/B | ¥ k IR \ Y3 X Vi K’ ys K| ve y7 Vs
\7AR i V3" >‘ vyl Wyl ya¥ vg'
K| v vy va ys Vi 3 Ve Ve vi || vh
N/ | vl yi" ys' V3" S» Vi 3\ ye' Ve yyr B« vg'
;0 1 2 3 4 5 6 7 8 .

DIV = —Z z P(s; = 5|8, X)logY(t,s; =s)

t

SESl...SK

DIV = —22)/(1:, ) logyts(r)
t 1

* The derivative of the divergence w.r.t the output Y; of the net at any time:

Must compute these terms
from here

— Components will be non-zero only for symbols that occur in the training instance
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/B/
/IY/
/F/
/IY/

The expected divergence

Vo k vi N vz \ ys X Ve K’ ve K| ve v7 Vs
Yo A I v Syl Syl Oy v7 Vg
Y6 yi %l §y§ S‘ Vi 3 Ve Ve §y5 L] v
Yo' v’ v v’ S» Vs 3\ Vg V' y7° B« Vg
0 » X = y - - - p

W _ z ‘ y(t, ) logy, "

dy; Lt gyS ™ ;

r:S(r)=L "7t

DIV = —Z:Ey(t, ) logyts(r)
t 1

* The derivative of the divergence w.r.t the output Y; of the net at any time:

from here

ust compute these terms

— Components will be non-zero only for symbols that occur in the training instance
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The expected divergence

/B/ | ¥ k R v ve | ve y7 Vs
N7 i©o v vs K Ve y7 Vg
/Fl | ¥ yi %4 Vs Ve i | | v
| vY v v g Ye y7 B« Vs
;0 1 2 5 6 7 8 |

aDnl1v

dy;”

dDI1V d S
. z s Yt logy, 7
r:S(r)=l Vi

The derivatives at both these locations must be summed to get

* The derivative of the divergence w.r.t the output Y; of the net at any time:

— Components will be non-zero only for symbols that occur in the training instance
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The expected divergence

/B | ¥ k IR \ Y3 | Vs y7 Vs
\7AR i V3" Ve ya¥ vg'
/F | V6 Vi vs Vs Ve yE Vg
N/ | vl yi" ys' V3" : Ve L
;0 1 2 3// 4 5 6 7 8 |

— Components will be non-zero only for symbols that occur in the training instance
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The expected divergence

/B/ | ¥§ k v N Vs ve K| ve v7 Vs
\7AR Y vi© & v v Ve v7° Vg
/F | v 7 Vs Ve Ve § vi L | vé
| v yi’ ys' v’ V' y7° B« Vg
;0 1 2 5 6 7 8 ,
The derivatives at both these locations must be summed to get j’;iZ
i y sy Y (&) logy;
Ve r:S(r)=I Yt
d (t.7) log v — y(t,7) N dy(t,r) s
s YARTI08Ye =5y T sy 08
Yt . Yt
N NS

— Components will be non-zero only for symbols that occur in the training instance
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The expected divergence

/B | ¥ k IR ys K| ve y7 Vs
/Y| e i ve ys R Ve y ||y
/Fl | Yo % 3 Vs Y6 § vy | | v
/Y| v ||y ys Ve v Ay
;0 1 2 5 6 7 8 |
The derivatives at both these locations must be summed to get j’;iZ
4
d [ q S(1) Y\,,7)108Y;
Yt r:S(r)=l Yt
The derivativ d (t.7) 1o sy y(t,r) atanytime:
RORLAK 8Vt T T sm
Yt t
AN 7 N\ 4 AN 4

The approximation is exact if we think of this as a maximum-likelihood estimate
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/B/
/IY/
/F/
/IY/

The derivatives at both these locations must be summed to get

DIV = —22)/(1&, ) logytsm
t r

t

The expected divergence

Yo k K vz \ Y3 X vs K|V y7 Vs

Yo A I v s ve Ve v7 Vg

Yo % i Vs Vs Y6 % V§

vo' | | | vz | Vs vs PMYe Py e

0 1 2 3// 5 6 7 8 .
aDIV

dy;”

The derivative of the divergence w.r.t any particular output of the network must sum over
all instances of that symbol in the target sequence

dpIvV
dy}

r:S(r)=l1

y(t,r)

S
y; (r)

— E.g. the derivative w.r.t y/¥ will sum over both rows representing /1Y/ in the above figure
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Overall training procedure for

? 2 ?

Seq2Seq case 1
/B/ 1Y/ [F] )Y/
? 7

?

?

v

Y3

Y,

Ys

Y, | |1

Ye

* Problem: Given input and output sequences

without alighment, train models
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Overall training procedure for
Seq2Seq case 1

* Step 1: Setup the network |
— Typically many-layered LSTM Qf)

e Step 2: Initialize all parameters of the network
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Overall Training: Forward pass

* Foreach training instance
* Step 3: Forward pass. Pass the training instance through
the network and obtain all symbol probabilities at each

time
JAH/ | y§H yiH ysH y3H yiH yéH y&H yH y§H
/B/ v§ yi v vy vy ye vE vy Vs
/D/ v vy 3 y5 vy y2 vE vy vE
JEH/ | y&H yiH y5H y5H viH yEH yEH y5H y&H
Ny, | v&¥ vi¥ vi¥ vi¥ vi¥ yer v v3¥ va©
/F/ v§ vy vy vE Vi yE v& yE vE
/G/ | Y& i ys v§ Vs yE vé vy v§
1 1 1 1 1 1 1 1 1
| | | | | | | | |
Xo X X, X X, X X, X, X




Overall training: Backward pass

/B/ | yE yi vz ys Vi Ve ve vy Vg
7Y yi' ysr vs Vi’ V' Ve vy Ve
[Fl | vE Vi ya yi Vi Vs Ve yE Ve
7Y yi' ysr ys Vi’ V' Ve vy Vg
JAH/ | y§H y{H ysH y3H yiH yéH y&H yH y§H

* Foreach training instance
e Step 3: Forward pass. Pass the training instance through
the network and obtain all symbol probabilities at each
time
* Step 4: Construct the graph representing the specific
symbol sequence in the instance. This may require having |
multiple rows of nodes with the same symbol scores E




/B/
/IY/

/F/
/IY/

Overall training: Backward pass

Yo k R vz \ ys X Vi K’ ve | ve y7 Vs
Yo iy v Sl Syl v y7 Vg
Y6 yi %4 §y§ > Vi 3 Vs Ve §y5 L v
Yo v v s’ S» Vs 3\ g Ye vy M yg
;0 1 2 3 4 5 6 7 8

Foreach training instance:

— Step 5: Perform the forward backward algorithm
to compute a(t,r) and S (t,r) at each time, for
each row of nodes in the graph

— Step 6: Compute derivative of divergence 'y DIV
for each Y;
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Overall training: Backward pass

* Foreach instance

— Step 6: Compute derivative of divergence Vy DIV for each Y;

7 DIV — ldDIV dDIV dDIV]
; dyt dyf T dyf
aniv. v(t,7r)

. - S(r)
dYt r:S(r)=l Yt

e Step 7: Aggregate derivatives over minibatch and update
parameters



Story so far: CTC models

Sequence-to-sequence networks which irregularly output symbols can be
“decoded” by Viterbi decoding

— Which assumes that a symbol is output at each time and merges adjacent
symbols

They require alignment of the output to the symbol sequence for training
— This alignment is generally not given

Training can be performed by iteratively estimating the alignment by
Viterbi-decoding and time-synchronous training

Alternately, it can be performed by optimizing the expected error over all
possible alignments

— Posterior probabilities for the expectation can be computed using the forward
backward algorithm



A key decoding problem

* Consider a problem where the output symbols are
characters

* We haveadecode: RRROOOOOD
* |s this the merged symbol sequence ROD or ROOD?



/AH/
/B/
/D/

/G/

* /G/ [}/ [F/ Y/ /D/ or [G//

We’ve seen this before

Sl I Z i I 7 e B I N I 7 N U ol B I 75 I B ol B B o
Yo yr vz vy Vi ys vé %4 Vg
% i y3 3 y7 y? Ve 7 | Bl

vel | [yl | yg"”

| v’ Vg

Ye %l Vs

Yo vs y§ Vi Vs 3 vy %3
1 1 1 1 1 1 1 1 1

X, X4 X, X, X, X< X, X, Xq

-/ /Y/ /D] ?
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A key decoding problem

Consider a problem where the output symbols are
characters

We have a decode: RRROOOOOD
Is this the symbol sequence ROD or ROOD?

Note: This problem does not always occur, e.g. if repetition
is not permitted by the structure of the problem

— E.g. when symbols have sub symbols

 E.g. If Ois produced as O1 and 02 and must always begin with O1 and
terminate with 02
— Asingle O would be of the form 01 01..02 - O
— Multiple Os would have the decode 01 .. 02.. 01..02.. - 00



A key decoding problem

e Wehaveadecode: RRROOOOOD
* |s this the symbol sequence ROD or ROOD?

e Solution: Introduce an explicit extra symbol which serves to separate
discrete versions of a symbol

— A “blank” (represented by “-”)
— RRR---OO---DDD = ROD
— RR-R---O0O---D-DD = RRODD
— R-R-R---O-ODD-DDDD-D = RRROODDD
* The next symbol at the end of a sequence of blanks is always a new character
* When a symbol repeats, there must be at least one blank between the repetitions

* The symbol set recognized by the network must now include the extra
blank symbol

— Which too must be trained



* Note the extra “blank” at the output

/AH/
/B/
/D/
/EH/
1Y/
/F/
/G/

The modified forward output

b b b b b b b b b
Yo Y1 Y2 Y3 Ya Vs Ve Y7 B4
y§tH yi{tH y3H y5H yiH y&H y&t yaH y§H
V5 vi vy vy i yg vE vy vE
v y{ 3 v Vi yE Ve yP vE
y&H yiH yFH y5H yiH yeH yeH yiH y&H
v&¥ yi¥ yi¥ yiY vi¥ yi¥ ¥ ys¥ va*
v yi s v5 Vi vE vé vy vE
s 3% 4 ys v§ v y§ v& 3% 4 v§
| | | | | { | { |

| | | | | | | | |
X, X, X, X5 X, X< Xe X, X
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The modified forward output

* Note the extra “blank” at the output

/B/ I/ [F[ )Y/

- ¥ yr V3 V3 Vs Ve Ve V7 Ve
/AH/ | y§H yitH ysH y3H yitt yét yéH yiH v
/B/ vy y5 yi yg ve y7 ve
/D/ | Yo i vs 3 v yE e 7 y&
/EH/ | yg" | |y i il I il N - il N 12 I il I I 7
nyy | & yi¥ | vi¥ y&¥ v&¥ y3¥
/G | ¥§ yi ys vs Vs Ve Y7 v§

1 1 1 1

v
v
v

A
A
A\ A
\J

1 1 [ I

/F | ¥ yi v ys Ys
Ya
|
I
Xa
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* Note the extra “blank” at the output

/AH/
/B8/
/D/
/EH/
Y/
/F/
/G/

The modified forward output

/B/ I/ [F[ )Y/

’ b b b b b b
Yo Y1 Y2 Y3 m m Ve Y7 B4
y§H yi{tH y$H y§H yiH y&H y&H y#H y§H
vE v vy vy yE ve yB vE
v Vi 3 v Vi yE Ve vy vE
y&H yiH EH EH yiH yeH yeH yiH y&H
v y{¥ | viY y& | [0 v
v yi s v5 Vi vE V&
s 3% 4 ys v§ v y§ Ve V7 v§
| | | | | { | { |
| | | | | | | | |
X, X, X, X5 X, X< Xe X, X
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* Note the extra “blank” at the output

/AH/
/B/
/D/
/EH/
1Y/
/F/
/G/

The modified forward output

/B] I/ [F] [F] 1Y/

’ b b b b b b b
‘ Y1 Y2 Y3 Va m Ye Y7 Vs
y§H yi{tH y$H y§H yiH y&H y&H y#H y§H

vE v vy vy yE ve vy vE
v Vi v3 v Vi yE Ve vy vE
y&H yiH EH EH yiH yeH yeH yiH y&H
v y{¥ | i y& | [0 v
vé i v vi ye Vs
s 3% 4 ys s v y§ Ve V7 v§
| | | | | { | { |
| | | | | | | | |
X, X, X, X5 X, X< Xe X, X
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Composing the graph for training

/B/
/IY/
/IY/
/F/

t

Yo k R vz \ ys X Vi K’ ve | ve y7 Vs
Yo v v v Syl |yl Yo' y7 Vg
W [ (NP §yé” NeaiNpaiNer %W L [
Yo yi 2 v S» Vi 3\ Vs Ve y7 B« Vs
0 1 2 3 4 5 6 / 8

* The original method without blanks

* Changing the example to /B/ /I1Y/ /IY/ /F/ from /B/ /IY/ [F] /Y]

for illustration

150




/B/

/IY/

/IY/

/F/

Composing the graph for training

Yo y7 V3 y3 Vi ys e y7 Vg
Yo yr %1 %1 Vi ys Ye %4 Vg
Yo y7 Y3 y3 yi ys e y7 Y8
Yo yi© 2 | |vs Vs ys Yo' vy Ve
Yo y7 Y3 y3 yi ys ye y7 Y8
Yo v v, | |vs Vi Y5 Yo' y7 Ve
Yo y7 V3 y3 Vi Vs yé y7 Y8
Yo yi Y Vs Ya s Ye %4 Vs
Y6 i Y3 y3 Vi yE Ve Y7 Vg
* With blanks

* Note: a row of blanks between any two symbols
* Also blanks at the very beginning and the very end

1L




/B/

/IY/

/IY/

/F/

Composing the graph for training

Yo k—| Vi V3 y3 Vi ys e y7 Vg
Yo yr %1 %1 Vi ys Ye %4 Vg
Yo y7 Y3 y3 yi ys e y7 Y8
Yo yi© y2 R Vs Vs ys Yo' vy Ve
Yo y7 Y3 y3 yi ys é ye N y7 Y8
Yo v 2 | Ny )|y v [\ Ve w1Y7 | Ve
Yo y7 V3 y3 Vi ve ¥l Ye Rvlyr S Y8
Yo yi Y Vs Ya s Ye y: Vs
i e el r ] o 1 Yor POE PO PO

* Add edges such that all paths from initial node(s) to final

node(s) unambiguously represent the target symbol sequence
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Composing the graph for training

V3 y3 Vi ys e y7 Vg
%4 %1 Vi ys Ye %4 Vg
Y3 y3 yi ys e y7 Y8
y2 R Vs Vs ys Yo' vy Ve
- | ¥ y7 Y3 y3 yi ys é ye N y7 Y8
/Y| ye” v 2. | Nyi' RIVa v R Ve KVT Ve
- | ¥ y7 V3 y3 Vi ve ¥l Ye Rvlyr
[Fl | ¥ i Y V3 Vi s Ye %4
- | ¥ i Y3 y3 Vi yE Ve y7

e The first and last column are allowed to also end at initial a

final blanks
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/1Y

/F/

Composing the graph for training

Yo k—| Vi V3 y3 Vi ys e y7 Vg
/B/\ | Yo yr %1 %1 Vi ys Ye %4 Vg
—> Yo V1 Yz % Vi Vs Y8 V7 Vs
/P | ve” i vy ki i’ vs' N | %€ %l 8"
e y7 V3 V3 Vs ye é e N y7 V8
Yo v v R Y v &Y w_|V7 Vg
Yo y7 V3 y3 Vi Vs yé y7 j&yé’
Yo yi Y Vs Ya s Ye y: Vs
i e el r ] o 1 Yor POE PO PO

e The first and last column are allowed to also end at initial and

final blanks

e Skips are permitted across a blank, but only if the symbols on
either side are different

Because a blank is mandatory between repetitions of a symbol but not
required between distinct symbols




Modified Forward Algorithm

V1 Y2 Y3 V4 Vs Ve Y7 3’5
yr %1 Y3 Vi ys ye %4 Vs
y7 Y3 y3 Vi ys ye y7 ys
v v, )i Vs Vs Yo' vy Vg
y7 V3 y3 i Vs é Ve N y7 Y8
v 2 | Nyit R ys R\ Ve RO1Y7 | s
y7 V3 Y3 Vi ve vl Ye RvlY7 S Y8
yi s 3 Vi ys Ve v, 1 Vs
%4 Y3 Y3 Vi Vs Ve Y7 \1 Y

e |nitialization:

—a(0,0) = y2,a(0,1) =vy2,a(0,r) =0 r>1
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Modified Forward Algorithm

- | k Y1 Y2 Y3 V4 Ys Ye Y7 Y8
8/ s k| 0P Al N PA ys ye | | vé y7 Y
— vy ya ys Ve ye Ve ye Ve
/I\Y/ yi’ ysr ys' Vi’ ye' Ve yi¥ Vg
- vy va va Ve ye Ve N ye Ve
/1Y/ yi' ys' 2~ A Ve K Ve wolYvro\ | ve
- vy va va Ve e vl ve Rvl v? S Ve
/F/ vi vy Vs Vi Ve Ve vy Ve
- Y Y7 Y3 Vi ys e Y7 \1 V8
* |teration:
a(t,r) = (at—1,7) +at—1,7—1))y "
e fS(r)="—-"o0orS(r)=Sr—-2)

a(t,r) = (at—1Lr)+at—1Lr—1D+alt—17r— 2))y£9(r)

* Otherwise 156



Modified Forward Algorithm

- G m‘mkmkm ) 2] &)
5/ -ﬁ\\\ e ]
- . lul“l;zk \re &m rafirn
/IY/ “‘ Y
: NN B
. ‘ E L E
/1Y/ yiY yiY ‘
B b b \\ \-M\\nﬂ
N FE O T N £
/F/ Vi V3 4 - m-gg
N EeaicaRcaBcalratra
t
 |teration:
a(t,r) = (a(t -1, +alt—1,r — 1)) S
e IfS(r)="—-"o0orS(r)=Sr—2)

a(t,r) = (at—1Lr)+at—1Lr—1D+alt—1,7r-2))y, S(r)

* Otherwise 157



Modified Backward Algorithm

— | ¥ g V1 V3 y3 Vs e Ve y7
/8/ | ¥§ yr Y2 ys Vi ys Ve y7
- | ¥ y7 V3 y3 Vs ye Ve y7
7 vi© v s’ Vs g Ve vy
- | ¥ y7 V3 V3 Vs ye é ye N\ | v7
/Y| ye” v v vy RV v K1 Ye ROV
- | ¥ y7 V3 y3 Vs e RVl ve RVl Y7
/Fl | v yi Y Vel Vi s Ve el
- | ¥ 7 V3 y3 Vs Ve Ve V7
t

e |nitialization:

,B(T—l,éK) =B(T-12K—-1) =1
B(T—-—1,r)=0 r<2K-1
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Modified Backward Algorithm

- - Y2 ye | |3
/B/ k k% ‘ﬂ ve | |¥€ %

- G ll N ‘\ﬂ\ ERARE
07 B ‘ ﬂk ye' | |7

- Wl : m | -
078 B4 m

gy eal \\n\\‘-\i\
o B na \rm\ca\ra

- n " " 3 ) 2] " £ak oa n

* |teration:
Bt,r) =B+ 1,7y " + Bt + 1,7+ 1)y T
e IfS(r)="="o0orS(r)=Sr+2)

Bt ) =B+ 1,7y + Bt +1,r+ Dy " 4B+ 1,7+ 2)y

e Otherwise
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Overall training procedure for

Seqg2Seq with blanks
/Bl /Y] [F] Y/

? 2 ?

?

? ?

?

2 ? ?

v

Y3

Y,

Ys

Yg

Yq

Y, | |1

Ye

Y

* Problem: Given input and output sequences

without alighment, train models
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Overall training procedure

* Step 1: Setup the network |
— Typically many-layered LSTM Qf)

e Step 2: Initialize all parameters of the network

— Include a “blank” symbol in vocabulary



Overall Training: Forward pass

* Foreach training instance
* Step 3: Forward pass. Pass the training instance through
the network and obtain all symbol probabilities at each
time, including blanks

b b b b b b b b b
= Yo Y1 Y2 Y3 Ya Vs Ve Y7 B4
JAH/ | ¥§H yitH y3H y5H yiH y&t y&H yiH vyt
/B/ v§ vy vy vy v ye ve vy Vs
/D/ y& y? v3 vy Vi ye Ve yP vE
JEH/ | yEH yiH ysH v yiH yE&H yeH v y&H
ny/ | vé* vi¥ ys¥ yi¥ vi¥ yi¥ vé¥ v va¥
/F/ v yi s vy Vi yE vé vy yE
/G/ ol 3% 4 s v§ Vs y§ v& 3% 4 v§

1 1 1 1 1 1 1 1 1

\ A
v
v
v
\ A
A A

A

f f f f f f f f f
Xo X X X X, X i X, Xq




Overall training: Backward pass

= v6 | ¥7 vy 5 vy yE e vy vE
/8/ | ¥& yf y5 v5 vy ys vE vy vE
— & yi vy y3 vi yE vé vy vé
Ny, | v§¥ yi¥ v2¥ v3¥ vi© y&¥ vé¥ v7¥ v&"
- vE v v5 yE vi ye % vé \ y7 vE
N/ | vs* yi© vz ys K| Y4 ys K| Ye. S: y7© \ |ys”
— & i vy v5 yi y& o v R Y2 N\ | ¥
/¥l | ¥§ i vs vi vi RK3YVE ve rMNvi M vs
- v§ 7 3% vi vi y& vé 3% vE

* Foreach training instance
e Step 3: Forward pass. Pass the training instance through
the network and obtain all symbol probabilities at each
time
* Step 4: Construct the graph representing the specific
symbol sequence in the instance. Use appropriate
connections if blanks are included 3



Overall training: Backward pass

b

b

= vo | ¥7 vy y3 vy ye Ve vy Vs
/8/ | ¥& yf y5 v5 vy ys vE vy vE
- & vy vy vy vi yE yé’ % vE
N/ | v§¥ yi¥ v2¥ v3¥ vi© y&¥ vé¥ v7¥ v&"
— v§ vy y3 y3 vy y& % & \ %4 Vs
/| v yi¥ v2¥ v3¥ vi¥ yi” g: vi¥ { | v
— & vy vy vy % yi y& ye vl v7 Ve
/¥ | ¥§ i v5 vi Vi y& g vé vy yE
— v§ 7 3% vi vi y& vé 3% vE

* Foreach training instance:

— Step 5: Perform the forward backward algorithm to compute
a(t,r) and B (t,r) at each time, for each row of nodes in the
graph using the modified forward-backward equations

— Step 6: Compute derivative of divergence Vy DIV for each Y;
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Overall training: Backward pass

* Foreach instance

— Step 6: Compute derivative of divergence Vy DIV for each Y;

0. DIV = ldDIV dDIV dDIV]
; dyt dyf T dyf
ablv. v(t, 1)

l - S(r)
dyt r:S(r)=l Yt

e Step 7: Aggregate derivatives over minibatch and update
parameters



CTC: Connectionist Temporal
Classification

e The overall framework we saw is referred to as
CTC

— Applies when “duplicating” labels at the output is
considered acceptable, and when output
sequence length < input sequence length



Returning to an old problem:

Decoding

VA i I I I 7 o I " I 7 I O o B 1577 B 7 B I 7
/B/ Vs y& Vs Y6 y7 Vs
/o) | ¥ P vy V3 yP ye e
VR i A i B R A A R A A R B
A A v | | v
IF | ¥ yi Yz V3 Vi s Ye %l Vs
/6] | ¥§ %t vy v§ Vi s 73 Ved %3

I I 1 | ! 1 I I 1

X, X4 X, X, X, X< X, X, Xq

Using a trained network, we can “decode” the symbol sequence for an input by

tracing the most likely symbol at each frame and merging

This is in fact a suboptimal decode that actually finds the most likely synchronous

output sequence
— Which is not necessarily the most likely asynchronous sequence

Nevertheless it is effective with CTC models that have blanks
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W.hat a CTC system outputs

: Waveform
ol :
= . Framewise
<0
o P
2 P
& 5
— - v :-. : SR S B ‘ ————————————————————— —I ] e LD TR S
2 /\ 5 /\ i
= i ks Fory e :\‘ F. .7
0 ' A r - : , - A —
dh ax s aw n = d ix v
"the" "sound" I‘lof"

Figure 1. Framewise and CTC networks classifying a speech signal. The shaded lines are the output activations,
corresponding to the probabilities of observing phonemes at particular times. The CTC network predicts only the
sequence of phonemes (typically as a series of spikes, separated by ‘blanks’, or null predictions), while the framewise
network attempts to align them with the manual segmentation (vertical lines). The framewise network receives an error
for misaligning the segment boundaries, even if it predicts the correct phoneme (e.g. ‘dh’). When one phoneme always
occurs beside another (e.g. the closure ‘dcl’ with the stop ‘d’), CTC tends to predict them together in a double spike.
The choice of labelling can be read directly from the CTC outputs (follow the spikes), whereas the predictions of the
framewise network must be post-processed before use.

* Ref: Graves

* Symbol outputs peak at the ends of the sounds

— But are smeared..
e Better ability to find most likely symbol sequence, and can handle repetitions

e But this is still suboptimal..

168




Actual objective of decoding

Want to find most likely asynchronous symbol sequence

— /R//EH/ /D/

What Viterbi finds: most likely synchronous symbol sequence

— /R/ /R/ /R//EH//EH//EH//D/

— Which must be compressed

The likelihood of an asynchronous symbol sequence § = §4, ..., Sk,
given an input X = X4, ..., X7, is given by the forward algorithm

P(S|X) = P(S,st = Sx|X) = as(Sk, T)



Actual decoding objective

* Find the most likely (asynchronous) symbol sequence

S = argmax ag(Sg, T)
S

* Unfortunately, explicit computation of this will require
evaluate of an exponential number of symbol
seguences

* Solution: Organize all possible symbol sequences as a
(semi)tree



Hypothesis semi-tree

%Sz
51

_<S
R

m—

i

The semi tree of hypotheses (assuming only 3 symbols in the vocabulary)

Every symbol connects to every symbol other than itself
— It also connects to a blank, which connects to every symbol including itself

The simple structure repeats recursively
Each node represents a unique (partial) symbol sequence! L7



The decoding graph for the tree

! =7 =7

; /=

m "
X, X, X3 X4 Xs
* Graph with more than 2 symbols will be similar

but much more cluttered and complicated
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The decoding graph for the tree

 The figure to the left is the tree, drawn in a vertical line

 The graph is just the tree unrolled over time

— For a vocabulary of V symbols, every node connects out to V other
nodes at the next time

 Every node in the graph represents a unigue symbol sequence
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The decoding graph for the tree

a(5252)
a(S251)
a(S2—)
a(5152)
a(S151)
a(S1-)

-a(S1)

The forward score a (7, T) at the final time represents the full forward
score for a unique symbol sequence (including sequences terminating in

blanks)
Select the symbol sequence with the largest alpha

— Some sequences may have two alphas, one for the sequence itself, one for the
sequence followed by a blank

— Add the alphas before selecting the most likely 174



CTC decoding

This is the “theoretically correct” CTC decoder
In practice, the graph gets exponentially large very quickly

To prevent this pruning strategies are employed to keep the graph (and
computation) manageable

— This may cause suboptimal decodes, however

— The fact that CTC scores peak at symbol terminations minimizes the damage
due to pruning 175



Story so far: CTC models

Sequence-to-sequence networks which irregularly produce output
symbols can be trained by

— Iteratively aligning the target output to the input and time-synchronous
training

— Optimizing the expected error over all possible alignments: CTC training

Distinct repetition of symbols can be disambiguated from repetitions
representing the extended output of a single symbol by the introduction
of blanks

Decoding the models can be performed by
— Best-path decoding, i.e. Viterbi decoding

— Optimal CTC decoding based on the application of the forward algorithm to a
tree-structured representation of all possible output strings



CTC caveats

* The “blank” structure (with concurrent modifications to the
forward-backward equations) is only one way to deal with
the problem of repeating symbols

* Possible variants:

— Symbols partitioned into two or more sequential subunits
* No blanks are required, since subunits must be visited in order

— Symbol-specific blanks
* Doubles the “vocabulary”

— CTC can use bidirectional recurrent nets
* And frequently does

— Other variants possible..



Most common CTC applications

* Speech recognition
— Speech in, phoneme sequence out
— Speech in, character sequence (spelling out)

* Handwriting recognition



Speech recognition using Recurrent
Nets

ﬁ * ﬁ # ﬁ ]H'

X(t)

t=0

Time
* Recurrent neural networks (with LSTMs) can be
used to perform speech recognition
— Input: Sequences of audio feature vectors
— QOutput: Phonetic label of each vector

179



Speech recognition using Recurrent
Nets

Wl WZ
A A A A A A A

X(t)

t=0

Time

* Alternative: Directly output phoneme,
character or word sequence
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Next up: Attention models



CNN-LSTM-DNN for speech recognition

g
X B
T el Ensembles of RNN/LSTM, DNN, & Conv
l; Nets (CNN) :
______5;_______;__?________;__?4.__________________:____i T. Sainath, O. Vinyals, A. Senior, H. Sak.
B Q “Convolutional, Long Short-Term Memory,
21k MR Fully Connected Deep Neural Networks,”
| ; ) ICASSP 2015.
eeeeeeeeeeeee -
C (1)
=] - —
"
o

Fig. 1. CLDNN Architecture 182



Translating Videos to Natural Language Using Deep
Recurrent Neural Networks

Input Video Convolutional Net Recurrent Net Output
CNN AN —|| LSTM I— A
CNN — | LSTM — LSTM |— poy

o __
£ — STM |—| LST™ |— is
o
S } ‘
Q. S
4B
2 |
CNN LSTM LSTM a
CNN — LSTM LSTM ball
U

Translating Videos to Natural Language Using Deep Recurrent Neural Networks
Subhashini Venugopalan, Huijun Xu, Jeff Donahue, Marcus Rohrbach, Raymond Mooney, Kate Saenko 183
North American Chapter of the Association for Computational Linguistics, Denver, Colorado, June 2015.



T~ R S

‘man in black shirt is playing ‘construction worker in orange “two young girls are playing with 7"boy is doing backflip on

guitar.” safety vest is working on road.’ lego toy." wakeboard.”

af

"a young boy is holding a "acatis sittingonacouchwitha  "awoman holding a teddy bearin ~ "a horse is standing in the middle
baseball bat." remote control.” front of a mirror." ofaroad.
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Not explained

e Can be combined with CNNs

— Lower-layer CNNs to extract features for RNN

* Can be used in tracking

— Incremental prediction



