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Regression



Why GPs for Regression?

Regression methods:

Linear regression, ridge regression, support vector regression, kNN

regression, etc...

Motivation 1:

All the above regression method give
point estimates. We would like a
method that could also provide
confidence during the estimation.

output, f(x)
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Motivation 2:

Let us kernelize linear ridge

regression, and see what we get... 5




Why GPs for Regression?

GPs can answer the following questions

Here’s where the function will
most likely be.
(expected function)

Here are some examples of
what it might look like.
(sampling from the posterior
distribution)

Here is a prediction of what
you'll see if you evaluate your
function at x’, with
confidence

output, f(x)




Properties of
Multivariate Gaussian
Distributions



1D Gaussian Distribution

Parameters
e Mean, pu
e Variance, c?2

N (z|p, 0?)
20
1 —aep)?
P(x | p,0) = e 207
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Multivariate Gaussian
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Multivariate Gaussian

A A 2-dimensional Gaussian is defined by
e ameanvector un = uy, W |

2 2
' - 0117 O3,
e a covariance matrix: Y — ’ ,

2 2
1 O12 O3

where  o;2 = E[ (X — ) (% = ) ]

is (co)variance

O Note: > is symmetric,
“positive semi-definite”: vx: x> x >0
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Multivariate Gaussian examples
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Multivariate Gaussian examples

H = (OIO) Z —

08 1
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Useful Properties of Gaussians

dMarginal distributions of Gaussians are Gaussian

L Given:
X =(Xa1 Xp)s 1= (g 4y)

(Zaa Zabj
Yy —
Zba be
dMarginal Distribution:
p(Xa) = N(fﬁa ‘ Ma, 2 aa)
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Marginal distributions of Gaussians are

Gaussian

04"




1

Block Matrix Inversion

Theorem
A Bt (A— BD 1)1 _A-IB(D—cA-1B)1
C D| ~ |-D7lc(A-BD 1) (D—-cCcA-1p)~1
- -1 _1po—1
= ing —1 - —BlsA
—-D~1CS, S

Definition: Schur complements

Schur complements of A: Sy =D —-CA~ 1B
Schur complements of D: Sp = A — BD~1C
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Useful Properties of Gaussians

L Conditional distributions of Gaussians are Gaussian

1 Notation: D D A A
2 _ aa ab A = 2—1 _ ( aa ab]
2. 2y Apa Aoy

1 Conditional Distribution:
(D

9
p(XalXp) = N(@a | trafp: Naa )

\_/ - _
Malp = Ha — Aaal/\ab(xb — Ma) = Ha — Zabzbbl (Xt — pta)
—1 —1
/\aa = 2 ga — Zabzbb Zba
Schur complement of 24, in >
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Higher Dimensions

d Visualizing > 3 dimensions is... difficult

 Means and marginals are practical, but then we don't see
correlations between those variables

A Marginals are Gaussian, e.g., f(6) ~ N(u(6), 04(6))

Visualizing an 8-dimensional Gaussian f:

A o26) 1.
1O e
thid

12345678
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Yet Higher Dimensions

Why stop there?
e We indexed before with {1,2,3,4,5,6,7,8}.

e Why noy indexing with Z, or R?
e Need functions u(x),k(x,z2), Vx,z € R
e x and z are indexes over the random variables

e f is now an uncountably

Don’t panic: It's just a function

T T T T T T T
2k T -
15F T _ -
1 4 * —
*
05 C3
\_// *
o * —
05k - - 4 -
1k -
15
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Getting Ridiculous

posteriormeand X, &, [a; b], kernel, kernelgradh

Why stop there?
e We indexed before with R, why not with RP?

e Need functions u(x), k(x,z), Vx,z € RV

20



Gaussian Process

Definition:

[ Probability distribution /ngexed by an arbitrary set
(integer, real, finite dimensional vector, etc)

 Each element gets a Gaussian distribution over the reals
with mean p(x)

[ These distributions are dependent/correlated as defined
by k(x,2)

A Any finite subset of indices defines a multivariate Gaussian
distribution

21



Gaussian Process

1 Distribution over functions....

yayyy! If our regression model is a GP, then it won't
be a point estimate anymore! It can provide
regression estimates with confidence

[ Domain (index set) of the functions can be pretty
much whatever

e Reals

e Real vectors
e Graphs

e Strings

e Sets

. LB
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Bayesian Updates for GPs

e How can we do regression and learn the GP
from data?

e We will be Bayesians today:
e Start with GP prior
e Get some data
e Compute a posterior

23



Samples from the prior distribution

-5 0 5
Input, X

Picture is taken from Rasmussen and Wifllams



Samples from the posterior distribution

-5 0 3
Input, X

Picture is taken from Rasmussen and Wifltams
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Posterior

miymean (ks qrmyvaral
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] Introduction

1 Ridge Regression

d Gaussian Processes

e Weight space view
= Bayesian Ridge Regression + Kernel trick

e Function space view

= Prior distribution over functions

+ calculation posterior distributions
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Ridge Regression

Training set: D = {(z;,y)|i =1,...,n}

Linear regression: f(z) = (w.¢(z))

w = arg vg’lel]f%zgl(yz — {((x;), w))?

Ridge regression: X

The Gaussian Process is a Bayesian Generalization

of the kernelized ridge regression

30



] Introduction

[ Ridge Regression

d Gaussian Processes

= Bayesian Ridge Regression + Kernel trick

e Function space view

= Prior distribution over functions
+ calculation posterior distributions
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Weight Space View

GP = Bayesian ridge regression in feature space
+ Kernel trick to carry out computations

Training set: D = {(x;,y;)|li=1,...,n}

~

xp,| € RPX"  design matrix

>The training data

32



Bayesian Analysis of Linear

Regression with Gaussian noise

f(x) =x'weR, x,w e RV

y=f(x)+e=x'wH+eecR
ENN(O,O'Q)ER

et us calculate the likelihood:
n
P(y|X,w) = [ P(yilx; w)
i=1

and then put w ~ NW(O,Zp) prior over parameters w.

33



Bayesian Analysis of Linear

Regression with Gaussian noise

The likelihood:
- T
P(ylX,w) = || P(ylx; w)
i:
— HNyZ(X WO'2)
1=1
= ] exp{ (v );Z w)
i—1 Do 20
_ 1 T 12
= oz 0 [5lly — XTw]

||
<
>
lﬂ
2
Q
N
5
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Bayesian Analysis of Linear

Regression with Gaussian noise

The prior:
w ~ Nw(0,2Z))
Now, we can calculate the posterior:
P(y|X,w)P(w)
P(y|X)
P(y|X,w)P(w)
[ P(y|X,w)dw
Ny (XTw, 0?1,)Nw(0, Zp)
I Ny (XTw, 021,)Nw(0,Zp) dw
~ Ny(XTw,o?L,)Nw(0, =)

P(w|X,y) =

35



Bayesian Analysis of Linear

Regression with Gaussian noise

Ridge Regression
P(w|X,y) ~ Ny(XTw,o?L,)Nw(0,=p)

_1 —1 _
~ exp{=——y - X'w)!'(y - Xx'w)}exp{—w'=, tw}
20 2

~ exp{%l(w —w)! (%XXT + Zgl) (w—w)}

W

A
After “completing the square”

~ | Nw(w, A™D

1 N
where|w = ¢~ 2 (U—QXXT 4+ z;l) Xy € RP | MAP estimation

A-1eRDxD

A= (o72XXT +571) e RPXD

36




Bayesian Analysis of Linear

Regression with Gaussian noise

We want to use P(w|X,y) = Nw(w, A~1) posterior
for predicting f in a test point xu.

f*:f(X*) f(X) :XTW ER, X, W ERD
y:f(X)+€:XTW+€ER

This posterior covariance matrix doesnt depend on the observations y,

T _
A strange property of Gaussian Processes Y — ly1,-- -, ynl] 37



Projections of Inputs into Feature

Space

The reviewed Bayesian linear regression suffers from

limited expressiveness

ll

To overcome the problem =
go to a feature space and do linear regression there

a., explicit features ¢(x) = [z1,2125, 71 — x2,...]7

b., implicit features (kernels)  k(x,y) = exp(—||x — y||?)

38



Explicit Features

¢(x) = [z1, 7173, 21 — x2,...]FT € RY

P(X) = [¢(X1) P(x2)

gb(xn)] c RV xn

fx)=ox)'weR, o¢(x),weRY
y=f(x)+e=0¢(x)"wHeecR

Linear regression in the feature space

39



Explicit Features

The predictive distribution after feature map:

P( fo e Xy) =N, (6@, ¢(@:)T A p(z))

P(x)Tw

_| . o ( -2 T —1\—1 N
where w|= ¢ \(a H(X)p(X)T + 5 ) ¢(X) ¥y €R
A-LeRNXN eRN*n cRnx1

A =|(0726(X)p(X)T +3,1) e RVXN

40



Explicit Features

Shorthands:
bx = Pp(Xx) € RN N = dim of feature space

¢ = P(X) = [¢(X1) P(x2)

A = (U_ququ + Z;l) c RNXN

o |¢(Xn)} c RN Xn

% =02 (0 200" + ;1) gy € RV

A-LcRNXN

41



Explicit Features

The predictive distribution after feature map:

; o X — T—’ TA—l .
P(¢7{ER|X X,y) Né*( Tw, ¢l A7 ) v %)
* A

-

A
— IR
=N, (77267 [0 2007 + 5, oy, o7 (2647 +5,1] o)
A problem with (*) is that it needs an NxN matrix inversion...

Let K = ¢!'> ¢ € R™X7

Theorem:
(*) can be rewritten: P (fx[x«, X, y) =

NG, ((6Zpd) (K + 0210) "y, (61 Spos) — (#15p) (K + 0210) ~H (6T Zpeps )
| ] 1\ L\ ] | ] \ / | ] \ /

N VAR T~~~ \ 7 =Y 7 R Vo
Rl!(n Rn;(n RnX1 R1X1 Rlxn Rnin Rnxl“z



e Mean expression. We need:

1
o267 [0 200" + 5,1 gy = (67 Tpd) (K +0%L) Ly
-~ c2A-1¢

Lemma: X

o 2¢(K + 0°1n) = 07 2¢(¢T Zpop + 0%1n) = AT pgp

e Variance expression. \We need:

o7 (02067 + T 6 = (61 5p00) — (S Epo) (K + 0200) " L(7 Tpisn)

Matrix inversion Lemma:

(LW +Z) =271 - 270w+ V2 gy~ tvizt

43



From Explicit to Implicit Features

P(f*|X*9X7Y) —

Ny, ((QS;FZP@ (K + 02In) 1y, (63 Tpds) — (¢ Zpd) (K + Uzln)_1(¢T2p¢*:
| ] 1\ ]\ ] 1\ ] \ l \ ] \ l

N VRN T~~~ \ ] =Y v R Vo
Rl!(n Rn;(n RnX1 R1X1 Rlxn Rnin RnX1

We have to work only with n x n matrices, and not N x N

Reminder: This was the original formulation:

P( Lo %, X, y) = N, (¢(2)TW, ¢(z:)T A7 ()
P(xx)*'w 1
where w = 0_2\(0_2¢(X)¢(X)T + z;l) X)) ¥ € RN
A-LeRNXN cRNxn cRnx1

A= <0_2¢(X)¢(X)T + 251) e RVXN 44




From Explicit to Implicit Features

P(f*|X*9X7Y) —

Ny, ((d’zzpé) (K + 02In) 1y, (63 Tpds) — (¢ Zpd) (K + U2In)_1(¢3sz¢*:
| ] 1\ ]\ ] 1\ ] \ l \ ] \ l

N VRN T~~~ \ ] =Y v R Vo
Rl!(n Rn;(n RnX1 R1X1 Rlxn Rnln RnX1

The feature space always enters in the form of:
(01 Zpds), (65 Zpd), (¢ Zpg), (€ R™*™ matrices)

Let k(z,T) = ¢(x)! Zpo(x)

No need to know the explicit N dimensional features.
Their inner product is enough.

Lemma:
k(xz,Z) is an inner product in the feature space: ¢ (x) = le)/qu(m) 45
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1.5

Target

-1.5

Results using Netlab , Sin function

Rational quadratic covariance function

data
function
GP

error bars

47



Target

195

0.5

0.5

-1.5
0

Results using Netlab, Sin function

Rational quadratic covariance function

O data
————— function
—GP

error bars

Increased # of training points
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1.5

0.5
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(e}

-1.5

Results using Netlab, Sin function

Rational quadratic covariance function

O O data
————— function
GP

error bars

Increased noise




Target

1.5

-1.5
0

Results using Netlab, Sinc function

Rational quadratic covariance function

data
function
GP

error bars

0.1
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0.5
Input
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0.7

0.8

0.9 1
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Extra Material
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] Introduction

[ Ridge Regression
(1 Gaussian Processes

e Weight space view
= Bayesian Ridge Regression + Kernel trick

o
= Prior !IS!FI!UtiOI’] over functions

+ calculation posterior distributions
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Function Space View

dAn alternative way to get the previous results

dInference directly in function space

Definition: (Gaussian Processes)

GP is a collection of random variables, s.t. any finite
number of them have a joint Gaussian distribution

54



Function Space View

Notations:

f(x) ~ GP(m(x),k(x,%)) € R, x ¢ RP

m(x) = E[f(x)] € R, (mean function)
k(x,%) = E[(f(z) - m(x))(fX) —m(E))!] eR

(covariance function)

GP is completely specified by its
mean function m(x), and
covariance function k(x,X)

55



Function Space View

Gaussian Processes:

For each x € RY we associate a Gaussian variable f(x)
such that R 3 f(x) NNf(X)(m(x),k(x, x)), and
its correalation with other f(X) variables is k(x,X).

RS £(x) ~ N0 (m(x), k(x,x))

{f(x)} N {{m(x)} {k(x,x) k(sz,x)”
f(X) Jf‘fgf% m(X) |’ [k(x,X) k(X X)

56



Function Space View

The Bayesian linear regression is an example of GP

f(x) = ¢(x)'weR, ¢(x),w € RY W~ Nw(0,Zp)

= [f(x1),..., f(x)] are jointly Gaussian Vx1,...,X
thus f is GP.

E[f(x)] = ¢(x)'E[w] =0 = m(x) =0

E[f(2)f ()] = ¢(x)" Elww ] $(X) = k(x, %)

2 p

57



Function Space View

Special case
m(x) =0
kE(x,X) = exp (—%”X — 52||2)

_/

> = f GP is given

= implies a distribution over functions.

- T
=

Let X, = ; m input points

.y

[ kT

= R™ 3 fu ~ N (0, E( X4, X4))

At arbitray x.1,...,X«m places, we can generate m points
from f (denoted by f«) and plot them .

58



Function Space View

output, f(x)

-5 0 5
Input, X

Picture is taken from Rasmussen and Wifltams



Function Space View

Observation

The plotted f(x41),--.,f(X«m) function looks smooth.

Explanation
kE(x,X) = exp (—%”X — 52||2)

Thus if ||x4; — X4j|| is small, then corr(f(x.;), f(x«;)) is high.

60



Prediction with noise free observations
Training set: D ={(x;, )]t =1,...,n}

- T \ . :
1 noise free observations
X =1:|eR"™P m training inputs
A
| 7T
- -
Xx1
Xe=| : | e RM*XD 1y test inputs
)
| kT
in
f=1:| €R" n training targets
fn
—f*l-
fe = : c R™ m test targets
| frm |

61



Prediction with noise free observations

Y. 0, [E(X,X) E(X,Xx)
fel H Om ’\k(X*,X) k(X*,X*)J

f* I

Goal- e ROmFm)x(m+n)

We want to calculate the posterior distribution fi|Xs, X, f

62



Prediction with noise free observations
Lemma:

Proofs: a bit of calculation using the joint (n+m) dim density

= o) R R}
f [f Om | * |k(Xx, X)) k(Xs, Xy
Remarks: )
o If X = X = f« = f and the cov is 0. (nosie free observations)
o P(f«|Xx, X, f) is similar to the previous results:
P(fs|xx, X, f) =

Ny, ((6TZpd) (K 4 0215) 72 f, (61 Zpe) — ($1'5p8) (K + 0210) "1 (67 =)
63



Prediction with noise free
observations

-5 0 3
Input, X

Picture is taken from Rasmussen and Wifttams



Prediction using noisy observations

y=f(x)+ceR

ENN(O,O'Q)ER
- e e )
£ [f} Om | [E( Xk, X) k(X X)

= cov(yp, yq) = k(xp,Xq) + 0%0p g
= cov([yq,...,yn]) = k(X, X) + ¢2I,, € R*xn

The joint distribution:

j{y {[on} {k(X,X)—I—aQIn /c(X,X*)H
J+ Y Om |’ k(Xx, X) k( X, Xx)

f* 65
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Prediction using noisy observations

The posterior for the noisy observations:

P(f*|X7 Y X*) — Nf*(f*a COU(f*))
where
fe = B[f4] X, y, Xu] = k(Xu, X)[k(X, X) 4+ 0%I] "1y € R™
cov(fx) = k(Xx, X*)—k(X*,X)[k(X,X)—I—UZIn]_lK(X, Xx) € Rmxm
In the weight space view we had:
fe = (£ Zpd) (¢! Zpp + 021n) Ly
cov(fx) = (5 Zpdx) — (61 Tpd) (¢' T + 0%In) 1 (¢ Zps)

If k(x,%) = ¢(2)! Z,0(%), then they are the same.

66



Prediction using noisy observations

Short notations:
K =k(X,X) € Rnxn

k(Xl,X*)

E(xx) = ks = k(X,x4) = { c R™

k(xn:,x*)
= for a single test point x.:
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Prediction using noisy observations

fT* = kg \[K—I—Ci'rzfn]_ll\y/é R

—~—
Rlen RnXn Rn

Two ways to look at it:
e Linear predictor
fo =By = Bry1 + ... + Bayn
where BT = kI[K 4+ 021,71 e R1 x n
o Manifestation of the Representer Theorem

fo = alky = a1k(x1,x4) + . .. + ank(Xn, Xx)
where a = [K + ¢21,] " 1y

f« is a linear combination of n kernel values.
68



Prediction using noisy observations

fT* = kg \[K—I—Ci'rzfn]_ll\y/é R

—~—
R1xn RnXn Rn

Remarks:

e While the GP in general is quite complex,
for the prediction of fi = f(x«) we need only
the (n+41) dimensional joint Gaussian distibution

of [ylv -y Yn, f(X*)]

e [ he posterior covariance of

cov(f«| X, y, Xu) = k(Xu, Xi)—k(Xs, X)[k(X, X)+0°In] 1K (X, Xy)

does not depend on the observed targets y.
This is a peculiarity of GP.
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GP pseudo code

Inputs:
T

X =1:|eR™L pn training inputs
T
alay #70
o

y= || €R" n training targets
|Yn |

k(-,-) : RPXD R covariance function (kernel)
X4 test input

o2 noise level on the observations

[y(x) = F(x) + ¢, e~ N(0,6)]

70



GP pseudo code (continued)

]__, K € REXT Gram matrix. K@] = k(Xi,Xj)
k(XlaX*)

E(xx) = ks = k(X,x4) = { c R™

k(xn:,x*)
2., aa= (K +5°I,) 1y

4., cov(fs) = k(Xs,Xs) — ﬁ'—; 1K+021n]—{£f/e R
R R1xn RnX7 R™

Outputs: [, cov(f+)
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