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Summarizing{ �� �}�� (1+ε) � ���� ~}��� ���� ���� ������ ��� ���� ���� � ~ ��� ��� �� ��� ε�� �}� ����{ ����� ~� ����� �� ����� }� ��� �� ��� �}�� � ������ ��� � � ��� ����� � ��� ��� ��}� �} ��� ��� �� ����}�� � � �}� ���¡¢{ £�� ��� ������� ������ �� � � ��� ����� �� �ng¤¥ d` ex¦g§ ¨©ab ©^ g m¥ u ª ng¤¥ d`ex¦g§ ¨©ab ©^ _`ab^ ic`¦ `cd` eb il k il¦a i¥kbuz«©`a b© ¬ ©e _`bb` e ga ­®¯ °± ²l©xe`¥ e`b ³ g m¥© e ibkf ´z

What can we use this for?µ ¶·¸ ¹º» ¼½ ¾½¿ÀÁ¸» ¿¹ Â¼ ÁÃ Â» · ÂÄ½ Å Á¼Æ¿º ¼½ Ç½¸»· Å ÂÈ ·º É» ÂÂ ·º À»º¼ Á¸ Æ Á¸Çº ÁÄÆ¼ Êµ ¶·¸ · ÃÃ ÂÈ ËÌÍ Á¸ º Á¼¹·¼ Á½¸º ÉÆ»Å» »ÎÃ»Å¼º· Å» ¿· ÏÁ¸Ä ¾Æ½ Á¾»º ¼Æ·¼ ¾· ¸¸½¼ À» ¾½¿À Á¸»Ç ÊÐ Ñ�}}�� ������ � ~ ��� ��}��� ����Ò �Ó Ô ~ ÓÕÖ Ó ~ Ó�Ð × �� �� �������� ������ ��Ò ��� � �������� �}����Ø�}}� ��� � �� �� ������ ��Ù�� �} Ø��� ~���� �� ��Ø�� ��� ���� � ��Ø� ������ ���� � Ø}�� �� ÚÛ ��Ü�
Repeated play of matrix gameµ Ý»¼Þº ¹º» · ¸½ßÅ»ÄÅ»¼ · ÂÄ Êµ à Á¿»ß·á»Å·Ä» Ã»Åâ½Å¿·¸¾»Ä¹· Å·¸¼»»Ç ¼½ · ÃÃÅ½· ¾Æ¿ Á¸ Á¿·Î á· Â¹» ã ½â Ä·¿» ä½ ÅÀ»¼¼»Å å Áâ ÂÁâ» Áº¸Þ¼·Çá»Åº· Å Á· ÂæÊµ ç¸ â· ¾¼ å »Î Áº¼»¸¾» ½â ¸½ßÅ»Ä Å»¼· ÂÄº È Á» ÂÇº ÃÅ½½â ½â ¿ Á¸ Á¿·Î¼Æ¿èÊ
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Using algs for online play{ �}~� ��� �������� �� � �Ø � �}~ j ~ ��� ��}� wj/W
�{ �} ���� ~ ��� ���� ��} �}�Ò � ��� �� �� �� �� ����� }��� ��� ��}��� �� ��� ��Ò ������� �ª a¨g m` fgbeic ` lbei`a b© eg l¥` [0,1].ª e`�ge¦ `cd`eb ©^ ¥g il ¥ _§ f � mb id m§ il¥ _§ nw�εu	ª 
©e g l§ a`��` l¨` ©^ ¥gf`a j ©�e `cd`¨b`¦ ¥g il� 
�­n w x ε��u ª n ml lu�ε j�k`e` 
�­ ia _`ab ^ ic`¦ abegb`¥§ il k il¦a i¥kb n�k i¨k iagb m`gab ga ¥©©¦ ga f ilifgc ©db ifg muz{ Ñ �� �� � �� �� �� � ��}}� }� ��� � �� ���� ���}��� �

Why?{ � ��� ~}� �� �� ���� �}� � �� ���� �} �� �� ����ª ]^ �` hl©� ©dd©l` lba eg l¦©f i�`¦ abegb`¥§ j �` ¨g l ¥`b`cd`¨b`¦ ¥g il � � j _�b i^ �` kg¤` b© ¨k©©a` ©�eeg l¦©f i�`¦ abegb`¥§ ^ ieab j bk` l ©dd©l` lb ¨g l ^©e¨` �a b©¥`b � � x δz{ �� �� Ø}����� �Ø�� }�� �}��� �� ~� ��� ε Ô δ� ��� �� ����� ���� �� � ���}�Ø� ��� ���(1�ε/2), ~���� ��� � � �{ �� }���� ~}��� � �� ����� ~�� � ��� �� ������ � � δ� ����� �}� ��� ����}� �Ù�� �������Ò ~� Ø�}�� � ��}��}���� ��}~ ��� }�� �������Ò Ø}� �� �}�Ø� �� �}��� �} �}�� ���� � � δ }� ������� ��� � ��Ò �{ ��� � ~� ��� �} ��� �������
A natural generalization\ � lgb�eg m ¥` l`eg mi�gb i© l ©^ bk ia a`bb il¥ � ag§ �` kg¤` gmiab ©^ l de`¦ i¨b i© l e� m̀ a j _�b l©b g mm e� m̀ a ^ ie` ©l g l§¥ i¤` l `cgfd m` z\ � z¥ z j ¦©¨�f`lb ¨ mgaa i^ i¨gb i© lz  � m` � ² i^ !�©e¦ x" v gdd`geabk` l de`¦ i¨b !# v ³z � z¥ z j i^ kga ^©©b_g mm bk` l ¨ mgaa i^§ gaad©eba z\ � z¥ z j dgbkxd mg llil¥ � ²©l al©�§ ¦g§a j �a` bk ia e©�b` ³z\ $gb�eg m ¥©g m� a if � mbg l`©�a m§ j ^© e `g¨k e� m̀ i j ¥�g eg lb`` b©¦© l`ge m§ ga �` mm ga ib %& '() '*+) , ')- , *& .( */( * ' 0*1), 23 M45 W 66 T 7 8W 9V P Q:4UV ;<W 6= [Z > <?@
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εB C 64= 9[ D\ E© j i^ F¬G ©^ ¦©¨�f` lba � ibk ^©©b_g mm HIJ KLMNO PQMROP STU PVMN WX VKYU URRMR Z [\] M^ OVU_ `abQUc dK WdPOP e MR aP WUUQ d^f UgQUROP e QRML WU_ `
A natural generalizationhijikl mnoip qikr nsj st kljpsu noip vw xy zj n{ nl mnoi l mm k| mir {s }lqi ~i n�}{ ��y �{ il�} { nui r{i� � st {}i k| mir n {}l{ t nki �ri mi�{ sji ~ n{} �ks�l � nmn{� �� � ~ ��y ��pl{i ~i n�}{r x� �� X dX ^�O � dRU S WUKYU TU dfVO K WM ^U `� �� X dX � dRU S RK dPU MR WMTU R XUQU ^X d^f M^ QUR�MR_K^cUcM_QKRUX OM TU dfVOUX KYU RKfU �� � � � �� � Q� cMPO�� ���� \�ε� � cMPO�d�� T � � T �� \�ε�� �� bM S d� RN WU d XMUP UgKcO W� KP TU WW KP TU dfVOUX KYU RKfU S dOPTU dfVO X RMQP K WdOO WU `  U dfVO d^cRUKPUP d� XMUP LUOOUROVK ^ TU dfVOUX KYU RKfU L� _MRU OVK^ K �\�ε� �KcOM R`� ¡K ^ OVU ^ QRMYU OVKO OMOK W PN_ M� TU dfVOP ^UYU R fMUP NQ `� ¡K ^ UgOU ^X OM RN WUP OVKO cK ^ LU �RKcO dM ^K WW� M^ OMM `

Why does this work?y ��pl{i ~i n�}{r x� �� X dX ^�O � dRU S WUKYU TU dfVO K WM ^U `� �� X dX � dRU S RK dPU MR WMTU R XUQU ^X d^f M^ QUR�MR_K^cUcM_QKRUX OM TU dfVOUX KYU RKfU �� � � � �� � Q� cMPO�� ���� \�ε� � cMPO�d�� T � � T �� \�ε�� �� ¡K ^ OVU ^ QRMYU OVKO OMOK W PN_ M� TU dfVOP ^UYU R fMUP NQ `y ¢ji ~l� {s mss £ l{ ~i n�}{r x� T � � � \�ε�¤ ¥¦§¨© �ª« ¬­ ®¯°ª±²ε® ³ ¦§¨© �ª �®� � `U ` S TU KRU UgQ Wdc dO W� f dY d^f WK RfU TU dfVOP OM RN WUP �MRTV dcV TU VKYU WK RfU RUfRUO `� b d^cU PN_ M� TU dfVOP Z ^S UgQM^U ^O _NPO LU Z WMf ±²
ε
^y ´lj iµ{ijp {s k| mir {}l{ �l j ¶�lk{ nl mm� t nki · {ss �

More general forms of regret¸¹ º»¼½¾ ¼¿ À¼Á¾ Â Ã Á º¼¿¾¼ÁÄÅ ÆÂ Á¼ÇÁ¼¾ ÈÉ h nqij j r{kl{i� nir � ´su�i{i ~ n{} �ir{ st {}iunj } njpr n�}{ �Ê ¹ º½ Æ¼¼À ËÄÇ ¼¿À¼Á¾ Â Ã Á ºÁ¼ÇÁ¼¾ Ì Ë¾Í ¾ ËÎ¼ÏËÄ¾¼ÁÐÅ Æ½ ÂÈÉ h nqij j r{kl{i� nir � £ �ks�ik{ nir � Ñi{ Ò� �i ri{st pl�r rl{ nrt� nj� �ks�ik{� n Óu n�}{ sqik ml �Ô�vlj{ {s r nu| m{ljis|r m� l�} niqi ms~ ki�ki{ sqikil�} Ò ��Õ ¹ º ËÄ¾¼ÁÄÅ ÆÂ Ã Á º½ÌÅ ÀÂ Á¼ÇÁ¼¾ È ÆËÖ¼ ×ÊØ Ù ¼¿ Ú¼À¾¾ÍÅ¾ Û Ü Ý ½¼¾ ÃÞ ßÅà½ ËÄ Ì Í ËÚÍ Ì¼ ÚÍÃ½¼½¾ÁÅ¾¼Çà Ë¹
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Internal/swap-regret� � ¹Ç ¹Ù ¼Å ÚÍ ßÅà Ì¼ ÀËÚÖ ÃÄ¼ ½¾ÃÚÖ ¾Ã »�à½ÍÅ Á¼½ ËÄ ¹É �sj �{ ~lj{ {s }lqi ki�ki{ st {}i tsku ¶iqik�{ nui z �s|�}{ z �w � z r}s| mp }lqi �s|�}{w n�ksrst{ njr{ilp·�� �¼Å Æ ÎÃ¾ ËÐÅ¾ ËÃÄ È ÚÃÄÄ¼Ú¾ ËÃÄ ¾Ã ÚÃÁÁ¼ ÆÅ¾¼ß¼�� ËÆË»Á ËÅ ¹É � nr{k n�|{ nsj sqik ij{k nir nj ul{k nµ � r|�} {}l{ ntl {k|r{ip �l k{� �}ssrir sji l{ kljpsu ljp {i mmr�s| �s|k �lk{ � �s| }lqi js nj�ij{ nqi {s piq nl{i �É � �� �� Ò}l� mi� �lui �
Internal/swap-regret, contd� 	Þ Å ÆÆ ÀÅ Á¾ Ë¼½ Á�Ä Å ÆÃÌ ËÄ¾¼ÁÄÅ Æ
½ÌÅ À Á¼Ç Á¼¾Å ÆÇÃÁ Ë¾ÍÎ Ù ¾Í¼Ä ¼ÎÀ ËÁ ËÚÅ Æ ß Ë½¾Á Ë»�¾ ËÃÄ ÃÞÀ ÆÅà Ë½ ÅÄ Å À¿ ÚÃÁÁ¼ ÆÅ¾¼ß ¼�� ËÆË»Á Ë�Î¹É ´skki ml{sk �}ssrir kl jpsu { nui � � 
 ��� �� ��� ��i mmr il�} � ml�ik {s � ml� {}i l�{ nsj � {}i�� ml�ip nj { nui � Ó�|{ psir js{ kiqil m ql m|i st �Ô�É �µ�i�{ip nj�ij{ nqi {s piq nl{i x���kÓ� ÔÓ�i�ki{ �� Ô� r~l��ki�ki{ st l m�sk n{}uÉ Òs � {} nr � nqir l j n�i p nr{k n�|{ip ~l� {s �i{ l�µ�skki ml{ip i�| nmn�k nl nj u| m{ n� ml�ik �luir �

Internal/swap-regret, contd� ÆÇÃ ÁË¾ÍÎ½ ÞÃÁ Å ÚÍ Ë¼Ð ËÄÇ ÆÃÌ Á¼ÇÁ¼¾ ÃÞ ¾Í Ë½ÞÃÁÎ ÈÉ �sr{ik � �s}kl � �lk{ � wlr �´s mi mm� �|pij�ik�� Ñiq nji �É ´lj l mrs �sjqik{ lj� ¶�ir{ iµ�ik{ · l m�sk n{}unj{s sji l�} niq nj� ms~ r~l� ki�ki{ �É �jtsk{|jl{i m� � { nui {s l�} niqi ε
ki�ki{ nrmnjilk nj j kl{}ik {}lj ms�ÓjÔ� �


