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Part I: Short answers (40 points)

This part is to test your understanding of the basic concepts emphasized in class or recitations. You
should be able to solve these problems using facts and concepts you know from memory, possibly
applied with simple twists.

This part is meant to be relatively quick, but be sure to take enough time to read the questions
carefully and calmly deduce your (hopefully correct) answers!

You do not need to give justification for your answers in this part. But please remember that partial
credit may not be given unless you show your work.

1. [5 points]
Recall that a “Manhattan Walk” is a walk on a grid that at each step either goes right or up.
How many Manhattan Walks are there from (x1, y1) to (x2, y2), where x1 ≤ x2 and y1 ≤ y2?

2. [5 points]
Is the group (Z7,+), i.e. {0, 1, 2, . . . , 6} under addition modulo 7, cyclic? If so, how many generators
does the group have?

3. [5 points]
Suppose a planar graph G = (V,E) has a planar drawing such that every face has at least 4 edges.
Argue why G must have a vertex of degree at most 3.

4. [5 points]
How many polynomials in F3[x] have degree at most 3?
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5. [5 points]
Calculate

108(7
108) mod 35.

6. [5 points]
In the Robertson-Webb model of cake cutting algorithms, what is the answer to cuti(0, evali(0,

1
π
))?

7. [5 points]
I throw a (k− 1)-sided die (with sides labeled 1, . . . , k− 1) n times, and get $1 every time the result
is in Z∗k . What is the expected number of dollars that I get, as a function of n and φ(k)?

8. [5 points]
Prove or disprove: In an election with two alternatives, Borda count is Condorcet consistent.
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Part II: Homework problem (10 points)

The actual exam will include a homework problem.
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Part III: Longer Problems (50 points)

9. [10 points]
Prove that any finite group G which contains an even number of elements contains an element of
order 2.
Hint: Let t(G) = {g ∈ G | g 6= g−1}. Show that t(G) has an even number of elements and every
non-identity element of G− t(G) has order 2.
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10. [10 points]
For an integer n ≥ 1, define the language

Ln = {w ∈ {0, 1}? | the n’th-to last symbol in w is a 1} .

Draw an NFA that accepts L3.
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11. [10 points]
Consider the following problem: 15251-COLOR

INSTANCE: Simple undirected graph G = (V,E).

QUESTION: Does there exist a proper coloring of G using at most 15251 colors? (A proper coloring
colors the vertices so that no edge has two endpoints of the same color.)

Prove that 15251-COLOR is NP-complete.
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12. [10 points]

If p ≥ 2 is a prime, a p-onic number is any number x of the form

x =
a1
p

+
a2
p2

+ ... =
∞∑
k=1

ak
pk

where each ak ∈ Zp. Prove that the set of p-onic numbers is uncountable.
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13. [10 points]

Suppose you randomly color the vertices of the complete graph on n vertices one of k colors. What
is the expected number of paths of length c ≥ 3 such that no two adjacent vertices on the path have
the same color?
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