
15-251: Great Theoretical Ideas In Computer Science

Fall 2013

Practice Midterm Test 2

Name:

Andrew ID:

Section:

INSTRUCTIONS:

• Write your NAME, ANDREW ID, and SECTION above.

• You may refer to your 3-by-5 index card, but no other notes. You may not use a calculator.

• Except for Part I (short answers), you must give clear and complete proofs. In your proofs, you
may quote and use any results presented during lectures (unless specified otherwise); all other
steps and results REQUIRE PROOFS. Please write clearly.

Problem Points Score Problem Points Score

1 7 5 20

2 7 6 26

3 7 7 26

4 7

Total 100
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Part I: Short answers (4× 7 = 28 points)

This part is to test your understanding of the basic concepts emphasized in class or recitations. You
should be able to solve these problems using facts and concepts you know from memory, possibly
supplemented with simple calculations. This part is meant to be relatively quick, but be sure to take
enough time to read the questions carefully and calmly deduce your (hopefully correct) answers!

In questions that require explanation, show your work to (possibly) get partial credit. For multiple
choice questions, simply put a tick mark on the correct answer(s). Note that some questions may
have multiple correct answers. You get full credit if you tick all (and only) the correct
answers, and no credit otherwise.

1. [7 points]
In the version of the Gale-Shapley algorithm where men propose, what is the maximum number of
men that can be matched with their last choice? Assume there are n men and n women. Hint: Recall
the Gale-Shapley algorithm. Think about what happens if/when a man is matched with his last choice.

a) 0
b) 1
c) ⌊n/2⌋
d) n− 1

2. [7 points]
If a subset of vertices S is matched by some matching (not necessarily maximal), is it true that we can
always find some maximal (not necessarily maximum cardinality) matching that matches all vertices
in S? Explain your answer in one sentence.
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3. [7 points]
In Homework 8, you designed a 7

8
approximation algorithm for maximizing the number of satisfied

clauses in 3-SAT. Explain in one sentence why this implies that any 3-SAT instance with at most 7
clauses is satisfiable. Recall that each variable appears at most once in each clause. This question
does not require the knowledge of how the algorithm works.

4. [7 points]
Consider the following problem: Given the graph of all cities of the US and edges with weights showing
the time to go from one city to another, find a tour requiring minimum travel time that visits each
city exactly once. Which of the following statement(s) are (known to be) true about this problem?
(Assume P ̸= NP . Multiple correct answers are possible.)
a) It is in P.
b) It is in NP.
c) It is NP-complete.
d) It is outside NP.
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Part II: (Variant of) Homework Question (20 points)

5. [20 points]
In Homework 8, you showed that for the maximum coverage problem, the greedy algorithm achieves
1− 1/e approximation. Consider the following weighted generalization of the problem.

Weighted-Maximum-Cover (WMC): Consider a set of n elements U = {e1, . . . , en}. Let each element
ei have weight wi, where 1 ≤ i ≤ n. You are given t subsets S1, . . . , St ⊆ U . The task is to select
k of the t subsets such that the total weight of all distinct elements covered in their union is maximized.

Observe that the original Maximum-Cover problem is a special case where the weight of every element
is 1. In the weighted version, at every step the weighted greedy algorithm chooses a subset that has
the maximum total weight of yet uncovered elements. Prove that even for WMC, the weighted greedy
algorithm achieves a 1− 1/e approximation. You can prove simply the unweighted version from the
homework to get half of the credit.
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Part III: Longer Problems (2× 26 = 52 points)

Remember that in this part, you need to formally prove your answer. Be crisp, precise, and accurate!

6. [26 points]
Consider the following BEST-SCHEDULE problem. You have k servers and n jobs. Job i requires
ai time to be processed (on any server), where ai ∈ N. You want to schedule each job on one of
the servers. The processing time each server would take is equal to the sum of the processing times
of the jobs it is assigned. Your goal is to find an assignment of the jobs to the servers to finish
all the jobs as quickly as possible, i.e., to minimize the maximum of the processing times of all servers.

The decision version of the problem asks: Given a1, . . . , an, k, and an integer T , can jobs with
processing times a1, . . . , an can be scheduled on k servers such that all of them finish within time T .
Prove that this is NP-complete. [Hint: To minimize the maximum processing time across all servers,
you must try to equalize the processing times of all servers as much as possible, i.e., balance the load.
Think about an NP-complete problem, one you already know, that fits this description.]
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7. [26 points]
When the vertices of an undirected graph are partitioned into two sets, the set of edges with one
endpoint in each partition (i.e., the edges between the partitions) are said to form a cut. Formally,
given an undirected graph G = (V,E), partition V into S and S ′ such that S ∪ S ′ = V and
S ∩S ′ = ∅. Then, the set of all edges between S and S ′ form a cut of the graph. Now, the Max-Cut
problem is defined as follows.

Max-Cut: Given an undirected graph G, find the maximum size of any cut of G.

Find a polynomial-time 2-approximation algorithm for this problem, and show that it achieves the
required approximation. [Hint: Start from any partition of the vertex set. Then, gradually improve
the number of edges between partitions by shifting one vertex at a time.]
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