
15-251: Great Theoretical Ideas In Computer Science

Fall 2013

Midterm Test 1

Name:

Andrew ID:

Section:

INSTRUCTIONS:

• Write your NAME, ANDREW ID, and SECTION above.

• You may refer to your 3-by-5 index card, but no other notes. You may not use a calculator.

• Except for Part I (short answers), you must give clear and complete proofs. In your proofs, you
may quote and use any results presented during lectures (unless specified otherwise); all other
steps and results REQUIRE PROOFS. Please write clearly.

Problem Points Score Problem Points Score

1 10 4 20

2 10 5 25

3 10 6 25

Total 100
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Part I: Short answers (3× 10 = 30 points)

This part is to test your understanding of the basic concepts emphasized in class or recitations. You
should be able to solve these problems using facts and concepts you know from memory, possibly
applied with simple twists.

This part is meant to be relatively quick, but be sure to take enough time to read the questions
carefully and calmly deduce your (hopefully correct) answers!

If you do not know the answer to a question, show your work to (possibly) get partial credit.

1. [10 points]
Suppose that the twenty fifth pancake number is P25 = 31. Prove that P26 ≤ 33.

2. [10 points]
How many ways are there to choose an unordered hand of 5 cards from a standard 52-card deck, so
that cards of all four suits appear in the hand? (An unordered hand means it does not matter in
which order you were dealt the cards. Just write the final answer; you do not need to justify it.)
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3. [10 points]
A planar connected graph G has 10 nodes each of degree 4. Is it possible that G is bipartite? Briefly
justify your answer.
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Part II: (Variant of) Homework Question (20 points)

4. [20 points]
A big bag contains balls numbered 1 through 30. You want to choose a subset of balls such that
no two balls in the subset have numbers that differ by exactly 4. In how many ways can you choose
such a subset of balls? You should solve the question without assuming any results from class or any
results you may have proved in the homeworks. For full credit, your final answer must be either a
number, or possibly a summation or a product of numbers.
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Part III: Longer Problems (2× 25 = 50 points)

Remember that in this part, you need to formally prove your answer for full credit. Be crisp, precise,
and accurate!

5. [25 points]
Prove, by counting in two ways, that∑

k≥0

(
n

k

)(
m

k

)
=

(
n+m

n

)
.

Assume
(
a
b

)
= 0 for b > a. You are not allowed to do any algebraic manipulation. You must explain

each and every term, as it is, in your counting.
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6. [25 points]
You are playing a game with three rounds. In the first round, a fair coin is tossed, and your
(possibly negative) profit is +1 dollar if it’s heads and −1 dollar if it’s tails. In each of the
following rounds, your profit is computed as follows. Take the (possibly negative) profit from the
previous round, multiply it by 2, then flip another fair coin, and add +1 if it’s heads and −1 if it’s tails.

(a) [20 points] What is your total expected profit (sum of profits in all three rounds)?

(b) [5 points] Now suppose that in addition to your profits in the three rounds, you gain another
dollar as bonus if your profit in the third round was strictly positive. What is the total expected profit
(total profit in all three rounds plus the bonus)?
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