
15-251: Great Theoretical Ideas In Computer Science

Fall 2013

Test Solutions 1

Problem Points Score Problem Points Score

1 10 4 20

2 10 5 25

3 10 6 25

Total 100
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Part I: Short answers (3× 10 = 30 points)

This part is to test your understanding of the basic concepts emphasized in class or recitations. You
should be able to solve these problems using facts and concepts you know from memory, possibly
applied with simple twists.

This part is meant to be relatively quick, but be sure to take enough time to read the questions
carefully and calmly deduce your (hopefully correct) answers!

If you do not know the answer to a question, show your work to (possibly) get partial credit.

1. [10 points]
Suppose that the twenty fifth pancake number is P25 = 31. Prove that P26 ≤ 33.

SOLUTION: Using the bring-to-top method in class, given any stack of size 26, we bring the largest
pancake to the top in one flip, and then reverse the whole stack to send it to the bottom in another
flip. Afterwards, we use P25 = 31 flips to sort the stack of first 25 pancakes. Hence, we need at most
P25 + 2 = 33 flips in the worst case, i.e., P26 ≤ 33.

2. [10 points]
How many ways are there to choose an unordered hand of 5 cards from a standard 52-card deck,
so that cards of all four suits appear in the hand? (An unordered hand means it does not matter in
which order you were dealt the cards. Just write the final answer; you do not need to justify it.)

SOLUTION: 4
(
13
2

)(
13
1

)3
.

JUSTIFICATION (Not Required): The only way to do this is the choose 2 cards of one suit and 1 card
from each of the remaining three suits. There are 4 ways to choose a suit that will have 2 cards,

(
13
2

)
ways to choose 2 cards from that suit, and

(
13
1

)3
ways to choose 1 card from each of the 3 remaining

suits.
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3. [10 points]
A planar connected graph G has 10 nodes each of degree 4. Is it possible that G is bipartite? Briefly
justify your answer.

SOLUTION: We know that 2E =
∑

v deg(v) = 10 · 4 = 40. We proved in class that for any planar
bipartite graph with at least 3 vertices, we have E ≤ 2V − 4. Thus, if G is bipartite, then we must
have 20 = E ≤ 2V − 4 = 2 · 10 − 4 = 16, which is a contradiction. Hence, G cannot be a planar
bipartite graph.
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Part II: (Variant of) Homework Question (20 points)

4. [20 points]
A big bag contains balls numbered 1 through 30. You want to choose a subset of balls such that no
two balls in the subset have numbers that differ by exactly 4. In how many ways can you choose
such a subset of balls? You should solve the question without assuming any results from class or any
results you may have proved in the homeworks. For full credit, your final answer must be either a
number, or possibly a summation or a product of numbers.

SOLUTION: Let U = {1, 2, . . . , 30}. Partition U into 4 parts according to the numbers modulo
4, i.e., U1 = {1, 5, 9, . . . , 29}, U2 = {2, 6, . . . , 30}, U3 = {3, 7, . . . , 27}, and U4 = {4, 8, . . . , 28}.
Note that |U1| = |U2| = 8 and |U3| = |U4| = 7. Further, any subset S of balls has no two numbers
that differ by 4 if and only if S = S1 ∪ S2 ∪ S3 ∪ S4 where Si ⊆ Ui for each i and Si has no two
“consecutive” elements of Ui (elements with difference 4). Let an represent the number of ways to
select a subset of {1, 2, . . . , n} such that no two numbers are consecutive (difference 1), then we
can see that the number of ways of choosing the required subset of balls is a28 · a27.

Next, we find an. It is easy to check that a1 = 2 (∅ and {1}) and a2 = 3 (∅, {1}, and {2}). Further,
for n ≥ 3, consider two cases: for our chosen subset S, either n ∈ S or n /∈ S.

Case 1: If n ∈ S, then we cannot include n−1 in S, but can include any numbers from {1, . . . , n−2}
in S as long as no two numbers picked are consecutive. The number of such possibilities is (by
definition) an−2.

Case 2: If n /∈ S, then we are free to include any numbers from {1, . . . , n − 1} in S as long as
no two numbers picked are consecutive. The number of such possibilities is (again by definition) an−1.

Hence, we get the recurrence relation an = an−1 + an−2. This is the recurrence relation of the
Fibonacci numbers. Further, a1 = 2 = F3, and a2 = 3 = F4. Hence, we can see that an = Fn+2 for
all n ≥ 1. Thus, our required answer is F 2

10 · F 2
9 = 552 · 342 = 3496900.
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Part III: Longer Problems (2× 25 = 50 points)

Remember that in this part, you need to formally prove your answer for full credit. Be crisp, precise,
and accurate!

5. [25 points]
Prove, by counting in two ways, that∑

k≥0

(
n

k

)(
m

k

)
=

(
n+m

n

)
.

Assume
(
a
b

)
= 0 for b > a. You are not allowed to do any algebraic manipulation. You must explain

each and every term, as it is, in your counting.

SOLUTION: Suppose we have n + m students, of which n are boys and m are girls. We want to
form a group of n students.

The RHS simply counts the number of ways of choosing these n students among all of n+m students.

For the LHS, let us focus on groups that have k girls and n− k boys. Thus, k out of n boys will not
be part of the group, and can be selected in

(
n
k

)
ways. Then, we pick the k girls that will be part

of the group in
(
m
k

)
ways. Finally, since k can be anything that is at least 0, we get that the total

number of ways of doing this is given by the LHS.

Since both processes count the same set, LHS and RHS are equal.
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6. [25 points]
You are playing a game with three rounds. In the first round, a fair coin is tossed, and your
(possibly negative) profit is +1 dollar if it’s heads and −1 dollar if it’s tails. In each of the
following rounds, your profit is computed as follows. Take the (possibly negative) profit from the
previous round, multiply it by 2, then flip another fair coin, and add +1 if it’s heads and −1 if it’s tails.

(a) [20 points] What is your total expected profit (sum of profits in all three rounds)?

SOLUTION: Let X1, X2, and X3 be the random variables denoting the coin flips in the three rounds.
For 1 ≤ i ≤ 3, let Xi = 1 if the coin in the ith round lands heads and −1 if it lands tails. Let
R1, R2 and R3 be the random variables denoting the profits in the three rounds. From the problem
statement, we can see that R1 = X1, R2 = 2R1 +X2, and R3 = 2R2 +X3. Simplifying it,

R1 = X1,

R2 = 2X1 +X2,

R3 = 4X1 + 2X2 +X3.

Finally, the total profit R = R1 + R2 + R3 = 7X1 + 3X2 + X3. Using linearity of expectation,
E[R] = 7E[X1] + 3E[X2] +E[X3]. Note that E[Xi] = (1/2) · 1+ (1/2) · (−1) = 0 for each i. Hence,
E[R] = 0.

(b) [5 points] Now suppose that in addition to your profits in the three rounds, you gain another
dollar as bonus if your profit in the third round was strictly positive. What is the total expected profit
(total profit in all three rounds plus the bonus)?

SOLUTION: Let B be the random variable denoting the bonus. Hence, B = 1 if R3 > 0 and 0
otherwise. In this case, the total profit R = R1 + R2 + R3 + B. From linearity of expectation and
using the result from part (a), we get E[R] = E[R1 + R2 + R3] + E[B] = 0 + E[B] = Pr[R3 > 0].
Now, from R3 = 4X1 + 2X2 +X3, we derive the following:

• If X1 = 1, then R3 ≥ 4− 2− 1 > 0.

• If X1 = −1, then R3 ≤ −4 + 2 + 1 < 0.

Hence, R3 > 0 if and only if X1 = 1. Thus, Pr[R3 > 0] = Pr[X1 = 1] = 1/2. Thus, E[R] = 1/2.
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