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Counting I 

 

Teachers: 

Victor Adamchik 

Ariel Procaccia (this time) 



Not a trick question 

•

2 



Addition rule 

• 𝐴 𝐵
𝐴 ∪ 𝐵 = 𝐴 + 𝐵

• 𝐴1, … , 𝐴𝑛

𝐴1 ∪⋯∪ 𝐴𝑛 = |𝐴𝑖|

𝑛

𝑖=1

• 𝐴 𝐵
𝐴 ∪ 𝐵 = 𝐴 + 𝐵 − |𝐴 ∩ 𝐵|

3 



Partition method 

•

• 𝐴 = 

• 𝐴𝑖 = 𝑖 

• 𝐴 =   𝐴𝑖 = 6 ⋅ 6
6
𝑖=1
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Partition method 

• 𝐴 = ≠

• 𝐴𝑖 = 𝑖
𝑗 ≠ 𝑖

• 𝐴 =   𝐴𝑖 = 6 ⋅ 5
6
𝑖=1
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Partition method 

• 𝐴 = ≠

• 𝐵 = =

• 𝐴 ∪ 𝐵 = 𝐴 + 𝐵 = 36 𝐵 = 6
⇒ 𝐴 = 36 − 6 = 30
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Partition method 

• 𝐴 = <

• 𝐴 =

1. 9 

2. 12 

3. 15 

4. 18 
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Symmetry 

• 𝐴 = <

• 𝐵 = >

• 𝐴 + 𝐵 = 30

• 𝐴 = 𝐵  ⇒  𝐴 = 15
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𝐴 = 𝐵 ?



Symmetry via correspondence 

• 𝐴
𝐵

• 𝐴
𝐵

• 𝐴 = |𝐵|
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𝐴 𝐵 



Injective functions 

• 𝑓: 𝐴 → 𝐵
∀𝑥, 𝑦 ∈ 𝐴, 𝑥 ≠ 𝑦 ⇒ 𝑓 𝑥 ≠ 𝑓 𝑦

• ∃ 𝑓: 𝐴 → 𝐵 ⇒ 𝐴 ≤ |𝐵|
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𝐴 𝐵 



Surjective functions 

• 𝑓: 𝐴 → 𝐵
∀𝑦 ∈ 𝐵 ∃𝑥 ∈ 𝐴 s.t. 𝑓 𝑥 = 𝑦

• ∃ 𝑓: 𝐴 → 𝐵 ⇒ 𝐴 ≥ |𝐵|
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𝐴 𝐵 



Correspondence principle 

• 𝑓: 𝐴 → 𝐵 𝑓

• ∃ 𝑓: 𝐴 → 𝐵 ⇒ 𝐴 = |𝐵|
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Counting subsets 

• 𝑛  

• 𝐴 = *𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5+
𝑎1, 𝑎5 , 𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 , 𝑎3, 𝑎4, 𝑎5 , ∅, …

• 5

•

13 

𝑎 𝑏 𝑐 𝑑 𝑒

0 1 1 0 1 

𝑏 𝑐 𝑒 + * 



Counting subsets 

• 𝑓 𝑛
𝒃 = (𝑏1, … , 𝑏𝑛) 𝐴 = 𝑎1, … , 𝑎𝑛 :

𝑓 𝒃 = 𝑎𝑖   𝑏𝑖 = 1+

• 𝑓

o 𝒃 ≠ 𝒃′ ∃𝑖 𝑏𝑖 ≠ 𝑏𝑖
′

o 𝑎𝑖 𝑓 𝒃 , 𝑓 𝒃′ ⇒ 𝑓 𝒃 ≠ 𝑓 𝒃′

• 𝑓

o 𝑆 ⊆ 𝐴 𝑏𝑖 = 1 𝑎𝑖 ∈ 𝑆

o 𝑓 𝒃 = 𝑆
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Counting subsets 

15 

𝑛
2𝑛



Counting meals 

•

•

2 + 4 + 3 = 9

•

2 ⋅ 4 ⋅ 3 = 24

•

1. 60 

2. 145 

3. 29 = 512 

4. 224 = 16,777,216 
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Choice trees 

•

𝑆

•

𝑆

• 𝑇 ℎ
𝑖

𝑃𝑖
= P1 ×⋯× 𝑃ℎ
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Product rule 

• 𝑆
𝑛

𝑃1
𝑃2

•

o

𝑆

o

• 𝑆 = 𝑃1 ×⋯× 𝑃𝑛
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Permutations 

•

o 52

o 51

o

o

o 52 × 51 ×⋯× 1 = 52!

•

• 𝑛 𝑛!
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Permuting 𝑘 of 𝑛 

•

263 = 17,576

•

1. 1949

2. 1976

3. 1998 

4. 2008
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Permuting 𝑘 of 𝑛 
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𝑘
𝑛

𝑛 × 𝑛 − 1 ×⋯ 𝑛 − 𝑘 − 1 =
𝑛!

(𝑛 − 𝑘)!



Ordered vs. unordered 

•

52 × 51 = 2652

•
52 × 51

2
= 1326

•
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∼ 



Ordered vs. unordered 

•

1.
52×51×50×49×48

5
 

2.
52×51×50×49×48

5!
 

3.
52!

5!

4. 52! × 5!
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Ordered vs. unordered 
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𝑘
𝑛

𝑛

𝑘
=

𝑛!

𝑛 − 𝑘 ! 𝑘!



Back to bits 

• 8 0

o 0 1
8
2

o 1 0
8
6
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𝑛

𝑘
=

𝑛!

𝑛 − 𝑘 ! 𝑘!
=

𝑛!

𝑘! (𝑛 − 𝑘!)
=
𝑛

𝑛 − 𝑘



Back to bits 

•

1 0
0

1. 70 

2. 72 

3. 126 

4. 128 

•

1 0 0
1
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Counting tips 

•

•

o
4
3

 

o
49
2

o 4 × 1176 = 4704
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Counting tips 

•

o

o
4
3
× 48
2
= 4512 

o
4
4
× 48
1
= 48 

o 4512 + 48 = 4560
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4560 ≠ 4704



Counting tips 

•

•
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A A A    A K 

A A A    A K 

A A A    A K 

A A A    A K 



Counting tips 
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Reversibility test 

•

•
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A A AA K 

A A A    A K 

A A A    A K 

A A A    A K 

A A A    A K 



Reversibility test 

•

•
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A A Q A K 



What we have learned 

•

o

o

•

o

o

o

o

o

o
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