
Here we complete the proof of the following claim from Lecture 25:

Theorem 0.1. Let f : {−1, 1}n → {−1, 1} satisfy maxS |f̂(S)| = ε. Suppose we choose k strings
x1, . . . xk independently and uniformly at random and test that f(xi)f(xj)f(xi ◦ xj) = 1 for all
1 ≤ i < j ≤ k. Then

Pr[test passes] ≤ 2−(k
2) + ε.
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Thus it suffices to show that
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Assume without loss of generality that {1, 2} ∈ E . It is always possible to find fixings x3 =
x3, . . . ,xk = xk such that the expectation in (1) does not decrease. We claim that regardless of
these fixings, we can upper-bound (1) by ε. To see this, consider the quantity inside the expectation
once we fix x3, . . . , xk. We still have f(x1), f(x2), and f(x1 ◦ x2) inside the product. The
remaining terms f(xi) in the product become ±1 constants, and the remaining terms f(xi ◦ xj)
(where one of i, j is in {1, 2} and the other is not) become certain other functions just of f(x1) or
f(x2). If we collect together (by multiplying) all the functions of x1, and do the same for x2, we
see that (1) becomes
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Now straightforward Fourier analysis gives that the above is

±
∑
S⊆[n]
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where we used Cauchy-Schwarz.
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