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Abstract

W e describ e an extension of ML with records where inheritance is giv en by ML generic p oly-

morphism. All common op erations on records but concatenation are supp orted, in particular

the free extension of records. Other op erations suc h as renaming of �elds are added. The solu-

tion relies on an extension of ML, where the language of typ es is sorted and considered mo dulo

equations, and on a record extension of typ es. The solution is simple and mo dular and the typ e

inference algorithm is e�cient in practice.

In tro duction

The aim of typ ec hec king is to guarantee that well-typ ed programs will not pro duce runtime errors.

A typ e error is usually due to a programmer's mistake, and thus typ ec hec king also helps him in

debugging his programs. Some programmers do not like writing the typ es of their programs b y

hand. In the ML language for instance, typ e inference requires as little typ e information as the

declaration of data structures; then all typ es of programs will b e automatically computed.

Our goal is to pro vide typ e inference for lab eled pro ducts, a data structure commonly called

records, allo wing some inheritance b etween them: records with more lab els should b e allo wed where

records with few er lab els are required.

After de�ning the op erations on records and recalling related work, we �rst review the solution

for a �nite (and small) set of lab els, whic h was presented in [R� em89 ], then we extend it to a

den umerable set of lab els. In the last part we discuss the p ower and weakness of the solution, we

describ e some v ariations, and suggest improv ements.

Without records, data structures are built using pro duct typ es, as in ML , for instance.

("P eter", "John", "Professor", 27, 5467567, 56478356, ("toy ota", "old", 8929901))

With records one would write, instead:

f name = "Peter"; lastname = "John"; job = "Professo r"; age = 27; id = 5467567;

license = 56478356; vehicle = f name = "T oy ota"; id = 8929901; age = "old" gg

The latter program is de�nitely more readable than the former. It is also more precise, since

comp onents are named. Records can also b e used to name sev eral argumen ts or sev eral results of

a function. More generally , in comm unication b etween pro cesses records p ermit the naming of the

di�eren t p orts on whic h pro cesses can exc hange information. One nice example of this is the LCS

language [Ber88], whic h is a combination of ML and Milner's CCS [Mil80].

Besides typ ec hec king records, the c hallenge is to av oid record typ e declarations and �x size

records. Extensible records in tro duced b y W and [W an89 , CM89] can b e built from older records b y

adding new �elds. This feature is the basis of inheritance in the view of ob jects as records [W an89 ,

CM89 ].
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The main op erations on records are in tro duced b y examples, using a syn tax similar to CAML

syn tax [CH89 , W ei89]. Lik e v ariable names, lab els do not hav e particular meanings, though c ho osing

go o d names (go o d is sub jective) helps in writing and reading programs. Names can, of course, b e

reused in di�eren t records, ev en to build �elds of di�eren t typ es. This is illustrated in the follo wing

three examples:

let car = f name = "T o y ota"; age = "old"; id = 7866 g ;;

let truck = f name = "Blazer"; id = 6587867567 g ;;

let p erson = f name = "Tim"; age = 31; id = 5656787 g ;;

Remark that no declaration is required b efore the use of lab els. The record p erson is de�ned on

exactly the same �elds as the record car , though those �elds do not hav e the same in tuitiv e meaning.

The �eld age holds v alues of di�eren t typ es in car and in p erson .

All these records hav e b een created in one step. Records can also b e build from older ones. F or

instance, a v alue driver can b e de�ned as b eing a copy of the record p erson but with one more �eld,

vehicle , �lled with the previously de�ned car ob ject.

let driver = f p erson with vehicle = car g ;;

Note that there is no sharing b etween the records p erson and driver . Y ou can simply think as if

the former were copied in to a new empty record b efore adding a �eld car to build the latter. This

construction is called the extension of a record with a new �eld. In this example the newly de�ned

�eld was not presen t in the record p erson , but that should not b e a restriction. F or instance, if our

driv er needs a more robust v ehicle, we write:

let truck driver = f driver with vehicle = truck g ;;

As previously , the op eration is not a ph ysical replacement of the vehicle �eld b y a new v alue. W e

do not wish the old and the new v alue of the vehicle �eld to hav e the same typ e. T o distinguish

b etween the two kinds of extensions of a record with a new �eld, we will say that the extension is

strict when the new �eld must not b e previously de�ned, and fr e e otherwise.

A more general op eration than extension is concatenation, whic h constructs a new record from

two previously de�ned ones, taking the union of their de�ned �elds. If the car has a rust y b o dy but

a go o d engine, one could think of building the h ybrid v ehicle:

let repaired truck = f car and truck g ;;

This raises the question: what v alue should b e assigned to �elds whic h are de�ned in b oth car and

truck ? When there is a con
ict (the same �eld is de�ned in b oth records), priority could b e giv en to

the last record. As with free extension, the last record would ev en tually ov erwrite �elds of the �rst

one. But one might also exp ect a typ ec hec k er to prev en t this situation from happ ening. Although

concatenation is less common in the literature, probably b ecause it causes more trouble, it seems

in teresting in some cases. Concatenation is used in the standard ML language [HMT91 ] when a

structure is op ened and extended with another one. In the LCS language, the visible p orts of two

pro cesses run in parallel are exactly the p orts visible in any of them. And as shown b y Mitc hell

W and [W an89 ] multiple inheritance can b e co ded with concatenation.

The constructions describ ed ab ov e are not exhaustiv e but are the most common ones. W e

should also mention the p ermutation, renaming and erasure of �elds. W e describ ed how to build

records, but of course we also want to read them. There is actually a unique construction for this

purp ose.

let id x = x.id;; let age x = x.age;;

Accessing some �eld a of a record x can b e abstracted ov er x , but not ov er a : Lab els are not v alues

and there is no function whic h could tak e a lab el as argumen t and would access the �eld of some
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�xed record corresp onding to that lab el. Thus, we need one extraction function p er lab el, as for id

and age ab ov e. Then, they can b e applied to di�eren t records of di�eren t typ es but all p ossessing

the �eld to access. F or instance,

age p erson, age driver;;

They can also b e passed to other functions, as in:

let car info �eld = �eld car;; car info age;;

The testing function eq b elo w should of course accept argumen ts of di�eren t typ es provided they

hav e an id �eld of the same typ e.

let eq x y = equal x.id y .id;; eq car truck;;

These examples were v ery simple. W e will typ ec hec k them b elo w, but we will also meet more tricky

ones.

Related w ork

Luca Cardelli has always claimed that functional languages should hav e record op erations. In 1986,

when he designed Am b er, his c hoice was to provide the language with records rather than p oly-

morphism. Later, he in tro duced b ounded quan ti�cation in the language FUN , whic h he extended

to higher order b ounded quan ti�cation in the language QUEST . Bounded quan ti�cation is an ex-

tension of ordinary quan ti�cation where quan ti�ed v ariables range in the subset of typ es that are

all subt yp es of the b ound. The subtyping relation is a lattice on typ es. In this language, subtyping

is essen tial for having some inheritance b etween records. A sligh t but signi�cant improv ement of

b ounded quan ti�cation has b een made in [CCH

+

89] to b etter consider recursiv e ob jects; a more

general but less tractable system was studied b y Pav el Curtis [Cur87 ]. T o day , the trend seems to b e

the simpli�cation rather than the enric hment of existing systems [LC90, HP90, Car91 ]. F or instance,

an in teresting goal was to remo v e the subtyp e relation in b ounded quan ti�cation [HP90 ]. Records

hav e also b een formulated with explicit lab eled conjunctive typ es in the language F orsythe [Rey88].

In contrast, records in implicitly typ ed languages hav e b een less studied, and the prop osed

extensions of ML are still v ery restrictive. The language Am b er [Car84, Car86 ] is monomorphic and

inheritance is obtained b y typ e inclusion. A ma jor step toward combining records and typ e inference

has b een W and's prop osal [W an87 ] where inheritance is obtained from ML generic p olymorphism.

Though typ e inference is incomplete for this system, it remains a reference, for it was the �rst

concrete prop osal for extending ML with records having inheritance. The y ear after, complete

typ e inference algorithms were found for a strong restriction of this system [JM88, OB88]. The

restriction only allo ws the strict extension of a record. Then, the author prop osed a complete

typ e inference algorithm for W and's system [R� em89 ], but it was formalized only in the case of a

�nite set of lab els (a previous solution giv en b y W and in 1988 did not admit principal typ es but

complete sets of principal typ es, and was exp onential in size in practice). Mitc hell W and revisited

this approac h and extended it with an \and" op eration

1

but did not provide correctness pro ofs.

The case of an in�nite set of lab els has b een addressed in [R� em90 ], whic h we review in this article.

1 A simple solution when the set of lab els is �nite

Though the solution b elo w will b e made obsolete b y the extension to a den umerable set of lab els, we

c ho ose to presen t it �rst, since it is v ery simple and the extension will b e based on the same ideas.

It will also b e a decen t solution in cases where only few lab els are needed. And it will emphasize a

1

It can b e understo o d as an \app end" on asso ciation lists in lisp compared to the \with" op eration which should

b e understo o d as a \cons".
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metho d for getting more p olymorphism in ML (in fact, we will not put more p olymorphism in ML

but we will mak e more use of it, sometimes in unexp ected ways).

W e will sk etch the path from W and's prop osal to this solution, for it may b e of some in terest to

describ e the metho d whic h we think could b e applied in other situations. As in tuitions are rather

sub jective, and ours ma y not b e y ours, the section 1.1 can b e skipp ed whenev er it do es not help.

1.1 The metho d

Records are partial functions from a set L of lab els to the set of v alues. W e simplify the problem

b y considering only three lab els a , b and c . Records can b e represen ted in three �eld b oxes, once

lab els hav e b een ordered:

a b c

De�ning a record is the same as �lling some of the �elds with v alues. F or example, we will put the

v alues 1 and true in the a and c �elds resp ectiv ely and lea v e the b �eld unde�ned.

1 tr ue

Typ ec hec king means forgetting some information ab out v alues. F or instance, it do es not distinguish

two n umb ers but only remem b er them as b eing n umb ers. The structure of typ es usually re
ects

the structure of v alues, but with few er details. It is thus natural to typ e record v alues with partial

functions from lab els ( L ) to typ es ( T ), that is, elemen ts of L � * T . W e �rst mak e record typ es

total functions on lab els using an explicitly unde�ned constan t abs (\absen t"): L � ! T [ f abs g .

In fact, we replace the union b y the sum pre ( T ) + abs . Finally , we decomp ose record typ es as

follo ws:

L � ! [1 ; Card ( L )] � ! pre ( T ) + abs

The �rst function is an ordering from L to the segmen t [1 ; Card ( L )] and can b e set once and for

all. Thus record typ es can b e represen ted only b y the second comp onent, whic h is a tuple of length

Card ( L ) of typ es in pre ( T ) + abs . The previous example is typ ed b y

1 tr ue

�( pre ( n um ) , abs , pre ( b o ol ) )

A function :a reading the a �eld accepts as argumen t any record having the a �eld de�ned with a

v alue M , and returns M . The a �eld of the typ e of the argumen t must b e pre ( � ) if � is the typ e

of M . W e do not care whether other �elds are de�ned or not, so their typ es may b e anything. W e

c ho ose to represen t them b y v ariables � and " . The result has typ e � .

:a : �( pre ( � ) ; � ; " ) ! �

1.2 A form ulation

W e are giv en a collection of sym b ols C with their arities ( C

n

)

n 2 I N

that contains at least an arro w

sym b ol ! of arit y 2, a unary sym b ol pre and a n ullary sym b ol abs . W e are also giv en two sorts

typ e and �eld . The signature of a sym b ol is a sequence of sorts, written � for a n ullary sym b ol and
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1

: : : 
 �

n

) � for a sym b ol of arity n . The signature S is de�ned b y the follo wing assertions (we

write S ` f :: � for ( f ; � ) 2 S ):

S ` pre :: typ e ) �eld

S ` abs :: �eld

S ` � :: �eld

card ( L )

) typ e

S ` f :: typ e

n

) typ e f 2 C

n

n f pre ; abs ; � g

The language of typ es is the free sorted algebra T ( S ; V ). The extension of ML with sorted typ es is

straigh tforw ard. W e will not formalize it further, since this will b e subsumed in the next section.

The inference rules are the same as in ML though the language of typ es is sorted. The typing

relation de�ned b y these rules is still decidable and admits principal typings (see next section for

a precise formulation). In this language, we assume the follo wing primitiv e en vironmen t:

fg : � ( abs ; : : : abs )

:a : � ( �

1

: : : ; pre ( � ) ; : : : �

l

) ! �

f with a = g : � ( �

1

; : : : �

l

) ! � ! � ( �

1

: : : ; pre ( � ) ; : : : �

l

)

Basic constan ts for �ML

f in

The constan t fg is the empty record. The :a constan t reads the a �eld from its argumen t, we

write r :a the application ( :a ) r . Similarly f r with a = M g extends the records r on lab el a with

v alue M .

2 Extension to large records

Though the previous solution is simple, and p erfect when there are only two or three lab els in v olv ed,

it is clearly no longer acceptable when the set of lab els is getting larger. This is b ecause the size

of record typ es is prop ortional to the size of this set | ev en for the typ e of the n ull record, whic h

has no �eld de�ned. When a lo cal use of records is needed, lab els may b e few er than ten and the

solution works p erfectly . But in large systems where some records are used globally , the n umb er of

lab els will quic kly b e ov er one h undred.

In any program, the n umb er of lab els will always b e �nite, but with mo dular programming,

the whole set of lab els is not kno wn at the b eginning (though in this case, some of the lab els may

b e lo cal to a mo dule and solv ed indep enden tly). In practice, it is thus in teresting to reason on an

\op en", i.e. countable, set of lab els. F rom a theoretical p oin t of view, it is the only way to av oid

reasoning outside of the formalism and show that any computation done in a system with a small

set of lab els would still b e v alid in a system with a larger set of lab els, and that the typing in

the latter case could b e deduced from the typing in the former case. A b etter solution consists in

working in a system where all p otential lab els are tak en in to account from the b eginning.

In the �rst part, we will illustrate the discussion ab ov e and describ e the in tuitions. Then we

formalize the solution in three steps. First we extend typ es with record typ es in a more general

framew ork of sorted algebras; record typ es will b e sorted typ es mo dulo equations. The next step

describ es an extension of ML with sorts and equations on typ es. Last, we apply the results to a

sp ecial case, re-using the same enco ding as for the �nite case.

2.1 An in tuitiv e approac h

W e �rst assume that there are only two lab els a and b . Let r b e the record f a = 1 ; b = tr ue g and

f the function that reads the a �eld. Assuming f has typ e � ! �

0

and r has typ e � , f can b e

applied to r if the two typ es � and � are uni�able. In our example, we hav e

� = � ( a : pre ( � ) ; b : �

b

) ;

� = � ( a : pre ( n um ) ; b : pre ( b o ol )) ;
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and �

0

is equal to � . The uni�cation of � and � is done �eld b y �eld and their most general uni�er

is:

�

� 7! n um

�

b

7! pre ( b o ol )

If we had one more lab el c , the typ es � and � would b e

� = � ( a : pre ( � ) ; b : �

b

; c : �

c

) ;

� = � ( a : pre ( n um ) ; b : pre ( b o ol ) ; c : abs ) :

and their most general uni�er

8

<

:

� 7! n um

�

b

7! pre ( b o ol )

�

c

7! abs

W e can pla y again with one more lab el d . The typ es would b e

� = � ( a : pre ( � ) ; b : �

b

; c : �

c

; d : �

d

) ;

� = � ( a : pre ( n um ) ; b : pre ( b o ol ) ; c : abs ; d : abs ) :

whose most general uni�er is:

8

>

>

>

<

>

>

>

:

� 7! n um

�

b

7! pre ( b o ol )

�

c

7! abs

�

d

7! abs

Since lab els c and d app ear neither in the expressions r nor in f , it is clear that �elds c and d b ehav e

the same, and that all their typ e comp onents in the typ es of f and r are equal up to renaming of

v ariables (they are isomorphic typ es). So we can guess the comp onent of the most general uni�er

on any new �eld ` simply b y taking a copy of its comp onent on the c �eld or on the d �eld. Instead

of writing typ es of all �elds, we only need to write a template typ e for all �elds whose typ es are

isomorphic, in addition to the typ es of signi�cant �elds, that is those whic h are not isomorphic to

the template.

� = � ( a : pre ( � ) ; b : �

b

; 1 : �

1

) ;

� = � ( a : pre ( n um ) ; b : pre ( b o ol ) ; 1 : abs ) :

The expression � (( ` : �

`

)

` 2 I

; 1 : �

1

) should b e read as

Y

` 2L

�

` :

�

�

`

if ` 2 I

�

`

otherwise, where �

`

is a copy of �

1

�

The most general uni�er can b e computed without dev eloping this expression, thus allo wing the

set of lab els to b e in�nite. W e summarize the successiv e steps studied ab ov e in this �gure:

Lab els a b c d 1

� pre ( � ) �

b

�

c

�

d

�

1

� pre ( n um ) pre ( b o ol ) abs abs abs

� ^ � pre ( n um ) pre ( b o ol ) abs abs abs

This approac h is so in tuitiv e that it seems v ery simple. There is a di�culty though, due to the

sharing b etween templates. Sometimes a �eld has to b e extracted from its template, b ecause it

must b e uni�ed with a signi�cant �eld.
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The macroscopic op eration that we need is the transformation of a template � in to a copy

�

0

(the typ e of the extracted �eld) and another copy �

00

(the new template). W e regenerate the

template during an extraction mainly b ecause of sharing. But it is also in tuitiv e that once a �eld

has b een extracted, the retained template should remem b er that, and thus it cannot b e the same.

In order to k eep sharing, we must extract a �eld step b y step, starting from the lea v es.

F or a template v ariable � , the extraction consists in replacing that v ariable b y two fresh v ariables

� and 
 , more precisely b y the term ` : � ; 
 . This is exactly the substitution

� 7! ` : � ; 


F or a term f ( � ), assuming that we hav e already extracted �eld ` from � , i.e. we hav e f ( ` : � ; 
 ),

we now want to replace it b y ` : f ( � ) ; f ( 
 ). The solution is simply to ask it to b e true, that is, to

assume the axiom

f ( ` : � ; 
 ) = ` : f ( � ) ; f ( 
 )

for ev ery giv en sym b ol f but �.

2.2 Extending a free algebra with a record algebra

The in tuitions of previous sections are formalized b y the algebra of record terms. The algebra of

record terms is in tro duced for an arbitrary free algebra; record typ es are an instance. The record

algebra was in tro duced in [R� em90 ] and revisited in [R� em92b ]. W e summarize it b elo w but we

recommend [R � em92b ] for a more thorough presentation.

W e are giv en a set of v ariables V and a set of sym b ols C with their arities ( C

n

)

n 2 I N

.

Ra w terms

W e call unsorte d r e c or d terms the terms of the free unsorted algebra T

0

( D

0

; V ) where D

0

is the set

of sym b ols comp osed of C plus a unary sym b ol � and a collection of pro jection sym b ols f ( ` : ; ) j

` 2 Lg of arit y two. Pro jection sym b ols asso ciate to the right, that is ( a : � ; b : � ; �

0

) stands for

( a : � ; ( b : � ; �

0

)).

Example 1 The expressions

� ( a : pre ( n um ) ; c : pre ( b o ol ) ; abs ) and � ( a : pre ( b : n um ; n um ) ; abs )

are ra w terms. In section 2.4 we will consider the former as a p ossible typ e for the record

f a = 1 ; c = tr ue g but we will not giv e a meaning to the latter. There are to o many raw terms. The

raw term f a : � ; � g ! � must also b e rejected since the template comp osed of the raw v ariable

� should de�ne the a �eld on the right but should not on the left. W e de�ne record terms using

sorts to constrain their formation. Only a few of the raw terms will hav e asso ciated record terms.

Record terms

Let L b e a den umerable set of lab els. Let K b e comp osed of a sort typ e , and a �nite collection of

sorts ( ro w ( L )) where L range ov er �nite subsets of lab els. Let S b e the signature comp osed of the

follo wing sym b ols giv en with their sorts:

S ` � :: Ro w ( ; ) ) Typ e

S ` f

K

:: K

n

) K f 2 C

n

; K 2 K

S ` ( `

L

: ; ) :: Typ e 
 Row ( L [ f ` g ) ) Row ( L ) ` 2 L ; L 2 P

f in

( L n f ` g )

The sup erscripts are parts of sym b ols, so that the signature S is not ov erloaded, that is, ev ery

sym b ol has a unique signature. W e write D the set of sym b ols in S .
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De�nition 1 R e c or d terms are the terms of the free sorted algebra T ( S ; V ).

Example 2 The left term b elo w is a record term. On the right, we drew a raw term with the

same structure.

�

�

�

�

� @

@

@

@

� ( a : ; )

;

�

�

�

� @

@

@

@

f

T yp e

g

Row ( f a g )

j j

� ( b : ; )

f a g

�

�

�

� @

@

@

@

� 


�

�

�

�

� @

@

@

@

� ( a : ; )

�

�

�

� @

@

@

@

f g

j j

� ( b : ; )

�

�

�

� @

@

@

@

� 


Script erasure

T o any record term, we asso ciate the raw term obtained b y erasing all sup erscripts of sym b ols.

Con v ersely , for any ra w term �

0

, and any sort � there is at most one record term whose erasure

is �

0

. Thus any record term � of sort � is completely de�ned b y its erasure �

0

and the sort � . In the

rest of the pap er we will mostly use this conv en tion. Moreov er we usually drop the sort whenev er

it is implicit from context.

Example 3 The erasure of

�

�

a

;

: f

T yp e

( g

T yp e

) ;

�

c

f a g

: f

T yp e

( � ) ; h

Ro w ( f a;c g )

� �

is the ra w term

� ( a : f ( g ) ; c : f ( � ) ; h )

There is no record term whose erasure would b e

� ( a : f ( b : g ; � ) ; h )

Record algebra

The p erm utation and the extraction of �elds in record terms will b e obtained b y equations, of left

comm utativit y and distributivit y resp ectiv ely . Precisely , let E b e the set of axioms

� Left comm utativit y . F or any lab els a and b and any �nite subset of lab els L that do not

contain a and b ,

a

L

: � ;

�

b

L [f a g

: � ; 


�

= b

L

: � ;

�

a

L [f b g

: � ; 


�

� Distributivit y . F or any sym b ol f , any lab el a and any �nite subset of lab els L that do not

contain a ,

f

Ro w ( L )

( a

L

: �

1

; �

1

; : : : a

L

: �

p

; �

p

) = a

L

: f

T yp e

( �

1

; : : : �

p

) ; f

Ro w ( L [f a g )

( �

1

; : : : �

p

)

With the ra w notation the equations are written:
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� Left comm utativit y . A t any sort row ( L ), where L do es not contain lab els a and b :

a : � ; ( b : � ; 
 ) = b : � ; ( a : � ; 
 )

� Distributivit y . A t any sort row ( L ) where L do es not contain lab el a , and for any sym b ol f :

f ( a : �

1

; �

1

; : : : a : �

p

; �

p

) = a : f ( �

1

; : : : �

p

) ; f ( �

1

; : : : �

p

)

All axioms are regular, that is, the set of v ariables of b oth sides of equations are always iden tical.

Example 4 In the term

� ( a : pre ( n um ) ; c : pre ( b o ol ) ; abs )

we can replace abs b y b : abs ; abs using distributivit y , and use left comm utativit y to end with

the term:

� ( a : pre ( n um ) ; b : abs ; c : pre ( b o ol ) ; abs )

In the term

� ( a : pre ( � ) ; � )

we can substitute � b y b : �

b

; c ; �

c

; " to get

� ( a : pre ( � ) ; b : �

b

; c : �

c

; " )

whic h can then b e uni�ed with the previous term �eld b y �eld.

De�nition 2 The algebra of record terms is the algebra T ( S ; V ) mo dulo the equational theory E ,

written T ( S ; V ) =E .

Uni�cation in the algebra of record terms has b een studied in [R� em92b ].

Theorem 1 Uni�c ation in the r e c or d algebr a is de cidable and unitary (every solvable uni�c ation

pr oblem has a princip al uni�er).

A uni�cation algorithm is giv en in the app endix.

Instances of record terms

The construction of the record algebra is parameterized b y the initial set of sym b ols C , from whic h

the signature S is deduced. The signature S may also b e restricted b y a signature S

0

that is

compatible with the equations E , that is, a signature S

0

such that for all axioms r and all sorts �

of S

0

,

S

0

` r

l

:: � ( ) S

0

` r

r

:: �

The algebra ( T =E ) j

�

S

0

and ( T j

�

S

0

) = ( E j

�

S

0

) are then isomorphic, and consequen tly uni�cation in

( T j

�

S

0

) = ( E j

�

S

0

) is decidable and unitary , and solv ed b y the same algorithm as in T =E . The S

0

-

record algebra is the restriction T ( S ; V ) j

�

S

0

of the record algebra b y a compatible signature S

0

.

W e now consider a particular instance of record algebra, where �elds are distinguished from

arbitrary typ es, and structured as in section 1. The signature S

0

distinguishes a constan t sym b ol

abs and a unary sym b ol pre in C , and is de�ned with two sorts typ e and �eld :

S

0

` � :: �eld ) typ e

S

0

` abs

�

:: �eld � 2 K

S

0

` pre :: typ e ) �eld

S

0

` f

T yp e

:: typ e

n

) typ e f 2 C

n

n f abs ; pre ; � g

S

0

` ( `

L

: ; ) :: �eld 
 �eld ) �eld ` 2 L ; L 2 P

f in

( L n f ` g )
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The signature S

0

is compatible with the equations of the record algebra. W e call r e c or d typ es the

S

0

-record algebra.

In fact, record typ es hav e a v ery simple structure. T erms of the sort Row ( L ) are either of

depth 0 (reduced to a v ariable or a sym b ol) or are of the form ( a : � ; �

0

). By induction, they are

always of the form

( a

1

: �

1

; : : : a

p

: �

p

; � )

where � is either abs or a v ariable, including the case where p is zero and the term is reduced to � .

Record typ es are also generated b y the pseudo-BNF grammar:

� ::= � j � ! � j � �

;

typ es

�

L

::= �

L

j abs

L

j a : ' ; �

L [f a g

a =2 L rows

' ::= � j abs j pre ( � ) �elds

where � , � , 
 and � are typ e v ariables, � , � and � are row v ariables and � and " are �eld v ariables.

W e prefer the algebraic approac h whic h is more general.

2.3 Extending the t yp es of ML with a sorted equational theory

In this section we consider a sorted regular theory T =E for whic h uni�cation is decidable and

unitary . A regular theory is one whose left and right hand sides of axioms always hav e the same

set of v ariables. F or any term � of T =E we write V ( � ) for the set of its v ariables. W e privilege a

sort Typ e .

The addition of a sorted equational theory to the typ es of ML has b een studied in [R� em90 ,

R� em92a ]. W e recall here the main de�nitions and results. The language ML that we study is

lamb da-calculus extended with constan ts and a LE T construct in order to mark some of the

redexes, namely:

M ::= T erms M, N

x V ariable x, y

j c Constan t c

j � x: M Abstraction

j M M Application

j let x = M in M Let binding

The letter W ranges ov er �nite set of v ariables. Typ e schemes are pairs noted 8 W � � of a set of

v ariables and a term � . The sym b ol 8 is treated as a binder and we consider typ e schemes equal

mo dulo � -conv ersion. The sort of a typ e scheme 8 W � � is the sort of � . Contexts as sequences of

assertions, that is, pairs of a term v ariable and a typ e. W e write A the set of contexts.

Ev ery constan t c comes with a closed typ e scheme 8 W � � , written c : 8 W � � . W e write B the

collection of all such constan t assertions. W e de�ne a relation ` on A � ML � T and parameterized

b y B as the smallest relation that satis�es the follo wing rules:

x : 8 W � � 2 A � : W ! T

( V ar-Inst )

A `

S

x : � ( � )

c : 8 W � � 2 B � : W ! T

( Const-Inst )

A `

S

c : � ( � )

A [ x : � ] ` M : � � 2 T

( Fun )

A ` � x: M : � ! �

A ` M : � ! � A ` N : �

( App )

A ` M N : �

A `

S

M : � A [ x : 8 W � � ] `

S

N : � W \ V ( A ) = ;

( Let-Gen )

A `

S

let x = M in N : �

A ` M : � � =

E

�

( Equal )

A ` M : �

10



They are the usual rules for ML except the rule EQUAL that is added since the equalit y on typ es

is tak en mo dulo the equations E .

A typing problem is a triple of A � ML � T written A . M : � . The application of a substitution

� to a typing problem A . M : � is the typing problem � ( A ) . M : � ( � ), where substitution of a

context is understo o d p oin twise and only a�ects the typ e part of assertions. A solution of a typing

problem A . M : � is a substitution � such that � ( A ) ` M : � ( � ). It is principal if all other solutions

are obtained b y left comp osition with � of an arbitrary solution.

Theorem 2 (principal t ypings) If the sorte d the ory T =E is r e gular and its uni�c ation is de cid-

able and unitary, then the r elation ` admits princip al typings, that is, any solvable typing pr oblem

has a princip al solution.

Mor e over, ther e is an algorithm that given a typing pr oblem c omputes a princip al solution if

one exists, or r eturns failur e otherwise.

An algorithm can b e obtained b y replacing free uni�cation b y uni�cation in the algebra of record

terms in the core-ML typ e inference algorithm. A clever algorithm for typ e inference is describ ed

in [R � em92b ].

2.4 T yp ec hec king record op erations

Using the two preceding results, we extend the typ es of ML with record typ es assuming giv en the

follo wing basic constan ts:

fg : � ( abs )

:a : � ( a : pre ( � ) ; � ) ! �

f with a = g : � ( a : � ; � ) ! � ! � ( a : pre ( � ) ; � )

Basic constants for �ML

There are countably many constan ts. W e write f a

1

= x

1

; : : : a

n

= x

n

g as syn tactic sugar for:

ff a

1

= x

1

; : : : a

n � 1

= x

n � 1

g with a

n

: x

n

g

W e illustrate this system b y examples in the next section.

The equational theory of record typ es is regular, and has a decidable and unitary uni�cation.

It follo ws from theorems 2 and 1 that the typing relation of this language admits principal typings,

and has a decidable typ e inference algorithm.

3 Programming with records

W e �rst sho w on simple examples how most of the constructions describ ed in the in tro duction

are typ ed, then we meet the limitations of this system. Some of them can b e cured b y sligh tly

impro ving the enco ding. Finally , we prop ose and discuss some further extensions.

3.1 T yping examples

A typ ec hec king protot yp e has b een implemen ted in the CAML language. It was used to automat-

ically typ e all the examples presented here and preceded b y the # c haracter. In programs, typ e

v ariables are prin ted according to their sort in S

0

. Letters � , � and � are used for �eld v ariables

and letters � , � , etc. are used for v ariables of the sort typ e . W e start with simple examples and

end with a short program.

Simple record v alues can b e built as follo ws:

11



#let car = f name = "T o y ota"; age = "old"; id = 7866 g ;;

car : � (name : p re (string); id : pre (num); age : pre (string); abs)

#let truck = f name = "Blazer"; id = 6587867567 g ;;

truck : � (name : p re (string); id : pre (num); abs)

#let p erson = f name = "Tim"; age = 31; id = 5656787 g ;;

p erson : � (name : p re (string); id : pre (num); age : pre (num); abs)

Eac h �eld de�ned with a v alue of typ e � is signi�cant and typ ed with pre ( � ). Other �elds are

insigni�can t, and their typ es are gathered in the template abs . The record p erson can b e extended

with a new �eld vehicle :

#let driver = f p erson with vehicle = car g ;;

driver :

� (vehicle : p re ( � (name : pre (string); id : pre (num); age : pre (string); abs));

name : p re (string); id : pre (num); age : pre (num); abs)

This is p ossible whether this �eld was previously unde�ned as ab ov e, or de�ned as in:

#let truck driver = f driver with vehicle = truck g ;;

truck driver :

� (vehicle : p re ( � (name : pre (string); id : pre (num); abs)); name : pre (string);

id : p re (num); age : p re (num); abs)

The concatenation of two records is not provided b y this system.

The sole construction for accessing �elds is the \dot" op eration.

#let age x = x.age;;

age : � (age : p re ( � ); � ) ! �

#let id x = x.id;;

id : � (id : pre ( � ); � ) ! �

The accessed �eld must b e de�ned with a v alue of typ e � , so it has typ e pre ( � ) , and other �elds

may or ma y not b e de�ned; they are describ ed b y a template v ariable � . The returned v alue has

typ e � . As any v alue, age can b e sent as an argumen t to another function:

#let car info �eld = �eld car;;

car info : ( � (name : p re (string); id : pre (num); age : pre (string); abs) ! � ) ! �

#car info age;;

it : string

The function equal b elo w tak es two records b oth p ossessing an id �eld of the same typ e, and p ossibly

other �elds. F or simplicit y of examples we assume giv en a p olymorphic equalit y equal .

#let eq x y = equal x.id y .id;;

eq : � (id : p re ( � ); � ) ! � (id : pre ( � ); � ) ! b o ol

#eq car truck;;

it : b o ol

W e will sho w more examples in section 3.3.

3.2 Limitations

There are two sorts of limitations, one is due to the enco ding metho d, the other one results from

ML generic p olymorphism. The only source of p olymorphism in record op erations is generic p oly-

morphism. A �eld de�ned with a v alue of typ e � in a record ob ject is typ ed b y pre ( � ). Thus, once

a �eld has b een de�ned ev ery function must see it de�ned. This forbids merging two records with

di�eren t sets of de�ned �elds. W e will use the follo wing function to shorten examples:

12



#let choice x y = if true then x else y;;

choice : � ! � ! �

Typ ec hec king fails with:

#choice car truck;;

T yp echecking erro r : collision b etween pre (string) and abs

The age �eld is unde�ned in truck but de�ned in car . This is really a weakness, since the program

#(choice car truck).name;;

T yp echecking erro r : collision b etween pre (string) and abs

whic h should b e equiv alen t to the program

#choice car.name truck.name;;

it : string

may actually b e useful. W e will partially solv e this problem in section 3.3. A natural generalization

of the eq function de�ned ab ov e is to abstract ov er the �eld that is used for testing equalit y

#let �eld eq �eld x y = equal (�eld x) (�eld y);;

�eld eq : ( � ! � ) ! � ! � ! b o ol

It is enough general to test equalit y on other v alues than records. W e get a function equiv alen t to

the program eq de�ned in section 3.1 b y applying �eld eq to the function id .

#let id eq = �eld eq id;;

id eq : � (id : p re ( � ); � ) ! � (id : pre ( � ); � ) ! b o ol

#id eq car truck;;

T yp echecking erro r : collision b etween pre (string) and abs

The last example fails. This is not surprising since �eld is b ound b y a lamb da in �eld eq , and

therefore its two instances hav e the same typ e, and so hav e b oth argumen ts x and y . In eq , the

argumen ts x and y are indep enden t since they are two instances of id . This is nothing else but ML

generic p olymorphism restriction. W e emphasize that, as record p olymorphism is en tirely based

on generic p olymorphism, the restriction applies drastically to records.

3.3 Flexibilit y and Impro v emen ts

The metho d for typ ec hec king records is v ery 
exible: the op erations on records hav e not b een �xed

at the b eginning, but at the v ery end. They are parameters that can v ary in many ways.

The easiest mo di�cation is c hanging the typ es of basic constan ts. F or instance, asserting that

f with a = g comes with typ e scheme:

f with a = g : � ( a : abs ; � ) ! � ! � ( a : pre ( � ) ; � )

mak es the extension of a record with a new �eld p ossible only if the �eld was previously unde�ned.

This sligh t c hange giv es exactly the strict v ersion that app ears in b oth attempts to solv e W and's

system [JM88 , OB88]. W eak ening the typ e of this primitiv e may b e in teresting in some cases,

b ecause the strict construction may b e easier to implemen t and more e�cien t.

W e can freely c hange the typ es of primitiv es, provided we kno w how to implemen t them cor-

rectly . More generally , we can c hange the op erations on records themselv es. Since a de�ned �eld

may not b e dropp ed implicitly , it would b e conv enien t to add a primitiv e remo ving explicitly a �eld

from a record

n a : � ( a : � ; � ) ! � ( a : abs ; � ) ;
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In fact, the constan t f with a = g is not primitiv e. It should b e replaced b y the strict v ersion:

f with ! a = g : � ( a : abs ; � ) ! � ! � ( a : pre ( � ) ; � ) ;

and the n a constan t, since the original v ersion is the comp osition f n a with ! a = g . Our enco ding

also allo ws typing a function that renames �elds

rename

a  b

: � ( a : � ; b : " ; � ) ! � ( a : abs ; b : � ; � )

The renamed �eld ma y b e unde�ned. In the result, it is no longer accessible. A more primitiv e

function would just exc hanges two �elds

exc hange

a $ b

: � ( a : � ; b : " ; � ) ! � ( a : " ; b : � ; � )

whether they are de�ned or not. Then the rename constan t is simply the comp osition:

( n a ) � exc hange

a $ b

More generally , the decidabilit y of typ e inference do es not dep end on the sp eci�c signature of the

pre and abs typ e sym b ols. The enco ding of records can b e revised. W e are going to illustrate this

b y presen ting another v ariant for typ e-c hec king records.

W e suggested that a go o d typ e system should allo w some p olymorphism on records v alues

themselv es. W e recall the example that failed to typ e

#choice car truck;;

T yp echecking erro r : collision b etween pre (string) and abs

b ecause the age �eld was de�ned in car but unde�ned in truck . W e would like the result to hav e a

typ e with abs on this �eld to guaran tee that it will not b e accessed, but common, compatible �elds

should remain accessible. The idea is that a de�ned �eld should b e seen as unde�ned whenev er

needed. F rom the p oin t of view of typ es, this would require that a de�ned �eld with a v alue of

typ e � should b e typ ed with b oth pre ( � ) and abs .

Conjunctiv e typ es [Cop80 ] could p ossibly solv e this problem, but they are undecidable in gen-

eral. Another attempt is to mak e abs of arity 1 b y replacing each use of abs b y abs ( � ) where � is

a generic v ariable. Ho wev er, it is not p ossible to write 8 � � � ( � ) where � ranges ov er abs and pre .

The only p ossible solution is to mak e abs and pre constan t sym b ols b y in tro ducing an in�x �eld

sym b ol \." and write abs :� and pre :� instead of abs ( � ) and pre ( � ). It is now p ossible to write

8 " � ( ":� ). F ormally , the signature S

0

is replaced b y the signature S

00

giv en b elo w, with a new sort


ag :

S

00

` � :: �eld ) typ e

S

00

` abs

�

:: 
ag � 2 K

S

00

` pre

�

:: 
ag � 2 K

S

00

` :

�

:: 
ag 
 typ e ) �eld � 2 K

S

00

` f

T yp e

:: typ e

% ( f )

) typ e f 2 C n f abs ; pre ; : g

S

00

` ( `

L

: ; ) :: �eld 
 �eld ) �eld ` 2 L ; L 2 P

f in

( L n f ` g )

Record constan ts now come with the follo wing typ e schemes:

fg : � ( abs :� )

:a : � ( a : pre :� ; � ) ! �

f with a = g : � ( a : � ; � ) ! � ! � ( a : ":� ; � )

Basic constants for �ML

0

It is easy to see that system �ML

0

is more general than system �ML ; any expression typ eable in

the system �ML is also typ eable in the system �ML

0

: replacing in a pro of all o ccurrences of abs
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b y abs :� and all o ccurrence of pre ( � ) b y pre :� (where � do es not app ear in the pro of ), we obtain

a correct pro of in �ML

0

.

W e sho w the typ es in the system �ML

0

of some of previous examples. Flag v ariables are

written " , � and � . Building a record creates a p olymorphic ob ject, since all �elds hav e a distinct


ag v ariable:

#let car = f name = "T o y ota"; age = "old"; id = 7866 g ;;

car : � (name : " .string; id : � .num; age : � .string; abs. � )

#let truck = f name = "Blazer"; id = 6587867567 g ;;

truck : � (name : " .string; id : � .num; abs. � )

No w these two records can b e merged,

#choice car truck;;

it : � (name : " .string; id : � .num; age : abs.string; abs. � )

forgetting the age �eld in car . Note that if the presence of �eld age has b een forgotten, its typ e has

not: we always remem b er the typ es of v alues that hav e sta y ed in �elds. Thus, the typ e system

�ML

0

rejects the program:

#let p erson = f name = "Tim"; age = 31; id = 5656787 g ;;

p erson : � (name : " .string; id : � .num; age : � .num; abs. � )

#choice p erson car;;

T yp echecking erro r : collision b etween num and string

This is really a weakness of our system, since b oth records hav e common �elds name and id ,

whic h might b e tested on later. This example would b e correct in the explicitly typ ed language

QUEST [Car89 ]. If we add a new collection of primitiv es

n a : � ( a : � ; � ) ! � ( a : abs :� ; � ) ;

then we can turn around the failure ab ov e b y explicitly forgetting lab el age in at least one record

#choice (ca r n age) p erson;;

it : � (age : abs.num; name : " .string; id : � .num; abs. � )

#choice car (p erson n age);;

it : � (age : abs.string; name : " .string; id : � .num; abs. � )

#choice (ca r n age) (p erson n age);;

it : � (age : abs. � ; name : " .string; id : � .num; abs. � )

A more realistic example illustrates the abilit y to add annotations on data structures and typ e

the presence of these annotations. The example is run in to the system �ML

0

, where we assume

giv en an in�x addition + typ ed with num ! num ! num .

#t yp e tree ( " ) = Leaf of num

# j No de of f left : pre.tree ( " ); right : pre.tree ( " );

# annot : " .num; abs.unit g

#;;

New constructo rs decla red :

No de : � (left : p re.tree ( " ); right : pre.tree ( " ); annot : " .num; abs.unit) ! tree ( " )

Leaf : num ! tree ( " )

The v ariable " indicates the presence of the annotation annot . F or instance this annotation is absent

in the structure

15



#let winter = 'No de f left = 'Leaf 1; right = 'Leaf 2 g ;;

winter : tree (abs)

The follo wing function annotates a structure.

#let rec annotation =

# function

# Leaf n ! 'Leaf n, n

# j No de f left = r; right = s g !

# let (r,p) = annotation r in

# let (s,q) = annotation s in

# 'No de f left = r; right = s; annot = p+q g , p+q;;

annotation : tree ( " ) ! tree ( � ) * num

#let annotate x = match annotation x with y , ! y;;

annotate : tree ( " ) ! tree ( � )

W e use it to annotate the structure winter .

#let sp ring = annotate winter;;

sp ring : tree ( " )

W e will read a structure with the follo wing function.

#let read = function 'Leaf n ! n j 'No de r ! r.annot;;

read : tree (p re) ! num

It can b e applied to the v alue sp ring , but not to the empty structure winter .

#read winter;;

T yp echecking erro r : collision b etween pre and abs

#read sp ring;;

it : num

But the follo wing function may b e applied to b oth winter and sp ring :

#let rec left =

# function

# 'Leaf n ! n

# j 'No de r ! left (r.left);;

left : tree ( " ) ! num

#left winter;;

it : num

#left sp ring;;

it : num

3.4 Extensions

In this section we describ e two p ossible extensions. The two of them hav e b een implemen ted in a

protot yp e, but not completely formalized y et.

One imp ortan t motiv ation for having records was the enco ding of some ob ject oriented features

in to them. But the usual enco ding uses recursiv e typ es [Car84, W an89]. An extension of ML with

v arian t typ es is easy once we hav e record typ es, follo wing the idea of [R� em89 ], but the extension is

in teresting essen tially if recursiv e typ es are allo wed.

Thus it would b e necessary to extend the results presented here with recursiv e typ es. Uni�-

cation on rational trees without equations is well understo o d [Hue76, MM82 ]. In the case of a

�nite set of lab els, the extension of theorem 2 to rational trees is easy . The in�nite case uses an

equational theory , and uni�cation in the extension of �rst order equational theory to rational trees

has no decidable and unitary algorithm in general, ev en when the original theory has one. But the

simplicit y of the record theory lets us conjecture that it can b e extended with regular trees.

Another extension, whic h was sk etched in [R� em89 ], partially solv es the restrictions due to ML

p olymorphism. Because subtyping p olymorphism go es through lamb da abstractions, it could b e

used to typ e some of the examples that were wrongly rejected. ML typ e inference with subtyping
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p olymorphism has b een �rst studied b y Mitc hell in [Mit84] and later b y Mishra and F uh [FM88 ,

FM89]. The LE T -case has only b een treated in [Jat89]. But as for recursiv e typ es, subtyping has

nev er b een studied in the presence of an equational theory . Although the general case of merging

subt yping with an equational theory is certainly di�cult, we b elieve that subtyping is compatible

with the axioms of the algebra of record typ es. W e discuss b elo w the extension with subtyping in

the �nite case only . The extension in the in�nite case would b e similar, but it would rely on the

previous conjecture.

It is straigh tforw ard to extend the results of [FM89] to deal with sorted typ es. It is thus

p ossible to emb ed the language �ML

f in

in to a language with subtyp es �ML

�

. In fact, we use the

language �ML

0

�

that has the signature of the language �ML

0

for a technical reason that will app ear

later. The subt yp e relation we need is closed structural subtyping. Closed

2

structural subtyping

is de�ned relativ ely to a set of atomic co ercions as the smallest E -re
exive (i.e. that contains

=

E

) and transitive relation � that contains the atomic co ercions and that satis�es the follo wing

rules [FM89 ]:

� � � �

0

� �

0

� ! �

0

� � ! �

0

�

1

� �

1

; : : : �

p

� �

p

f ( �

1

; : : : �

p

) � f ( �

1

; : : : �

p

)

f 2 C n f!g

In �ML

0

�

, we consider the unique atomic co ercion pre � abs . It says that if a �eld is de�ned, it

can also b e view as unde�ned. W e assign the follo wing typ es to constan ts:

fg : � ( abs :�

1

; : : : abs :�

l

)

:a : � ( �

1

: : : ; pre :� : : : �

l

) ! �

f with a = g : � ( �

1

; : : : �

l

) ! � ! � ( �

1

: : : ; pre :�; : : : �

l

)

Basic constants for �ML

0

�

If the typ es lo ok the same as without subtyping, they are tak en mo dulo subtyping, and are thus

more p olymorphic. In this system, the program

let id eq = �eld eq id;;

is typ ed with:

id eq : f id : p re. � ; � g ! f id : pre. � ; � g ! b o ol

This allo ws the application mo dulo subtyping id eq car truck . The �eld age is implicitly forgotten in

truck b y the inclusion rules. Ho wev er, we still fail with the example choice p erson car . The presence

of �elds can b e forgotten, y et their typ es cannot, and there is a mismatc h b etween num and string

in the old �eld of b oth argumen ts. A solution to this failure is to use the signature S

0

instead of

S

00

. Ho wev er the inclusion relation now contains the assertion pre ( � ) � abs whic h is not atomic.

Suc h co ercions do not de�ne a structural subtyping relation. Typ e inference with non structural

inclusion has not b een studied successfully y et and it is surely di�cult (the di�cult y is emphasized

in [R � em89 ]). The typ e of primitiv es for records would b e the same as in the system �ML

f in

, but

mo dulo the non-structural subtyping relation.

Conclusion

W e hav e describ ed a simple, 
exible and e�cien t solution for extending ML with op erations on

records allo wing some sort of inheritance. The solution uses an extension of ML with a sorted

2

In [FM89], the structural subt yping is op en . With op en structural subt yping only some of the atomic co ercions

are kno wn, but there are p oten tially man y others that can b e used (op ened) during t yp ec hec king of later phrases of

the program. Closed subt yping is usually easier than op en subt yping.
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If � 2 V ( � ) ^ � 2 e n V ,

U ^ ( � 7! � )( e )

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ;

U ^ 9 � � ( e ^ � = � )

( Generalize )

U ^ a : � ; �

0

= abs = e

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ;

U ^

V

8

<

:

abs = e

� = abs

�

0

= abs

U ^ a : � ; �

0

= b : � ; �

0

= e

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ;

U ^ 9 
 �

V

8

>

<

>

:

b : � ; �

0

= e

�

0

= b : � ; 


�

0

= a : � ; 


( Mut a te )

U ^ f ( �

1

; : : : �

p

) = f ( �

1

; : : : �

p

) = e

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ;

U ^

V

(

f ( �

1

; : : : �

p

) = e

�

i

= �

i

; i 2 [1 ; p ]

( Decompose )

U ^ � = e ^ � = e

0

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ;

U ^ � = e = e

0

( Fuse )

Figure 1: Rewriting rules for record-t yp e uni�cation

equational theory ov er typ es. An immediate improv ement is to allo w recursiv e typ es needed in

man y applications of records.

The main limitation of our solution is ML p olymorphism. In many cases, the problem can b e

solv ed b y inserting ret yping functions. W e also prop ose structural subtyping as a more systematic

solution. But it is not clear y et whether we would want such an extension, for it might not b e

worth the extra cost in typ e inference.

Ac kno wledgmen ts

I am grateful for in teresting discussions with Peter Buneman, V al Breazu-T annen and Carl Gunter,

and particularly thankful to Xa vier Lero y and Benjamin Pierce whose commen ts on the presentation

of this article were v ery helpful.

A Uni�cation on record t yp es

The algorithm is an adaptation of the one giv en in [R� em92b ], whic h we recommend for a more

thorough presen tation. It is describ ed b y transformations on uni�cands that k eep unc hanged the set

of solutions. Multi-equations are multi-sets of terms, written �

1

= : : : �

p

, and uni�cands are systems

of multi-equations, that is, multi-sets of multi-equations, with existen tial quan ti�ers. Systems of

multi-equations are written U . The union of systems of multi-equations (as multi-sets) is written

U ^ U

0

and 9 � � U is the existen tial quan ti�cation of � in U . Indeed, 9 acts as a binder and systems

of multi-equations are tak en mo dulo � -conv ersion, p ermutation of consecutiv e binders, and 9 � � U

is assumed equal to U whenev er � is not free in U . W e also consider b oth uni�cands U ^ 9 � � U

0

and 9 � � U ^ U

0

equal whenev er � is not in U . An y uni�cand can b e written 9 W � U where W is

a set of v ariables, and U do es not contain any existan tial.

The algorithm reduces a uni�cand in to a solv ed uni�cand in three steps, or fails. The �rst step

is describ ed b y rewriting rules of �gure 1. Rewriting always terminates. A uni�cand that cannot

b e transformed anymore is said completely decomp osed if no multi-equation has more than one

non-v ariable term, and the algorithm pursues with the o ccur c hec k while instantiating the equations
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b y partial solutions as describ ed b elo w, otherwise the uni�cand is not solv able and the algorithm

fails.

W e sa y that a multi-equation e

0

is inner a multi-equation e if there is at least a v ariable term

of e

0

that app ears in a non-v ariable term of e , and we write e

0

< � e . W e also write U

0

6< � U for

8 e

0

2 U

0

; 8 e 2 U; e

0

6< � e

The system U is indep enden t if U 6< � U .

The second step applies the rule

If e ^ U 6< � e ,

e ^ U

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ;

e ^ ^e ( U )

( Repla ce )

un til all p ossible candidates e hav e �red the rule once, where ^ e is the trivial solution of e that sends

all v ariable terms to the non-v ariable term if it exists, or to any (but �xed) v ariable term otherwise.

If the resulting system U is indep endent (i.e. U 6< � U ), then the algorithm pursues as describ ed

b elo w; otherwise it fails and U is not solv able.

Last step eliminates useless existen tial quan ti�ers and singleton multi-equations b y rep eated

application of the rules:

If � =2 e ^ U ,

9 � � ( � = e ^ U )

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ;

e ^ U

f � g ^ U

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ;

U

( Garba ge )

This always succeeds, with a system 9 W � U that is still indep enden t. A principal solution of the

system is

^

U , that is, the comp osition, in any order, of the trivial solutions of its multi-equations.

It is de�ned up to a renaming of v ariables in W . The soundness and correctness of this algorithm

is describ ed in [R � em92b ].

The Repla ce step is actually not necessary , and a principal solution can b e directly read from

a completely decomp osed form provided the transitive closure of the inner relation on the system

is acyclic (see [R � em92b ] for details).

With the signature S

00

the only c hange to the algorithm is the addition of the mutation rules:

a : � ; �

0

= pre = e

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ;

V

8

>

<

>

:

pre = e

� = pre

�

0

= pre

a : � ; � = 


1

:


2

= e

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ;

9 �

1

�

2

�

1

�

2

�

V

8

>

>

>

>

>

<

>

>

>

>

>

:




1

:


2

= e

� = �

1

:�

2

� = �

1

:�

2




1

= a : �

1

:�

1




2

= a : �

2

:�

2

Note that in the �rst mutation rule, all o ccurrences of pre in the conclusion (the right hand side)

of the rewriting rule hav e di�eren t sorts and the three equations could not b e merged in to a multi-

equation. They surely will not b e merged later since a common constan t cannot �re fusion of two

equations (only a v ariable can). As all rules are well sorted, rewriting k eeps uni�cands well sorted.

References

[Ber88] Bernard Berthomieu. Une implan tation de CCS. T ec hnical Rep ort 88367, LAAS, 7,

Aven ue du Colonnel Ro c he, 31077 T oulouse, F rance, d � ecembre 1988.

[Car84] Luca Cardelli. A seman tics of multiple inheritance. In Semantics of Data T yp es , v olume

173 of L e ctur e Notes in Computer Scienc e , pages 51{68. Springer V erlag, 1984. Also in

Information and Computation, 1988.

19



[Car86] Luca Cardelli. Am b er. In Combinators and F unctional Pr o gr amming L anguages , v ol-

ume 242 of L e ctur e Notes in Computer Scienc e , pages 21{47. Spinger V erlag, 1986.

Pro ceedings of the 13th Summer Sc ho ol of the LITP .

[Car89] Luca Cardelli. Typ efull programming. In IFIP advanc e d seminar on F ormal Metho ds in

Pr o gr amming L angage Semantics , Lecture Notes in Computer Science. Springer V erlag,

1989.

[Car91] Luca Cardelli. Extensible records in a pure calculus of subtyping. Priv ate Comm unica-

tion, 1991.

[CCH

+

89] P eter Canning, William Co ok, W alter Hill, W alter Oltho�, and John C. Mitc hell. F-

Bounded p olymorphism for ob ject oriented programming. In The F ourth International

Confer enc e on F unctional Pr o gr amming L anguages and Computer A r chite ctur e , 1989.

[CH89] Guy Cousineau and G� erard Huet. The CAML Primer . INRIA-Ro cquencourt, BP 105,

F-78 153 Le Chesna y Cedex, F rance, 1989.

[CM89] Luca Cardelli and John C. Mitc hell. Op erations on records. In Fifth International

Confer enc e on Mathematic al F oundations of Pr o gr amming Semantics , 1989.

[Cop80] Mario Copp o. An extended p olymorphic typ e system for applicativ e languages. In

MF CS '80 , v olume 88 of L e ctur e Notes in Computer Scienc e , pages 194{204. Springer

V erlag, 1980.

[Cur87] P av el Curtis. Constr aine d Quanti�c ation in Polymorphic T yp e A nalysis . PhD thesis,

Cornell, 1987.

[FM88] Y ou-Chin F uh and Prateek Mishra. Typ e inference with subtyp es. In ESOP '88 , v olume

300 of L e ctur e Notes in Computer Scienc e , pages 94{114. Springer V erlag, 1988.

[FM89] Y ou-Chin F uh and Prateek Mishra. Polymorphic subtyp e inference: Closing the theory-

practice gap. In T APSOFT'89 , 1989.

[HMT91] Rob ert Harp er, Robin Milner, and Mads T ofte. The de�nition of Standar d ML . The

MIT Press, 1991.

[HP90] Rob ert W. Harp er and Benjamin C. Pierce. Extensible records without subsumption.

T ec hnical Rep ort CMU-CS-90-102, Carnegie Mellon Univ ersity , Pittsburg, Pensylv ania,

F ebruary 1990.

[Hue76] G � erard Huet. R� esolution d' � equations dans les langages d'or dr e 1 ; 2 ; : : : ; ! . Th� ese de

do ctorat d'� etat, Univ ersit� e Paris 7, 1976.

[Jat89] Lalita A. Jategaonk ar. ML with extended pattern matc hing and subtyp es. Master's

thesis, MIT, 545 T ec hnology Square, Cam bridge, MA 02139, August 89.

[JM88] Lalita A. Jategaonk ar and John C. Mitc hell. ML with extended pattern matc hing and

subt yp es. In Pr o c e e dings of the 1988 Confer enc e on LISP and F unctional Pr o gr amming ,

1988.

[LC90] Giusepp e Longo and Luca Cardelli. A seman tic basis for QUEST. In Pr o c e e dings of the

1990 Confer enc e on LISP and F unctional Pr o gr amming , 1990.

[Mil80] Robin Milner. A calculus of comm unicating systems. In L e ctur e Notes in Computer

Scienc e , v olume 230. Springer V erlag, 1980.

20



[Mit84] John C. Mitc hell. Co ercion and typ e inference. In Eleventh A nnual Symp osium on

Principles Of Pr o gr amming L anguages , 1984.

[MM82] Alb erto Martelli and Ugo Mon tanari. An e�cien t uni�cation algorithm. A CM T r ans-

actions on Pr o gr amming L anguages and Systems , 4(2):258{282, 1982.

[OB88] A tsushi Ohori and Peter Buneman. Typ e inference in a database langage. In A CM

Confer enc e on LISP and F unctional Pr o gr amming , pages 174{183, 1988.

[R� em89] Didier R� emy . Records and v ariants as a natural extension of ML. In Sixte enth A nnual

Symp osium on Principles Of Pr o gr amming L anguages , 1989.

[R� em90] Didier R� emy . A lg� ebr es T ou�ues. Applic ation au T yp age Polymorphe des Obje cts Enr e g-

istr ements dans les L angages F onctionnels . Th� ese de do ctorat, Univ ersit� e de Paris 7,

1990.

[R� em92a] Didier R� emy . Extending ML typ e system with a sorted equational theory . Researc h

rep ort 1766, INRIA-Ro cquencourt, BP 105, F-78 153 Le Chesna y Cedex, 1992.

[R� em92b] Didier R� emy . Syn tactic theories and the algebra of record terms. Researc h rep ort 1869,

INRIA-Ro cquencourt, BP 105, F-78 153 Le Chesna y Cedex, 1992.

[Rey88] John C. Reynolds. Preliminary design of the programming language F orsythe. T ec hnical

Rep ort CMU-CS-88-159, Carnegie Mellon Univ ersity , Pittsburgh, Pennsylv ania, June

1988.

[W an87] Mitc hell W and. Complete typ e inference for simple ob jects. In Se c ond Symp osium on

L o gic In Computer Scienc e , 1987.

[W an89] Mitc hell W and. Typ e inference for record concatenation and multiple inheritance. In

F ourth A nnual Symp osium on L o gic In Computer Scienc e , pages 92{97, 1989.

[W ei89] Pierre W eis. The CAML R efer enc e Manual . BP 105, F-78 153 Le Chesna y Cedex,

F rance, 1989.

21


