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Abstract

Sev eral recen t studies ha v e in tro duced ligh t w eigh t v ersions of Ja v a: reduced languages in whic h com-

plex features lik e threads and re
ection are dropp ed to enable rigorous argumen ts ab out k ey prop erties

suc h as t yp e safet y . W e carry this pro cess a step further, omitting almost all features of the full language

(including in terfaces and ev en assignmen t) to obtain a small calculus, F eatherw eigh t Ja v a, for whic h

rigorous pro ofs are not only p ossible but easy .

F eatherw eigh t Ja v a b ears a similar relation to full Ja v a as the lam b da-calculus do es to languages

suc h as ML and Hask ell. It o�ers a similar computational \feel," pro viding classes, metho ds, �elds,

inheritance, and dynamic t yp ecasts, with a seman tics closely follo wing Ja v a's. A pro of of t yp e safet y for

F eatherw eigh t Ja v a th us illustrates man y of the in teresting features of a safet y pro of for the full language,

while remaining pleasingly compact. The syn tax, t yp e rules, and op erational seman tics of F eatherw eigh t

Ja v a �t on one page, making it easier to understand the consequences of extensions and v ariations.

As an illustration of its utilit y in this regard, w e extend F eatherw eigh t Ja v a with generic classes in

the st yle of GJ (Brac ha, Odersky , Stoutamire, and W adler) and giv e a detailed pro of of t yp e safet y . The

extended system formalizes for the �rst time some of the k ey features of GJ.

1 In tro duction

\Inside every lar ge language is a smal l language struggling to get out..."

F ormal mo deling can o�er a signi�can t b o ost to the design of complex real-w orld artifacts suc h as program-

ming languages. A formal mo del ma y b e used to describ e some asp ect of a design precisely , to state and

pro v e its prop erties, and to direct atten tion to issues that migh t otherwise b e o v erlo ok ed. In form ulating

a mo del, ho w ev er, there is a tension b et w een completeness and compactness: the more asp ects the mo del

addresses at the same time, the more un wieldy it b ecomes. Often it is sensible to c ho ose a mo del that is

�
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Languages, and Applications (OOPSLA'99), A CM SIGPLAN Notices v olume 34 n um b er 10, pages 132{146, Den v er, CO,
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less complete but more compact, o�ering maxim um insigh t for minim um in v estmen t. This strategy ma y

b e seen in a 
urry of recen t pap ers on the formal prop erties of Ja v a, whic h omit adv anced features suc h

as concurrency and re
ection and concen trate on fragmen ts of the full language to whic h w ell-understo o d

theory can b e applied.

W e prop ose F eatherw eigh t Ja v a, or FJ, as a new con tender for a minimal core calculus for mo deling

Ja v a's t yp e system. The design of FJ fa v ors compactness o v er completeness almost obsessiv ely , ha ving just

�v e forms of expression: ob ject creation, metho d in v o cation, �eld access, casting, and v ariables. Its syn tax,

t yping rules, and op erational seman tics �t comfortably on a single page. Indeed, our aim has b een to omit

as man y features as p ossible { ev en assignmen t { while retaining the core features of Ja v a t yping. There is a

direct corresp ondence b et w een FJ and a purely functional core of Ja v a, in the sense that ev ery FJ program

is literally an executable Ja v a program.

FJ is only a little larger than Ch urc h's lam b da calculus [3 ] or Abadi and Cardelli's ob ject calculus [1],

and is signi�can tly smaller than previous formal mo dels of class-based languages lik e Ja v a, including those

put forth b y Drossop oulou, Eisen bac h, and Kh urshid [11], Syme [23], Nipk o w and Oheim b [20 ], and Flatt,

Krishnam urthi, and F elleisen [15 , 16 ]. Being smaller, FJ lets us fo cus on just a few k ey issues. F or example, w e

ha v e disco v ered that capturing the b eha vior of Ja v a's cast construct in a traditional \small-step" op erational

seman tics is tric kier than w e w ould ha v e exp ected, a p oin t that has b een o v erlo ok ed or underemphasized in

other mo dels.

One use of FJ is as a starting p oin t for mo deling languages that extend Ja v a. Because FJ is so compact,

w e can fo cus atten tion on essen tial asp ects of the extension. Moreo v er, b ecause the pro of of soundness for

pure FJ is v ery simple, a rigorous soundness pro of for ev en a signi�can t extension ma y remain manageable.

The second part of the pap er illustrates this utilit y b y enric hing FJ with generic classes and metho ds �a la

GJ [7]. The mo del omits some imp ortan t asp ects of GJ (suc h as \ra w t yp es" and t yp e argumen t inference

for generic metho d calls). Nonetheless, it led to the disco v ery and �x of one bug in the GJ compiler and,

more imp ortan tly , has b een a useful to ol in clarifying our though t. Because the mo del is small, it is easy to

con template further extensions, and w e ha v e b egun the w ork of adding ra w t yp es to the mo del; so far, this

has rev ealed at least one corner of the design that w as undersp eci�ed.

Our main goal in designing FJ w as to mak e a pro of of t yp e soundness (\w ell-t yp ed programs don't

get stuc k") as concise as p ossible, while still capturing the essence of the soundness argumen t for the full

Ja v a language. An y language feature that made the soundness pro of longer without making it signi�can tly

di�er ent w as a candidate for omission. As in previous studies of t yp e soundness in Ja v a, w e don't treat

adv anced features suc h as concurrency , inner classes, and re
ection. Other Ja v a features omitted from

FJ include assignmen t, in terfaces, o v erloading, messages to super , null p oin ters, base t yp es ( int , bool ,

etc.), abstract metho d declarations, shado wing of sup erclass �elds b y sub class �elds, access con trol ( public ,

private , etc.), and exceptions. The features of Ja v a that w e do mo del include m utually recursiv e class

de�nitions, ob ject creation, �eld access, metho d in v o cation, metho d o v erride, metho d recursion through

this , subt yping, and casting.

One k ey simpli�cation in FJ is the omission of assignmen t. In essence, all �elds and metho d parameters

in FJ are implicitly mark ed final : w e assume that an ob ject's �elds are initialized b y its constructor and

nev er c hanged afterw ards. This restricts FJ to a \functional" fragmen t of Ja v a, in whic h man y common Ja v a

idioms, suc h as use of en umerations, cannot b e represen ted. Nonetheless, this fragmen t is computationally

complete (it is easy to enco de the lam b da calculus in to it), and is large enough to include man y useful

programs (man y of the programs in F elleisen and F riedman's Ja v a text [13] use a purely functional st yle).

Moreo v er, most of the tric ky t yping issues in b oth Ja v a and GJ are indep enden t of assignmen t. An imp ortan t

exception is that the t yp e inference algorithm for generic metho d in v o cation in GJ has some t wists imp osed

on it b y the need to main tain soundness in the presence of assignmen t. This pap er treats a simpli�ed v ersion

of GJ without t yp e inference.

The remainder of this pap er is organized as follo ws. Section 2 in tro duces the main ideas of F eatherw eigh t

Ja v a, presen ts its syn tax, t yp e rules, and reduction rules, and dev elops a t yp e soundness pro of. Section 3

extends F eatherw eigh t Ja v a to F eatherw eigh t GJ, whic h includes generic classes and metho ds. Section 4

presen ts an erasure map from F GJ to FJ, mo deling the tec hniques used to compile GJ in to Ja v a. Section 5

discusses related w ork, and Section 6 concludes.
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2 F eatherw eigh t Ja v a

In FJ, a program consists of a collection of class de�nitions plus an expression to b e ev aluated. (This

expression corresp onds to the b o dy of the main metho d in full Ja v a.) Here are some t ypical class de�nitions

in FJ.

class A extends Object {

A() { super(); }

}

class B extends Object {

B() { super(); }

}

class Pair extends Object {

Object fst;

Object snd;

Pair(Object fst, Object snd) {

super(); this.fst=fst; this.snd=snd;

}

Pair setfst(Object newfst) {

return new Pair(newfst, this.snd);

}

}

F or the sak e of syn tactic regularit y , w e alw a ys include the sup ert yp e (ev en when it is Object ), w e alw a ys

write out the constructor (ev en for the trivial classes A and B ), and w e alw a ys write the receiv er for a

�eld access (as in this.snd ) or a metho d in v o cation, ev en when the receiv er is this . Constructors alw a ys

tak e the same st ylized form: there is one parameter for eac h �eld, with the same name as the �eld; the

super constructor is in v ok ed on the �elds of the sup ert yp e; and the remaining �elds are initialized to the

corresp onding parameters. In this example the sup ert yp e is alw a ys Object , whic h has no �elds, so the

in v o cations of super ha v e no argumen ts. Constructors are the only place where super or = app ears in an FJ

program. Since FJ pro vides no side-e�ecting op erations, a metho d b o dy alw a ys consists of return follo w ed

b y an expression, as in the b o dy of setfst() .

In the con text of the ab o v e de�nitions, the expression

new Pair(new A(), new B()).setfst(new B())

ev aluates to the expression

new Pair(new B(), new B()).

There are �v e forms of expression in FJ. Here, new A() , new B() , and new Pair(e1,e2) are obje ct c on-

structors , and e3.setfst(e4) is a metho d invo c ation . In the b o dy of setfst , the expression this.snd is a

�eld ac c ess , and the o ccurrences of newfst and this are variables . (The syn tax of FJ di�ers from Ja v a in

that this is a v ariable rather than a k eyw ord.) The remaining form of expression is a c ast . The expression

((Pair)new Pair(new Pair(new A(), new B()), new A()).fst).snd

ev aluates to the expression

new B().

Here, ((Pair)e7) , where e7 is new Pair(...).fst , is a cast. The cast is required, b ecause e7 is a �eld

access to fst , whic h is declared to con tain an Object , whereas the next �eld access, to snd , is only v alid on

a Pair . A t run time, it is c hec k ed whether the Object stored in the fst �eld is a Pair (and in this case the

c hec k succeeds).

In Ja v a, one ma y pre�x a �eld or parameter declaration with the k eyw ord final to indicate that it

ma y not b e assigned to, and all parameters accessed from an inner class m ust b e declared final . Since FJ
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con tains no assignmen t and no inner classes, it matters little whether or not final app ears, so w e omit it

for brevit y .

Dropping side e�ects has a pleasan t side e�ect: ev aluation can b e easily formalized en tirely within the

syn tax of FJ, with no additional mec hanisms for mo deling the heap. Moreo v er, in the absence of side

e�ects, the order in whic h expressions are ev aluated do es not a�ect the �nal outcome, so w e can de�ne

the op erational seman tics of FJ straigh tforw ardly using a nondeterministic small-step reduction relation,

follo wing long-standing tradition in the lam b da calculus. Of course, Ja v a's call-b y-v alue ev aluation strategy

is subsumed b y this more general relation, so the soundness prop erties w e pro v e for reduction will hold for

Ja v a's ev aluation strategy as a sp ecial case.

There are three basic computation rules: one for �eld access, one for metho d in v o cation, and one for

casts. Recall that, in the lam b da calculus, the b eta-reduction rule for applications assumes that the function

is �rst simpli�ed to a lam b da abstraction. Similarly , in FJ the reduction rules assume the ob ject op erated

up on is �rst simpli�ed to a new expression. Th us, just as the slogan for the lam b da calculus is \ev erything

is a function," here the slogan is \ev erything is an ob ject."

The follo wing example sho ws the rule for �eld access in action:

new Pair(new A(), new B()).snd � ! new B()

Because of the st ylized form for ob ject constructors, w e kno w that the constructor has one parameter for

eac h �eld, in the same order that the �elds are declared. Here the �elds are fst and snd , and an access to

the snd �eld selects the second parameter.

Here is the rule for metho d in v o cation in action ( = denotes substitution):

new Pair(new A(), new B()).setfst(new B())

� !

�

new B() = newfst ;

new Pair(new A(),new B()) = this

�

new Pair(newfst, this.snd)

i.e., new Pair(new B(), new Pair(new A(), new B()).snd)

The receiv er of the in v o cation is the ob ject new Pair(new A(), new B()) , so w e lo ok up the setfst metho d

in the Pair class, where w e �nd that it has formal parameter newfst and b o dy new Pair(newfst, this.snd) .

The in v o cation reduces to the b o dy with the formal parameter replaced b y the actual, and the sp ecial

v ariable this replaced b y the receiv er ob ject. This is similar to the b eta rule of the lam b da calculus,

( � x.e0)e1 � ! [ e1 = x ] e0 . The k ey di�erences are the fact that the class of the receiv er determines where to

lo ok for the b o dy (supp orting metho d o v erride), and the substitution of the receiv er for this (supp orting

\recursion through self "). Readers familiar with Abadi and Cardelli's Ob ject Calculus will see a strong sim-

ilarit y to their & reduction rule [1]. In FJ, as in the lam b da calculus and the pure Abadi-Cardelli calculus,

if a formal parameter app ears more than once in the b o dy this ma y lead to duplication of the actual, but

since there are no side e�ects this causes no problems.

Here is the rule for a cast in action:

(Pair)new Pair(new A(), new B()) � ! new Pair(new A(), new B())

Once the sub ject of the cast is reduced to an ob ject, it is easy to c hec k that the class of the constructor is a

sub class of the target of the cast. If so, as is the case here, then the reduction remo v es the cast. If not, as

in the expression (A)new B() , then no rule applies and the computation is stuck , denoting a run-time error.

There are three w a ys in whic h a computation ma y get stuc k: an attempt to access a �eld not declared

for the class, an attempt to in v ok e a metho d not declared for the class (\message not understo o d"), or an

attempt to cast to something other than a sup erclass of an ob ject's run-time class. W e will pro v e that the

�rst t w o of these nev er happ en in w ell-t yp ed programs, and the third nev er happ ens in w ell-t yp ed programs

that con tain no do wncasts (and no \stupid casts"|a tec hnicalit y explained b elo w).

As usual, w e allo w reductions to apply to an y sub expression of an expression. Here is a computation for

the second example expression ab o v e, where the next sub expression to b e reduced is underlined at eac h step.

((Pair) new Pair(new Pair(new A(), new B()), new A()).fst ).snd

� ! ((Pair)new Pair(new A(),new B())) .snd

� ! new Pair(new A(), new B()).snd

� ! new B()
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W e will pro v e a t yp e soundness result for FJ: if an expression e reduces to expression e

0

, and if e is w ell

t yp ed, then e

0

is also w ell t yp ed and its t yp e is a subt yp e of the t yp e of e .

With this informal in tro duction in mind, w e ma y no w pro ceed to a formal de�nition of FJ.

2.1 Syn tax

The syn tax, t yping rules, and computation rules for FJ are giv en in Figure 1, with a few auxiliary functions

in Figure 2.

The meta v ariables A , B , C , D , and E range o v er class names; f and g range o v er �eld names; m ranges

o v er metho d names; x ranges o v er parameter names; d and e range o v er expressions; CL ranges o v er class

declarations; K ranges o v er constructor declarations; and M ranges o v er metho d declarations. W e assume

that the set of v ariables includes the sp ecial v ariable this , but that this is nev er used as the name of an

argumen t to a metho d. Instead, it is considered to b e implicitly b ound in ev ery metho d declaration. The

ev aluation rule for metho d in v o cation will ha v e the job of substituting an appropriate ob ject for this in

addition to substituting the argumen t v alues for the parameters.

W e write f as shorthand for f

1

, . . . ,f

n

(and similarly for C , x , e , etc.) and write M as shorthand for

M

1

. . . M

n

(with no commas). W e write the empt y sequence as � and denote concatenation of sequences using

a comma. The length of a sequence x is written #( x ). W e abbreviate op erations on pairs of sequences

in the ob vious w a y , writing \ C f " for \ C

1

f

1

, . . . ,C

n

f

n

", where n is the length of C and f , and similarly

\ C f; " as shorthand for the sequence of declarations \ C

1

f

1

; . . . C

n

f

n

; " and \ this. f= f; " as shorthand for

\ this.f

1

=f

1

; . . . ;this.f

n

=f

n

; ". Sequences of �eld declarations, parameter names, and metho d declarations

are assumed to con tain no duplicate names.

The class declaration class C extends D { C f; K M} in tro duces a class named C with sup erclass D .

The new class has �elds f with t yp es C , a single constructor K , and a suite of metho ds M . The instance

v ariables declared b y C are added to the ones declared b y D and its sup erclasses, and should ha v e names

distinct from these. (In full Ja v a, instance v ariables of sup erclasses ma y b e redeclared, in whic h case the

redeclaration shado ws the original in the curren t class and its sub classes. W e omit this feature in FJ.) The

metho ds of C , on the other hand, ma y either o v erride metho ds with the same names that are already presen t

in D or add new functionalit y sp ecial to C .

The constructor declaration C( D g; C f) {super( g); this. f= f;} sho ws ho w to initialize the �elds

of an instance of C . Its form is completely determined b y the instance v ariable declarations of C and its

sup erclasses: it must tak e exactly as man y parameters as there are instance v ariables, and its b o dy must

consist of a call to the sup erclass constructor to initialize its �elds from the parameters g , follo w ed b y an

assignmen t of the parameters f to the new �elds of the same names declared b y C . (These constrain ts are

actually enforced b y the t yping rule for classes in Figure 1.)

The metho d declaration D m( C x) {return e;} in tro duces a metho d named m with result t yp e D and

parameters x of t yp es C . The b o dy of the metho d is the single statemen t return e . The v ariables x are

b ound in e . The sp ecial v ariable this is also considered b ound in e .

A class table CT is a mapping from class names C to class declarations CL . A program is a pair ( CT ; e )

of a class table and an expression. T o ligh ten the notation in what follo ws, w e alw a ys assume a �xe d class

table CT .

The abstract syn tax of FJ class declarations, constructor declarations, metho d declarations, and expres-

sions is giv en at the top left of Figure 1. As in Ja v a, w e assume that casts bind less tigh tly than other forms

of expression. W e assume that the set of v ariables includes the sp ecial v ariable this , but that this is nev er

used as the name of an argumen t to a metho d.

Ev ery class has a sup erclass, declared with extends . This raises a question: what is the sup erclass of

the Object class? There are v arious w a ys to deal with this issue; the simplest one that w e ha v e found is to

tak e Object as a distinguished class name whose de�nition do es not app ear in the class table. The auxiliary

functions that lo ok up �elds and metho d declarations in the class table are equipp ed with sp ecial cases for

Object that return the empt y sequence of �elds and the empt y set of metho ds. (In full Ja v a, the class

Object do es ha v e sev eral metho ds. W e ignore these in FJ.)

By lo oking at the class table, w e can read o� the subt yp e relation b et w een classes. W e write C <

:

D when

C is a subt yp e of D |i.e., subt yping is the re
exiv e and transitiv e closure of the immediate sub class relation
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Syn tax:

CL ::= class C extends C { C f; K M}

K ::= C( C f) {super( f); this. f = f;}

M ::= C m( C x) {return e;}

e ::= x

j e.f

j e.m( e)

j new C( e)

j (C) e

Subt yping:

C <

:

C

C <

:

D D <

:

E

C <

:

E

CT ( C ) = class C extends D {...}

C <

:

D

Computation:

�elds ( C ) = C f

(new C( e)).f

i

� ! e

i

( R-Field )

mb o dy ( m ; C ) = ( x ; e

0

)

(new C( e)).m( d)

� ! [ d = x ; new C( e) = this ] e

0

( R-Invk )

C <

:

D

(D)(new C( e)) � ! new C( e)

( R-Cast )

Congruence:

e

0

� ! e

0

0

e

0

.f � ! e

0

0

.f

( R C-Field )

e

0

� ! e

0

0

e

0

.m( e) � ! e

0

0

.m( e)

( R C-Invk-Recv )

e

i

� ! e

i

0

e

0

.m( : : : ,e

i

, : : : )

� ! e

0

.m( : : : ,e

i

0

, : : : )

( R C-Invk-Ar g )

e

i

� ! e

i

0

new C( : : : ,e

i

, : : : )

� ! new C( : : : ,e

i

0

, : : : )

( R C-New-Ar g )

e

0

� ! e

0

0

(C)e

0

� ! (C)e

0

0

( R C-Cast )

Expression t yping:

� ` x 2 �( x )
( T-V ar )

� ` e

0

2 C

0

�elds ( C

0

) = C f

� ` e

0

.f

i

2 C

i

( T-Field )

� ` e

0

2 C

0

mtyp e ( m ; C

0

) = D ! C

� ` e 2 C C <

:

D

� ` e

0

.m( e) 2 C

( T-Invk )

�elds ( C ) = D f

� ` e 2 C C <

:

D

� ` new C( e) 2 C

( T-New )

� ` e

0

2 D D <

:

C

� ` (C)e

0

2 C

( T-UCast )

� ` e

0

2 D C <

:

D C 6= D

� ` (C)e

0

2 C

( T-DCast )

� ` e

0

2 D C 6<

:

D D 6<

:

C

stupid warning

� ` (C)e

0

2 C

( T-SCast )

Metho d t yping:

x : C ; this : C ` e

0

2 E

0

E

0

<

:

C

0

CT ( C ) = class C extends D {...}

override ( m ; D ; C ! C

0

)

C

0

m (
C x

) {return e

0

;} OK IN C

( T-Method )

Class t yping:

K = C( D g, C f) {super( g); this. f = f;}

�elds ( D ) = D g M OK IN C

class C extends D {
C f

; K
M

} OK

( T-Class )

Figure 1: FJ: Main de�nitions
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Field lo okup:

�elds ( Object ) = �

CT ( C ) = class C extends D { C f; K M}

�elds ( D ) = D g

�elds ( C ) = D g ; C f

Metho d t yp e lo okup:

CT ( C ) = class C extends D { C f; K M}

B m ( B x) {return e;} 2 M

mtyp e ( m ; C ) = B ! B

CT ( C ) = class C extends D { C f; K M}

m is not de�ned in M

mtyp e ( m ; C ) = mtyp e ( m ; D )

Metho d b o dy lo okup:

CT ( C ) = class C extends D { C f; K M}

B m ( B x) {return e;} 2 M

mb o dy ( m ; C ) = ( x ; e )

CT ( C ) = class C extends D { C f; K M}

m is not de�ned in M

mb o dy ( m ; C ) = mb o dy ( m ; D )

V alid metho d o v erriding:

mtyp e ( m ; D ) = D ! D

0

implies C = D and C

0

= D

0

override ( m ; D ; C ! C

0

)

Figure 2: FJ: Auxiliary de�nitions

giv en b y the extends clauses in C T . F ormally , it is de�ned in the middle of the left column of Figure 1.

The giv en class table is assumed to satisfy some sanit y conditions: (1) CT ( C ) = class C ... for ev ery

C 2 dom ( CT ); (2) Object =2 dom ( CT ); (3) for ev ery class name C (except Object ) app earing an ywhere in

CT , w e ha v e C 2 dom ( CT ); and (4) there are no cycles in the subt yp e relation induced b y CT { that is,

the <

:

relation is an tisymmetric. Note that the t yp es de�ned b y the class table ar e allo w ed to b e recursiv e,

in the sense that the de�nition of a class A ma y use the name A in the t yp es of its metho ds and instance

v ariables. Indeed, ev en m utual recursion b et w een class de�nitions is allo w ed.

F or the t yping and reduction rules, w e need a few auxiliary de�nitions, giv en in Figure 2. The �elds of

a class C , written �elds ( C ), is a sequence C f pairing the class of eac h �eld with its name, for all the �elds

declared in class C and all of its sup erclasses. The t yp e of the metho d m in class C , written mtyp e ( m ; C ), is a

pair, written B ! B , of a sequence of argumen t t yp es B and a result t yp e B . Similarly , the b o dy of the metho d

m in class C , written mb o dy ( m ; C ), is a pair, written ( x,e) , of a sequence of parameters x and an expression

e . The predicate override ( m ; C ! C

0

; D ) judges whether a metho d m with argumen t t yp es C and a result t yp e

C

0

ma y b e de�ned in a sub class of D . In case of o v erriding, if a metho d with the same name is declared in

the sup erclass then it m ust ha v e the same t yp e.

2.2 T yping

The t yping rules for expressions, metho d declarations, and class declarations are in the righ t column of

Figure 1. An en vironmen t � is a �nite mapping from v ariables to t yp es, written x: C .

The t yping judgmen t for expressions has the form � ` e 2 C , read \in the en vironmen t �, expression e

has t yp e C ." The t yping rules are syn tax directed, with one rule for eac h form of expression, sa v e that there

are three rules for casts. The t yping rules for constructors and metho d in v o cations c hec k that eac h actual

parameter has a t yp e that is a subt yp e of the corresp onding formal. W e abbreviate t yping judgmen ts on

sequences in the ob vious w a y , writing � ` e 2 C as shorthand for � ` e

1

2 C

1

, . . . , � ` e

n

2 C

n

and writing

C <

:

D as shorthand for C

1

<

:

D

1

, . . . , C

n

<

:

D

n

.

One tec hnical inno v ation in FJ is the in tro duction of \stupid" casts. There are three rules for t yp e casts:

in an up c ast the sub ject is a sub class of the target, in a downc ast the target is a sub class of the sub ject, and

in a stupid cast the target is unrelated to the sub ject. The Ja v a compiler rejects as ill t yp ed an expression

con taining a stupid cast, but w e m ust allo w stupid casts in FJ if w e are to form ulate t yp e soundness as a

sub ject reduction theorem for a small-step seman tics. This is b ecause a sensible expression ma y b e reduced

to one con taining a stupid cast. F or example, consider the follo wing, whic h uses classes A and B as de�ned
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as in the previous section:

(A) (Object)new B() � ! (A)new B()

W e indicate the sp ecial nature of stupid casts b y including the h yp othesis stupid warning in the t yp e rule

for stupid casts ( T-SCast ); an FJ t yping corresp onds to a legal Ja v a t yping only if it do es not con tain this

rule. (Stupid casts w ere omitted from Classic Ja v a [15], causing its published pro of of t yp e soundness to b e

incorrect; this error w as disco v ered indep enden tly b y ourselv es and the Classic Ja v a authors.)

The t yping judgmen t for metho d declarations has the form M OK IN C , read \metho d declaration M is

ok when it o ccurs in class C ." It uses the expression t yping judgmen t on the b o dy of the metho d, where

the free v ariables are the parameters of the metho d with their declared t yp es, plus the sp ecial v ariable this

with t yp e C .

The t yping judgmen t for class declarations has the form CL OK , read \class declaration CL is ok." It

c hec ks that the constructor applies super to the �elds of the sup erclass and initializes the �elds declared in

this class, and that eac h metho d declaration in the class is ok.

The t yp e of an expression ma y dep end on the t yp e of an y metho ds it in v ok es, and the t yp e of a metho d

dep ends on the t yp e of an expression (its b o dy), so it b eho o v es us to c hec k that there is no ill-de�ned

circularit y here. Indeed there is none: the circle is brok en b ecause the t yp e of eac h metho d is explicitly

declared. It is p ossible to load the class table and de�ne the auxiliary functions mtyp e , mb o dy , and �elds

b efore all the classes in it are c hec k ed, so long as eac h class is ev en tually c hec k ed.

2.3 Computation

The reduction relation is of the form e � ! e

0

, read \expression e reduces to expression e

0

in one step." W e

write � !

�

for the re
exiv e and transitiv e closure of � ! .

The reduction rules are giv en in the b ottom left column of Figure 1. There are three reduction rules,

one for �eld access, one for metho d in v o cation, and one for casting. These w ere already explained in the

in tro duction to this section. W e write [ d = x ; e = y ] e

0

for the result of replacing x

1

b y d

1

, . . . , x

n

b y d

n

, and y

b y e in expression e

0

.

The reduction rules ma y b e applied at an y p oin t in an expression, so w e also need the ob vious congruence

rules (if e � ! e

0

then e.f � ! e

0

.f , and the lik e), whic h also app ear in the �gure.

2.4 Prop erties

F ormal de�nitions are fun, but the pro of of the pudding is in. . . w ell, the pro of. If our de�nitions are sensible,

w e should b e able to pro v e a t yp e soundness result, whic h relates t yping to computation. Indeed w e can pro v e

suc h a result: if a term is w ell t yp ed and it reduces to a normal form, then it is either a v alue of a subt yp e

of the original term's t yp e, or an expression that gets stuc k at a do wncast. The t yp e soundness theorem

(Theorem 2.4.7) is pro v ed b y using the standard tec hnique of sub ject reduction and progress theorems [25].

2.4.1 Theorem [Sub ject reduction]: If � ` e 2 C and e � ! e

0

, then � ` e

0

2 C

0

for some C

0

<

:

C .

Before giving the pro of, w e dev elop a n um b er of required lemmas.

2.4.2 Lemma: If mtyp e ( m ; D ) = C ! C

0

, then mtyp e ( m ; C ) = C ! C

0

for all C <

:

D .

Pro of: Straigh tforw ard induction on the deriv ation of C <

:

D . Note that, whether m is de�ned in CT ( C ) or

not, mtyp e ( m ; C ) should b e the same as mtyp e ( m ; E ) where CT ( C ) = class C extends E {...} . �

2.4.3 Lemma [T erm substitution preserv es t yping]: If � ; x : B ` e 2 D , and � ` d 2 A where A <

:

B ,

then � ` [ d = x ] e 2 C for some C <

:

D .

Pro of: By induction on the deriv ation of � ; x : B ` e 2 D . The in tuitions are exactly the same as for the

lam b da-calculus with subt yping (details v ary a little, of course).
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Case T-V ar : e = x D = �( x )

If x 62 x , then the conclusion is immediate since [ d = x ] x = x . On the other hand, if x = x

i

and D = B

i

, then,

since [ d = x ] x = [ d = x ] x

i

= d

i

, letting C = A

i

�nishes the case.

Case T-Field : e = e

0

.f

i

� ; x : B ` e

0

2 D

0

�elds ( D

0

) = C f D = C

i

By the induction h yp othesis, there is some C

0

suc h that � ` [ d = x ] e

0

2 C

0

and C

0

<

:

D

0

. Then, it is easy to

sho w that

�elds ( C

0

) = �elds ( D

0

) ; D g

for some D g . Therefore, b y the rule T-Field , � ` ([ d = x ] e

0

) .f

i

2 C

i

.

Case T-Invk : e = e

0

.m( e) � ; x : B ` e

0

2 D

0

mtyp e ( m ; D

0

) = E ! D

� ; x : B ` e 2 D D <

:

E

By the induction h yp othesis, there are some C

0

and C suc h that

� ` [ d = x ] e

0

2 C

0

C

0

<

:

D

0

� ` [ d = x ] e 2 C C <

:

D

By Lemma 2.4.2, mtyp e ( m ; C

0

) = E ! D . Moreo v er, C <

:

E b y the transitivit y of <

:

. Therefore, b y the rule

T-Invk , � ` [ d = x ] e

0

.m( [ d = x ] e) 2 D .

Case T-New : e = new D( e) �elds ( D ) = D f � ; x : B ` e 2 C C <

:

D

By the induction h yp othesis, there are E suc h that � ` [ d = x ] e 2 E and E <

:

C . Moreo v er E <

:

D , b y transitivit y

of <

:

. Therefore, b y the rule T-New , � ` new D( [ d = x ] e) 2 D .

Case T-UCast : e = (D)e

0

� ; x : B ` e

0

2 C C <

:

D

By the induction h yp othesis, there is some E suc h that � ` [ d = x ] e

0

2 E and E <

:

C . Moreo v er E <

:

D b y the

transitivit y of <

:

; this yields � ` (D)( [ d = x ] e

0

) 2 D b y the rule T-UCast .

Case T-DCast : e = (D)e

0

� ; x : B ` e

0

2 C D <

:

C D 6= C

By the induction h yp othesis, there is some E suc h that � ` [ d = x ] e

0

2 E and E <

:

C . If E <

:

D or D <

:

E , then

� ` (D)( [ d = x ] e

0

) 2 D b y the rule T-UCast or T-DCast , resp ectiv ely . On the other hand, if b oth D 6<

:

E

and E 6<

:

D , then � ` (D)( [ d = x ] e

0

) 2 D (with a stupid warning ) b y the rule T-SCast .

Case T-SCast : e = (D)e

0

� ; x : B ` e

0

2 C D 6<

:

C C 6<

:

D

By the induction h yp othesis, there is some E suc h that � ` [ d = x ] e

0

2 E and E <

:

C . This means that E 6<

:

D .

(T o see this, note that eac h class in FJ has just one sup er class. It follo ws that, if b oth E <

:

C and E <

:

D ,

then either C <

:

D or D <

:

C .) So � ` (D)( [ d = x ] e

0

) 2 D (with a stupid warning ), b y T-SCast . �

2.4.4 Lemma [W eak ening]: If � ` e 2 C , then � ; x : D ` e 2 C .

Pro of: Straigh tforw ard induction. �

2.4.5 Lemma: If mtyp e ( m ; C

0

) = D ! D , and mb o dy ( m ; C

0

) = ( x ; e ), then, for some D

0

with C

0

<

:

D

0

, there

exists C <

:

D suc h that x : D ; this : D

0

` e 2 C .

Pro of: By induction on the deriv ation of mb o dy ( m ; C

0

). The base case (where m is de�ned in C

0

) is easy

since m is de�ned in CT ( C

0

) and x : D ; this : C

0

` e 2 C b y T-Method . The induction step is also

straigh tforw ard. �

W e are no w ready to giv e the pro of of the sub ject reduction theorem.

Pro of of Theorem 2.4.1: By induction on a deriv ation of e � ! e

0

, with a case analysis on the reduction

rule used.
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Case R-Field : e = (new C

0

( e)).f

i

e

0

= e

i

�elds ( C

0

) = D f

By rule T-Field , w e ha v e

� ` new C

0

( e) 2 D

0

C = D

i

for some D

0

. Again, b y the rule T-New ,

� ` e 2 C

C <

:

D

D

0

= C

0

In particular, � ` e

i

2 C

i

, �nishing the case since C

i

<

:

D

i

.

Case R-Invk : e = (new C

0

( e)).m( d)

e

0

= [ d = x ; new C

0

( e) = this ] e

0

mb o dy ( m ; C

0

) = ( x ; e

0

)

By the rules T-Invk and T-New , w e ha v e

� ` new C

0

( e) 2 C

0

� ` d 2 C

C <

:

D

mtyp e ( m ; C

0

) = D ! C

for some C and D . By Lemma 2.4.5, x : D ; this : D

0

` e

0

2 B for some D

0

and B where C

0

<

:

D

0

and B <

:

C .

By Lemma 2.4.4, � ; x : D ; this : D

0

` e

0

2 B . Then, b y Lemma 2.4.3, � ` [ d = x ; new C

0

( e) = this ] e

0

2 E for

some E <

:

B . By transitivit y of <

:

, E <

:

C . Finally , letting C

0

= E �nishes this case.

Case R-Cast : e = (D)(new C

0

( e)) C

0

<

:

D e

0

= new C

0

( e)

The pro of of � ` (D)(new C

0

( e)) 2 C m ust end with the rule T-UCast since the deriv ation ending with

T-SCast or T-DCast con tradicts the assumption C

0

<

:

D . By the rule T-UCast , w e ha v e � ` new C

0

( e) 2

C

0

and D = C , whic h �nishes the case.

The cases for congruence rules are easy . W e sho w just one:

Case R C-Cast : e = (D)e

0

e

0

= (D)e

0

0

e

0

� ! e

0

0

There are three sub cases according to the last t yping rule used.

Sub case T-UCast : � ` e

0

2 C

0

C

0

<

:

D D = C

By the induction h yp othesis, � ` e

0

0

2 C

0

0

for some C

0

0

<

:

C

0

. By transitivit y of <

:

, C

0

0

<

:

C . Therefore, b y

the rule T-UCast , � ` (C)e

0

0

2 C (without an y additional stupid warning ).

Sub case T-DCast : � ` e

0

2 C

0

D <

:

C

0

D = C 6= C

0

By the induction h yp othesis, � ` e

0

0

2 C

0

0

for some C

0

0

<

:

C

0

. If either C

0

0

<

:

C or C <

:

C

0

0

, then � ` (C)e

0

0

2 C

b y the rule T-UCast or T-DCast (without an y additional stupid warning ). On the other hand, if b oth

C

0

0

6<

:

C and C 6<

:

C

0

0

, then, � ` (C)e

0

0

2 C with stupid warning b y the rule T-SCast .

Sub case T-SCast : � ` e

0

2 C

0

D 6<

:

C

0

C

0

6<

:

D D = C

By the induction h yp othesis, � ` e

0

0

2 C

0

0

for some C

0

0

<

:

C

0

. Then, b oth C

0

0

6<

:

C and C 6<

:

C

0

0

also

hold follo wing the same argumen t found in the pro of of Lemma 2.4.3 (the case for T-SCast ). Therefore,

� ` (C)e

0

0

2 C with stupid warning . �

W e can also sho w that if a program is w ell t yp ed, then the only w a y it can get stuc k is if it reac hes a

p oin t where it cannot p erform a do wncast.

2.4.6 Theorem [Progress]: Supp ose e is a w ell-t yp ed expression.

(1) If e includes new C

0

( e).f as a sub expression, then �elds ( C

0

) = T f and f 2 f .

(2) If e includes new C

0

( e).m( d) as a sub expression, then mb o dy ( m ; C

0

) = ( x ; e

0

) and #( x ) = #( d ).
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Pro of sk etc h: If e has new C

0

( e).f as a sub expression, then, b y w ell-t yp edness of the sub expression, it

is easy to c hec k that �elds ( C

0

) is w ell-de�ned and f app ears in it. Similarly , if e has new C

0

( e).m( d) as

a sub expression, then, it is also easy to sho w mb o dy ( m ; C ) = ( x ; e

0

) and #( x ) = #( d ) from the fact that

mtyp e ( m ; C ) = C ! D where #( x ) = #( C ). �

T o state t yp e soundness formally , w e will giv e the de�nition of v alues, giv en b y the follo wing syn tax:

v ::= new C( v) :

2.4.7 Theorem [FJ t yp e soundness]: If � ` e 2 C and e � !

�

e

0

with e

0

b eing a normal form, then e

0

is

either a v alue v or an expression con taining (D)new C( e) where C 6<

:

D .

Pro of: Immediate from Theorems 2.4.1 and 2.4.6. �

T o state a similar prop ert y for casts, w e sa y that an expression e is safe in � if the t yp e deriv ations of the

underlying CT and � ` e 2 C con tain no do wncasts or stupid casts (uses of rules T-DCast or T-SCast ).

In other w ords, a safe program includes only up casts. Then w e see that a safe expression alw a ys reduces

to another safe expression, and, moreo v er, t yp ecasts in a safe expression will nev er fail, as sho wn in the

follo wing pair of theorems.

2.4.8 Theorem [Reduction preserv es safet y]: If e is safe in � and e � ! e

0

, then e

0

is safe in �.

Pro of sk etc h: Similar to the pro of of Theorem 2.4.1. Note that, the deriv ation of e

0

will ha v e additional

stupid warning only if the deriv ation of e (and CT ) uses the rules T-DCast and/or T-SCast . �

2.4.9 Theorem [Progress of safe programs]: Supp ose e is safe in �. If e has (C)new C

0

( e) as a sub ex-

pression, then C

0

<

:

C .

Pro of sk etc h: Easy from the fact that the sub expression (C)new C

0

( e) is giv en t yp e C b y the rule

T-UCast . �

2.4.10 Theorem [Safe programs don't cause t yp ecast errors]: If e is safe in � and e � !

�

e

0

with e

0

b eing a nomal form, then e

0

is a v alue v .

Pro of: Immediate from Theorems 2.4.8 and 2.4.9. �

3 F eatherw eigh t GJ

Just as GJ adds generic t yp es to Ja v a, F eatherw eigh t GJ (or F GJ, for short) adds generic t yp es to FJ. Here

is the class de�nition for pairs in FJ, rewritten with generic t yp e parameters in F GJ.

class A extends Object {

A() { super(); }

}

class B extends Object {

B() { super(); }

}

class Pair<X extends Object, Y extends Object> extends Object {

X fst;

Y snd;

Pair(X fst, Y snd) {

super(); this.fst=fst; this.snd=snd;

}

<Z extends Object> Pair<Z,Y> setfst(Z newfst) {

return new Pair<Z,Y>(newfst, this.snd);

}

}
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Both classes and metho ds ma y ha v e generic t yp e parameters. Here X and Y are parameters of the class,

and Z is a parameter of the setfst metho d. Eac h t yp e parameter has a b ound ; here X , Y , and Z are eac h

b ounded b y Object .

In the con text of the ab o v e de�nitions, the expression

new Pair<A,B>(new A(), new B()).setfst<B>(new B())

ev aluates to the expression

new Pair<B,B>(new B(), new B())

If w e w ere b eing extraordinarily p edan tic, w e w ould write A<> and B<> instead of A and B , but w e allo w the

latter as an abbreviation for the former in order that FJ is a prop er subset of F GJ.

In GJ, t yp e parameters to generic metho d in v o cations are inferred. Th us, in GJ the expression ab o v e

w ould b e written

new Pair<A,B>(new A(), new B()).setfst(new B())

with no <B> in the in v o cation of setfst . So while FJ is a subset of Ja v a, F GJ is not quite a subset of

GJ. W e regard F GJ as an in termediate language { the form that w ould result after t yp e parameters ha v e

b een inferred. While parameter inference is an imp ortan t asp ect of GJ, w e c hose in F GJ to concen trate on

mo deling other asp ects of GJ.

The b ound of a t yp e v ariable ma y not b e a t yp e v ariable, but ma y b e a t yp e expression in v olving t yp e

v ariables, and ma y b e recursiv e (or ev en, if there are sev eral b ounds, m utually recursiv e). F or example,

if C<X> and D<Y> are classes with one parameter eac h, one ma y ha v e b ounds suc h as <X extends C<X>>

or ev en <X extends C<Y>, Y extends D<X>> . F or more on b ounds, including examples of the utilit y of

recursiv e b ounds, see the GJ pap er [7].

GJ and F GJ are in tended to supp ort either of t w o implemen tation st yles. They ma y b e implemen ted

b y typ e-p assing , augmen ting the run-time system to carry information ab out t yp e parameters, or they ma y

b e implemen ted b y er asur e , remo ving all information ab out t yp e parameters at run-time. This section

explores the �rst st yle, giving a direct seman tics for F GJ that main tains t yp e parameters, and pro ving a

t yp e soundness theorem. Section 4 explores the second st yle, giving an erasure mapping from F GJ in to FJ

and sho wing a corresp ondence b et w een reductions on F GJ expressions and reductions on FJ expressions.

The second st yle corresp onds to the curren t implemen tation of GJ, whic h compiles GJ in to the Ja v a Virtual

Mac hine (JVM), whic h of course main tains no information ab out t yp e parameters at run-time; the �rst st yle

w ould corresp ond to using an augmen ted JVM that main tains information ab out t yp e parameters.

3.1 Syn tax

In what follo ws, for the sak e of conciseness w e abbreviate the k eyw ord extends to the sym b ol / and the

k eyw ord return to the sym b ol " .

The syn tax, t yping rules, and computation rules for F GJ are giv en in Figures 3 and 4 , with a few

auxiliary functions in Figure 5. The meta v ariables X , Y , and Z range o v er t yp e v ariables; T , U , and V range

o v er t yp es; and N , O , P , and Q range o v er non v ariable t yp es (t yp es other than t yp e v ariables). W e write X

as shorthand for X

1

, . . . ,X

n

(and similarly for T , N , etc.), and assume sequences of t yp e v ariables con tain no

duplicate names.

The abstract syn tax of F GJ is giv en at the top left of Figure 3. W e allo w C<> and m<> to b e abbreviated

as C and m , resp ectiv ely .

As b efore, w e assume a �xed class table CT , whic h is a mapping from class names C to class declarations

CL , ob eying the essen tially same sanit y conditions as giv en previously . (F or the condition (4), w e use

the relation b et w een class names, de�ned as the re
exiv e and transitiv e closure induced b y the clause

C< X / N> / D< T> ; w e write C E D for it.)
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Syn tax:

CL ::= class C< X / N> / N { T f; K M}

K ::= C( T f) {super( f); this. f = f;}

M ::= < X / N> T m ( T x) { " e;}

e ::= x

j e.f

j e.m< T>( e)

j new N( e)

j (N) e

T ::= X

j N

N ::= C< T>

Subt yping:

� ` T <

:

T
( S-Refl )

� ` S <

:

T � ` T <

:

U

� ` S <

:

U

( S-Trans )

� ` X <

:

�( X )
( S-V ar )

CT ( C ) = class C< X / N> / N {...}

� ` C< T> <

:

[ T = X ] N

( S-Class )

Computation:

�elds ( N ) = T f

(new N( e)).f

i

� ! e

i

( GR-Field )

mb o dy ( m<
V

> ; N ) = (
x

; e

0

)

(new N( e)).m< V>( d)

� ! [ d = x ; new N( e) = this ] e

0

( GR-Invk )

; ` N <

:

O

(O)(new N( e)) � ! new N( e)

( GR-Cast )

Congruence:

e

0

� ! e

0

0

e

0

.f � ! e

0

0

.f

( GR C-Field )

e

0

� ! e

0

0

e

0

.m< T>( e) � ! e

0

0

.m< T>( e)

( GR C-Inv-Recv )

e

i

� ! e

i

0

e

0

.m< T>( : : : ,e

i

, : : : )

� ! e

0

.m< T>( : : : e

i

0

, : : : )

( GR C-Inv-Ar g )

e

i

� ! e

i

0

new N( : : : ,e

i

, : : : )

� ! new N( : : : e

i

0

, : : : )

( GR C-New-Ar g )

e

0

� ! e

0

0

(N)e

0

� ! (N)e

0

0

( GR C-Cast )

Figure 3: F GJ: Main de�nitions (1)
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W ell-formed t yp es:

� ` Object ok
( WF-Object )

X 2 dom (�)

� ` X ok

( WF-V ar )

CT ( C ) = class C< X / N> / N {...}

� ` T ok � ` T <

:

[ T = X ] N

� ` C<
T

> ok

( WF-Class )

Expression t yping:

�; � ` x 2 �( x )
( GT-V ar )

�; � ` e

0

2 T

0

�elds ( b ound

�

( T

0

)) = T f

�; � ` e

0

.f

i

2 T

i

( GT-Field )

�; � ` e

0

2 T

0

mtyp e ( m ; b ound

�

( T

0

)) = < Y / O> U ! U

� ` V ok � ` V <

:

[ V = Y ] O

�; � ` e 2 S � ` S <

:

[ V = Y ] U

�; � ` e

0

.m< V>( e) 2 [ V = Y ] U

( GT-Invk )

� ` N ok �elds ( N ) = T f

�; � ` e 2 S � ` S <

:

T

�; � ` new N( e) 2 N

( GT-New )

�; � ` e

0

2 T

0

� ` b ound

�

( T

0

) <

:

N

�; � ` (N)e

0

2 N

( GT-UCast )

�; � ` e

0

2 T

0

� ` N ok

� ` N <

:

b ound

�

( T

0

)

N = C< T> b ound

�

( T

0

) = D< U>

dc ast ( C ; D )

�; � ` (N)e

0

2 N

( GT-DCast )

�; � ` e

0

2 T

0

� ` N ok

N = C< T> b ound

�

( T

0

) = D< U>

C 6E D D 6E C

stupid warning

�; � ` (N)e

0

2 N

( GT-SCast )

Metho d t yping:

� = X<

:

N ; Y<

:

O � ` T ; T ; O ok

�; x : T ; this : C< X> ` e

0

2 S � ` S <

:

T

CT ( C ) = class C< X / N> / N {...}

override ( m ; N ; < Y / O> T ! T )

<
Y

/
O

> T m (
T x

) { " e

0

;} OK IN C<
X

/
N

>

( GT-Method )

Class t yping:

X<

:

N ` N ; N ; T ok

�elds ( N ) = U g M OK IN C< X / N>

K = C( U g, T f){super( g); this. f = f;}

class C< X / N> / N { T f; K M} OK

( GT-Class )

Figure 4: F GJ: Main de�nitions (2)
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Bound of t yp e:

b ound

�

( X ) = �( X )

b ound

�

( N ) = N

Field lo okup:

�elds ( Object ) = �
( F-Object )

CT ( C ) = class C< X / N> / N { S f; K M}

�elds ([ T = X ] N ) = U g

�elds ( C< T> ) = U g ; [ T = X ] S f

( F-Class )

Metho d t yp e lo okup:

CT ( C ) = class C< X / N> / N { S f; K M}

< Y / O> U m ( U x) { " e;} 2 M

mtyp e ( m ; C<
T

> ) = [
T

=
X

]( <
Y

/
O

>
U

! U )

( MT-Class )

CT ( C ) = class C< X / N> / N { S f; K M}

m is not de�ned in M

mtyp e ( m ; C< T> ) = mtyp e ( m ; [ T = X ] N )

( MT-Super )

Metho d b o dy lo okup:

CT ( C ) = class C< X / N> / N { S f; K M}

< Y / O> U m ( U x) { " e

0

;} 2 M

mb o dy ( m< V> ; C< T> ) = ( x ; [ T = X ; V = Y ] e

0

)

( MB-Class )

CT ( C ) = class C< X / N> / N { S f; K M}

m is not de�ned in M

mb o dy ( m<
V

> ; C<
T

> ) = mb o dy ( m<
V

> ; [
T

=
X

] N )

( MB-Super )

V alid metho d o v erriding:

mtyp e ( m ; N ) = < Z / P> U ! U

0

implies

O, T = [ Y = Z ]( P, U ) and � ` T

0

<

:

[ Y = Z ] U

0

override ( m ; N ; < Y / O> T ! T

0

)

V alid do wncast:

dc ast ( C ; D ) dc ast ( D ; E )

dc ast ( C ; E )

CT ( C ) = class C< X / N> / D< T> {...}

X = FV ( T )

dc ast ( C ; D )

( FV ( T ) denotes the set of t yp e v ariable in T .)

Figure 5: F GJ: Auxiliary de�nitions
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3.2 T yping

A t yp e en vironmen t � is a �nite mapping from t yp e v ariables to non v ariable t yp es, written X <

:

N , that

tak es eac h t yp e v ariable to its b ound.

Bounds of t yp es

W e write b ound

�

( T ) for the upp er b ound of T in �, as de�ned in Figure 5. Unlik e calculi suc h as F

�

[9],

this promotion relation do es not need to b e de�ned recursiv ely: the b ound of a t yp e v ariable is alw a ys a

non v ariable t yp e.

Subt yping

The subt yping relation is de�ned in the left column of Figure 3. As b efore, subt yping is the re
exiv e and

transitiv e closure of the extends relation. T yp e parameters are invariant with regard to subt yping (for

reasons explained in the GJ pap er), so T <

:

U do es not imply C< T> <

:

C< U> .

W ell-formed t yp es

If the declaration of a class C b egins class C< X / N> , then a t yp e lik e C< T> is w ell formed only if substituting

T for X resp ects the b ounds N , that is if T <

:

[ T = X ] N . W e write � ` T ok if t yp e T is w ell-formed in con text �.

The rules for w ell-formed t yp es app ear in Figure 4 . Note that w e p erform a sim ultaneous substitution, so

an y v ariable in X ma y app ear in N , p ermitting recursion and m utual recursion b et w een v ariables and b ounds.

A t yp e en vironmen t � is w ell formed if � ` �( X ) ok for all X in dom (�). W e also sa y that an en vironmen t

� is w ell formed with resp ect to �, written � ` � ok, if � ` �( x ) ok for all x in dom (�).

Field and metho d lo okup

F or the t yping and reduction rules, w e need a few auxiliary de�nitions, giv en in Figure 5; these are fairly

straigh tforw ard adaptations of the lo okup rules giv en previously . The �elds of a non v ariable t yp e N , written

�elds ( N ), are a sequence of corresp onding t yp es and �eld names, T f . The t yp e of the metho d in v o cation

m at non v ariable t yp e N , written mtyp e ( m ; N ), is a t yp e of the form < X / N> U ! U . In this form, the v ariables

X are b ound in N , U , and U and w e regard � -con v ertible ones as equiv alen t; application of t yp e substitution

[ T = X ] is de�ned in the customary manner. When X / N is empt y , w e abbreviate <> U ! U to U ! U . The b o dy

of the metho d in v o cation m at non v ariable t yp e N with t yp e parameters V , written mb o dy ( m< V> ; N ), is a pair,

written ( x,e) , of a sequence of parameters x and an expression e .

T yping rules

T yping rules for expressions, metho ds, and classes app ear in Figure 4 .

The t yping judgmen t for expressions is of form �; � ` e 2 T , read as \in the t yp e en vironmen t � and

the en vironmen t �, the expression e has t yp e T ." Most of the subtleties are in the �eld and metho d lo okup

relations that w e ha v e already seen; the t yping rules themselv es are straigh tforw ard.

In the rule GT-DCast , the last premise dc ast ( C ; D ) ensures that the result of the cast will b e the same

at run time, no matter whether w e use the high-lev el (t yp e-passing) reduction rules de�ned later in this

section or the erasure seman tics considered in Section 4. In tuitiv ely , when C< T> <

:

D< U> holds, all the t yp e

argumen ts T of C m ust \con tribute" for the relation to hold. F or example, supp ose w e ha v e de�ned:

class List<X / Object> / Object { ... }

class LinkedList<X / Object> / List<X> { ... }

No w, if o has t yp e Object , then the cast (List<C>)o is not p ermitted. (If, at run time, o is b ound to

new List<D>() , then the cast w ould fail in the t yp e-passing seman tics but succeed in the erasure seman tics,

since (List<C>)o erases to (List)o while b oth new List<C>() and new List<D>() erase to new List() .)

On the other hand, if cl has t yp e List<C> , then the cast (LinkedList<C>)cl is p ermitted, since the t yp e-

passing and erased v ersions of the cast are guaran teed to either b oth succeed or b oth fail. The formal

de�nition of dc ast ( C ; D ) app ears in Figure 5.
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The t yping rule for metho ds con tains one additional subtlet y . In F GJ (and GJ), unlik e in FJ (and Ja v a),

co v arian t subt yping of metho d results is allo w ed. That is, the result t yp e of a metho d ma y b e a subt yp e of

the result t yp e of the corresp onding metho d in the sup erclass, although the b ounds of t yp e v ariables and

the argumen t t yp es m ust b e iden tical (mo dulo renaming of t yp e v ariables).

As b efore, a class table is ok if all its class de�nitions are ok.

3.3 Reduction

The op erational seman tics of F GJ programs is only a little more complicated than what w e had in FJ. The

rules app ear in the righ t column of Figure 3.

3.4 Prop erties

T yp e Soundness

F GJ programs enjo y sub ject reduction, progress prop erties, and th us a t yp e soundness prop ert y exactly lik e

programs in FJ (Theorems 3.4.13, 3.4.14, and 3.4.15), The basic structures of the pro ofs are similar to those

of Theorems 2.4.1 and 2.4.6. F or sub ject reduction, ho w ev er, since w e no w ha v e parametric p olymorphism

com bined with subt yping, w e need a few more lemmas. The main lemmas required are a term substitution

lemma as b efore, plus similar lemmas ab out the preserv ation of subt yping and t yping under typ e substitution.

(Readers familiar with pro ofs of sub ject reduction for t yp ed lam b da-calculi lik e F

�

[9] will notice man y

similarities). the required lemmas including three substitution lemmas, whic h are pro v ed b y straigh tforw ard

induction on a deriv ation of � ` S <

:

T or �; � ` e 2 T . In the follo wing pro of, the underlying class table is

assumed to b e ok. abbreviate the k eyw ord

3.4.1 Lemma [W eak ening]: Supp ose � ; X<

:

N ` N ok and � ` U ok.

1. If � ` S <

:

T , then � ; X<

:

N ` S <

:

T .

2. If � ` S ok, then � ; X<

:

N ` S ok.

3. If �; � ` e 2 T , then �; � ; x : U ` e 2 T and � ; X<

:

N ; � ` e 2 T .

Pro of: Eac h of them is pro v ed b y straigh tforw ard induction on the deriv ation of � ` S <

:

T and � ` S ok

and �; � ` e 2 T . �

3.4.2 Lemma: If � ` E< V> <

:

D< U> and D 6E C and C 6E D , then E 6E C and C 6E E .

Pro of: It is easy to see that � ` E< V> <

:

D< U> implies E E D . The conclusions are easily pro v ed b y

con tradiction. (A similar argumen t is found in the pro of of Lemma 2.4.3.) �

3.4.3 Lemma: Supp ose dc ast ( C ; D ) and � ` C< T> <

:

D< U> . If � ` C< T

0

> <

:

D< U> , then T

0

= T .

Pro of: The case where dc ast ( C ; D ) b ecause dc ast ( C ; E ) and dc ast ( E ; D ) is easy: note that, from ev ery

deriv ation of � ` C< T> <

:

D< U> , w e can also deriv e � ` C< T> <

:

E< V> and � ` E< V> <

:

D< U> for some

V . Finally , if D is the direct sup erclass of C , b y the rule S-Class , D< U> = [ T = X ] D< V> where CT ( C ) =

class C< X / N> / D< V> {...} for some V . Since FV ( V ) = X , if D< U> = [ T

0

= X ] D< V> , then it m ust b e the case

that T = T

0

, �nishing the pro of. �

3.4.4 Lemma: If dc ast ( C ; E ) and C E D E E with C 6= D 6= E , then dc ast ( C ; D ) and dc ast ( D ; E ).

Pro of: Easy . �

3.4.5 Lemma [T yp e substitution preserv es subt yping]: If �

1

; X<

:

N ; �

2

` S <

:

T and �

1

` U <

:

[ U = X ] N

with �

1

` U ok and none of X app earing in �

1

, then �

1

; [ U = X ]�

2

` [ U = X ] S <

:

[ U = X ] T .

Pro of: By induction on the deriv ation of �

1

; X<

:

N ; �

2

` S <

:

T .
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Case S-Refl :

T rivial.

Case S-Trans, S-Class :

Easy .

Case S-V ar : S = X T = (�

1

; X<

:

N ; �

2

)( X )

If X 2 dom (�

1

) [ dom (�

2

), then the conclusion is immediate. On the other hand, if X = X

i

, then, b y

assumption, w e ha v e �

1

` U

i

<

:

[ U = X ] N

i

. Finally , Lemma 3.4.1 �nishes the case. �

3.4.6 Lemma [T yp e substitution preserv es t yp e w ell-formedness]: If �

1

; X<

:

N ; �

2

` T ok and �

1

`

U <

:

[ U = X ] N with �

1

` U ok and none of X app earing in �

1

, then �

1

; [ U = X ]�

2

` [ U = X ] T ok.

Pro of: By induction on the deriv ation of �

1

; X<

:

N ; �

2

` T ok, with a case analysis on the last rule used.

Case WF-Object :

T rivial.

Case WF-V ar : T = X X 2 dom (�

1

; X<

:

N ; �

2

)

The case X 2 X

i

follo ws from �

1

` U ok and Lemma 3.4.1; otherwise immediate.

Case WF-Class : T = C< T> �

1

; X<

:

N ; �

2

` T ok �

1

; X<

:

N ; �

2

` T <

:

[ T = Y ] P

CT ( C ) = class C< Y / P> / N {...}

By the induction h yp othesis,

�

1

; [ U = X ]�

2

` [ U = X ] T ok :

On the other hand, b y Lemma 3.4.5, �

1

; [ U = X ]�

2

` [ U = X ] T <

:

[ U = X ][ T = Y ] P . Since Y<

:

P ` P b y the rule

GT-Class , P do es not include an y of X as a free v ariable. Th us, [ U = X ][ T = Y ] P = [[ U = X ] T = Y ] P , and �nally , w e

ha v e �

1

; [ U = X ]�

2

` C< [ U = X ] T> ok b y WF-Class . �

3.4.7 Lemma: Supp ose �

1

; X<

:

N ; �

2

` T ok and �

1

` U <

:

[ U = X ] N with �

1

` U ok and none of X app earing

in �

1

. Then, �

1

; [ U = X ]�

2

` b ound

�

1

; [ U = X ]�

2

([ U = X ] T ) <

:

[ U = X ]( b ound

�

1

; X<

:

N ; �

2

( T )).

Pro of: The case where T is a non v ariable t yp e is trivial. The case where T is a t yp e v ariable X and

X 2 dom (�

1

) [ dom (�

2

) is also easy . Finally , if T is a t yp e v ariable X

i

, then b ound

�

1

; [ U = X ]�

2

([ U = X ] T ) = U

i

and [ U = X ]( b ound

�

1

; X<

:

N ; �

2

( T )) = [ U = X ] N

i

; the assumption �

1

` U <

:

[ U = X ] N and Lemma 3.4.1 �nish the pro of.

�

3.4.8 Lemma: If � ` S <

:

T and �elds ( b ound

�

( T )) = T f , then �elds ( b ound

�

( S )) = S g and S

i

= T

i

and

g

i

= f

i

for all i � #( f ).

Pro of: By straigh tforw ard induction on the deriv ation of � ` S <

:

T .

Case S-Refl :

T rivial.

Case S-V ar :

T rivial b ecause b ound

�

( S ) = b ound

�

( T ).

Case S-Trans :

Easy .

Case S-Class : S = C< T> T = [ T = X ] N CT ( C ) = class C< X / N> / N { S g; ...}

By the rule F-Class , �elds ( C< T> ) = U f ; [ T = X ] S g where U f = �elds ([ T = X ] N ). �

3.4.9 Lemma: If � ` T ok and mtyp e ( m ; b ound

�

( T )) = < Y / P> U ! U

0

, then for an y S suc h that � ` S <

:

T

and � ` S ok, w e ha v e mtyp e ( m ; b ound

�

( S )) = < Y / P> U ! U

0

0

and � ; Y<

:

P ` U

0

0

<

:

U

0

.

Pro of: By straigh tforw ard induction on the deriv ation of � ` S <

:

T with a case analysis b y the last rule

used.



19

Case S-Refl :

T rivial.

Case S-V ar :

T rivial b ecause b ound

�

( S ) = b ound

�

( T ).

Case S-Trans :

Easy .

Case S-Class : S = C< T> T = [ T = X ] N CT ( C ) = class C< X / N> / N { ... M}

If M do not include a declaration of m , it is easy to sho w the conclusion, since

mtyp e ( m ; b ound

�

( S )) = mtyp e ( m ; b ound

�

( T ))

b y the rule MT-Super .

On the other hand, supp ose M includes a declaration of m . By straigh tforw ard induction on the deriv ation

of mtyp e ( m ; T ), w e can sho w

mtyp e ( m ; T ) = [ T = X ] < Y / P

0

> U

0

! U

0

0 0

where < Y / P

0

> U

0

! U

0

0 0

= mtyp e ( m ; N ). Without loss of generalit y , w e can assume that X and Y are distinct

and, in particular, that [ T = X ] U

0

0 0

= U

0

. By GT-Method , it m ust b e the case that

< Y / P

0

> W

0

0

m ( U

0

x) {...} 2 M

and

X<

:

N ; Y<

:

P

0

` W

0

0

<

:

U

0

0 0

:

By Lemmas 3.4.5 and 3.4.1, w e ha v e

� ; Y<

:

P ` [ T = X ] W

0

0

<

:

U

0

:

Since mtyp e ( m ; b ound

�

( S )) = mtyp e ( m ; S ) = [ T = X ] < Y / P

0

> U

0

! W

0

0

b y MT-Class , letting U

0

0

= [ T = X ] W

0

0

�nishes the case. �

3.4.10 Lemma [T yp e substitution preserv es t yping]: If �

1

; X<

:

N ; �

2

; � ` e 2 T and �

1

` U <

:

[ U = X ] N

where �

1

` U ok and none of X app ears in �

1

, then �

1

; [ U = X ]�

2

; [ U = X ]� ` [ U = X ] e 2 S for some S suc h that

�

1

; [ U = X ]�

2

` S <

:

[ U = X ] T .

Pro of: By induction on the deriv ation of �

1

; X<

:

N ; �

2

; � ` e 2 T with a case analysis on the last rule used.

Case GT-V ar :

T rivial.

Case GT-Field : e = e

0

.f

i

�

1

; X<

:

N ; �

2

; � ` e

0

2 T

0

�elds ( b ound

�

1

; X<

:

N ; �

2

( T

0

)) = T f

T = T

i

By the induction h yp othesis, �

1

; [ U = X ]�

2

; [ U = X ]� ` [ U = X ] e

0

2 S

0

and �

1

; [ U = X ]�

2

` S

0

<

:

[ U = X ] T

0

for some

S

0

. By Lemma 3.4.7,

�

1

; [ U = X ]�

2

` b ound

�

1

; [ U = X ]�

2

([ U = X ] T

0

) <

:

[ U = X ] b ound

�

1

; X<

:

N ; �

2

( T

0

) :

Then, it is easy to sho w

�

1

; [ U = X ]�

2

` b ound

�

1

; [ U = X ]�

2

( S

0

) <

:

[ U = X ] b ound

�

1

; X<

:

N ; �

2

( T

0

) :

By Lemma 3.4.8, �elds ( b ound

�

1

; [ U = X ]�

2

( S

0

)) = S g and w e ha v e f

j

= g

j

and S

j

= [ U = X ] T

j

for j � #( f ). By

the rule GT-Field , �

1

; [ U = X ]�

2

; [ U = X ]� ` [ U = X ] e

0

.f

i

2 S

i

. Letting S = S

i

(= [ U = X ] T

i

) �nishes the case.
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Case GT-Invk : e = e

0

.m< V>( e) �

1

; X<

:

N ; �

2

; � ` e

0

2 T

0

mtyp e ( m ; b ound

�

1

; X<

:

N ; �

2

( T

0

)) = < Y / P> W ! W

0

�

1

; X<

:

N ; �

2

` V ok �

1

; X<

:

N ; �

2

` V <

:

[ V = Y ] P

�

1

; X<

:

N ; �

2

; � ` e 2 S �

1

; X<

:

N ; �

2

` S <

:

[ V = Y ] W

T = [ V = Y ] W

0

By the induction h yp othesis,

�

1

; [ U = X ]�

2

; [ U = X ]� ` [ U = X ] e

0

2 S

0

�

1

; [ U = X ]�

2

` S

0

<

:

[ U = X ] T

0

and

�

1

; [ U = X ]�

2

; [ U = X ]� ` [ U = X ] e 2 S

0

�

1

; [ U = X ]�

2

` S

0

<

:

[ U = X ] S :

By using Lemma 3.4.7, it is easy to sho w

�

1

; [ U = X ]�

2

` b ound

�

1

; [ U = X ]�

2

( S

0

) <

:

[ U = X ] b ound

�

1

; X<

:

N ; �

2

( T

0

) :

Then, b y Lemma 3.4.9,

mtyp e ( m ; b ound

�

1

; [ U = X ]�

2

( S

0

)) = < Y / [ U = X ] P> [ U = X ] W ! W

0

0

�

1

; [ U = X ]�

2

; Y<

:

[ U = X ] P ` W

0

0

<

:

[ U = X ] W

0

:

By Lemma 3.4.6,

�

1

; [ U = X ]�

2

` [ U = X ] V ok

Without loss of generalit y , w e can assume that X and Y are distinct and that none of Y app ear in U ; then

[ U = X ][ V = Y ] = [[ U = X ] V = Y ][ U = X ]. By Lemma 3.4.5,

�

1

; [ U = X ]�

2

` [ U = X ] V <

:

[ U = X ][ V = Y ] P (= [[ U = X ] V = Y ][ U = X ] P )

�

1

; [ U = X ]�

2

` [ U = X ] S <

:

[ U = X ][ V = Y ] W (= [[ U = X ] V = Y ][ U = X ] W ) :

By the rule S-Trans ,

�

1

; [ U = X ]�

2

` S

0

<

:

[[ U = X ] V = Y ][ U = X ] W :

By Lemma 3.4.5, w e ha v e

�

1

; [ U = X ]�

2

` [ V = Y ] W

0

0

<

:

[ U = X ][ V = Y ] W

0

(= [[ U = X ] V = Y ][ U = X ] W

0

) :

Finally , b y the rule GT-Invk ,

�

1

; [ U = X ]�

2

; [ U = X ]� ` ([ U = X ] e

0

) .m< [ U = X ] V>( [ U = X ] d) 2 S

where S = [ V = Y ] W

0

0

, �nishing the case.

Case GT-New, GT-UCast :

Easy .

Case GT-DCast : e = (N)e

0

� = �

1

; X<

:

N ; �

2

�; � ` e

0

2 T

0

� ` N <

:

b ound

�

( T

0

)

N = C< T> b ound

�

( T

0

) = E< V> dc ast ( C ; E )

By the induction h yp othesis, �

1

; [ U = X ]�

2

; [ U = X ]� ` [ U = X ] e

0

2 S

0

for some S

0

suc h that �

1

; [ U = X ]�

2

` S

0

<

:

[ U = X ] T

0

. Let �

0

= �

1

; [ U = X ]�

2

. W e ha v e three sub cases according to a relation b et w een S

0

and N .

Sub case: �

0

` b ound

�

0

( S

0

) <

:

N

By the rule GT-UCast , �

0

; � ` [ U = X ]( (N)e

0

) 2 [ U = X ] N .

Sub case: �

0

` N <

:

b ound

�

0

( S

0

) N 6= b ound

�

0

( S

0

)

By using Lemma 3.4.7 and the fact that � ` S <

:

T implies � ` b ound

�

( S ) <

:

b ound

�

( T ), w e ha v e

�

0

` b ound

�

0

( S

0

) <

:

[ U = X ] b ound

�

( T

0

). Then, C E D E E where b ound

�

0

( S

0

) = D< W> . If C 6= D 6= E , w e ha v e,

b y Lemma 3.4.4, dc ast ( C ; D ); the rule GT-DCast �nishes the sub case. The case C = D cannot happ en since

it implies N = b ound

�

0

( S

0

) and, the other case D = E is trivial.
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Sub case: �

0

` N 6<

:

b ound

�

0

( S

0

) �

0

` b ound

�

0

( S

0

) 6<

:

N

By using Lemma 3.4.7 and the fact that �

0

` S <

:

T implies �

0

` b ound

�

0

( S ) <

:

b ound

�

0

( T ), w e ha v e

�

0

` b ound

�

0

( S

0

) <

:

[ U = X ] b ound

�

( T

0

).

Let b ound

�

( S

0

) = D< W> . W e sho w b elo w that, b y con tradiction, that neither C E D nor D E C holds.

Supp ose C E D . Then, there exist some V

0

suc h that �

0

` C< V

0

> <

:

b ound

�

( S

0

). By Lemma 3.4.4, w e ha v e

dc ast ( C ; D ); it follo ws from Lemma 3.4.3 that C<V

0

> = N , con tradicting the assumption �

0

` N <

:

b ound

�

0

( S

0

);

th us, C 6E D . On the other hand, supp ose D E C . Since w e ha v e �

0

` b ound

�

0

( S

0

) <

:

[ U = X ]( b ound

�

( T

0

)), w e

can ha v e C< V

0

> suc h that �

0

` b ound

�

0

( S

0

) <

:

C< V

0

> and �

0

` C< V

0

> <

:

[ U = X ]( b ound

�

( T

0

)). Then, N = C< V

0

>

b y Lemma 3.4.3, con tradicting the assumption �

0

` b ound

�

0

( S

0

) <

:

N ; th us, D 6E C .

Finally , b y the rule GT-SCast , �; � ` [ T = X ]( (N)e

0

) 2 [ T = X ] N with stupid warning . �

Case GT-SCast : e = (N)e

0

� = �

1

; X<

:

N ; �

2

�; � ` e

0

2 T

0

N = C< T> b ound

�

( T

0

) = E< V> C 6E E E 6E C

By the induction h yp othesis, �

1

; [ U = X ]�

2

; [ U = X ]� ` [ U = X ] e

0

2 S

0

for some S

0

suc h that �

1

; [ U = X ]�

2

`

S

0

<

:

[ U = X ] T

0

. Using Lemma 3.4.7, w e ha v e �

1

; [ U = X ]�

2

` b ound

�

1

; [ U = X ]�

2

( S

0

) <

:

[ U = X ] b ound

�

( T

0

). Let

b ound

�

( S

0

) = D< W> . Since [ U = X ] b ound

�

( T

0

) = E< [ U = X ] V> , b y Lemma 3.4.2, D 6E C and C 6E D . By the rule

GT-SCast , �

1

; [ U = X ]�

2

; [ U = X ]� ` [ U = X ] (N)e

0

2 [ U = X ] N with stupid warning , �nishing the case.

3.4.11 Lemma [T erm substitution preserv es t yping]: If �; � ; x : T ` e 2 T and, �; � ` d 2 S where

� ` S <

:

T , then �; � ` [ d = x ] e 2 S for some S suc h that � ` S <

:

T .

Pro of: By induction on the deriv ation of �; � ; x : T ` e 2 T with a case analysis on the last rule used.

Case GT-V ar : e = x

If x 2 dom (�), then the conclusion is immediate since [ d = x ] x = x . On the other hand, if x = x

i

and T = T

i

,

then letting S = S

i

�nishes the case.

Case GT-Field : e = e

0

.f

i

�; � ; x : T ` e

0

2 T

0

�elds ( b ound

�

( T

0

)) = T f T = T

i

By the induction h yp othesis, �; � ` [ d = x ] e

0

2 S

0

for some S

0

suc h that � ` S

0

<

:

T

0

. By Lemma 3.4.8,

�elds ( b ound

�

( S

0

)) = S g suc h that S

j

= T

j

and f

j

= g

j

for all j � #( T ). Therefore, b y the rule GT-Field ,

�; � ` [ d = x ] e

0

.f

i

2 T

Case GT-Invk : e = e

0

.m< V>( e) �; � ; x : T ` e

0

2 T

0

mtyp e ( m ; b ound

�

( T

0

)) = < Y / P> U ! U

� ` V ok � ` V <

:

[ V = Y ] P �; � ; x : T ` e 2 S

� ` S <

:

[ V = Y ] U T = [ V = Y ] U

By the induction h yp othesis, �; � ` [ d = x ] e

0

2 S

0

for some S

0

suc h that � ` S

0

<

:

T

0

and �; � ` [ d = x ] e 2 W for

some W suc h that � ` W <

:

S . By Lemma 3.4.9, mtyp e ( m ; b ound

�

( S

0

)) = < Y / P> U ! U

0

and � ; Y<

:

P ` U

0

<

:

U .

By Lemma 3.4.5, � ` [ V = Y ] U

0

<

:

[ V = Y ] U . By the rule GT-Method , �; � ` [ d = x ]( e

0

.m< V>( e) ) 2 [ V = Y ] U

0

.

Letting S = [ V = Y ] U

0

�nishes the case.

Case GT-New, GT-UCast :

Easy .

Case GT-DCast : e = (N)e

0

�; � ; x : T ` e

0

2 T

0

� ` N <

:

b ound

�

( T

0

)

N = C< U> b ound

�

( T

0

) = E< V> dc ast ( C ; E )

By the induction h yp othesis, �; � ` [ d = x ] e

0

2 S

0

for some S

0

suc h that � ` S

0

<

:

T

0

. W e ha v e three sub cases

according to a relation b et w een S

0

and N .

Sub case: � ` b ound

�

( S

0

) <

:

N

By the rule GT-UCast , �; � ` [ d = x ]( (N)e

0

) 2 N .

Sub case: � ` N <

:

b ound

�

( S

0

) N 6= b ound

�

( S

0

)

By using Lemma 3.4.7 and the fact that � ` S <

:

T implies � ` b ound

�

( S ) <

:

b ound

�

( T ), w e ha v e

� ` b ound

�

( S

0

) <

:

b ound

�

( T

0

). Then, C E D E E where b ound

�

( S

0

) = D< W> . If C 6= D 6= E , w e ha v e, b y

Lemma 3.4.4, dc ast ( C ; D ); the rule GT-DCast �nishes the sub case. The case C = D cannot happ en since it

implies N = b ound

�

( S

0

) and, the other case D = E is trivial.
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Sub case: � ` N 6<

:

b ound

�

( S

0

) � ` b ound

�

( S

0

) 6<

:

N

Let b ound

�

( S

0

) = D< W> . W e sho w that, b y con tradiction, that C 6E D and D 6E C .

Supp ose C E D . Then, w e can ha v e C< U

0

> suc h that � ` C< U

0

> <

:

D< W> . By transitivit y of <

:

and the fact

that � ` S

0

<

:

T

0

implies � ` b ound

�

( S

0

) <

:

b ound

�

( T

0

), w e ha v e � ` C< U

0

> <

:

b ound

�

( T

0

). Th us, U

0

= U ,

con tradicting the assumption � ` N 6<

:

b ound

�

( S

0

) (= D< W> ). On the other hand, supp ose D E C . Since

w e ha v e � ` b ound

�

( S

0

) <

:

b ound

�

( T

0

), w e can ha v e C< V

0

> suc h that � ` b ound

�

( S

0

) <

:

C< V

0

> and �

0

`

C< V

0

> <

:

b ound

�

( T

0

). Then, N = C< V

0

> b y Lemma 3.4.3, con tradicting the assumption � ` b ound

�

( S

0

) <

:

N ;

th us, D 6E C .

Finally , b y the rule GT-SCast , �; � ` [ d = x ]( (N)e

0

) 2 N with stupid warning . �

Case GT-SCast : �; � ; x : T ` e

0

2 T

0

N = C< U> b ound

�

( T

0

) = E< V>

C 6E E E 6E C

By the induction h yp othesis, �; � ` [ d = x ] e

0

2 S

0

for some S

0

suc h that � ` S

0

<

:

T

0

, whic h implies

� ` b ound

�

( S

0

) <

:

b ound

�

( T

0

). Let b ound

�

( S

0

) = D< W> . By Lemma 3.4.2, w e ha v e D 6E C and C 6E D . Then,

b y the rule GT-SCast , �; � ` [ d = x ]( (N)e

0

) 2 N again with stupid warning .

3.4.12 Lemma: If mtyp e ( m ; C< T> ) = < Y / P> U ! U and mb o dy ( m< V> ; C< T> ) = ( x ; e

0

) where � ` C< T> ok and

� ` V ok and � ` V <

:

[ V = Y ] P , then there exist some N and S suc h that � ` C< T> <

:

N and � ` N ok and

� ` S <

:

[ V = Y ] U and � ` S ok and �; x : [ V = Y ] U ; this : N ` e

0

2 S .

Pro of: By induction on the deriv ation of mb o dy ( m< V> ; C< T> ) = ( x ; e ) using Lemmas 3.4.5 and 3.4.10.

Case MB-Class : CT ( C ) = class C< X / N> / P {... M}

< Y / Q> T

0

m ( S x) { " e;} 2 M

Let � = x : S ; this : C< X> and �

0

= X<

:

N ; Y<

:

Q . By the rules GT-Class and GT-Method , w e ha v e

�

0

; � ` e 2 S

0

and �

0

; � ` S

0

<

:

T

0

for some S

0

. Since � ` C< T> ok, w e ha v e � ` T <

:

[ T = X ] N b y the rule

WF-Class . By Lemmas 3.4.1, 3.4.5, and 3.4.10,

� ; Y<

:

[ T = X ] Q ` [ T = X ] S

0

<

:

[ T = X ] T

0

and

� ; Y<

:

[ T = X ] Q ; x : [ T = X ] S ; this : C< T> ` [ T = X ] e 2 S

0

0

where

� ; Y<

:

[ T = X ] Q ` S

0

0

<

:

[ T = X ] S

0

:

No w, w e can assume X and Y are distinct without loss of generalit y . By the rule MT-Class , w e ha v e

[
T

=
X

]
Q

=
P

[
T

=
X

]
S

=
U

[
T

=
X

] T

0

= U :

Again, b y Lemmas 3.4.5 and 3.4.10,

� ` [ V = Y ] S

0

0

<

:

[ V = Y ] U

and

�; x : [ V = Y ] U ; this : C< T> ` [ V = Y ][ T = X ] e 2 S

0

0 0

:

where

� ` S

0

0 0

<

:

[ V = Y ] S

0

0

:

Since w e can assume that an y of Y do es not o ccur in T without loss of generalit y ,

e

0

= [ T = X ; V = Y ] e = [ V = Y ][ T = X ] e :

Letting N = C< T> and S = S

0

0 0

�nishes the case.



23

Case MB-Super : CT ( C ) = class C< X / N> / N {... M}

m is not de�ned in M .

Immediate from the induction h yp othesis and the fact that � ` C< T> <

:

[ T = X ] N . �

3.4.13 Theorem [Sub ject reduction]: If �; � ` e 2 T and e � ! e

0

, then �; � ` e

0

2 T

0

, for some T

0

suc h

that � ` T

0

<

:

T .

Pro of: By induction on the deriv ation of e � ! e

0

with a case analysis on the reduction rule used. W e will

sho w main cases.

Case GR-Field : e = new N( e).f

i

�elds ( N ) = T f e

0

= e

i

By the rules GT-Field and GT-New , w e ha v e

�; � ` new N( e) 2 N

�; � ` e 2 S

� ` S <

:

T :

In particular, �; � ` e

i

2 S

i

�nishes the case.

Case GR-Invk : e = new N( e).m< V>( d) mb o dy ( m< V> ; N ) = ( x ; e

0

)

e

0

= [ d = x ; new N( e) = this ] e

0

By the rules GT-Invk and GT-New , w e ha v e

�; � ` new N( e) 2 N mtyp e ( m ; b ound

�

( N )) = < Y / P> U ! U

� ` V ok � ` V <

:

[ V = Y ] P

�; � ` d 2 S � ` S <

:

[ V = Y ] U

T = [ V = Y ] U � ` N ok

By Lemma 3.4.12, �; x : [ V = Y ] U ; this : P ` e

0

2 S for some P and S suc h that � ` N <

:

P where � ` P ok, and

� ` S <

:

[ V = Y ] U where � ` S ok. Then, b y Lemmas 3.4.1 and 3.4.11, �; � ` [ d = x ; new N( e) = this ] e

0

2 T

0

for some T

0

suc h that � ` T

0

<

:

S . By the rule S-Trans , w e ha v e � ` T

0

<

:

T . Finally , letting T

0

= T

0

�nishes the case.

Case GR-Cast :

Easy .

Case GR C-Field : e = e

0

.f e

0

= e

0

0

.f e

0

� ! e

0

0

By the rule GT-Field , w e ha v e

�; � ` e

0

2 T

0

�elds ( b ound

�

( T

0

)) = T f

T = T

i

By the induction h yp othesis, �; � ` e

0

0

2 T

0

0

for some T

0

0

suc h that � ` T

0

0

<

:

T

0

. By Lemma 3.4.8,

�elds ( b ound

�

( T

0

0

)) = T

0

g and, for j � #( f ), w e ha v e g

i

= f

i

and T

i

0

= T

i

. Therefore, b y the rule

GT-Field , �; � ` e

0

0

.f 2 T

i

0

. Letting T

0

= T

i

0

�nishes the case.

Case GR C-Inv-Recv : e = e

0

.m< V>( e) e

0

= e

0

0

.m< V>( e) e

0

� ! e

0

0

By the rule GT-Invk , w e ha v e

�; � ` e

0

2 T

0

mtyp e ( m ; b ound

�

( T

0

)) = < Y / P> T ! U

� ` V ok � ` V <

:

[ V = Y ] P

� ` e 2 S � ` S <

:

[ V = Y ] T

T = [ V = Y ] U

By the induction h yp othesis, �; � ` e

0

0

2 T

0

0

for some T

0

0

suc h that � ` T

0

0

<

:

T

0

. By Lemma 3.4.9,

mtyp e ( m ; b ound

�

( T

0

0

)) = < Y / P> T ! V and � ; Y<

:

P ` V <

:

U . By Lemma 3.4.5, � ` [ V = Y ] V <

:

[ V = Y ] U . Then,

b y the rule GT-Invk , �; � ` e

0

0

.m< V>( e) 2 [ V = Y ] V . Letting T

0

0

= [ V = Y ] V �nishes the case.
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Case GR C-Cast : e = (N)e

0

e

0

= (N)e

0

0

e

0

� ! e

0

0

There are three sub cases according to the last t yping rule GT-UCast , GT-DCast or GT-SCast . These

sub cases are similar to the sub cases in the case for GT-DCast in the pro of of Lemma 3.4.11.

Case GR C-Inv-Ar g, GR C-New-Ar g :

Easy . �

3.4.14 Theorem [Progress]: Supp ose e is a w ell-t yp ed expression.

(1) If e includes new N

0

( e).f as a sub expression, then �elds ( N

0

) = T f and f 2 f .

(2) If e includes new N

0

( e).m< V>( d) as a sub expression, then mb o dy ( m< V> ; N

0

) = ( x ; e

0

) and #( x ) = #( d ).

Pro of: Similar to the pro of of Theorem 2.4.6. �

T o state F GJ t yp e soundness formally , w e will giv e the de�nition of F GJ v alues, to o, giv en b y the follo wing

syn tax:

w ::= new N( w) :

3.4.15 Theorem [F GJ t yp e soundness]: If �; � ` e 2 T and e � !

�

e

0

with e

0

b eing a normal form,

then e

0

is either an F GJ v alue w or an expression con taining (P)new N( e) where ; ` N 6<

:

P .

Pro of: Immediate from Theorems 3.4.13 and 3.4.14. �

Bac kw ard compatibilit y

F GJ is bac kw ard compatible with FJ. In tuitiv ely , this means that an implemen tation of F GJ can b e used

to t yp ec hec k and execute FJ programs without c hanging their meaning. In the follo wing statemen ts, w e use

subscripts FJ or F GJ to sho w whic h set of rules is used.

3.4.16 Lemma: If CT is an FJ class table, then �elds

FJ

( C ) = �elds

FGJ

( C ) for all C 2 dom ( CT ).

3.4.17 Lemma: Supp ose CT is an FJ class table. Then, mtyp e

FJ

( m ; C ) = C ! C if and only if mtyp e

FGJ

( m ; C ) =

C ! C .

3.4.18 Lemma: Supp ose CT is an FJ class table. Then, mb o dy

FJ

( m ; C ) = ( x ; e ) if and only if mb o dy

FGJ

( m ; C ) =

( x ; e ).

Pro of: All these lemmas are easy . Note that, in an FJ class table, all substitutions in the deriv ations are

empt y and there are no p olymorphic metho ds. �

W e can sho w that a w ell-t yp ed FJ program is alw a ys a w ell-t yp ed F GJ program and that FJ and F GJ

reduction corresp ond. (Note that it isn't quite the case that the w ell-t yp edness of an FJ program under the

F GJ rules implies its w ell-t yp edness in FJ, b ecause F GJ allo ws co v arian t o v erriding and FJ do es not.)

3.4.19 Theorem [Bac kw ard compatibilit y]: If an FJ program ( e ; CT ) is w ell t yp ed under the t yping

rules of FJ, then it is also w ell-t yp ed under the rules of F GJ. Moreo v er, for all FJ programs e and e

0

(whether

w ell t yp ed or not), e � !

FJ

e

0

i� e � !

FGJ

e

0

.

Pro of: The �rst half is sho wn b y straigh tforw ard induction on the deriv ation of � ` e 2 C (using FJ t yping

rules), follo w ed b y an analysis of the rules T-Method and T-Class . In the pro of of the second half, b oth

directions are sho wn b y induction on a deriv ation of the reduction relation, with a case analysis on the last

rule used. �
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4 Compiling F GJ to FJ

W e no w explore the second implemen tation st yle for GJ and F GJ. The curren t GJ compiler w orks b y

translation in to the standard JVM, whic h main tains no information ab out t yp e parameters at run-time. W e

mo del this compilation in our framew ork b y an er asur e translation from F GJ in to FJ. W e sho w that this

translation maps w ell-t yp ed F GJ programs in to w ell-t yp ed FJ programs, and that the b eha vior of a program

in F GJ matc hes (in a suitable sense) the b eha vior of its erasure under the FJ reduction rules.

A program is erased b y replacing t yp es with their erasures, inserting do wncasts where required. A t yp e

is erased b y remo ving t yp e parameters, and replacing t yp e v ariables with the erasure of their b ounds. F or

example, the class Pair<X,Y> in the previous section erases to the follo wing:

class Pair extends Object {

Object fst;

Object snd;

Pair(Object fst, Object snd) {

super(); this.fst=fst; this.snd=snd;

}

Pair setfst(Object newfst) {

return new Pair(newfst, this.snd);

}

}

Similarly , the �eld selection

new Pair<A,B>(new A(), new B()).snd

erases to

(B)new Pair(new A(), new B()).snd

where the added do wncast (B) reco v ers t yp e information of the original program. W e call suc h do wncasts

inserted b y erasure synthetic. A k ey prop ert y of the erasure transformation is that it satis�es a so-called c ast-

ir on guar ante e : if the F GJ program is w ell-t yp ed, then no do wncast inserted b y the erasure transformation

will fail at run-time. In the follo wing discussion, w e often distinguish syn thetic casts from t yp ecasts deriv ed

from original F GJ programs b y sup erscripting t yp ecast expression, writing (C)

s

. Otherwise, they b eha v e

exactly the same as ordinary t yp ecasts.

4.1 Erasure of T yp es

T o erase a t yp e, w e remo v e an y t yp e parameters and replace t yp e v ariables with the erasure of their b ounds.

W rite j T j

�

for the erasure of t yp e T with resp ect to t yp e en vironmen t �

j T j

�

= C

where b ound

�

( T ) = C< T> .

4.2 Field and Metho d Lo okup

In F GJ (and GJ), a sub class ma y extend an instan tiated sup erclass. This means that, unlik e in FJ (and

Ja v a), the t yp es of the �elds and the metho ds in the sub class ma y not b e iden tical to the t yp es in the

sup erclass. In order to sp ecify a t yp e-preserving erasure from F GJ to FJ, it is necessary to de�ne additional

auxiliary functions that lo ok up the t yp e of a �eld or metho d in the highest sup erclass in whic h it is de�ned.

F or example, w e previously de�ned the generic class Pair<X,Y> . W e ma y declare a sp ecialized sub class

PairOfA as a sub class of the instan tiation Pair<A,A> , whic h instan tiates b oth X and Y to a giv en class A .

class PairOfA extends Pair<A,A> {

PairOfA(A fst, A snd) {

super(fst, snd);

}
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PairOfA setfst(A newfst) {

return new PairOfA(newfst, this.snd);

}

}

Note that, in the setfst metho d, the argumen t t yp e A matc hes the argumen t t yp e of setfst in Pair<A,A> ,

while the result t yp e PairOfA is a subt yp e of the result t yp e in Pair<A,A> ; this is p ermitted b y F GJ's

co v arian t subt yping, as discussed in the previous section. Erasing the class PairOfA yields the follo wing:

class PairOfA extends Pair {

PairOfA(Object fst, Object snd) {

super(fst, snd);

}

Pair setfst(Object newfst) {

return new PairOfA(newfst, this.snd);

}

}

Here argumen ts to the constructor and the metho d are giv en t yp e Object , ev en though the erasure of A is

itself; and the result of the metho d is giv en t yp e Pair , ev en though the erasure of PairOfA is itself. In b oth

cases, the t yp es are c hosen to corresp ond to t yp es in Pair , the highest sup erclass in whic h the �elds and

metho d are de�ned.

W e de�ne v arian ts of the auxiliary functions that �nd the t yp es of �elds and metho ds in the highest

sup erclass in whic h they are de�ned. The maxim um �eld t yp es of a class C , written �eldsmax ( C ), is the

sequence of pairs of a t yp e and a �eld name de�ned as follo ws:

�eldsmax ( Object ) = �

CT ( C ) = class C< X / N> / D< U> { T f; ... }

� = X<

:

N C g = �eldsmax ( D )

�eldsmax ( C ) =
C g

; j
T

j

�

f

The maxim um metho d t yp e of m in C , written mtyp emax ( m , C ), is de�ned as follo ws:

CT ( C ) = class C< X / N> / D< U> {...} < Y / O> T ! T = mtyp e ( m ; D< U> )

mtyp emax ( m ; C ) = mtyp emax ( m ; D )

CT ( C ) = class C< X / N> / D< U> {...}

mtyp e ( m ; D< U> ) unde�ned

< Y / O> T ! T = mtyp e ( m ; C< X> ) � = X<

:

N ; Y<

:

O

mtyp emax ( m ; C ) = j
T

j

�

!j T j

�

W e also need a w a y to lo ok up the maxim um t yp e of a giv en �eld. If �eldsmax ( C ) = D f then w e set

�eldsmax ( C )( f

i

) = D

i

.

4.3 Erasure of Expressions

The erasure of an expression dep ends on the t yping of that expression, since the t yp es are used to determine

whic h do wncasts to insert. The erasure rules are optimized to omit casts when it is trivially safe to do so;

this happ ens when the maxim um t yp e is equal to the erased t yp e.

W rite j e j

� ; �

for the erasure of a w ell-t yp ed expression e with resp ect to en vironmen t � and t yp e en vi-

ronmen t �:

j x j

� ; �

= x
( E-V ar )
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�; � ` e

0

.f 2 T �; � ` e

0

2 T

0

�eldsmax ( j T

0

j

�

)( f ) = j T j

�

j e

0

.f j

� ; �

= j e

0

j

� ; �

.f

( E-Field )

�; � ` e

0

.f 2 T �; � ` e

0

2 T

0

�eldsmax ( j T

0

j

�

)( f ) 6= j T j

�

j e

0

.f j

� ; �

= ( j T j

�

)

s

j e

0

j

� ; �

.f

( E-Field-Cast )

�; � ` e

0

.m<
V

>(
e

) 2 T �; � ` e

0

2 T

0

mtyp emax ( m ; j T

0

j

�

) =
C

! D D = j T j

�

j e

0

.m< V>( e) j

� ; �

= j e

0

j

� ; �

.m( j e j

� ; �

)

( E-Invk )

�; � ` e

0

.m< V>( e) 2 T �; � ` e

0

2 T

0

mtyp emax ( m ; j T

0

j

�

) = C ! D D 6= j T j

�

j e

0

.m< V>( e) j

� ; �

= ( j T j

�

)

s

j e

0

j

� ; �

.m( j e j

� ; �

)

( E-Invk-Cast )

j new N( e) j

� ; �

= new j N j

�

( j e j

� ; �

)
( E-New )

j (N)e

0

j

� ; �

= ( j N j

�

) j e

0

j

� ; �

( E-Cast )

(Strictly sp eaking, one should think of the erasure op eration as acting on t yping deriv ations rather than

expressions. Since w ell-t yp ed expressions are in 1-1 corresp ondence with their t yping deriv ations, the abuse

of notation creates no confusion.)

4.4 Erasure of Metho ds and Classes

The erasure of a metho d m with resp ect to t yp e en vironmen t � in class C , written j M j

� ; C

, is de�ned as follo ws:

� = x: T ; this : C< X> � = X<

:

N ; Y<

:

O

mtyp emax ( m ; C ) = D ! D e

i

=

�

x

i

0

if D

i

= j T

i

j

�

( j T

i

j

�

)

s

x

i

0

otherwise

j < Y / O> T m ( T x) { " e

0

;} j

X<

:

N ; C

= D m ( D x

0

) { " [ e = x ] j e

0

j

� ; �

;}

( E-Method )

Remark: In GJ, the actual erasure is somewhat more complex, in v olving the in tro duction of bridge meth-

o ds, so that one ends up with t w o o v erloaded metho ds: one with the maxim um t yp e, and one with the

instan tiated t yp e. F or example, the erasure of PairOfA w ould b e:

class PairOfA extends Pair {

PairOfA(Object fst, Object snd) {

super(fst, snd);

}

Pair setfst(A newfst) {

return new PairOfA(newfst, (A)this.snd);

}

Pair setfst(Object newfst) {

return this.setfst((A)newfst);

}

}

where the second de�nition of setfst is the bridge metho d, whic h o v errides the de�nition of setfst in Pair .

W e don't mo del that extra complexit y here, b ecause it dep ends on o v erloading of metho d names, whic h is

not mo deled in FJ; here, instead, the rule E-Method merges t w o metho ds in to one b y inline-expand the

b o dy of the actual metho d in to the b o dy of the bridge metho d.

The erasure of constructors and classes is:

j C( U g, T f) {super( g); this. f = f;} j

C

= C( �eldsmax ( C ) ) {super( g); this. f = f;}

( E-Constr uctor )
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� = X<

:

N

j class C< X extends N> extends N { T f; K M} j

= class C extends j N j

�

{ j T j

�

f; j K j

C

j M j

� ; C

}

( E-Class )

W e write j CT j for the erasure of a class table CT , de�ned in the ob vious w a y .

4.5 Prop erties of Compilation

Ha ving de�ned erasure, w e ma y in v estigate some of its prop erties. As in the discussion of bac kw ard com-

patibilit y , w e often use subscripts FJ or F GJ to a v oid confusion.

Preserv ation of T yping

First, a w ell-t yp ed F GJ program erases to a w ell-t yp ed FJ program, as exp ected; moreo v er, syn thetic casts

are not stupid.

4.5.1 Theorem [Erasure preserv es t yping]: If an F GJ class table CT is ok and �; � `

FGJ

e 2 T , then

j CT j is ok using the FJ t yping rules and j � j

�

`

FJ

j e j

� ; �

2 j T j

�

. Moreo v er, ev ery syn thetic cast in j CT j and

j e j

� ; �

do es not in v olv e stupid warning .

First, w e sho w that, if an expression is w ell-t yp ed, then its t yp e is w ell formed (Lemma 4.5.5). Note that

w e assume that the underlying GJ class table CT is ok.

4.5.2 Lemma: If � ` S <

:

T and � ` S ok for some w ell-formed t yp e en vironmen t �, then � ` T ok.

Pro of: By induction on the deriv ation of � ` S <

:

T with a case analysis on the last rule used. The cases

for S-Refl and S-Trans are easy .

Case S-V ar : S = X T = �( X )

T m ust b e w ell formed since � is w ell formed.

Case S-Class : S = C< T> T = [ T = X ] N CT ( C ) = class C< X / N> / N {...}

� ` T ok � ` T <

:

[ T = X ] N

Since CT ( C ) is ok, w e also ha v e X<

:

N ` N ok b y the rule GT-Class . Then, b y Lemmas 3.4.1 and 3.4.6,

� ` [ T = X ] N ok. �

4.5.3 Lemma: If � ` N ok for some w ell-formed t yp e en vironmen t � and �elds

FGJ

( N ) = U f , then � ` U ok.

Pro of: By induction on the deriv ation of �elds

FGJ

( N ) with a case analysis on the last rule used.

Case F-Object :

T rivial.

Case F-Class : N = C< T> CT ( C ) = class C< X / N> / P { S f; K M}

U g = �elds

FGJ

([ T = X ] P ) ; [ T = X ] S f

Since CT ( C ) is ok, b y the rule GT-Class , X<

:

N ` P ok. By Lemmas 3.4.1 and 3.4.6, � ` [ T = X ] P ok. Then,

b y the induction h yp othesis, � ` V ok. Since � ` C< T> ok, w e ha v e � ` T ok and � ` T <

:

[ T = X ] N b y the

rule WF-Class . On the other hand, b y the rule GT-Class , w e ha v e X<

:

N ` S ok : Finally , b y Lemmas 3.4.1

and 3.4.6, � ` [ T = X ] S ok, �nishing the case. �

4.5.4 Lemma: If � ` N ok for some w ell-formed t yp e en vironmen t � and mtyp e

FGJ

( m ; N ) = < Y / P> U ! U

0

,

then � ; Y<

:

P ` U

0

ok.

Pro of: By induction on the deriv ation of mtyp e

FGJ

( m ; N ) with a case analysis on the last rule used.
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Case MT-Class : N = C< T>

CT ( C ) = class C< X / N> / P {... M}

< Y / Q> S

0

m ( S x) { " e

0

;} 2 M

[ T = X ]( < Y / Q> S ! S

0

) = < Y / P> U ! U

0

Without loss of generalit y , w e can assume that X and Y are distinct and that [ T = X ] Q = P and [ T = X ] S

0

= U

0

.

By the rule GT-Method , w e ha v e

X<

:

N ; Y<

:

Q ` S

0

ok :

By the rule WF-Class , w e ha v e � ` T ok and � ` T <

:

[ T = X ] N . Then, b y Lemma 3.4.1 and 3.4.6,

� ; Y<

:

[ T = X ] Q ` [ T = X ] S

0

ok :

�nishing the case.

Case MT-Super :

Since CT ( C ) is ok, b y the rule GT-Class , X<

:

N ` P ok. By Lemmas 3.4.1 and 3.4.6, � ` [ T = X ] P ok. The

induction h yp othesis �nishes the case. �

4.5.5 Lemma: If � ` � ok and �; � `

FGJ

e 2 T for some w ell-formed t yp e en vironmen t �, then � ` T ok.

Pro of: By induction on the deriv ation of �; � `

FGJ

e 2 T with a case analysis on the last rule used.

Case GT-V ar :

Immediate from the de�nition of w ell-formedness of �.

Case GT-Field : �; � `

FGJ

e

0

2 T

0

�elds

FGJ

( b ound

�

( T

0

)) = T f

By the induction h yp othesis, � ` T

0

ok. Since � is w ell formed, � ` b ound

�

( T

0

) ok. Then, b y Lemma 4.5.3,

w e ha v e � ` T ok, �nishing the case.

Case GT-Invk : �; � `

FGJ

e

0

2 T

0

mtyp e

FGJ

( m ; b ound

�

( T

0

)) = < Y / P> U ! U

0

� ` V ok � ` V <

:

[ V = Y ] P

�; � `

FGJ

e 2 S � ` S <

:

[ V = Y ] U

T = [ V = Y ] U

0

By the induction h yp othesis, � ` T

0

ok. Since � is w ell formed, � ` b ound

�

( T

0

) ok. Then, b y Lemma 4.5.4,

� ; Y<

:

P ` U

0

ok. Finally , b y Lemma 3.4.6, w e ha v e � ` [ V = Y ] U

0

ok, �nishing the case.

Case GT-UCast : �; � `

FGJ

e

0

2 T

0

� ` T

0

<

:

N N = T

By the induction h yp othesis, � ` T

0

ok. By Lemma 4.5.2, � ` N ok, �nishing the case.

Case GT-New, GT-DCast, GT-SCast :

Immediate from the fact that T is w ell formed b y a premise of the rules. �

After dev eloping sev eral lemmas ab out erasure, w e pro v e Theorem 4.5.1. Note that, in the follo wing

discussions, the erased class table j CT j is not assumed to b e ok; ev en so, ho w ev er, if CT is ok, then j CT j is

w ell de�ned and th us �elds , mtyp e , mb o dy , and � are w ell de�ned with resp ect to j CT j .

4.5.6 Lemma: If � ` S <

:

FGJ

T , then j S j

�

<

:

FJ

j T j

�

.

Pro of: Straigh tforw ard induction on the deriv ation of � ` S <

:

FGJ

T . �

4.5.7 Lemma: If �

1

; X<

:

N ; �

2

` U ok where none of X app ear in �

1

, and �

1

` T <

:

FGJ

[ T = X ] N , then

j [ T = X ] U j

�

1

; [ T = X ]�

2

<

:

FJ

j U j

�

.

Pro of: If U is non v ariable or a t yp e v ariable Y 62 X , then the result is trivial. If U is a t yp e v ariable X

i

, it's

also easy since [ T = X ] U = T

i

and, b y Lemma 4.5.6, j T

i

j

�

1

; [ T = X ]�

2

= j T

i

j

�

1

<

:

FJ

j [ T = X ] N

i

j

�

1

= j N

i

j

�

= j X j

�

. �

4.5.8 Lemma: If � ` C< U> ok and �elds

FGJ

( C< U> ) = V f , then �eldsmax ( C ) = D f and j V j

�

<

:

FJ

D .
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Pro of: By induction on the deriv ation of �elds

FGJ

( C< U> ) using Lemma 4.5.7 and the fact that � ` U <

:

[ U = X ] N , where CT ( C ) = class C< X / N> ... , deriv ed from the rule WF-Class . �

4.5.9 Lemma: If � ` C< T> ok and mtyp e

FGJ

( m ; C< T> ) = < Y / P> U ! U

0

where � ` V <

:

FGJ

[ V = Y ] P , then

mtyp emax ( m ; C ) = C ! C

0

and j [ V = Y ] U j

�

<

:

FJ

C and j [ V = Y ] U

0

j

�

<

:

FJ

C

0

.

Pro of: Since � ` C< T> ok, w e can ha v e a sequence of t yp e S suc h that S

1

= C< T> and S

n

= Object and

� ` S

i

<

:

FGJ

S

i +1

deriv ed b y the rule S-Class for an y i . W e pro v e b y induction on the length n of the

sequence.

Case: n = 1

Cannot happ en.

Case: n = 2

It m ust b e the case that

CT ( C ) = class C< X / N> / Object { ...

< Y / Q>W

0

m ( W x) {...} ...} :

By the de�nition of mtyp emax , C = j W j

X<

:

N ; Y<

:

Q

and C

0

= j W

0

j

X<

:

N ; Y<

:

Q

. Without loss of generalit y , w e can

assume X and Y are distinct. By the de�nition of mtyp e

FGJ

,

[ T = X ] Q = P

[ T = X ] W = U

[ T = X ] W

0

= U

0

;

and therefore

� ` V <

:

FGJ

[ V = Y ][ T = X ] Q :

Moreo v er, b y the rule WF-Class , w e ha v e

� ` T <

:

[ T = X ] N (= [ V = Y ][ T = X ] N since Y do not app ear in [ T = X ] N ) :

By Lemma 4.5.7, j [ V = Y ][ T = X ] W j

�

<

:

FJ

C and j [ V = Y ][ T = X ] W

0

j

�

<

:

FJ

C

0

, �nishing the case.

Case: n = k + 1

Supp ose

CT ( C ) = class C< X / N> / N {...} :

Note that � ` C< T> <

:

FGJ

[ T = X ] N b y the rule S-Class . No w, w e ha v e three sub cases:

Sub case: mtyp e

FGJ

( m ; [ T = X ] N ) is not w ell de�ned.

The metho d m m ust b e declared in C . Similarly for the base case ab o v e.

Sub case: mtyp e

FGJ

( m ; [ T = X ] N ) is w ell de�ned and m is de�ned in C .

By the rule GT-Method , it m ust b e the case that

mtyp e

FGJ

( m ; [ T = X ] N ) = < Y / P> U ! U

0

0

where � ; Y<

:

P ` U

0

<

:

FGJ

U

0

0

. By Lemmas 3.4.5 and 4.5.6, j [ V = Y ] U

0

j

�

<

:

FJ

j [ V = Y ] U

0

0

j

�

. The induction

h yp othesis and transitivit y of <

:

FJ

�nish the sub case.

Sub case: mtyp e

FGJ

( m ; [ T = X ] N ) is w ell de�ned and m is not de�ned in C .

It is easy b ecause mtyp e

FGJ

( m ; [ T = X ] N ) = mtyp e

FGJ

( m ; C< T> ) b y the rule MT-Super . The induction h yp othesis

�nishes the sub case. �

Pro of of Theorem 4.5.1: W e pro v e the theorem in t w o steps: �rst, it is sho wn that, if �; � `

FGJ

e 2 T ,

then j � j

�

`

FJ

j e j

� ; �

2 j T j

�

; and second, w e sho w j CT j is ok.

The �rst part is pro v ed b y induction on the deriv ation of �; � `

FGJ

e 2 T with a case analysis on the last

rule used.
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Case GT-Field : e = e

0

.f

i

�; � `

FGJ

e

0

2 T

0

�elds

FGJ

( b ound

�

( T

0

)) = T f T = T

i

By the induction h yp othesis, w e ha v e j � j

�

`

FJ

j e

0

j

�

2 j T

0

j

�

: By Lemma 4.5.5, � ` T

0

ok. Then, whether

T

0

is a t yp e v ariable or not, w e ha v e, b y Lemma 4.5.8, �eldsmax ( j T

0

j

�

) = C f and j T j

�

<

:

C . Note that, b y

de�nition, it is ob vious that �elds

FJ

( C ) = �eldsmax ( C ). By the rule T-Field , w e ha v e j � j

�

`

FJ

j e

0

j

� ; �

.f

i

2

C

i

.

If j T

i

j

�

= C

i

, then the equation j e

0

.f

i

j

� ; �

= j e

0

j

� ; �

.f

i

deriv ed from the rule E-Field �nishes the case.

On the other hand, if j T

i

j

�

6= C

i

, then

j e

0

.f

i

j

� ; �

= ( j T

i

j

�

)

s

j e

0

j

� ; �

.f

i

b y the rule E-Field-Cast and j � j

�

`

FJ

( j T j

�

)

s

j e

0

j

� ; �

.f

i

2 j T j

�

b y the rule T-DCast , �nishing the case.

Note that the syn thetic cast is not stupid.

Case GT-Invk :

Similar to the case ab o v e.

Case GT-New, GT-UCast, GT-DCast, GT-SCast :

Easy . Notice that the nature of the cast (up, do wn, or stupid) is also preserv ed.

The second part ( j CT j is ok) follo ws from the �rst part with examination of the rules GT-Method and

GT-Class . W e sho w that, if M OK IN C< X / N> , then j M j

X<

:

N ; C

OK IN C . Supp ose

M = < Y / P> T m ( T x) { " e

0

;}

j M j

X<

:

N ; C

OK IN C = D m ( D x

0

) { " e

0

0

;}

mtyp emax ( m ; C ) = D ! D

� = x : T

� = X<

:

N ; Y<

:

P

e

i

=

�

x

i

0

if D

i

= j T

i

j

�

( j T

i

j

�

)

s

x

i

0

otherwise

e

0

0

= [ e = x ] j e

0

j

� ; (� ; this : C< X> )

:

By the rule GT-Method , w e ha v e

� ` T ; T ; P ok

�; � ; this : C< X> `

FGJ

e

0

2 S

� ` S <

:

FGJ

T

if mtyp e

FGJ

( m ; N ) = < Z / Q> U ! U , then P ; T = [ Y = Z ]( Q ; U ) and � ` T <

:

FGJ

[ Y = Z ] U

where CT ( C ) = class C< X / N> / N {...} . W e m ust sho w that

x

0

: D ; this : C `

FJ

e

0

2 E

E <

:

FJ

D

if mtyp e

FJ

( m ; j N j

�

) = E ! D

0

, then E = D and D

0

= D .

for some E . By the result of the �rst part, j � j

�

; this : C `

FJ

j e j

� ; �

2 j S j

�

. Since, b y Lemma 4.5.9, j T

i

j

�

<

:

D

i

,

w e ha v e x

i

0

: D

i

` e

i

2 j T

i

j

�

. By Lemma 3.4.11,

x

0

: D ; this : C ` e

0

0

2 C

0

for some C

0

where C

0

<

:

FJ

j S j

�

. On the other hand, b y Lemma 4.5.9, j T j

�

<

:

FJ

D . Since w e ha v e j S j

�

<

:

FJ

j T j

�

b y Lemma 4.5.6, C

0

<

:

FJ

D b y transitivit y of <

:

. Let E b e C

0

. Finally , supp ose mtyp emax ( m ; j N j

�

)

is w ell de�ned. Then, mtyp e

FGJ

( m ; N ) is also w ell de�ned. By de�nition, mtyp emax ( m ; j N j

�

) = D ! D =

mtyp e

FJ

( m ; j N j

�

).

It is easy to sho w that L OK in F GJ implies j L j OK in FJ. �
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Preserv ation of Execution

More in terestingly , w e w ould in tuitiv ely exp ect that erasure from F GJ to FJ should also preserv e the reduction

b eha vior of F GJ programs:

e

reduce (F GJ) //

erase

��

e

0

erase

��
j e j

reduce (FJ)

//
j e

0

j

Unfortunately , this is not quite true. F or example, consider the F GJ expression

e = new Pair<A,B>(a,b).fst ;

where a and b are expressions of t yp e A and B , resp ectiv ely , and its erasure:

j e j

� ; �

= (A)

s

new Pair( j a j

� ; �

, j b j

� ; �

).fst

In F GJ, e reduces to a , while the erasure j e j

� ; �

reduces to (A)

s

j a j

� ; �

in FJ; it do es not reduce to j a j

� ; �

when a is not a new expression. (Note that it is not an artifact of our nondeterministic reduction strategy: it

happ ens ev en if w e adopt a call-b y-v alue reduction strategy , since, after metho d in v o cation, w e ma y obtain

an expression lik e (A)

s

e where e is not a new expression.) Th us, the ab o v e diagram do es not comm ute ev en

if one-step reduction ( � ! ) at the b ottom is replaced with man y-step reduction ( � !

�

). In general, syn thetic

casts can p ersist for a while in the FJ expression, although w e exp ect those casts will ev en tually turn out to

b e up casts when a reduces to a new expression.

In the example ab o v e, an FJ expression d reduced from j e j

� ; �

had mor e syn thetic casts than j e

0

j

� ; �

.

Ho w ev er, this is not alw a ys the case: d ma y ha v e less casts than j e

0

j

� ; �

when the reduction step in v olv es

metho d in v o cation. Consider the F GJ expression

e = new Pair<A,B>(a, b).setfst<B>(b

0

)

and its erasure

j e j

� ; �

= new Pair( j a j

� ; �

, j b j

� ; �

).setfst( j b

0

j

� ; �

) :

where a is an expression of t yp e A and b and b

0

are of t yp e B . In F GJ,

e � !

FGJ

new Pair<B,B>(b

0

,new Pair<A,B>(a,b).snd) :

In FJ, on the other hand,

j e j

� ; �

� !

FJ

new Pair( j b

0

j

� ; �

,new Pair( j a j

� ; �

, j b j

� ; �

).snd)

whic h has few er syn thetic casts than

new Pair( j b

0

j

� ; �

,(B)

s

new Pair( j a j

� ; �

, j b j

� ; �

).snd) ;

whic h is the erasure of the reduced expression in F GJ. The subtlet y w e observ e here is that, when the

erased term is reduced, syn thetic casts ma y b ecome \coarser" than the casts inserted when the reduced term

is erased, or ma y b e remo v ed en tirely as in this example. (Remo v al of do wncasts can b e considered as a

com bination of t w o op erations: replacemen t of (A)

s

with the coarser cast (Object)

s

and remo v al of the

up cast (Object)

s

, whic h do es not a�ect the result of computation.)

T o formalize b oth of these observ ations, w e de�ne an auxiliary relation that relates FJ expressions

di�ering only b y the addition and replacemen t of some syn thetic casts. Supp ose � `

FJ

e 2 C . Let us call an

expression d an exp ansion of e under �, written � ` e

exp

= ) d , if d is obtained from e b y some com bination

of (1) addition of zero or more syn thetic up casts, (2) replacemen t of some syn thetic casts (D)

s

with (C)

s

,

where C is a sup ert yp e of D , or (3) remo v al of some syn thetic casts, and � `

FJ

d 2 D for some D .
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4.5.10 Example: Supp ose � = x:A ; y:B ; z:B for giv en classes A and B . Then,

� ` x

exp

= ) (A)

s

x

and

� ` new Pair(z,(B)

s

new Pair(x,y).snd)

exp

= ) new Pair(z,new Pair(x,y).snd) :

Then, reduction comm utes with erasure mo dulo expansion:

4.5.11 Theorem [Erasure preserv es reduction mo dulo expansion]: If �; � ` e 2 T and e � !

FGJ

�

e

0

, then there exists some FJ expression d

0

suc h that j � j

�

` j e

0

j

� ; �

exp

= ) d

0

and j e j

� ; �

� !

FJ

d

0

. In other

w ords, the follo wing diagram comm utes.

e

reduce (F GJ)

� //

erase

��

e

0

erase

��
j e

0

j

��
j e j

reduce (FJ)

� //
d

0

Con v ersely , for the execution of an erased expression, there is a corresp onded execution in F GJ seman tics:

4.5.12 Theorem [Erased program re
ects F GJ execution]: Supp ose �; � ` e 2 T and j � j

�

` j e j

� ; �

exp

= )

d . If d reduces to d

0

with zero or more steps b y reducing syn thetic casts, follo w ed b y one step b y other kinds

of reduction, then e � !

FGJ

e

0

for some e

0

and j � j

�

` j e

0

j

� ; �

exp

= ) d

0

. In other w ords, the follo wing diagram

comm utes.

e

reduce (F GJ) //

erase

��

e

0

erase

��
j e j

��

j e

0

j

��
d

R-Cast

� //
reduce (FJ)

//
d

0

As easy corollaries of these theorems, it can b e sho wn that, if an F GJ expression e reduces to a \fully-

ev aluated expression," then the erasure of e reduces to exactly its erasure and vice v ersa. Similarly , if F GJ

reduction gets stuc k at a stupid cast, then FJ reduction also gets stuc k b ecause of the same t yp ecast and

vice v ersa.

4.5.13 Corollary [Erasure preserv es execution results]: If �; � ` e 2 T and e � !

FGJ

�

w , then j e j

� ; �

� !

FJ

�

j w j

� ; �

. Similarly , if �; � ` e 2 T and j e j

� ; �

� !

FJ

�

v , then there exists an F GJ v alue w suc h that e � !

FGJ

�

w

and j w j

� ; �

= v .

4.5.14 Corollary [Erasure preserv es t yp ecast errors]: If �; � ` e 2 T and e � !

FGJ

�

e

0

, where e

0

has

a stuc k sub expression (C< S>)new D< T>( e) , then j e j

� ; �

� !

FJ

�

d

0

suc h that d

0

has a stuc k sub expression

(C)new D( d) , where d are expansions of the erasures of e , at the same p osition (mo dulo syn thetic casts)

as the erasure of e

0

. Similarly , if �; � ` e 2 T and j e j

� ; �

� !

FJ

�

e

0

, where e

0

has a stuc k sub expression

(C)new D< T>( e) , then there exists an F GJ expression d suc h that e � !

FGJ

�

d and j � j

�

` j d j

� ; �

exp

= ) e

0

and

d has a stuc k sub expression (C< S>)new D< T>( d) , where e are expansions of the erasures of d , at the same

p osition (mo dulo syn thetic casts) as e

0

.



34

In the rest of this section, w e pro v e these theorems and corollaries; w e �rst pro v e the required lemmas.

4.5.15 Lemma: If � ; x: B ` e

exp

= ) e

0

and � `

FJ

d 2 A where A <

:

FJ

B , then � ` [ d = x ] e

exp

= ) [ d = x ] e

0

.

Pro of: By induction on the deriv ation of � ; x: B `

FJ

e 2 C . �

4.5.16 Lemma: Supp ose dom (�) = dom (�

0

) and � = �

1

; X<

:

N ; �

2

where none of X app ears in �

1

. If

�; � `

FGJ

e 2 T and �

1

` U <

:

FGJ

[ U = X ] N where �

1

` U ok, and �

1

; [ U = X ]�

2

` �

0

( x ) <

:

FGJ

[ U = X ]�( x ) for all

x 2 dom (�), then j e j

� ; �

is obtained from j [ U = X ] e j

�

1

; [ U = X ]�

2

; �

0

b y some com bination of replacemen ts of some

syn thetic casts (D)

s

with (C)

s

where D <

:

C , or remo v als of some syn thetic casts.

Pro of: By induction on the deriv ation of �; � ` e 2 T with a case analysis on the last rule used.

Case GT-V ar :

T rivial.

Case GT-Field : e = e

0

.f �; � ` e

0

2 T

0

�elds

FGJ

( b ound

�

( T

0

)) = T f T = T

i

By the induction h yp othesis, j e

0

j

� ; �

is obtained from j [ U = X ] e

0

j

�

1

; [ U = X ]�

2

; �

0

b y some com bination of replace-

men ts of some syn thetic casts (D)

s

with (C)

s

where D <

:

FJ

C , or remo v als of some syn thetic casts. By

Theorem 4.5.1, j � j

�

`

FJ

j e

0

j

� ; �

2 j T

0

j

�

. By Lemma 4.5.8, �eldsmax ( j T

0

j

�

) = C f and j T j

�

<

:

FJ

C .

No w w e ha v e t w o sub cases.

Sub case: j T

i

j

�

6= C

i

By the rule E-Field-Cast ,

j e j

� ; �

= ( j T

i

j

�

)

s

j e

0

j

� ; �

.f

i

:

No w w e m ust sho w that j [ U = X ] e j

�

1

; [ U = X ]�

2

; �

0

= (D)

s

j [ U = X ] e

0

j

�

1

; [ U = X ]�

2

; �

0

.f

i

for some D <

:

FJ

j T j

�

. By

Lemmas 3.4.10 and 3.4.11,

�

1

; [ U = X ]�

2

; �

0

`

FGJ

[ U = X ] e

0

2 S

0

�

1

; [ U = X ]�

2

` S

0

<

:

FGJ

[ U = X ] T

0

:

By Lemmas 3.4.7 and 3.4.8,

�elds

FGJ

( b ound

�

1

; [ U = X ]�

2

( S

0

)) = [ U = X ] T f ; T

0

g :

Then, b y Lemma 4.5.7,

j [ U = X ] T

i

j

�

1

; [ U = X ]�

2

<

:

FJ

j T

i

j

�

:

On the other hand,

�eldsmax ( j S

0

j

�

1

; [ U = X ]�

2

) = C f ; D g :

Therefore, b y the rule E-Field-Cast ,

j [ U = X ] e j

�

1

; [ U = X ]�

2

; �

0

= ( j [ U = X ] T

i

j

�

1

; [ U = X ]�

2

)

s

j [ U = X ] e j

�

1

; [ U = X ]�

2

; �

0

.f

i

:

�nishing the sub case.

Sub case: j T

i

j

�

= C

i

Similar to the sub case ab o v e.

Case GT-Method : e = e

0

.m< V>( d) �; � `

FGJ

e

0

2 T

0

mtyp e

FGJ

( m ; b ound

�

( T

0

)) = < Y / P> U ! U

0

� ` V ok � ` V <

:

FGJ

[ V = Y ] P

�; � `

FGJ

d 2 S � ` S <

:

FGJ

[ V = Y ] U

T = [ V = Y ] U

0

By the induction h yp othesis, j d j

� ; �

are obtained from j [ U = X ] d j

�

1

; [ U = X ]�

2

; �

0

b y some com bination of replace-

men ts of some syn thetic casts (D)

s

with (C)

s

where D <

:

FJ

C , or remo v als of some syn thetic casts. By

Theorem 4.5.1, j � j

�

`

FJ

j e

0

j

� ; �

2 j T

0

j

�

. By Lemma 4.5.9, mtyp emax ( m ; j T

0

j

�

) = E ! E

0

and j T j

�

<

:

FJ

E

0

.

No w w e ha v e t w o sub cases:
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Sub case: j T j

�

6= E

0

By the rule E-Invk-Cast ,

j e j

� ; �

= ( j T j

�

)

s

j e

0

j

� ; �

.m( j d j

� ; �

) :

No w, w e m ust sho w that

j [ U = X ] e j

�

1

; [ U = X ]�

2

; �

0

= (D)

s

j [ U = X ] e

0

j

�

1

; [ U = X ]�

2

; �

0

.m( j [ U = X ] d j

�

1

; [ U = X ]�

2

; �

0

)

for some D <

:

FJ

j T j

�

. By Lemmas 3.4.10 and 3.4.11,

�

1

; [ U = X ]�

2

; �

0

`

FGJ

[ U = X ] e

0

2 S

0

�

1

; [ U = X ]�

2

` S

0

<

:

FGJ

[ U = X ] T

0

:

Without loss of generalit y , w e can assume X and Y are distinct. By Lemmas 3.4.7 and 3.4.9, w e ha v e

mtyp e

FGJ

( m ; b ound

�

1

; [ U = X ]�

2

( S

0

)) = < Y / [ U = X ] P> [ U = X ] U ! U

0

0

�

1

; [ U = X ]�

2

; Y<

:

[ U = X ] P ` U

0

0

<

:

FGJ

[ U = X ] U

0

:

By Lemma 3.4.5,

�

1

; [ U = X ]�

2

` [ U = X ] V <

:

FGJ

[ U = X ][ V = Y ] P (= [[ U = X ] V = Y ]([ U = X ] P ))

and b y the same lemma,

�

1

; [ U = X ]�

2

` [[ U = X ] V = Y ] U

0

0

<

:

FGJ

[[ U = X ] V = Y ][ U = X ] U

0

(= [ U = X ][ V = Y ] U

0

= [ U = X ] T ) :

Then, b y Lemmas 4.5.6 and 4.5.7,

j [[ U = X ] V = Y ] U

0

0

j

�

1

; [ U = X ]�

2

<

:

FJ

j [ U = X ] T j

�

1

; [ U = X ]�

2

<

:

FJ

j T j

�

:

On the other hand, it is easy to sho w that

mtyp emax ( m ; j S

0

j

�

1

; [ U = X ]�

2

) = mtyp emax ( m ; j [ U = X ] T

0

j

�

1

; [ U = X ]�

2

) = E ! E

0

:

Then, b y the rule E-Invk-Cast ,

j [ U = X ] e j

�

1

; [ U = X ]�

2

; �

0

= ( j [[ U = X ] V = Y ] U

0

0

j

�

1

; [ U = X ]�

2

)

s

j [ U = X ] e

0

j

�

1

; [ U = X ]�

2

; �

0

.m( j [ U = X ] d j

�

1

; [ U = X ]�

2

; �

0

)

�nishing the sub case.

Sub case: j T j

� ; �

= E

0

Similar to the sub case ab o v e.

Case GT-New, GT-UCast, GT-DCast, GT-SCast :

Immediate from the induction h yp othesis. �

4.5.17 Lemma: Supp ose

1. mb o dy

FGJ

( m< V> ; C< T> ) = ( x ; e ),

2. mtyp e

FGJ

( m ; C< T> ) = < Y / P> U ! U

0

,

3. � ` C< T> ok,

4. � ` V <

:

FGJ

[ V = Y ] P ,

5. � ` W <

:

FGJ

[ V = Y ] U , and

6. mb o dy

FJ

( m ; C ) = ( x ; e

0

).

Then, j x : W ; this : C< T> j

�

` j e j

� ; x : W ; this : C< T>

exp

= ) e

0

.

Pro of: By induction on the deriv ation of mb o dy

FGJ

( m< V> ; C< T> ) with a case analysis on the last rule used.
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Case MB-Class : CT ( C ) = class C< X / N> / N { ...

< Y / Q> S

0

m ( S x){ " e

0

;}}

[ T = X ; V = Y ] e

0

= e

[ T = X ] Q = P

[ T = X ] S = U

[ T = X ] S

0

= U

0

Let �

0

= X<

:

N ; Y<

:

P and � = x : S ; this : C< X> . By the rule WF-Class , � ` T <

:

FGJ

[ T = X ] N (=

[ V = Y ][ T = X ] N ). By Lemma 4.5.16, j e

0

j

�

0

; x : S ; this : C< X>

is obtained from j e j

� ; x : W ; this : C< T>

b y some com bination of

replacemen ts of some syn thetic casts (D)

s

with (C)

s

where D <

:

FJ

C , or remo v als of some syn thetic casts. By

Theorem 4.5.1,

j x : S ; this : C< X> j

�

0

`

FJ

j e

0

j

�

0

; x : S ; this : C< X>

2 j S

0

j

�

0

:

No w, let mtyp emax ( m ; C ) = D ! D and

e

i

=

�

x

i

if D

i

= j S

i

j

�

0

( j S

i

j

�

0

)

s

x

i

otherwise

for i = 1 ; : : : ; #( x ). Since e

0

= [ e = x ] j e

0

j

�

0

; �

and j W j

�

<

:

FJ

j [ V = Y ] U j

�

<

:

FJ

j S j

�

0

b y Lemmas 4.5.6 and 4.5.7,

eac h e

i

is either a v ariable or a v ariable with an up cast under the en vironmen t j x : W ; this : C< T> j

�

. Then,

w e ha v e

j x : W ; this : C< T> j

�

`

FJ

e

0

2 D

for some D suc h that D <

:

FJ

j S

0

j

�

0

b y Lemma 2.4.3. Therefore, w e ha v e

j x : W ; this : C< T> j

�

` j e j

� ; x : W ; this : C< T>

exp

= ) e

0

�nishing the case.

Case MB-Super : CT ( C ) = class C< X / N> / D< S> { ...}

m is not de�ned in CT ( C ).

By the induction h yp othesis,

j x : W ; this : [ T = X ] D< S> j

�

` j e j

� ; x : W ; this : D< [ T = X ] S>

exp

= ) e

0

:

By Lemma 4.5.15,

j x : W ; this : C< T> j

�

` j e j

� ; x : W ; this : D< [ T = X ] >

exp

= ) e

0

Then, b y Lemma 4.5.16, j e j

� ; x : W ; this : D< [ T = X ] >

is obtained from j e j

� ; x : W ; this : C< T>

b y some com bination of re-

placemen ts of some syn thetic casts (D)

s

with (C)

s

where D <

:

FJ

C , or remo v als of some syn thetic casts. On

the other hand, b y Lemma 2.4.3,

j x : W ; this : C< T> j

�

`

FJ

e

0

2 E

for some E . Therefore,

j x : W ; this : C< T> j

�

` j e j

� ; x : W ; this : C< T>

exp

= ) e

0

;

�nishing the case. �

4.5.18 Lemma: If �; � `

FGJ

e 2 T and e � !

FGJ

e

0

, then there exists some FJ expression d

0

suc h that

j � j

�

`

FJ

j e

0

j

� ; �

exp

= ) d

0

and j e j

� ; �

� !

FJ

d

0

. In other w ords, the follo wing diagram comm utes.

e

reduce (F GJ) //

erase

��

e

0

erase

��
j e

0

j

��
j e j

reduce (FJ)

//
d

0
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Pro of: By induction on the deriv ation of e � !

FGJ

e

0

with a case analysis on the last reduction rule used.

W e sho w the main base cases.

Case GR-Field : e = new N( e).f

i

�elds

FGJ

( N ) = T f e

0

= e

i

W e ha v e t w o sub cases dep ending on the last erasure rule used.

Sub case E-Field-Cast : j e j

� ; �

= (D)

s

(new C( j e j

� ; �

).f

i

)

W e ha v e j N j

�

= C b y de�nition of erasure. Since �elds

FJ

( C ) = C f for some C , w e ha v e j e j

� ; �

� !

FJ

(D)

s

j e

i

j

� ; �

. On the other hand, b y Theorem 3.4.13, �; � `

FGJ

e

i

2 T

i

suc h that � ` T

i

<

:

FGJ

T . By

Theorem 4.5.1, j T j

�

= D and j � j

�

`

FJ

j e

i

j

� ; �

2 j T

i

j

�

. Since j T

i

j

�

<

:

FJ

D b y Lemma 4.5.6, (D)

s

j e

i

j

� ; �

is

obtained b y adding an up cast to j e

i

j

� ; �

.

Sub case E-Field : j e j

� ; �

= new C( j e j

� ; �

).f

i

F ollo ws from the induction h yp othesis.

Case GR-Invk : e = new C< T>( e).m< V>( d) mb o dy

FGJ

( m< V> ; C< T> ) = ( x ; e

0

)

e

0

= [ d = x ; new C< T>( e) = this ] e

0

W e ha v e t w o sub cases dep ending on the last erasure rule used.

Sub case E-Invk-Cast : j e j

� ; �

= (D)

s

(new C( j e j

� ; �

).m( j d j

� ; �

))

Since mb o dy

FGJ

( m< V> ; C< T> ) is w ell de�ned, mb o dy

FJ

( m ; C ) is also w ell de�ned. Let mb o dy

FJ

( m ; C ) = ( x ; e

0

0

)

and �

0

= x : U ; this : C< T> where U are t yp es of d . Then, b y Lemma 4.5.17,

j �

0

j

�

` j e

0

j

� ; �

0

exp

= ) e

0

0

:

By Lemma 4.5.15,

j � j

�

` j e

0

j

� ; �

exp

= ) [ j d j

� ; �

= x ; j new C< T>( e) j

� ; �

= this ] e

0

0

:

Note that j e

0

j

� ; �

= [ j d j

� ; �

= x ; j new C< T>( e) j

� ; �

= this ] j e

0

j

� ; �

0

. By Theorems 3.4.13 and 4.5.1,

j � j

�

`

FJ

j e

0

j

� ; �

2 j T

0

j

�

for some T

0

suc h that � ` T

0

<

:

FGJ

T . By Lemma 4.5.6, j T

0

j

�

<

:

FJ

D . Th us,

j � j

�

` j e

0

j

� ; �

exp

= ) (D)

s

j e

0

j

� ; �

:

Finally ,

j � j

�

` j e

0

j

� ; �

exp

= ) (D)

s

[ j d j

� ; �

= x ; j new C< T>( e) j

� ; �

= this ] e

0

0

:

Sub case E-Invk :

Similarly to the sub case ab o v e.

Case GR-Cast :

Easy . �

4.5.19 Lemma: If � `

FJ

e 2 C and e � !

FJ

e

0

and � ` e

exp

= ) d , then there exists some FJ expression d

0

suc h that � ` e

0

exp

= ) d

0

and d � !

FJ

�

d

0

. In other w ords, the follo wing diagram comm utes.

e

reduce (FJ) //

��

e

0

��
d

reduce (FJ)

� //
d

0

Pro of: By induction on the deriv ation of e � !

FJ

e

0

with a case analysis on the last reduction rule used.
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Case R-Field : e = new C( e).f

i

�elds

FJ

( C ) = C f e

0

= e

i

The expansion d m ust ha v e a form of ((D

1

)

s

� � � (D

n

)

s

new C( d)).f

i

where � ` e

exp

= ) d and C <

:

FJ

D

i

for

1 � i � n b ecause eac h D

i

is in tro duced as an up cast. Th us, d � !

FJ

�

new C( d).f

i

� !

FJ

d

i

.

The other base cases are similar and the cases for induction steps are straigh tforw ard. �

Pro of of Theorem 4.5.11: By induction on the length n of reduction sequence e � !

FGJ

�

e

0

.

Case: n = 0

T rivial.

Case: e � !

FGJ

e

0

� !

FGJ

�

e

0 0

W e ha v e the follo wing comm uting diagram.

e

reduce (F GJ) //

erase

��

(1)

e

0

reduce (F GJ)

� //

erase

��

e

0 0

erase

��
(2) j e

0 0

j

��
j e

0

j

reduce (FJ)

� //

��

(3)

d

0

��
j e j

reduce (FJ)

//
d

reduce (FJ)

� //
d

0 0

Comm utation (1) is pro v ed b y Lemma 4.5.18, (2) b y the induction h yp othesis and (3) b y Lemma 4.5.19. �

4.5.20 Lemma: Supp ose �; � `

FGJ

e 2 T . If j e j

� ; �

� !

FJ

d , then e � !

FGJ

e

0

for some e

0

and j � j

�

` j e

0

j

� ; �

exp

= )

d . In other w ords, the follo wing diagram comm utes:

e

reduce (F GJ) //

erase

��

e

0

erase

��
j e

0

j

��
j e j

reduce (FJ)

//
d

Pro of: By induction on the deriv ation of j e j

� ; �

� !

FJ

d with a case analysis b y the last rule used.

Case R C-Cast :

W e ha v e t w o sub cases according to whether the cast is syn thetic ( j e j

� ; �

= (C)

s

e

0

) or not ( j e j

� ; �

= (C)e

0

).

The latter case follo ws from the induction h yp othesis. W e sho w the former case where

j e j

� ; �

= (C)

s

e

0

e

0

� !

FJ

d

0

d = (C)

s

d

0

Then e

0

m ust b e either a �eld access or a metho d in v o cation. W e ha v e another case analysis with the last re-

duction rule for the deriv ation of e

0

� !

FJ

d

0

. The cases for R C-Field , R C-Invk-Recv and R C-Invk-Ar g

are omitted since they follo w from the induction h yp othesis.
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Sub case R-Field : e

0

= new D( e).f

i

d

0

= e

i

�elds

FJ

( D ) = C f

By insp ecting the deriv ation of j e j

� ; �

, it m ust b e the case that

e = new D< T>( e

0

).f

i

j e

0

j

� ; �

= e

�eldsmax ( D ) = C f

j T j

�

= C 6= C

i

:

By Theorems 3.4.14 and 3.4.13, w e ha v e e � !

FGJ

e

i

0

and �; � `

FGJ

e

i

0

2 S and � ` S <

:

FGJ

T . By

Theorem 4.5.1, j � j

�

`

FJ

j e

i

0

j

� ; �

2 j S j

�

. By Lemma 4.5.6, j S j

�

<

:

FJ

j T j

�

. Then, j � j

�

` e

i

exp

= ) ( j T j

�

)e

i

,

�nishing the case.

Sub case R-Invk : e

0

= new D( d).m( e)

d

0

= [ e = x ; new D( d) = this ] e

m

mb o dy

FJ

( m ; D ) = ( x ; e

m

)

By insp ecting the deriv ation of j e j

� ; �

, it m ust b e the case that

e = new D< T>( d

0

).m< V>( e

0

)

j d

0

j

� ; �

= d

j e

0

j

� ; �

= e

mtyp e

FGJ

( m ; D< T> ) = < Y / P> U ! U

0

[ V = Y ] U

0

= T

mtyp emax ( m ; D ) = C ! C

0

j T j

�

= C 6= C

0

:

By Theorems 3.4.14 and 3.4.13, e � !

FGJ

[ e

0

= x ; new D< T>( d

0

) = this ] e

m

0

where mb o dy

FGJ

( m< V> ; D< T> ) =

( x ; e

m

0

) and �; � `

FGJ

[ e

0

= x ; new D< T>( d

0

) = this ] e

m

0

2 S for some S suc h that � ` S <

:

T . By Theorem 4.5.1

and the fact that

j [ e

0

= x ; new D< T>( d

0

) = this ] e

m

0

j

� ; �

= [ e = x ; new D( d) = this ] j e

m

0

j

� ; x : W ; this : D< T>

where W are the t yp es of e

0

, w e ha v e

j � j

�

`

FJ

[ e = x ; new D( d) = this ] j e

m

0

j

� ; x : W ; this : D< T>

2 j S j

�

:

Since j S j

�

<

:

FJ

j T j

�

b y Lemma 4.5.6,

j � j

�

` [ e = x ; new D( d) = this ] j e

m

0

j

� ; x : W ; this : D< T>

exp

= ) ( j T j

�

)

s

[ e = x ; new D( d) = this ] j e

m

0

j

� ; x : W ; this : D< T>

:

On the other hand, b y Lemma 4.5.17,

j x : W ; this : D< T> j

�

` j e

m

0

j

� ; x : W ; this : D< T>

exp

= ) e

m

:

By Lemma 4.5.15,

j � j

�

` [ e = x ; new D( d) = this ] j e

m

0

j

� ; x : W ; this : D< T>

exp

= ) [ e = x ; new D( d) = this ] e

m

:

Then,

j � j

�

` ( j T j

�

)

s

[ e = x ; new D( d) = this ] j e

m

0

j

� ; x : W ; this : D< T>

exp

= ) ( j T j

�

)

s

[ e = x ; new D( d) = this ] e

m

:

Finally , w e ha v e, b y the fact that C = j T j

�

and transitivit y of the expansion relation,

j � j

�

` j [ e

0

= x ; new D< T>( d

0

) = this ] e

m

0

j

� ; �

exp

= ) (C) [ e = x ; new D( d) = this ] e

m

0

:

Case R-Field :

Similar to the sub case for R-Field in the case for R C-Cast ab o v e.
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Case R-Invk :

Similar to the sub case for R-Invk in the case for R C-Cast ab o v e.

The other cases for induction steps are straigh tforw ard. �

4.5.21 Lemma: Supp ose �; � `

FGJ

e 2 T and j � j

�

` j e j

� ; �

exp

= ) d . If d reduces to d

0

with zero or more

steps b y reducing syn thetic casts, follo w ed b y one step b y other kinds of reduction, then j e j

� ; �

� !

FJ

e

0

and

j � j

�

` e

0

exp

= ) d

0

. In other w ords, the follo wing diagram comm utes:

j e j

reduce (FJ) //

��

e

0

��
d

R-Cast

� //
reduce (FJ)

//
d

0

Pro of: By induction on the deriv ation of the last reduction step with a case analysis b y the last rule used.

Case R-Field : d � !

FJ

�

new C( e).f

i

�elds

FJ

( C ) = C f d

0

= e

i

The expression d m ust b e of the form ((D

1

)

s

: : : (D

n

)

s

new C( e

0

)).f

i

where C <

:

D

i

for an y i and eac h e

i

0

reduces to e

i

b y reducing up casts (in sev eral steps). In other w ords, j � j

�

` e

0

exp

= ) e . Moreo v er, since

j � j

�

` j e j

� ; �

exp

= ) d , the expression j e j

� ; �

m ust b e of the form, either new C( e

0 0

).f

i

or (D)

s

new C( e

0 0

).f

i

,

where j � j

�

` e

0 0

exp

= ) e

0

. Therefore, j e j

� ; �

� !

FJ

e

i

0 0

or j e j

� ; �

� !

FJ

(D)

s

e

i

0 0

. It is easy to see

j � j

�

` (D)

s

e

i

0 0

exp

= ) e

i

and

j � j

�

` e

i

0 0

exp

= ) e

i

:

Other base cases are similar; induction steps are straigh tforw ard. �

Pro of of Theorem 4.5.12: F ollo ws from Lemmas 4.5.20 and 4.5.21. �

Pro of of Corollary 4.5.13: Theorem 4.5.11, w e ha v e an FJ expression d suc h that j e j

� ; �

� !

FJ

�

d and

j � j

�

` j w j

� ; �

exp

= ) d . Since the FJ v alue j w j

� ; �

do es not include an y t yp ecasts, d is obtained only b y adding

some (syn thetic) up casts. Therefore, d reduces to j w j

� ; �

.

The second part follo ws from a similar argumen t using Theorem 4.5.12. �

Pro of of Corollary 4.5.14: Similar to the pro of of Corollary 4.5.13. �

5 Related W ork

Core calculi for Ja v a. There are sev eral kno wn pro ofs in the literature of t yp e soundness for subsets

of Ja v a. In the earliest, Drossop oulou and Eisen bac h [11] (using a tec hnique later mec hanically c hec k ed

b y Syme [23]) pro v e soundness for a fairly large subset of sequen tial Ja v a. Lik e us, they use a small-step

op erational seman tics, but they a v oid the subtleties of \stupid casts" b y omitting casting en tirely . Nipk o w

and Oheim b [20] giv e a mec hanically c hec k ed pro of of soundness for a somewhat larger core language. Their

language do es include casts, but it is form ulated using a \big-step" op erational seman tics, whic h sidesteps

the stupid cast problem. Flatt, Krishnam urthi, and F elleisen [15, 16] use a small-step seman tics and

formalize a language with b oth assignmen t and casting. Their system is somewhat larger than ours (the

syn tax, t yping, and op erational seman tics rules tak e p erhaps three times the space), and the soundness pro of,

though corresp ondingly longer, is of similar complexit y . Their published pro of of sub ject reduction in the

earlier v ersion is sligh tly 
a w ed | the case that motiv ated our in tro duction of stupid casts is not handled

prop erly | but the problem can b e repaired b y applying the same re�nemen t w e ha v e used here.

Of these three studies, that of Flatt, Krishnam urthi, and F elleisen is closest to ours in an imp ortan t

sense: the goal there, as here, is to c ho ose a core calculus that is as smal l as p ossible, capturing just the

features of Ja v a that are relev an t to some particular task. In their case, the task is analyzing an extension of

Ja v a with Common Lisp st yle mixins { in ours, extensions of the core t yp e system. The goal of the other t w o

systems, on the other hand, is to include as lar ge a subset of Ja v a as p ossible, since their primary in terest is

pro ving the soundness of Ja v a itself.
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Other class-based ob ject calculi. The literature on foundations of ob ject-orien ted languages con tains

man y pap ers formalizing class-based ob ject-orien ted languages, either taking classes as primitiv e (e.g., [24,

8, 6, 5]) or translating classes in to lo w er-lev el mec hanisms (e.g., [14, 4, 1, 22]). Some of these systems

(e.g. [22, 8]) include generic classes and metho ds, but only in fairly simple forms.

Generic extensions of Ja v a. A n um b er of extensions of Ja v a with generic classes and metho ds ha v e

b een prop osed b y v arious groups, including the language of Agesen, F reund, and Mitc hell [2]; P olyJ, b y

My ers, Bank, and Lisk o v [19]; Pizza, b y Odersky and W adler [21]; GJ, b y Brac ha, Odersky , Stoutamire,

and W adler [7]; and NextGen, b y Cart wrigh t and Steele [10]. While all these languages are b eliev ed to b e

t yp esafe, our study of F GJ is the �rst to giv e rigorous pro of of soundness for a generic extension of Ja v a.

W e ha v e used GJ as the basis for our generic extension, but similar tec hniques should apply to the forms of

genericit y found in the rest of these languages.

Recen tly , Duggan [12] has prop osed a tec hnique to translate monomorphic classes to parametric classes

b y inferring t yp e argumen t information. He has also de�ned a p olymorphic extension of Ja v a, sligh tly less

expressiv e than GJ (for example, p olymorphic metho ds are not allo w ed and a sub class m ust ha v e the same

n um b er of t yp e argumen ts as its sup erclass). T yp e soundness theorem of the language is men tioned but

stupid cast problem is not tak en in to accoun t.

6 Discussion

W e ha v e presen ted F eatherw eigh t Ja v a, a core language for Ja v a mo deled closely on the lam b da-calculus

and em b o dying man y of the k ey features of Ja v a's t yp e system. FJ's de�nition and pro of of soundness are

b oth concise and straigh tforw ard, making it a suitable arena for the study of am bitious extensions to the

t yp e system, suc h as the generic t yp es of GJ. W e ha v e dev elop ed this extension in detail, stated some of its

fundamen tal prop erties, and giv en their pro ofs.

It w as pleasing to disco v er that F GJ could b e form ulated as a straigh tforw ard extension of FJ, giving

us additional con�dence that the design of GJ w as on the righ t trac k. Our in v estigation of F GJ led us

to unco v er one bug in the compiler, in v olving a subtle relation b et w een subt yping and ra w t yp es. Most

imp ortan tly , ho w ev er, F GJ has giv en us useful v o cabulary and notation for thinking ab out the design of GJ.

FJ itself is not quite complete enough to mo del some of the in teresting subtleties found in GJ. In

particular, the full GJ language allo ws some parameters to b e instan tiated b y a sp ecial \b ottom t yp e"

* , using a delicate rule to a v oid unsoundness in the presence of assignmen t. Capturing the relev an t issues in

F GJ requires extending it with assignmen t and null v alues (b oth of these extensions seem straigh tforw ard,

but cost us some of the pleasing compactness of FJ as it stands). Another subtle asp ect of GJ that is not

accurately mo deled in F GJ is the use of bridge metho ds in the compilation from GJ to JVM b yteco des. T o

treat this compilation exactly as GJ do es, w e w ould need to extend FJ with o v erloading.

Our formalization of GJ also do es not include r aw typ es , a unique asp ect of the GJ design that supp orts

compatibilit y b et w een old, unparameterized co de and new, parameterized co de. W e are curren tly exp eri-

men ting with an extension of F GJ with ra w t yp es. A preliminary result [17, Chap. 5] has already unco v ered

that, unfortunately , the curren tly implemen ted t yping system of ra w t yp es is unsound; the �xed t yp e system

is pro v ed to b e sound.

F ormalizing generics has pro v en to b e a useful application domain for FJ, but there are other areas where

its extreme simplicit y ma y yield signi�can t lev erage. F or example, w ork is under w a y on formalizing Ja v a

1.1's inner classes using FJ [18].
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