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Bayesian Networks

| Factored representation of a joint distribution
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P(X1)P(X2|X1)P(X3|X1)P(X4| X2, X3)P(X5|X3)P(Xg|X4)
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Model Selection

I Find the directed acyclic graph (DAG) that
maximizes a scoring functiqgy. sic)

I NP-hardichickering1996,Chickeringet. al. 2003]
| Exhaustive search over DAGsO(n!Q(E))
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Why optimality ?

I Compare scoring metrics
I Subroutinan largestructurdearning
I Learn the best model of the joint distribution



Assumptions
| Fully observablalataon n discrete variables.

| Decomposable scoring function
(e.g. BIC/MDL, AIC, BDe, BGe, K2, BNRC)

SCORE(V) = ), ., NODESCORE(x|Parents(x))

(O—(—0)
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Recursive Decomposition

V ={X;, X5 Xg, X4 X, Xg}

()%

o

Score(V)= Score(V-{Xs}) + NodeScore(¥X,)




Recursive Decomposition

V ={X;, X5 Xg, X4 X, Xg}

()%

Score(V)= Score(V-{Xs}) + NodeScore(¥X,)
= Score(V-{X-{X 5}) + NodeScore(¥X,) + NodeScore(¥X,)
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Recursive Decomposition

V ={X;, X5 Xg, X4 X, Xg}

()%

Score(V)= Score(V-{Xs}) + NodeScore(¥X,)
= Score(V-{X}-{X }) + NodeScore(}X,) + NodeScore(¥X.)
= Score(V-{Xg}-{X }-{X ,}) + NodeScore(X,) + NodeScore(¥X.,)
, T NodeScore($X,, X;)



Recursive Decomposition

V ={X;, X5 Xg, X4 X, Xg}

(%)
()

Score(V)= Score(V-{Xs}) + NodeScore(¥X,)
= Score(V-{X}-{X }) + NodeScore(}X,) + NodeScore(¥X.)
= Score(V-{Xg}-{X }-{X ,}) + NodeScore(X,) + NodeScore(¥X.,)
o+ NodeScore(X,, X)



Dynamic Programming Eqgns

SCORE(V) = maxzey [SCORE(V — {x}) + BESTSCORE(V, x)]
LEAF(V) = argmax, ¢y [SCORE(V — {z}) + BESTSCORE(V, z)]
BESTSCORE(V, z) = maxpgcy —{,} NODESCORE(x|PS)

(%)
OO

SCOH,E(Xh Xo, Xg) — max [SCOR.E({Xl : XQ}) -+ BESTSCOR.E({Xl : XQ}? Xg)
SCORE({le Xg}) -+ BESTSCORE({Xl : Xg}} Xg)
SCORE({ X2, X3}) + BESTSCORE({ X2, X3}, X1)]
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Computing BestScore(V,x)

I For now assume an oracle that computes

BESTSCORE(V, ) = maxpgscy — {1 NODESCORE(x|PS)

BESTPARENTS(V, x) = argmax pgcy _ (,3 NODESCORE(z|PS)

I Later we show how to implement it with P-caches
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Example on 3 nodes
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Implementing BestScore

I Needto implementthe oraclefor

BESTSCORE(V, ) = maxpgscy — {1 NODESCORE(x|PS)
BESTPARENTS(V, x) = argmax pgcy _ (,3 NODESCORE(z|PS)

I NodeScore requires computing sufficient statistic
AD-Trees[Moore andLee,1997]

I Naeveenumeration 02!V
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Nae ve Enumeration
BESTSCORE({1,2.4}.3)
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P-Cache Motivation

I End up re-computing the same NodeScore many
times in different calls to BestScore

I Table of NodeScore for all possible parent sets

Fast lookup
O(2") memory requirement
Not all parent sets are good
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P-Cache Construction

Best prefix y {f \

%
Max extension score ‘
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P-Cache Construction

Best prefix score

124}
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Virtual Row Bound

I For the BDe scoring function

n i INGTTD ri  D(oijr+Nijr)
log H@:] j=1 T'(a;;+Nyj) Hk:l [(evijn)
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Virtual Row Bound

X |Y=T | Y=F
T INi11|Nj1o
F |Nio1 [Njoo
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Searching P-cache

I Branch-and-bound search
| Speed/Memory tradeoff

In the worst case, searches the entire P-cache
In practice, it is much faster
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Complexity

I Constructing alh P-caches
Worst case O(H2 memory. In practice far less.
Worst case O(r2time. In practicealittle less.

I Overall algorithm

Worst case: O(n3 with unbounded indegree
Worst case: O(n2 with bounded indegree

In practice the P-caches are small, so the bounds are very
loose
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"
Table 1. Time and space reqguired to construct P-caches.

The data sets with italicized names are the P-caches used
in table 2

NAME ATTR. RECcOorDs TIME SIZE
NUTSETY g 124960 (.0 = 228 KB
parity 10 10° 100.3 m 1.4 MB
adult 15 10000 7.0 m 620 KB
adult 15 AREA2 45,3 m 1MEB
lefters 17 200010 G7.7T m 22 MB
covtype 21 1000 G3.0 m 114 MB
brosury 22 SO0 2.4 h 444 MB
mushroom 23 1000 G1.9 m Hd MB
mushroom 23 A0 .9 h 202 MB
sk 24 2000 14.2 m 43 MB
autos 26 205 17.6 m 33 MB
synth 28 1000 9.1 h 1% MB
alarm 37 10 2.0 m T8 MB
alarm 37 2000 48,6 m 282 MB
alarm 37 400 4.4 h 025 MB
alarm 37 =00 23.0h 2902 MB

RESTRICTING MAXIMUM NUMBER OF PARENTS k =4

biosurv 22 SO0 1.7 m 2 MB
mushroom 23 A0 2.7 m 10 MB
svnth 28 1000 2.1 m 15 MB
alarm 37 =00 1.6 m 36 MB




Table 2. Comparison of structure learning algorithms. Run times do not include P-cache construction. The method(s)
that reached the optimal score are in bold. Under hillelimb score A refers to the score after 120s, score B after 600s.

Darta SET Exacr Ranp ORDERS Opr1T REINSERT HiLLocLivbe

SCORE TIME  SCORE TIME  SCORE TIME  SCORE A SCORE B
9 nursery —125717 < 1ls —125717 120 s —125T717 < 1s —125T717 —125717
10 parity —6238741 < 1ls —6238741 120 s —6238T741 25 —06O31538 —6931538
15 adult —593744 1s —593903 120 58 —594428 < 1s —=596969 —H96841
17 letters —196359 50 s —196899 1208 —196475 35  —198638 — 198209
21 covtype —T603 Tm  —T635 1208 —T628 27 s —THnd —T674
29 biosurv — 30296 3.6 h —30317 120 s —30303 115 s  —30435 —30397
oz mushroom —38108 909 h  —38144 1208 —38144 45 s  —387H4 —387TH3
24 sky —1409 279 h —1410 120 s —1409 8s —1417 —1415
2@ autos —3090 2569 h —-3199 1208 —3124 Ts —3100 —3093
28 synth — — —h(b624 1208 —6334 159 s —6573 —6573
37 alarm — —  =9607 120 s —9354 5925  —0429 —9404
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Related Work

| Stochastic local Sear([?el".b. Buntine 1991, Moore and Wong 2003,
Friedman et al. 1999]

| Exactalgorithms

Lattice search with no P-caches et.al. 2004]
1 9 nodes, 173 microarrays, BNRC ~ 50 hrs (96 CPUs)
Bayesiammodelaveragingkoivisto and Sood, 2004]
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Future Work

| Lattice search constraints

Forcedarcs
Excludedarcs

| Fastersearchingpf aP-cache

I Class dependency models in probabilistic
relational models (PRMs)

I Continuous Bayesian networks
DoesBGetendfavourdensenetworks?
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Conclusions

I Optimal model selection is feasible 26 variables

| Threepartsto modelselection
Lattice search
Finding optimal set of parents
Computing sufficient statistics
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