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Bayesian Networks

! Factored representation of a joint distribution
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Model Selection

! Find the directed acyclic graph (DAG) that
maximizes a scoring function (e.g. BIC)

! NP-hard [Chickering 1996, Chickering et. al. 2003]

! Exhaustive search over DAGs -
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Why optimality ?

! Compare scoring metrics
! Subroutine in large structure learning
! Learn the best model of the joint distribution
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Assumptions

! Fully observable data on n discrete variables.
! Decomposable scoring function

(e.g. BIC/MDL, AIC, BDe, BGe, K2, BNRC)
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Recursive Decomposition

X1

X2

X3

X4

X5

X6

V = {X 1, X2, X3, X4, X5, X6}

Score(V) = Score(V-{X6}) + NodeScore(X6|X4)
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Recursive Decomposition

V = {X 1, X2, X3, X4, X5, X6}

Score(V) = Score(V-{X6}) + NodeScore(X6|X4)

  = Score(V-{X6}-{X 5}) + NodeScore(X5|X3) + NodeScore(X6|X4)
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Recursive Decomposition

V = {X 1, X2, X3, X4, X5, X6}

Score(V) = Score(V-{X6}) + NodeScore(X6|X4)

  = Score(V-{X6}-{X 5}) + NodeScore(X6|X4)  + NodeScore(X5|X3)
 = Score(V-{X6}-{X 5}-{X 4}) + NodeScore(X6|X4)  + NodeScore(X5|X3) 

                                                              + NodeScore(X4|X2, X3) 
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Recursive Decomposition

V = {X 1, X2, X3, X4, X5, X6}
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Score(V) = Score(V-{X6}) + NodeScore(X6|X4)

  = Score(V-{X6}-{X 5}) + NodeScore(X6|X4)  + NodeScore(X5|X3)
 = Score(V-{X6}-{X 5}-{X 4}) + NodeScore(X6|X4)  + NodeScore(X5|X3) 

                                                              + NodeScore(X4|X2, X3) 
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Dynamic Programming Eqns
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Computing BestScore(V,x)

! For now assume an oracle that computes

! Later we show how to implement it with P-caches
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Subset Lattice
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Example on 3 nodes
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Implementing BestScore

! Need to implement the oracle for

! NodeScore requires computing sufficient statistics
" AD-Trees [Moore and Lee, 1997]

! Na•ve enumeration -
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Na• ve Enumeration
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P-Cache Motivation

! End up re-computing the same NodeScore many
times in different calls to BestScore

! Table of NodeScore for all possible parent sets
" Fast lookup
" O(2n) memory requirement
" Not all parent sets are good
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P-Cache Construction

Best prefix score

Max extension score
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P-Cache Construction

Prune Search

Best prefix score
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Virtual Row Bound

! For the BDe scoring function
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Virtual Row Bound
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Searching P-cache

! Branch-and-bound search
! Speed/Memory tradeoff

" In the worst case, searches the entire P-cache
" In practice, it is much faster



23

Complexity

! Constructing all n P-caches
" Worst case O(n2n) memory. In practice far less.
" Worst case O(n2n) time. In practice a little less.

! Overall algorithm
" Worst case: O(n3n) with unbounded indegree
" Worst case: O(n2n) with bounded indegree
" In practice the P-caches are small, so the bounds are very

loose
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Related Work

! Stochastic local search [e.g. Buntine 1991, Moore and Wong 2003,
Friedman et al. 1999]

! Exact algorithms
" Lattice search with no P-caches [Ott et. al. 2004]

! 9 nodes, 173 microarrays, BNRC ~ 50 hrs (96 CPUs)
" Bayesian model averaging [Koivisto and Sood, 2004]
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Future Work

! Lattice search constraints
" Forced arcs
" Excluded arcs

! Faster searching of a P-cache
! Class dependency models in probabilistic

relational models (PRMs)
! Continuous Bayesian networks

" Does BGe tend favour dense networks ?
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Conclusions

! Optimal model selection is feasible 26 variables
! Three parts to model selection

" Lattice search
" Finding optimal set of parents
" Computing sufficient statistics


