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Abstract

The multiple Barnes function, de�ned as a generalization of the

Euler gamma function, is used in many applications of pure and ap-

plied mathematics and theoretical physics. This paper presents new

integral representations as well as special values of the Barnes func-

tion. Moreover, the Barnes function is expressed in a closed form by

means of the Hurwitz zeta function. These results can be used for

numeric and symbolic computations of the Barnes function.

1 Preamble

In 1899, Barnes [5, 6, 7] introduced and studied the generalization of the
Euler gamma function de�ned by the following functional equation:

G(z + 1) = �(z)G(z); z 2 C;

G(1) = 1

where � is the gamma function. For the integer positive values of z, the
Barnes G function is simply a product of factorials:

G(n+ 1) =
n�1Y
k=1

k!
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From the above functional equation and the Weierstrass canonical product
for the gamma function,

�(z) =
1

z
exp(�z 
)

1Y
m=1

exp( z
m
)

1 + z
m

Barnes derived

G(z+1) = (2 �)z=2 exp

 
�z + z2 (1 + 
)

2

!
1Y
k=1

�
1 +

z

k

�k
exp

 
z2

2 k
� z

!
(1)

where 
 is the Euler-Mascheroni constant. The right hand side of (1) is
an entire function in a whole complex plane and can serve as an explicit
de�nition of the Barnes function. Originally, the G function was introduced
(in a di�erent form) by Kinkelin [12] (see also Glaisher [11]) in his research
on the asymptotic behavior of the following product:

1122 : : : nn =
n!n

G(n+ 1)
(2)

when n!1. Kinkeln also applied the theory of the G function to the class
of trigonometric integrals Z z

0
log trig(x) dx

where trig(x) is any trigonometric or hyperbolic function. All such integrals
can be expressed in �nite terms of theG function. Alexeiewsky [4] generalized
the Kinkelin product (2) to

11
p

22
p

: : : nn
p

= exp (� 0(�p; n+ 1)� � 0(�p)) (3)

which is related to the multiple Barnes function. Here
� 0(t; z) denotes @�(t; z)=@t.

The theory of the G function remains the active topic of research (see
[2, 9, 10, 13, 14, 17, 18]).The Barnes function has been related to certain
spectral functions in mathematical physics, to the study of determinants of
Laplacians, and to the Hecke L-functions. In [16] and [2] the G function is
expressed in terms of the Hurwitz zeta function by

logG(z + 1)� z log �(z + 1) = � 0(�1)� � 0(�1; z) (4)
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for Re(z) > 0. � 0(�1) is related to Glaisher's constant A:

logA =
1

12
� � 0(�1) = 
 + log (2 �)

12
� � 0(2)

2 �2

In [2] Adamchik obtained the closed form representation for the class of
integrals involving cyclotomic polynomials and nested logarithms in terms of
the Hurwitz zeta function. In the view of (4) those results can be translated
into the G function notation, for example

Z 1

0

x4 � 6 x2 + 1

(x2 + 1)3
log log(

1

x
) dx = 4 log

G(3
4
)

G(1
4
)
� 3 log�(

1

4
) + log �(

3

4
)

Choi et al. [9, 10] and Adamchik [1, 2, 3] considered a class of sums involv-
ing the Riemann zeta function which can be evaluated by means of the G
function. Here is a series representation of G function

2 logG(z + 1) = z log(2 �)� 
z2 � z(z + 1) + 2
1X
k=2

(�1)k�(k) z
k+1

k + 1
; jzj < 1

and Glaisher's constant

logA =
log 2

12
+

1X
k=1

��(2k + 1)� 1

36

�(4k + 7)(7k + 8)

(k + 1)(k + 2)

Barnes [8] (followed by Vign�eras [17] and Vardi [16]) generalized the G func-
tion to the multiple gamma function Gn by the recurrence formula

Gn+1(z + 1) =
Gn+1(z)

Gn(z)
; z 2 C; n 2 N

G2(z) = G(z)

G1(z) =
1

�(z)

(5)

Vigneras and Vardi considered a slightly di�erent form of the multiple gamma
function de�ned as a reciprocal to the Barnes function �n(z) = 1=Gn(z).
Vardi derived an implicit representation for �n(z) in terms of the multiple
zeta function. In this paper we obtain a closed form ofGn(z) in �nite terms of
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the Hurwitz function and special polynomials. Here are two particular cases
rewritten in terms of the derivatives of the Hurwitz function when n = 3

2 logG3 (z + 1)� z2 log �(z) = (1� 2 z) logG2(z + 1) + � 0(�2)� � 0(�2; z)
and n = 4:

6 logG4 (z + 1)� z3 log �(z) = 6 (1� z) logG3 (z + 1)�
(3 z2 � 3 z + 1) logG2 (z + 1) + � 0(�3)� � 0(�3; z)

We also present various integral and series representations as well as some
special values of the Barnes function. These results can be used in numeric
and symbolic computations of the G function. Because of its signi�cant ap-
plications in physics, number theory, combinatorics and applied mathemat-
ics, the multiple gamma function is of direct interest to computer algebra
researchers and users, and ought to be implemented in computer algebra
systems.

2 Special Values

There are a few known special cases when the G function is expressible in a
closed form. The �rst one is due to Barnes [5]:

logG(
1

2
) =

log 2

24
� log �

4
� 3 logA

2
+

1

8

the other two are due to Choi and Srivastava [9]:

logG(
1

4
) = � G

4 �
� 3

4
log �(

1

4
)� 9

8
logA+

3

32

logG(
3

4
) = logG(

5

4
) +

G

2�
� log(2 �2)

8

where G is Catalan's constant. In a view of closed form representation for the
derivatives of the Hurwitz functions, obtained in [15], and the formula (4), it
is readily to obtain the additional special cases of logG(p) for p = 1

3
; 1
6
; 2
3
; 5
6
:

logG(
1

3
) =

log 3

72
+

�

18
p
3
� 2

3
log �(

1

3
)� 4

3
logA�  (1)(1

3
)

12 �
p
3
+

1

9
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logG(
2

3
) =

log 3

72
+

�

18
p
3
� 1

3
log �(

2

3
)� 4

3
logA�  (1)(2

3
)

12 �
p
3
+

1

9

logG(
1

6
) = � log 12

144
+

�

20
p
3
� 5

6
log�(

1

6
)� 5

6
logA�  (1)(1

6
)

40 �
p
3
+

5

72

logG(
5

6
) = � log 12

144
+

�

20
p
3
� 1

6
log�(

5

6
)� 5

6
logA�  (1)(5

6
)

40 �
p
3
+

5

72

where  (1)(z) = @ log �(z)=@z2 is the polygamma function. Similar represen-
tations can be derived for the multiple Gn function.

3 Connection to L-series

From the Lerch functional equation for the Hurwitz zeta function and formula
(4), we can derive

log (
G(1 + z)

G(1� z)
) =

i

2 �
Li2(e

2�iz) + z log (
�

sin(�z)
)� �i

2
B2(z); 0 < z < 1

where B2(z) is the second Bernoulli polynomial, and Li2(z) is the dilogarithm.
The identity can be rewritten in an alternative form by means of the Clausen
function Cl2(z)

log (
G(1 + z)

G(1� z)
) = z log (

�

sin(�z)
)� 1

2�
Cl2(2�z) (6)

where
Cl2(x) = �Im(Li2(e

�ix))

Obviously enough, the G function is related to the Dirichlet L-series. Here
is one of the formulas:

log (
G(7

6
)

G(5
6
)
) =

1

6
log(2 �)� 3

p
3

8 �
L�3(2)
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4 Binet-like representation

The Binet formula for the gamma function is

log �(z) = (z � 1

2
) log z � z + log

p
2� +

Z 1

0

e�z x

x

�
1

1� e�x
� 1

x
� 1

2

�
dx

In this section we derive a similar representation for the Barnes function.
Recall the well-known integral for �(s; z):

�(s; z) =
1

�(s)

Z 1

0

xs�1e�z x

1� e�x
dx; R(s) > 1; R(z) > 0

The integral can be analytically continued to the domain R(s) > �1. To do
so, we perform the standard procedure of removing the integrand singularity
by subtracting the truncated Taylor series at x = 0:

�(s; z) = � z1�s

1� s
+
z�s

2
+

s

12
z�s�1+

1

�(s)

Z 1

0
xs�1e�zx

�
1

1� e�x
� 1

x
� x

12
� 1

2

�
dx

Di�erentiating the above formula with respect to s and computing the limit
at s = �1, we therefore arrive at

Proposition 1 The Barnes G function admits the Binet integral represen-
tation:

logG = z log �(z)� logA +
z2

4
� log z

2
B2(z)�

Z 1

0

e�z x

x2

�
1

1� e�x
� 1

x
� x

12
� 1

2

�
d x; R(z) > 0

In a similar way we derive the representation for Glaisher's constant:

logA =
1 + log(2 �)

12
� 1

2�2

Z 1

0

x log x

ex � 1
d x
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5 The multiple G-function

For the multiple Gn function de�ned by the functional equation (5), Vardi
[16] obtained the following formula

logGn(z) = � lim
s!0

@ �n(s; z)

@s
�

nX
k=1

(�1)k
 

z

k � 1

!
Rn+1�k

where

Rn(z) =
nX

k=1

lim
s!0

@ �k(s; 1)

@s
(7)

and �n(s; z) is the multiple zeta function:

�n(s; z) =
1X
k=0

1

(k + z)s

� k + n� 1

n� 1

�
(8)

In this section we �nd a closed form representation for Gn(z) in terms of the
Hurwitz zeta function. For clarity of exposition, we �rst consider polynomials

Pk;n(z) =
nX

i=k+1

(�z)i�k�1
� i� 1

k

� h n
i

i
(9)

which can be rewritten in the alternative form

Pk;n(z) =
nX
i=1

� z

n� i

� (n� 1)!

(i� 1)!

h i

k + 1

i
(10)

where
h n
i

i
are unsigned Stirling numbers of the �rst kind. The polynomials

Pk;n(z) satisfy the functional equation

Pk;n+1(z)� nPk;n(z)� Pk;n+1(z + 1) = 0;

Pk;n(z) = 0; k � n

7



Here are the main properties of these polynomials:

Pn�1;n(z) = 1; Pk;n(1) =
h n� 1

k

i
;

Pn�2;n(z) = z (1� n) +
n (n� 1)

2
;

P0;n(z) =
� n� z � 1

n� 1

�
(n� 1)!;

P0;n(
1

2
) =

(2n� 3)!!

2n�1

(11)

Lemma 1 The multiple zeta function �n(s; z) de�ned by (8) may be ex-
pressed by means of the Hurwitz function

�n(s; z) =
1

(n� 1)!

nX
j=0

Pj;n(z) �(s� j; z) (12)

Proof. Recall the de�nition of unsigned Stirling numbers of the �rst kind

� k + n� 1

n� 1

�
=

1

(n� 1)!

nX
i=0

ki�1
h n
i

i

Expanding ki�1 = ((k + z)� z)i�1 by the binomial theorem, interchanging
the order of summation and making use of (9), we obtain

� k + n� 1

n� 1

�
=

1

(n� 1)!

nX
j=0

Pj;n(z) (k + z)j

We complete the proof by substituting this into (8).

Lemma 2 The coeÆcients Rn de�ned by (7) may be expressed as

Rn =
1

(n� 1)!

n�1X
k=0

� 0(�k)
h n

k + 1

i
(13)
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Proof. First we make use of the Lemma 1 and the identity (11) for Pj;n(1)

lim
s!0

@ �k(s; 1)

@x
=

1

(n� 1)!

nX
j=0

Pj;n(1) �
0(�j) = 1

(n� 1)!

nX
j=0

� 0(�j)
h n� 1

j

i

Further, in a view of (7), we have

Rn =
nX

k=1

1

(k � 1)!

kX
j=0

� 0(�j)
h n� 1

j

i
= � 0(0)+

nX
j=1

� 0(�j)
nX

k=j

1

(k � 1)!

h k � 1

j

i

Taking into account that the inner sum on the right hand side is (it follows
from (10) with z = 1)

nX
k=j

(n� 1)!

(k � 1)!

h k � 1

j

i
=
h n

j + 1

i

we complete the proof.

Proposition 2 The multiple Barnes function Gn(z) may be expressed by
means of the derivatives of the zeta functions

logGn(z) =
1

(n� 1)!

n�1X
j=0

Pj;n(z) (�
0(�j)� � 0(�j; z))

where the polynomials Pj;n(z) are de�ned by (9).

6 Integral representations

In [2] Adamchik expressed the integral involving the polygamma function in
�nite terms of the Hurwitz zeta function:

Z z

0
xn (x)dx = (�1)n

�
Bn+1Hn

n+ 1
� � 0(�n)

�
+

nX
k=0

(�1)k
 
n

k

! 
� 0(�k; z)� Bk+1(z)Hn

k + 1

! (14)
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where Bn and Hn are Bernoulli and Harmonic numbers respectively. If n =
1 the integral (14) leads to the following representation for the Barnes G
function:

logG(z + 1) =
z(1� z)

2
+ z log

p
2� +

Z z

0
x (x) dx (15)

under assumption R(z) > �1. This representation demonstrates that the
complexity of computing G(z) depends at most on the complexity of com-
puting the polygamma function, which in its turn is reduced to integration
of elementary functions:

Z z

0
x (x) dx =

Z 1

0

 
z2

2 t
� z

t2
� 1� (1� t)z

t2 log(1� t)

!
dt +

z(z � 2)

2
� 
z2

2
(16)

The restriction R(z) > �1 can be easily removed by analyticity of the
polygamma. For example, by resolving the singularity of the integrand at
the pole x = �1, we continue logG(z + 1) to the wider area R(z) > �2:

logG(z+1) =
z(1� z)

2
+z log

p
2�+log(z+1)+

Z z

0
x (x)� 1

x+ 1
dx (17)

Another way to continue (15) into the left half-plane is to use the identity

 (x) =  (�x)� � cot(�x)� 1

x

which upon substituting it into (15) yields

logG(z + 1) = logG(1� z) + z log(2�) �
Z z

0
�x cot(�x) dx (18)

Thos identity holds everywhere in a complex plane of z, except the real
axes, where the integrand has simple poles. Therefore, in a view of (18)
we can continue (15) to C=R�. Note, if z is negative we can still use the
representation (15), but with a contour of integration deformed in such a
way that it does not cross poles.
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For n = 2 and n = 3, the formula (14) yieldsZ z

0
x2  (x) dx = �2 logG3(z + 1) + logG2(z + 1)+

z2� 0(0)� 2z� 0(�1) + z

12
(6z2 � 3z � 1)

Z z

0
x3  (x) dx = 6 logG4(z + 1)� 6 logG3(z + 1) + logG2(z + 1)+

z3� 0(0)� 3z2� 0(�1)3z� 0(�2) + z2

24
(11z2 � 4z � 1)

respectively. The general formula can also be derived. Skipping the technical
details, we have

Proposition 3 Let n be a positive integer and R(z) > �1, then
Z z

0
xn  (x) dx =

n�1X
k=0

(�1)kzn�k
 
n

k

! 
� 0(�k)� Bk+1(z)Hk

k + 1

!
�

nX
k=1

(�1)k k!
(
n

k

)
logGk+1(z + 1) + (�1)nHn

Bn+1 � Bn+1(z)

n + 1

(19)

are
n n
k

o
Stirling numbers of the second kind.

We can resolve the equation (19) with respect to Gk+1(z + 1). In particu-
lar, this leads to the following integral representation for the triple Barnes
function:

2 logG3(z + 1) =
Z z

0
x(1� x) (x) dx +

z

12
(6z2 � 9z + 5)�

z(1� z) � 0(0)� 2z � 0(�1)
(20)

and for the quadruple Barnes function

6 logG4(z + 1) =
Z z

0
x(1� x)(2� x) (x)dx� z

24
(11z3 � 40z2 + 41z � 18)�

z(1� z)(2� z)� 0(0)� 3z(2� z)� 0(�1)� 3z� 0(�2)
(21)

Formulas (20) and (21) are suitable for numeric computation of G3(z) and
G4(z) for any z 2 C=R�.
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Figure 1: The Barnes function

7 Implementation remarks

We have presented here many available results on the Barnes function as
well as new results on numeric and symbolic computations. In this section
we discuss a numeric computational scheme for the Barnes G function. The
integral representation via polygamma functions considered in the previous
section seems to be an eÆcient numeric procedure for evaluating G function.
Based on (15) (or (16)), we de�ne the double Barnes function G(z) = G2(z)
as

G(z) = (2�)
z�1

2 exp

 
�(z � 1)(z � 2)

2
+
Z z�1

0
x (x)dx

!
(22)

This representation is valid for z 2 C=R�. If z is a negative real, we have

G(�n) = 0; n 2 N

G(z) = (2�)
z�1

2 exp
�
� (z � 1)(z � 2)

2
+
Z


x (x) dx

�
; n 2 R�

(23)

where the contour of integration 
 is a path between 0 and z � 1 that does
not cross the negative real axis; for example, 
 could be the following path:
f0; i; i+ z� 1; z� 1g. Another method of de�ning the Barnes G function for
negative reals is to use the formula (6). This gives

G(�z) = (�1)bz=2c�1G(z + 2)
���sin(�z)

�

���z+1 exp � 1

2�
Cl2(2�(z � bzc))

�
(24)
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Figure 2: The logarithm of G

where bzc is the 
oor function, and Cl2(z) is the Clausen function. Combi-
nation (22) with (24), de�nes the Barnes function everywhere in C. Figure
1 shows the graphic of G on the interval (-3, 3).

In a similar manner, taking into consideration the formulas (20) and (21),
we can de�ne G3 and G4 respectively.

There are many applications, particularly in number theory, where the
logarithm of the Barnes function often appears. However, because of a branch
cut of logarithm, the function log(G(z)) includes spurious discontinuities for
complex argument. The graphic of Im(log(G(2 � iy))), where y 2 f0; 8g
shown in Figure 2 indicates such discontinuities. Therefore, we shall de�ne
an additonal function logG(z) (the logarithm of the Barnes function, similar
to LogGamma, in some systems) which is an analytic function throughout
the complex z plane

logG(z) = �(z � 1)(z � 2)

2
+
z � 1

2
log(2�) +

Z z�1

0
x (x) dx

If z is a negative real, we understand the path of integration as in (23).

References

[1] Adamchik, V. S. A class of logarithmic integrals. In Proc. of ISSAC'97
(1997), pp. 1{8.

13



[2] Adamchik, V. S. Polygamma functions of negative order. J. Comp.
and Appl. Math 100 (1998), 191{199.

[3] Adamchik, V. S., and Srivastava, H. M. Some series of the zeta
and related functions. Analysis (1998), 131{144.

[4] Alexeiewsky, W. Ueber eine classe von functionen, die der gamma-
function analog sind. Weidmanncshe Buchhandluns 46 (1894), 268{275.

[5] Barnes, E. W. The theory of the G-�nction. Quart. J. Math. 31
(1899), 264{314.

[6] Barnes, E. W. Genesis of the double gamma function. Proc. London
Math. Soc. 31 (1900), 358{381.

[7] Barnes, E. W. Genesis of the double gamma function. Philos. Trans.
Roy. Soc. London ser. A (1901), 265{388.

[8] Barnes, E. W. On the theory of the multiple gamma function. Trans.
Cambridge Philos. Soc. 19 (1904), 374{425.

[9] Choi, J., and Srivastava, H. M. Certain classes of series involving
the zeta function. J. Math. Anal. and Appl. 231 (1999), 91{117.

[10] Choi, J., Srivastava, H. M., and J.R.Quine. Some series involving
the zeta function. Bull. Austral. Math. Soc. 51 (1995), 383{393.

[11] Glaisher, J. W. L. On a numerical continued product. Messenger of
Math. 6 (1877), 71{76.

[12] Kinkelin. Ueber eine mit der gammafunction verwandte transcendente
und deren anwendung auf die integralrechnung. J.Reine Angew.Math.
57 (1860), 122{158.

[13] Kumagai, H. Determinant of the Laplacian on the n-sphere. Acta
Arithmetica 91, 3 (1999), 199{208.

[14] Matsumoto, K. Asymptotic series for double zeta, double gamma,
and Hecke L-functions. Math. Proc. Cambridge Philos. Soc. 123 (1998),
385{405.

14



[15] Miller, J., and Adamchik, V. S. Derivatives of the Hurwitz zeta
function for rational arguments. J. Comp. and Appl. Math. 100 (1998),
201{206.

[16] Vardi, I. Determinants of Laplacians and multipe gamma functions.
SIAM J.Math.Anal 19 (1988), 493{507.

[17] Vign�eras, M. F. L`�equation fonctionelle de la fonction zêta de Selberg
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