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Abstract. A class of definite integrals involving cyclotomic polynomials and nested
logarithms is considered. The results are given in terms of derivatives of the Hur-
witz Zeta function. Some special cases for which such derivatives can be expressed
in closed form are also considered. The integration procedure is implemented in

Mathematica V3.1.

1 Introduction

The aim of the paper is to develop an approach for evaluating a class of integrals
involved cyclotomic polynomials and the nested logarithms loglog . This class of
integrals arose from the research regarding the Potts model on the triangular lattice
(see [1], [2]). The Potts model encompasses a number of problems in statistical
physics and lattice theory. It generalizes the Ising model so that each spin can have
more than two values. It includes the ice-vertex and bond percolation models as
special cases. It is also related to graph-coloring problems. Baxter, Temperley and
Ashley (see [3]) derived the following generating function for the Potts model on the
triangular lattice:

< sinh((7 — y)x) sinh(zyTw)
0 x sinh(xx) cosh(yx)

Py(y) =3 da (1)

Performing a logarithmic substitution, the integral can be rewritten in the ”alge-

braic” form:
1 Z—y—l(l _ ZZy)(Z?nr _ ZSy)

Pi(y) = /0 (1= 227)(1 + 2%)log(z) dz

Although it isn’t known whether the function Ps(y) has a closed-form expression for

all values of y, it can be evaluated explicitly for any y that is a rational multiple of
7. Let y = 7;—17, where p and ¢ are positive integers, then

1 Z—p—l(l — Z2p)(23q — 23p)

Ps(y) = 3/0 (1 + 232)(1 — 237) log(z) dZ




This integral belongs to the more common class of integrals

1 R(z)
/0 log(z)dZ

where R(z) is a rational function. We assume that the integral is convergent. The
above integral can be envisaged in an alternative form. Performing an integration
by parts, we obtain

/01 Q(z)loglog (é)dz (2)

where Q(z) is a rational function. It is not known whether the above integral is
doable for any Q(z). However, if the denominator of Q(z) is a cyclotomic polynomial
then the integral can be always expressed in terms of derivatives of the Hurwitz
Zeta function. Using the Graeffe procedure for determining if a given polynomial
is cyclotomic (see [4]), and then converting a cyclotomic polynomial to the form
1 4+ 2", allows us to reduce the problem of integration of (2) to the following two
classes of integrals:

-1 1l —=a

/01 (lfw log log (é)dw and /01 xP~t (1 — xn)q log log (é)d:p

assuming that p, ¢, and n provide the convergence of the integrals. A few such

integrals (with p = ¢ = 1 and n = 2,3) can be found in Gradzhteyn and Ryzhyk’s
handbook (see [5], pp. 532, 571-572) and in [6].

2 Derivatives of the Hurwitz Zeta Function

It is well-known (see [7]) that

~tog (-2)) )

However, if the first argument of %C (s,z) is not zero no exact formulas were devel-

0
%C(sz)

s=0

oped. In this section we consider the difference of derivatives of the Zeta functions
p p
C/(Svg) _C/(Svl_g) (4)

where ('(s, z) for ease of notation denotes %C(S, z) and p and ¢ are positive integers,
and show that (4) can be represented in finite terms of other functions. Throughout
the paper we will freely use the notation

(1 PY o P
() —o(ti=7)

for the limit of (4) when s — 1.



Proposition 1 Let p and g be positive integers and p < ¢, then
p ' p
C/ 17_ _C 171__ =
(1.0 -c(u1-Y
. ()
Zij)
q

7 cot ( . )(log(Zﬂ'q) +v)—2x Zlog ( (é)) sin (

Proof. The identity (5) follows straightforwardly from Rademacher’s formula (see

[8]):

C(Z,g) =2, (1 —2)(27q)" Zs (n-z Qjé?ﬂ)C(l—z,é) (6)

by differentiating it with respect to z and then setting z to 1. We have
p ' p
C/ 17_ _C 171__ =
(1) - e1-2)

27 (log(27q) + ) Zq: sin (ijﬂ-)f((), jg) — 27 Zq: sin (ijﬂ-)fl (0, ]—)

Taking into account (3) along with

1
C(O,Z) = 5_2

q 9
Z sin ( ]pﬂ-) =0
=1 q
Zq:jsin (ijﬂ) — T ot (}E) p<gq
j:l q 2 q ’
we arrive at the identity (5). QED.
The proposition was first proved by G. Almkvist and A. Meurman [9].

Let us consider several particular cases:

C/(lv l) _ C’(L §) = 71-(7 + 4log(2) + 3log(w) — 4log (’ (i))) (7)

4 4
o I 2y w(2y —log(3) + 8log(27) — 121og (, (4
5(1,5)_5(1,§): (27 —log(3) 2%) g( (3) @)
! D 7 (67 + log(314928) — 12log (, (£)) + 24log (, (2
5(1,8)_5(1,6): (67 + log( ) zﬂg(()) g( (3) ()
(1) = (1,3) = loa(2)(2 + lox(2) + Blos(3))+
(10)

%(27 +log (%) + 8 log(2r) — 12log (, (%)))



Proposition 2 Let n be a positive integer and 0 < x < 1, then

/ n e . -Bn-l-l(x) —”;J n! . 2mix
((=n2) + (=1)""(=n,1 —2) = T e —(%)nLlnH(e ) (A1)

Proof. From Lerch’s transformation formula for the function ®(z,s,v) (see [7]):
D(z,5,0) =iz7"(2x)""", (1 — )
(e_%”isq)(e_%”,l —3 log(z)) _ eri(§+2v)q)(e2mv71 _ S,l _ logﬂzl))

27 27

2wz

with v =0, s =1 — s, and z = e*™", we obtain

(ot =) e (s,2) = 2T

Lij_ (™) (12)

, |\ S

where we assume that 0 < = < 1 and s is real. Differentiating the functional
equation (12) with respect to s, setting s to —n , where n is a positive integer, and
making use of

fi, Sy =
((=n,) = ——B;j(f )

where B, 11(x) denotes the Bernoulli polynomials, we complete the proof. QED.

The identity (11) can be rewritten in the alternative form by means of the
Clausen function that is defined by

R(Li,(e7*)), nisodd

—3(Lin(e7)), niseven

() = {
Hence we have the following

Corollary 1 Let n be a positive integer and 0 < x < 1, then

(=)t

)+ (1) ¢l =) = = Clun (257) (13)

where || is the floor function.

The following identities pop up immediately from (11):

, N 3. G
(-1 -e(-1.Y -2




where (7 is Catalan’s constant (see [7] and [10]). Moreover, using the multiplication
property of the Zeta function

k—1

(s, kz)=k"* ZC(S Z—I—k)

=0

and the Proposition 2 (or Rademacher’s formula (6)), one can easily deduce that

A AU
C(-17) = L) (15)
¢(=1.g) =B - 5o an

(-1 %) = _10%3) + 187:/§ N 123/% - %C/(_l) (18)
g'(—1,%):—%——é( 1) (19)

: by _log(12) & Y'(3)
C(_l’é)_ EYERETV: 8\/_7r+ C( b (20)

Remark1. The special case of (11) when n = 1 was also obtained by W. Gosper
(see [11]).
Remark2. Notice that, ('(—1) is related to Glaisher’s constant A (see [12]) as

1

((~1) = = ~ log(4)

3 Integrals

Proposition 3 Let R(p) > 0 and R(n) > 0, then

1 pp-l 1
/0 T2 log log (;)d:p =

v +log(2n)  p
T(¢(%) —(

n+p Lo, p e
L)) (1 ) = 1, TE)

where ('(s,z) denotes —C(S z).



Proof. We shall proceed with the well-known identity

\ 1 -1 )k
= 22
/(J)\—I—:L'” Z)\knk—l—p) (22)
Differentiating both sides of (22) ¢ times with respect to p, we obtain
Lt gl (¢) & (1)
log" ' (=)dx = 2
o Atan o (D)dr == ,;))\k(kn—l-p)q (23)

Differentiating both sides of the new identity (23) with respect to ¢ and then setting
g = 1, we find that

P! 1 & (—1)k10g(kn—|—p)
log 1 d _—/ - 24
/)\—I—:z; oglog (T)dr == | —de )\; (ke + p) (24)

Now we consider the limiting case A — 1. It is clear that the infinite sum in the right-

hand side of (24) is divergent when A = 1. However, the sum can be analytically
continued to the whole complex plane of the parameter A by means of the Lerch
function. We have

< (=1)" log(kn + p) 9 (=) D B(— 1,52

> =—lim— ) ————~—— = —lim—

A
= AM(kn+p) s—10s = A(kn + p) s—10s n?

Hence, when A tends to 1, we obtain

oy > ) log(kn +p) _ (e ek )

A—1 )\k kn + p) s—>183 (2n)°
since |
Py _ 9-s Py R
(=1, ) =27(((s,5) = (s 5+ 5-)
Thus,

1 gp-1 1 g1 d (((s, ) —((s 14 L)
1 1 d — _ d 1 _ ? 2n 22 2n
/0 1+2 8 og( ) = o 1+2 x—l_sl—{rllas( (2n)°

Performing further evaluations and taking into account the asymptotic expansion

((s,n) = =y —(n) +((s),s > 1
we finally arrive at (21). QED.

Note if £ is a positive integer, then the right-hand side of (21) can be expressed
in terms of elementary functions. Let p = nr , r € N, then

/01 1:1;7:; log log ( )d:z; =

o ((log(20) + 1) (00 — v (TE)) ¢ Dy - (1.7 )

(25)




Now making use of the following reduction formulas

and the identity

C(15) = C(11) = (log(2) +7)log(4) — log"(2)

it is easy to see that the right-hand side of (25) can be transformed to the combi-
nation of logarithmic functions. Thus,

Corollary 2 If p=n and R(n) > 0, then

1ognd 1 log(2) log(2n?)
/0 Ty log log (;) de = — o (26)

Corollary 3 If p =2n and R(n) > 0, then

2n—1

g 1 _log?(2) + 2(log(2) — 1) log(n) — 2y
/0 T log log (;)d:p = o (27)

Here we consider several particular integrals.

o1 1
3.1/0 T2 log log (;)d:p

From (21) with p =1 and n = 2, we obtain

o1 1
/0 T2 log log (;)d:p =

R o) - () + 50D - 05)

By means of (7), we have

/011—::1;2 loglog(l)d:p:glog (M) (28)

Lo 1
3.2/0 1+x4loglog (;)d:p



Taking p = 2 and n =4 in (21), we have

/oll—l—x loglog( )d:z;—

| 3w 1., 1y L. 3
§<10g<8> +(e(y) — o)) + gty —¢(1.7)
Using the identity (7), we obtain
) )

/01 i loglog (1)d = Tlog (\Qi)

o1 1
T2 log log (;)d:p
From (21) with p =1 and n = 3, we obtain
/01 1—|—1 310g10g( )d:z;—
Lo +1(6(2) — (D) + 20D - c1.2)

Performing further simplifications and using the formula (10), we find that

/011 ! loglog( )d:z;—

3.3

30
) o (§) B 7(log(h4) — 8log(27) 4 121log (, (%))) (30)
6 513 63
1 1
3.4 A ﬁloglog( )dl’
We observe that a given integral can be rewritten as
L 1
L 1
/0 T2 log log d:z; —I—/ g log log (;)d:p
Applying Proposition 2 twice, we obtam
1 1 1
fy Tmerte () =
1 ’ 1 ’ 2 ’ 1 / 5 47‘(’(10g(6) + 7)
Then taking into account formulas (8) and (9), we finally find that
v 1\ n(3log(2r) — 6log(, (1))
loglog (=) dx = ¢ 1
/Ol_HxQogog()x 373 (31)



Proposition 4 Let R(p) > 0 and ?R(n) > 1, then

L P pt1
[ g log (=) de = (log(n) + 7)((2) — ()¢
(32)
Lo p p+1
(1.2 BT
(¢, ) =)
where ('(s,z) denotes %C(S,Z).
If n =1, then the formula (32) simplifies to
1 1 1
/ 2"~ log log (—)d:z; = _log(p) +7 (33)
0 x p
Proof. We observe that
1 —x > 1 > 1
)\/ p-l dr =) ——— — 34
ox )\—:L'”x ,;J)\k(nk—l—p) ,;J)\k(nk—l—p—l—l) (34)
since - OO .
T
)\/ —dr =Y ———
A— " v )\k(nk—l—p)
Differentiating both sides of (34) ¢ times Wlth respect to p, we obtain
1 IN1—=
“1pog—1 _
/0 2P log! (;))\_xndx— -
- - 35
, (9) 3 1 . (9) 5 1
A= Mk + p)? A M (kn+p+1)°
Differentiating (35) with respect to ¢ and setting ¢ = 1, we find that
1 1 —x 1
-1 .
‘/0 z? m log log (—)d(E =
(36)

B /1 1 1—2a 1 & log(kn + p) lilog(kn—l—p—l—l)
K TAEN(ntp)  NE= Ne(nt+ptl)

The infinite sums in the right side of (36) can be represented in terms of the Lerch

function. We have

—lim— _— = —lim—

: Ne(kn + p)  s—10s = Ne(kn + p)° s—10s ns
Therefore, setting A = 1, we obtain

f: (10g(kn +p+ 1) . log(kn + p)) _ —hmg (C(Sv T) C(Sv 5))

o~ log(kn + p) L0 & 1 0 05,5, 2)
S _ A

im0 kn+p+l kn + p s Yy =
%(bg(n)(@b(%) —u(* : D)+ e B—¢(1,k : S)



since

and
((sm) = 1 — () 4 C(s)os — 1
Thus,
/1 P! Lty log log (l)dx = —5 b (1 —a)da+
0 1 —an x o 1l—an
"tos(m (w(B) — (P w00, Dy - (1,25

Evaluating the elementary integral,

A Y (AL el

1 —an n n n

we complete the proof. QED.

Here are some particular cases.
1

1 1
3.5 — loglog (—)d
o 14 a4+ a? ogog(x)x

Since

1 1 1 1'l—= 1
fy Traaetorten () = [ T toston (3) s

then from (32) with p = 1 and n = 3, we have

to 1 1 m(log(3) +7) (L 3) = (1, 3)
————loglog {—)dax = — ! !
/o 14+ 2+ 22 ogog(x)x 3V3 + 3

Hence, by virtue of (8)

1 1 1 — 3log(3) + 8log(27) — 121 1
[ togtog (1) = T 3lo8l3) 4 Slos(2) - 12lex (1)
o 1+ x+ z2 T

63
1 z 1
3.6 log 1 —)d
o l+ax+22+23+ 2425 8 Og(x) *
In view of
1 x 1 (1 —a)x 1
log log (=) d :/71 log (=) d
/()1—|—:1;—|—:1;2—|—:1;3—|—:1;4 ogog(x)x o 1—ab ogog(x)x

from (32) with p = 2 and n = 5, it follows that

1 T |
/0 1—|—x—|—x2_|_x3_|_$410g10g(;)d$:
1 2 3 2 3
((toz(3) + (8 (3) — v () +¢(1.5) - ¢(1.2))

10



Applying Proposition 1, we obtain

1 z 1
log 1 —)dx =
/(Jl—l—:l;—l—:l;2+:1;3—|— 40g0g(:1;)

7 (o (%) tostem) — 2o (5 ) sin () + 2108 (=3 ) in () )

 (5)
Proposition 5 Let R(p) > 0 and R(n) > 0, then

[

SN

1 p-l 1 — log(2 Py qh( R
L2 gt (L) = o oson) (0 o352
o (14az") z 2n?
1 » (52) (n—p) p n+p
— [y + log(2n) — 21 2 a2 —¢n
g [0+ stz = 2108 (1)) 4 e £ - 0.2t
(38)
where ('(s,z) denotes %C(S,Z)
If p=n, then
1 gl 1 1 2n
Proof. Differentiating both sides of (24) with respect to A, we obtain
1 Pl 1
———loglog (—)dx =
/0 ()\—I—:L'”)2 08708 (:1;) .
(40)

/1 A I (=1)F(k + 1) log(kn + p)
VY e N
T (x e Ne(kn + p)

We express the infinite sum in the left-hand side of (40) by means of the Lerch
function

= (=D (k+ Dlog(kn+p) . 9 & (=D (k+1)
,;) Me(kn + p) o _ll—{rllas ];) Me(kn +p)®

tim (2 e~ 1s ) (- 1o 1))

Therefore, the limiting value of the sum when A\ approaches 1 is

Mk + 1) log(kn +p) _
%E%Z Me(kn + p)
log(2n)  (n—p)log(2n), n+p P
20) | (=P8 MRy L
1 n n— n
g(g’(o,%) —¢'(0, %)) + an(c’(l, ;;p) —C’(l,%))

11



Then taking into account the identity (3) and

| (ip;)m = 5+ e ()

we arrive at (38). QED.

Here are a few nice-looking integrals that follow immediately from the above
proposition

41
/0 1 ﬁlog log (é)d:p _ .
i) e ()
A T ol (2)de = .
-2 p1og (22) 4 B (slostzn) — olos . (7))
Proposition 6 Let R(p) > 0 and R(n) > 0, then
/01 ﬁlog log (é)d:p _
(on— 2p)§2§(2n) ) 3n2;22p s (((zip))) N
(n — p)(2n —4}23(10g(2n)—|—7)(¢(%) _¢(n2—|7;p))+ (44)
RO SR SRS}

(n—p)2n—p) ., P oo D
3 ('L 57) = ¢l = =)

If p=n, then

1 n—1 1 —10loe(2) — 91 ] Qe (1
/ L loglog (=) dx = 0log(2) —9log(n) 4 6log(m) — 9y — 36¢'(—1)
o (1+27) z 24n

(45)

12



Proof. The proof is similar to that for Proposition 5. QED.

The following integrals follow immediately from (44):

tvE _ G 2y, (3)
1 1 1
;e ostes () =
(47)

1
o ( — 161og(2) 4 37 log(27) + 86 _ 8y 4 2(37 — 8)log (’
™

2/ (1 — 622 —I_w)loglog( )d:z;_4 /OOsech( z)tanh(z )dz—G (15)

z

Let us COHSlder the particular case of the generating function for the Potts model
on the triangular lattice when y = Z.
described in [2]. From (1) we have

T 00 tanh(x)
P3(§) =9 /0 x (1 —2 cosh(2 x))de (49)

Originally the integral was calculated by R.J. Baxter (see [3]) by using the Fourier
analysis and the residue theorem.

Other special cases of the integral (1) are

Performing an exponential substitution and then integrating a correspondent
integral one time by parts, we transform (49) to

T ez (14a) (1 —x—a?—2°+ 2
PG =6 [ Ty

2
Finally, applying Proposition 6, we find that

P3(g) _ —2 \/gﬂ'? — 37761(7)Tg(3) T ﬂ¢/(g)

1
log log(—) dx
T
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