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Abstract

The authors aim at deriving a family of series representations for ((2n + 1)(n € N)
by evaluating certain trigonometric integrals in several different ways. They also
show how the results presented in this paper relate to those that were obtained in
other works. Finally, some illustrative computational examples, using Mathematica
(Version 4.0) for Linux, are considered.

1. Introduction

The Riemann Zeta function ((s) and the Hurwitz (generalized) Zeta function ((s,a), which are

defined usually by
> 1 1 * 1
S 1
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2 THE RIEMANN ZETA FUNCTION

and
— 1
((s,a):= ngom (R(s) >1; a#0,-1,-2,...), (1.2)

can indeed be extended meromorphically to the whole complex s-plane except for a simple pole at
s =1 with residue 1 (see, for details, Titchmarsh [23]). It is easily seen from (1.1) and (1.2) that

C(s,1) =C(s) = (28 =1) ¢ (s,3) and ((s,2) =((s) — 1. (1.3)

In recent years there has been a renewed interest in representing ((2n + 1) (n € N), N being the
set of positive integers, by menas of series which converge more rapidly than the defining series in
(1.1). These developments seem to have stemmed from the use of the familiar series representation
(see, e.g., Hjortnaes [14] and Gosper [11]):

(1.4)

in Apéry’s proof [2] of the irrationality of ((3), as well as from Ewell’s yet another rediscovery [8]
of Euler’s formula (see, e.g., Ayoub [3, pp. 1084-1085]; see also Ramaswami [19] and Srivastava [20,
p. 7, Equation (2.23)]):

2k)

0 i o (15)
T 2 2k + 1)(2k + 22 ‘

The works of (among others) Ewell [9], Dabrowski [7], Zhang and Williams [24], Cvijovi¢ and
Klinowski [6], and Srivastava ([21] and [22]) may be cited in connection with the aforementioned
developments.

The main object of this paper is to derive a family of series representations for ((2n+1) (n € N)
by evaluating certain trigonometric integrals in several different ways and to show how the results
presented here relate to those that were obtained in other works. We also consider some illustrative
computational examples by using Mathematica (Version 4.0) for Linux.

2. A Cosecant Integral and Its Consequences

We begin by considering the cosecant integral:
T/ w
To(w) := / thescitdt  (R(s)>1; w>1), (2.1)
0

which, upon integration by parts, readily yields

Z(w) = — (z)s cot (ﬁ) + S/OW/w 5= cot t dt (2.2)

w w

R(s)>1; w>1).
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The cotangent integral in (2.2) can, in fact, be evaluated in several different ways. First of all,
since (cf., e.g., Magnus et al. [17, p. 36])

sootz = —250:@(%) (%)Z'c (2] < ), (2.3)
k=0
we find from (2.2) that
Lw) == (3) eot (T) ~2s (g)s_l g) G+ §l£2f)1)w2k (24)

R(s)>1; w>1).

In its special case when w = 2, the integral formula (2.4) reduces immediately to the form:

2 m\slon  ((2K)
s 2 = _9 - 2.
/0 t¥ csc” tdt s(2> kzz(](3+2k_1)22k (2.5)

(R(s) > 1),

which, for s € N\ {1}, appears in the works of (for example) Glasser [10, p. 446, Equation (11)]
and Prudnikov et al. [18, p. 388, Entry (2.5.4.6)] (see also Gradshteyn and Ryzhik [12, p. 418,
Entry 3.748(2)]). Furthermore, if we set w =4 in (2.4), we shall readily obtain the special case:

/OW/4 ts CSCZ bdt = — (£>s — 2 (%)s_l i (5 + gl(g2f)1)42k (2'6)

k=0

(R(s) > 1),

which, for s € N\ {1}, is recorded (among other places) in Prudnikov et al. [18, p. 388, Entry
(2.5.4.1)] (see also Gradshteyn and Ryzhik [12, p. 418, Entry 3.748(3)]).
The integral formula (2.4) also simplifies when w = 3 and w = 6, giving us the following special

| m/3 NS 7y s—1 X
/0 t5csc? tdt = —% (g) — 2s (g) ' kzo 5+ gl(ff)l):}% (2.7)
(R(s) > 1)
and
/6 s T\~ T\ 51— C(2k)
/0 tSesc? tdt = —V/3 (E) g 2s (E) ' 2 (5 + 2k — 1)6%F (2.8)
(R(s) > 1),

which do not seem to have been recorded earlier.
Next, in terms of the incomplete Gamma function 7(z, «) defined by

«
v(z, @) ::/0 et dt (2.9)
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(R(z) >0; Jarg()|]Sm—e; O0<e<m),

it is easily seen that

/ e dt =t y(\ pur) (RN > 0). (2.10)
0
Thus, by writing
. 2 . —
and making use of (2.10), it is not difficult to deduce from ( 2) that
(T B (s —2k7rz/w)
T,(w) = (w) [cot ( ) +i] - 2is Z i) (2.12)

(R(s) >1; w>1).
Setting s = 2n (n € N) and noting that (cf., e.g., [12, p. 940, Entry 8.532(1)]

yim+1,a) = i | (me Ny :=NU{0}), (2.13)
i=0 7

(2.12) yields the integral formula:

() = — (5)2" cot (g) (2n)! (w>2n 1 [ L 'gcos 2km /w)

(—1)7 2j o cos(2km /w)
+Zm () ;T

- —1)/ w \ 2i—1 o= sin(2km /w
+Zﬁ (ﬂ) ] Z% (2.14)
J=1 k=1
meN, w>1),

it being assumed here, and throughout this paper, that an empty sum is (as usual) nil. On the
other hand, if we set s =2n + 1 (n € N) in (2.12) and apply the reduction formula (2.13), we shall

obtain
Toun@) == (Z) ot (Z) + (<1 22 e 1)

w w 22n
>\ cos 2k7r/w "L (—1)) W\ 2
— @n+ 1) ( ) 'Z +Z(2n—2j)! (%)
k=1 j=1
2L cos(2km/w) (1) w \2—1 o= sin(2k7/w)
kzl rE R ; (2n — 25 4 1)! (%) L (2.15)

(melN; w>1).
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Since (cf., e.g., [13, p. 239, Entry 17.2.5)] with y = 0)

i@ = —log [2 sin (%:1:)] (0 <z < 2m), (2.16)

in terms of the generalized Clausen functions Cly, and Cly,; defined by (¢f. Lewin [16, p. 191,
Equations (7.9) and (7.10)])

>, sin(kz >\ cos(kx)
Clop(x E k2n and Clopiq(x) := E ot (n € N), (2.17)
k=1 k=1

it is easily seen from our evaluations (2.4), (2.14), and (2.15) that

]; 2k+2n—1) —%log [2sin(g>}
n—1 i
n_l [Z 2n—2]—1 (2) CEZJ"H <2ﬂ->
+g(27g%302jj)!<%>2j1 Chr, (25)] (2.18)

meN, w>1)

and

DL IR U G PTIS P PN
(2k —)— 2n Jw 2 T 5 "

k:O
+ (2;)! Jil (2n (__21]):‘ 0! (%)Zj [(% A A0k (2:> i %ﬁ%‘j <2§>]

(2.19)

mnelN; w>1).

In its special case when n = 1, (2.18) would readily yield a known result [13, p. 356, Entry
(54.5.4)] in the form:

> g = el (D) e (T) wono em

k:U

Moreover, since [16, pp. 103-104, Equations (4.14) and (4.15)]

Cly (%) _G=—Cly @w) , (2.21)
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where G denotes Catalan’s constant defined by

= —_— = — log |2 —t)|dt
“ ; k+12 - Jy B2
= 0.915965594177219015..., (2.22)

4
by setting w =4 and w = 3 in (2.20), we obtain its further special cases:

o
C(2) G 1
kzo @k 04 ~ g 182 (2.23)
and

o0 2k

C(2k) (3 G 1
Z2k(+)1< ) =5 —7log?2 (2.24)
k=

in terms of the Catalan constant G defined by (2.22).

3. Series Representations for ((2n + 1)

In every situation in which the Clausen functions Cly,(z) and Cls,1(x) can be expressed in
closed forms, each of our formulas (2.18) and (2.19) will readily yield a series representation for
¢((2n+1) (n € N). We begin by considering the following rather simple special case.

Case 1. Let w =2. It immediately follows from the definitions (1.1) and (2.17) that
Clop(r) =0 and Cloyii(m) = (272" —1)¢(2n+1) (n€N). (3.1)
Thus the formulas (2.18) and (2.19) yield the series representations:

(27T)2n

C(2n + 1) = (_1)n—1 (2n + 1)! (22n _

log2+2z 2k—|—2n+ 1)22k

n—1 o y 29 o
+(2n +1)! ; = (_ ;j); 5 <2(2J7r)2j1> C2j+1)| meN (3.2
and
2m)2n > 2k
C(n 1) = ()" e o2+ 2. e

n—1 _1\j 2j
ren Y 1)3.)! (2(2‘;)2].1>g(zj+1)] (neN), (3.3)

respectively.
For n =1, (3.2) immediately reduces to the following series representation for {(3):

((3) = <1og2+2z T 2%) (3.4)



THE RIEMANN ZETA FUNCTION 7

which was proven independently by (among others) Glasser [10, p. 446, Equation (12)], Zhang and
Williams [24, p. 1585, Equation (2.13)], and Dabrowski [7, p. 206] (see also Chen and Srivastava
[5, p. 183, Equation (2.15)]). And a special case of (3.3) when n =1 yields (¢f. Dabrowski [7, p.
202]; see also Chen and Srivastava [5, p. 191, Equation (3.19)])

o0

7.‘_2
c(3) = 27 <10g2 + kz %) . (3.5)
=0

In view of the known sum:

=~ ((2k) 1
kzzo @k + )2k - 38 (3.6)

which incidentally results also from (2.18) in the special case when w = 2 and n = 1, Euler’s
formula (1.5) is indeed a simple consequence of (3.5).

We remark in passing that an integral representation for {(2n + 1), which is easily seen to be
equivalent to the series representation (3.3), was given by Dabrowski [7, p. 203, Equation (16)],
who [7, p. 206] mentioned the existence of (but did not fully state) the series representation (3.2)
as well. The series representation (3.3) is derived also in a forthcoming paper by Borwein et al.
(cf. [4, Equation (57)]).

The generalized Clausen function Clgy41(z) defined in (2.17) is known to be expressible in a
closed form in at least three other cases, and we have (cf. Lewin [16, p. 198])

1
Clopi1 (§7r> =272t (1-27)¢(2n +1) (n€N), (3.7)
1 1 —2n —2n
Clopi1 37) =5 (1-27"")(1-37"")¢(2n+1) (n€EN), (3.8)
and
2 1 —om
Clonr (57) = =5 (1=37")¢n+1) (neN). (3.9)
With a view to evaluating the generalized Clausen function Cly,(z), also defined in (2.17), when
1 1 2
T =5, §7r, and §7r,

we recall the following result recorded (for example) by Hansen [13, p. 223, Entry (14.4.3)]:

o0

Z Sin(k]js+ y) _ ;2; csc(ms) [cos (y — %WS> ¢ (1 — s, %)

k=1
—cos <y + %ws) ¢ (1 —s, 1— %)] (3.10)
(R(s) >1; 0<z<2m),

which, for

g=Z (w>1) and y =0,
w
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reduces at once to the form:

0 8o (1) oo ) (D) o

k=1

(R(s) >1; w>1).
Now, making use of the identity:

q—1

L (s D) wemap, (3.12)

j=1

which follows readily from the definitions (1.1) and (1.2), the Rademacher formula (cf., e.g., Magnus
et al. [17, p. 23]):

g(s,g) 201 — 8)(2gm)- {( ) o (257) (1)

1 1 2pgm
+ cos (§7r5> Zsin <Tj>

Jj=1

e
/N
—
|
»
Q.
——
|
<
S
m
Z
w
—
N

as well as the familiar special case of (3.13) when p =¢ = 1:

¢(6) = 2(20)*sin (s ) 71 = 91001~ ) (3.14)
or, equivalently,
(1= 5) = 2(27)" cos (%ws) I'(5)C(s), (3.15)
we find from (3.11) and the relevant definition in (2.17) that
Clap (%w) = gl-dng <2n, i) —(1=272")¢(2n) (n€N), (3.16)
Cloy, <%7r> =3 [62” {g (2n, %) +¢ (2n, %)} — #g(m] (n € N), (3.17)
and
Clon <§7r> = [32% <2n, %) - #C(Zn)] (neN), (3.18)

in which each {(2n) can be replaced by its value in terms of the Bernoulli numbers By, by appealing
to the well-known relationship (cf., e.g., [17, p. 19]):

T 2n
¢(2n) = (—1)"“%3% (neNy). (3.19)



THE RIEMANN ZETA FUNCTION 9

Much more general trigonometric sums than the ones involved in (3.7) to (3.9) and (3.16) to (3.18)
can also be evaluated by applying the aforementioned technique or (alternatively) by appealing
appropriately to the elementary series identity:

S k) =D flagk+34) (€N (3.20)

k=1 j=1 k=0

and its straightforward consequence (3.12). Thus, for example, we can derive a generalization of
(3.7) in the form:

> cos(%lm) L -
S =2t (120 K(s) (R(s) > 1), (3.21)

which immediately yields (3.7) in the special case when s = 2n+1 (n € N). Analogous generaliza-
tions of the remaining evaluations of the Clausen functions Clsy,11(z) and Cla,(z) can be derived
similarly; we choose to skip the details involved.

In view of the evaluations (3.7) to (3.9) and (3.16) to (3.18), we are led easily to the following
additional special cases of our general results (2.18) and (2.19).

Case 2. Let w = 3. Then, making use of (3.9) and (3.18) in each of our formulas (2.18) and
(2.19), we obtain the series representations:

(27r)2n
(2n + 1)1 (3% —

—  (=1) 32 — 1
— (2n —2j + 1)! ( (2m)%

(@2n+1)=(-1)""!

1°g3+4z 2k+2n+1 32k

)C(2j+1)

_(ml)ﬂzﬂ( () 2@5) - (Y -10C@) |y (3.22)

V3 « (2n —2j +2)! (2m)2—1
and

(27r)2n
(2n)! (32741 —

_ n—1
C@2n+1) = (-1) log3+2z k+n32k

R VNS | ,
+ (2n)! > (27(1_)%)! ((27r)2j ) (25 +1)

>
1
(%)!2”: (=17 2¢(24,5) — (3% —1) ¢(2))

] G (neN). (3.23)

j=1
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In particular, when n = 1, (3.22) and (3.23) yield the following (presumably new) series represen-
tations for ((3) :

w° ¢(2 )
B =3 l°g3+4z (2k + 3)32
2 1 2j .
HIZ = ;J 2 (2,7,3)(27T()?;jﬂ1 1) ¢(24) (3.24)
and
B R < 1
C(3) = L g3+2k220 s )3 + -7 {g (2,3) 4§(2)}] . (3.25)

Case 3. Let w =4. Then, by applying the evaluations (3.7) and (3.16) in each of our formulas
(2.18) and (2.19), we obtain the series representations:

(27T)2n
(2n 4+ 1)1 (22" —

n—1 :
(—1)J 227 —1 ,
+ (2n + 1)! Jz::l G5 71 ( ) ) C(27 +1)

w1 i) -2 (2 ) C(Qj)}

¢2n+1) = (-1)"!

1°g2+4z 2k+2n+1 %%

(n € N) (3.26)

—(2n +1)! .
m ; 2n—2j+2) (2m)% 1

and

(27r)2n
(2n) (24n+1 +22n _ )

n-l 1)7 2j _
(2n) 'Z n_2j (22 2 1>§(2j+1)
j=1

S ()T (2 ) — 2P (2% - 1)¢(29)
_(2”)!;(2n—2j+1)! B ]

log2—i—22M

(@n+1) = (-1 T

(n €N). (3.27)

In their special cases when n = 1, (3.26) and (3.27) yield the following (presumably new) series
representations for ((3):

(2k)
log2+4z ) 2

(=2

2 (—1)t ¢ (2 221 (2% — 1) ¢(2§
+6]z::1 (4 —2j)! — (2%)21(1 ) (])] (3.28)
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and

¢(3) =

2 o0
T g2+2k220 (kimll;zl% n % {g (2, %) — 6§(2)}] . (3.29)

Case 4. Let w = 6. Then, in view of the evaluations (3.8) and (3.17), our formulas (2.18) and
(2.19) give us the series representations:

¢(2k)

NE

Cnt1)= (-t @D [— -

2 =13 =1) | @n+ 1! (2k+2n+ 1)62*
+%g Al e o )] (3.30)
(neN)
and
(@n+1) = (1" oy 3(22: fna% 1 [(2721)! go C i(ik))@k
A T
e

(n €N)

For n = 1, these last results (3.30) and (3.31) yield the following (presumably new) series
representations for ((3):

o= ((2k)
4(3)——1—8[2Zm

k=0

(3.32)

2 171 ¢ (25, 1) + (24, 1) — 221 (3% — 1) (25
+V§Z o ¢(23.3) + (36()27r)2j_1( )cu)]

and

c(3) = 7;_; [i (kﬁﬁlg)ﬁ% n 2;\/3 {g <2, %) v <2, %) - 16@“(2)}] . (3.33)
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4. An Alternative Derivation of the Series Representation (3.2)

In view of the following known representation of ((s) as a Mellin transform [17, p. 21]:
2571 00 .

= t* sech“tdt (R -1, 1 4.1

) = g [, e (i) > —Ls £ 1), (4.1)

we propose to give here an interesting alternative derivation of the very first of the set of eight series

representations for ((2n + 1) (n € N), which we have presented in the preceding section. Indeed,
from the work of Glasser [10, p. 445, Equation (4) with a — 0], it is known also that

00 tan’l Py 2n w/2
I::/ de:/ 2" csc? tdt
0 0

22

L (log u — im)2"
= (—1)" 21—2n3{/0 %du} (n € N). (4.2)

Now evaluate the cosecant integral in (4.2) by means of the known result (2.5) with s = 2n
(n € N). Thus, setting logu = —2¢, we find from the last member of (4.2) that

i (2k _,_Cg(fbk_) 1)22F = (_i):_l (%) " J {/000 (t + %m) " sech?t dt} (n €N).

k=0

By the binomial expansion, we have

1 2n 2n m . 1 2n—k
(t+ 52%) = Z ( L >t (Em>
k=0
n . n—1 .
. 2n . (T 2n—2] . 2n . e 2n—2]—1
— _1\n—J 27 (2 _ g _1\n—J 2j+1 (2
jz%( 1) <2j>t (2) ZZ( 1) <2j+1>t (2) (4'4)

=0
(n S N[)) ,

where, as also elsewhere in this work, an empty sum in interpreted to be nil. Upon replacing n in
(4.3) by n + 1, and making use of (4.4), we obtain

> C(2k) B 127"‘:(—1)1'—1 2n+ 1\ (2%
£ (2k + 2n 4 1)22% 2 5 2+1 25 I

o0 .
. / t9 7+ sech?tdt  (n €Ny). (4.5)
0

The infinite integral in (4.5) can be evaluated by means of the known result (4.1) except when
J =0, in which case it is easily seen by integrating by parts that (c¢f. [12, p. 353, Entry 3.527(4)])

/ t sech?t dt = ltlim (ttanht — log cosh t) = log 2. (4.6)
0 —00
We thus find from (4.5) that
00 n . 24
C(2k) 1 C(2n 1\ 2 (2% —1) 1
= -3 (~1) A )25+ 1) — < log 2 .

(4.7)
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For n =0, (4.7) immediately yields the known sum (3.6), which (as we observed in the proceding
section) is derivable also from (2.18) for w = 2 and n = 1. More interestingly, just as we indicated
in Section 3, since

1 1 1
2k +1)(2k +2)  2k+1 2k+2’
by suitably combining the series representation (3.5) with (3.6), we can easily deduce Euler’s formula

(1.5). In the case when n € N, by separating the term for j = n in (4.7), we readily obtain the
desired series representation (3.2) in its (obviously equivalent) form:

(27r)2n
(2n 4+ 1)1 (22" —

(4.8)

on +1)=(—1)""1 log 2 + 2
C@n+1)=(-1) g2+ Z 2k+2n+122k

n—1 . 2j
3y (2”2; 1) %g 2i+1)| (men. (4.9)
7=1

5. A Unification of the Series Evaluations (2.18) and (2.19)

With a view to unifying the series evaluations (2.18) and (2.19), we begin by considering the
formulas (2.2) and (2.4), which readily yield the following representation:

o > C(2k) o 1 » mt
Sp = 2 Ok + ) 2w tP cot - dt (5.1)

PeN; |w>1),

where, for the purpose of this section, we have only considered a special case when s = p+1 (p € N).
Now change the variable of integration in (5.1) by letting

)

t= o log z.
Since
(log t)P P
= eN), 5.2
| FERa =T e 6:2)
we thus find from (5.1) that
T ey [ e )
20+ Dw 2\ 27 1 1—2
PeN;, w[>1),
where, for convenience,
-
Q = exp (%) (Jw| > 1) (5.4)

Finally, by setting
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n (5.3), we obtain

e 1 W dt
= — — | —— log (1 —(1— — .
S=3 -5 () /{og 2)1))” (55)
or, equivalently,
S i p! [iw b 2mifw
= —— | = 1— .
z% 2k +p w% 2+ w2 <27r> St ( ¢ ) (56)

in terms of Nielsen’s generalized Polylogarithmic function S, ,(z) defined by (cf., e.g., Kolbig [15,
p. 1233, Equation (1.3)])

_1\ntp-1 gl
Spp(z) = 1 | ozt g 1 - 20y (5.7)

(n—1p! J,

(n,peN, ze€Q),

which is known to play a role in the computation of higher-order radiative corrections in quantum
electrodynamics. For the ordinary Polylogarithmic function Li,(z) defined by

_1\n—1 1
(=1) / (1ogt)”*110g(1—zt)%: 1(2) (5.8)

Lin(2) := w1/

(neN\{1}; z€CQ

or, more generally, by

o0
Lig(z Z

P
o (5.9)
k=1
(s€eC when |z|<1; fR(s)>1 when |[z]=1),
it is known that (cf. [15, p. 1240, Equation (5.6)])
— (-pkt k
Sip(z) =Clp+ 1)+ {log(1 — 2)}" Lip—p41(1 - 2). (5.10)
k=0

Thus, in view of (5.10), we have proved the following unification of our series evaluations (2.18)
and (2.19):

< (2k +p)w*  2(p+ 1w 2
—%! () e g e ((se) () o

PeEN, |wl>1),

i (k) _  mi _110g(1_62m-/w)
k=
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which, in view of (5.1), immediately yields the integral formula:

1 .
1
/ tP cot(vt)dt = ——— + = log (1- 62’”)
0 +1

Aot el wae) o

(ped; veC\{0}).

There is yet another approach for the derivation of a closed-form expression for the infinite series
n (5.11). This general (generating-function) approach is based upon a familiar integral represen-
tation for the Zeta function; it was fully described and illustrated by Adamchik and Srivastava [1],
whose technique is also implemented in Mathematica (Version 3.0). Here we choose to present three
examples which demonstrate how Mathematica (Version 4.0) for Linux can be used to evaluate the
infinite series in (5.11) for certain values of the parameters p and w.

In[1] := Sum | Zeta[2k]/((2k + 1)2"(2k)), {k, 1, Infinity}|
1 — Log[2]

2- -
In[2] := Sum |Zeta[2k]/((2k + 2)2(2k)), {k, 1, Infinity}
Pi? — 2Pi?Log|2] + 7Zeta[3]
~4pi? _
In[3] := Sum | Zeta[2k]/((2k 4 3)2"(2k)), {k, 1, Infinity}
i2 — 6Pi’Log[2] + 27Zeta|3]

12Pi2

Since ¢(0) = —%, these examples completely agree with the special cases (3.6), (3.5), and (3.4),
respectively, which have already been shown here to follow from our general series representations
considered in Section 3.

Out[l] =

Out[2] =

Outf3] = &
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