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Set estimation is a problem that arises in myriad applicatios where a region of interest
needs to be estimated based on a nite number of observationghis can involve identifying
the support of a function, where a function exceeds a certaievel, or where a function
exhibits a discontinuity or changepoint. Furthermore, seestimation arises as a subproblem
in other learning problems. For example, classication angiecewise-smooth regression
require identi cation of subregions calleddecision setsover which the classi cation label is
constant or the regression function is homogeneously smbotThis thesis addresses some
open theoretical questions in nonparametric learning usirievel sets and decision sets. It also
discusses applications of set estimation to inference pteims in neuroimaging and wireless
sensor networks.

The rst problem we investigate is estimation of the level geof a density under the Haus-
dor error metric. Control of this error metric guarantees aspatially uniform con dence
interval around the set estimate, that is desirable in many @plications. A data-adaptive
method is proposed that can provide minimax optimal Hausdorguarantees over a very
general class of densities, without assuming a priori knasdge of density parameters, and
requiring only local regularity of the density in the vicinty of the desired level. The sec-
ond problem we address is semi-supervised learning, thatpdalizes on the abundance of
unlabeled data to learn the decision sets and simplify supgsed learning tasks such as re-

gression and classi cation. We develop a rigorous framevioto characterize the amount of
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environmental phenomenon exhibits a changepoint and ache optimal tradeo s between
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ABSTRACT

Set estimation is a problem that arises in myriad applicatios where a region of interest
needs to be estimated based on a nite number of observationghis can involve identifying
the support of a function, where a function exceeds a certaievel, or where a function
exhibits a discontinuity or changepoint. Furthermore, seestimation arises as a subproblem
in other learning problems. For example, classication angiecewise-smooth regression
require identi cation of subregions calleddecision setsover which the classi cation label is
constant or the regression function is homogeneously smbotThis thesis addresses some
open theoretical questions in nonparametric learning ugjrievel sets and decision sets. It also
discusses applications of set estimation to inference pteims in neuroimaging and wireless
sensor networks.

The rst problem we investigate is the estimation of the supprt set and level set of a
density under the Hausdor error metric. The Hausdor error metric controls the maximal
deviation between points in the estimated set and true setna thus guarantees a spatially
uniform con dence interval around the set estimate that is dsirable in many applications.
Most current methods, however, optimize a global error cefrion based on the symmetric set
di erence measure which can lead to estimates that veer githafrom the desired level set. We
present a histogram-based support and level set estimatiamethod that can provide minimax
optimal rates of Hausdor error convergence over a very gera class of densities than
considered in previous literature. Moreover, the proposetiethod is adaptive to unknown
local density regularity.

The second problem we address is semi-supervised learnir®ince labeled data is ex-

pensive and time-consuming to obtain, semi-supervised taamng methods focus on the use
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of unlabeled data to help in supervised learning tasks sucls agression and classi cation.

If the decision sets in these problems can be learnt using ahkled data, the supervised
learning task reduces to a simple majority vote or averagingn each decision set. We
develop a rigorous framework to characterize the amount ohprovement possible in a semi-
supervised setting and the relative value of unlabeled andbeled data using nite sample

error bounds. The resulting analysis provides a largely nsi;g quantitative analysis of

semi-supervised learning that explains the empirical suess of semi-supervised learning in
favorable situations.

Finally, we explore two critical applications where statigcal inference relying on set es-
timation is particularly useful. The rst is brain activati on detection in fMRI studies. We
propose a level set based approach to fMRI data analysis thaptimizes a localization error
and can adaptively aggregate neighboring voxels based oretlorrelation map. Thus, it
exploits structural information, as opposed to conventical approaches that assume inde-
pendent activation at each voxel. The second application i® environmental monitoring
using mobile sensors, where energy constraints necessitdesign of adaptive sensing paths
that focus on regions where the environmental phenomenonhéits a changepoint. Based
on recent advances in active learning, we propose a feedbalcken path planning scheme

that provides optimal tradeo s between path length, latengy and delity.



Chapter 1
Introduction

The advent of technology has made it easier to generate, eult and store data. Data pro-
cessing and analysis typically relies on estimation of an derlying data generating function,
for example the density or regression function. As a resuthere is a rich and well-developed
body of literature in mathematical statistics on parametrc and non-parametric density es-
timation and regression [6{11]. However, often it su ces tofocus on a useful summary
of the data rather than estimating the entire data generatig function. For example, in
many applications it is adequate to estimate regions or setwer which the underlying data
generating function exhibits some characteristics of intest. Set estimation is an impor-
tant learning problem that is concerned with accurate rec@ry and localization of a region
of interest based on a nite number of (possibly noisy) obseations. Some important set
learning problems include identifying the support of a furtcon, where a function exceeds a
certain level, or where a function exhibits a discontinuityor changepoint. These problems
arise in many applications, for example, hierarchical cltexing [1, 12{14], data ranking [15],
anomaly detection [2, 16, 17], detecting regions of brain tagty [18,19], mapping environ-
mental contamination [20, 21], estimating contour levelsni digital elevation mapping [22]
and identi cation of genes with signi cant expression levis in microarray analysis [23, 24].
Furthermore, set estimation arises as a subproblem in othirarning problems, where it may
be solved either explicitly or implicitly. Two canonical lerning problems that rely on set
estimation are classi cation and piecewise smooth regréss. Both problems involve learn-

ing a mapping from an input or feature spaceX to an output or label spaceY. In binary



classi cation, Y = f0; 1g and the objective is to learn the mapping (or classi erf that min-
imizes the probability of errorP (f (X) 6 Y) over all classi ersf. Thus the target classi er
f (X)= 1 12, Where (x)= P(Y =1jX = x), and the problem essentially corresponds
to learning the 1=2 level set of the regression function(x). In piecewise-smooth regression,
Y is typically continuous and the objective is to learn the maping (or estimator) f that
minimizes the mean squared erroExy [(f (X) Y)?] over all estimatorsf . If the target or
regression functiorf (x) = Eyjx [Y]X = x] is homogeneously smooth, the optimal estimator
consists of averaging (or tting a polynomial) in a local neghborhood. However, if the tar-
get function is inhomogeneous and exhibits sharp edges oanlgepoints, then the averaging
needs to be con ned to sets over which the target function igr®oth. Thus, classi cation
and piecewise-smooth regression require identi cation oégions over which the classi cation
label is a constant or the regression function is homogenabusmooth. We refer to these
regions in classi cation or regression problems akecision sets

A straightforward approach to set estimation is to rst estimate the complete function
accurately and then extract the desired \plug-in" set estimte. However, set estimation
requires less information (where the function exhibits a dain property of interest) than
function estimation (the value of the function at all locatons), and hence is an intrinsically
easier problem. As a result, methods that directly addresssestimation, instead of op-
timizing a function estimation error, tend to be more e ciert in terms of both statistical
and computational complexity. Because of their unique obgéives, the two problems require
distinct estimators, evaluation metrics and analysis tosl This thesis addresses some open
theoretical questions in nonparametric learning using lev sets and decision sets. It also
discusses applications of set estimation to inference pteims in neuroimaging and wireless

sensor networks.

1.1 Motivation

As mentioned above, set estimation is relevant to many scign and engineering applica-

tions. Here we elaborate on some of these applications thabtivate the research presented



Figure 1.1 Scatterplot of chemical composition of olive odamples with the data grouped
into hierarchical density clusters, and corresponding céter tree. (source: [1])

in this dissertation. However, this list is not all-inclusve, and the issues we will address

pertain to many other application scenarios.

Clustering: Density levels set estimators are used by many data clusteg proce-
dures [1,12{14]. In the level set based approach, clusterszdadenti ed as connected
components of one or more density level sets. This approaahdlustering is especially
useful in exploratory data analysis as it does not require gma priori assumptions on
the shape, number or location of clusters, unlike other algthms like k-means clus-
tering. Correct identi cation of connectivity of the density level set components is
crucial to recover clusters with arbitrary shapes. Moreoveconnected components of
level sets at multiple successive levels of interest can bged to generate a hierarchy
of nested clusters. This hierarchical structure can be regsented as aluster tree[1]

(See Figure 1.1) and provides a useful summary of the data.

Anomaly detection and data ranking: Anomalies are often de ned as outliers
that do not follow a nominal distribution. Thus, a common appoach to anomaly
detection is to learn a (high) density level set of the nhominalata distribution [2, 16].

Observations that fall outside the level set, in the low derity region, are tagged as
anomalies. Robustness of the level set estimate is highlystt@ble for anomaly detection

to ensure that outliers lying in regions of low nominal data ensity are easily identi ed.
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Figure 1.2 (a) Scatterplot of two optical properties of biadgical cells in ow cytometry
data and (b) corresponding likelihood depth contours. (saoe: [2])

A related application is data ranking or ordering of data paits. The notion of data-
depth [15] is very useful in multivariate data analysis to ppvide an ordering of data
points based on their degree of outlyingness. As an examptensider the ow cytom-
etry data shown in Figure 1.2(a) that depict two optical properties of biological cells.
Cell specimens are often contaminated with air bubbles analt debris that result in
outliers. Since these contaminants occur in small quant&s, an approach to identifying
these is to rank or order the data points based on their likdlood. This can be done
by estimating the likelihood-depth contours (see Figure 2(b)), which correspond to
density level sets. Again, a robust measure of accuracy issdable for estimating the

data-depth contours that is less susceptible to severe masikings.

Statistical Learning:  Set estimation has a close connection to supervised and semi
supervised statistical learning. Binary classi cation isessentially concerned with nd-
ing the region of feature space where the lab® = 1 is more probable thanY = 0,

that is, the 1/2 level set of P(Y = 1jX = x) [25].

Moreover, recent work in semi-supervised learning [26{2Bldicates that learning the
decision sets, over which the label is constant in classi tan or the regression function

is homogeneous in piecewise-smooth regression problensngi unlabeled data can



Figure 1.3 Two dimensional projection of hand-written didifeatures. If unlabeled data
(without corresponding digit information, can be used to larn the clusters of the feature
density, a few labeled examples are needed to identify thegdicorresponding to each
cluster.

greatly simplify the supervised learning task. For exampeconsider the task of hand-
written digit recognition. Training a classi er in the supervised learning setting requires
a large number of labeled instances of hand-written digits.Since obtaining labels
requires a human to manually identify each character, the keling process is very
time-consuming and expensive. On the other hand, large ddtases of unlabeled hand-
written input images are available. Inspection of the two-nensional projection of
hand-written digit features (rst two components obtained by principal component
analysis) in Figure 1.3 suggests that unlabeled data can bead to identify the high
density regions or clusters of the feature density. Once tbe clusters, also called
decision sets since the label (corresponding digit) is tharse over a cluster, are learnt
using unlabeled data, the supervised learning task reductstaking a majority vote
in classi cation (or taking an average in regression) ovelhese sets. Thus, few labeled

examples are required to learn the label of each cluster.

Functional Neuroimaging:  Accurate identi cation of regions of brain activity from
noisy neuroimaging data, obtained for example using funcinal magnetic resonance
imaging (fMRI), is important for understanding the functioning of the brain. Level
set estimation can be used to detect and localize regions afaim activity [18, 19].

Unlike conventional approaches to fMRI data analysis that i@ based on some form



of thresholding of the activation map at each brain voxel (Mometric element), a set
estimation approach has the potential to exploit the corretion amongst neighboring

voxels to boost the signal-to-noise ratio and provide bettaletection performance.

Environmental monitoring using sensor networks: Sensor networks are widely
used for spatial mapping of various environmental phenomanfor example solar radi-
ation intensity, rainfall, temperature and humidity, that provide useful information for
understanding an ecosystem such as a forest canopy [20, 813P]. As sensors are en-
ergy and bandwidth constrained, attention is often focusedn detection of boundaries
or contours where the value of the environmental variable bibits a changepoint or dis-
continuity. Examples include monitoring of atmospheric pessure isolines for predicting

weather patterns and identifying boundaries of oil-spill®r other contaminants.

1.2 Preliminaries

In this section, we introduce the minimax learning framewdsr that serves as a basis for
the theoretical aspects of the research presented in thisethis. Statistical learning aims
at learning a target functionf based onn independent, identically distributed observa-
tions fZ;g, . The output of a learning algorithm is denoted byfb. For supervised learning
tasks such as classi cation or regressiorz,;; = ( X;;Y;) denote feature-label pairs that are
distributed according to some unknown joint distribution Pxy , whereas for unsupervised
learning tasks such as density estimation or density leveétsestimation, Z; = X; are dis-
tributed according to an unknown marginal distributionPx . The performance of a candidate
mapping or learnerf is evaluated using an error measure or risk function denotes$ R (f ),
which is the expected value of some loss functioff ). For example, in classi cation the risk
is typically de ned as the probability of error R(f) = P(f (X) 6 Y) = E[lt(x)sv] and the
loss function corresponds to the 0-1 loss, in regression tmean square error (MSE) risk is
popular R(f) = E[(f (X) Y)?], whereE denotes the expectation with respect to the joint

distribution Pyxy , and in density estimation the risk is de ned as the expectedalue of the



negative log likelihood loss functiorE[ logf (X )], where E denotes the expectation with re-
spect toPx . The excess risk of isde ned asi(f) = R(f) R , whereR denotes in mum
of the risk over all possible learners. Notice that the excesisk is a random variable that
depends on the random instantiation of the datd Z;gi.; used to build the learner. Hence,
to evaluate the performance of a learning algorithm that ta&s as input the dataf Z;gl,
and outputs the learnerfd, we are interested in the expected excess riElﬁ[E(ib)]. Here E,
denotes the expected value with respect to the training sar®f Z;g’,. We will drop the
subscript n for notational convenience.

Since it is not possible to learn any arbitrary function basgon a nite training sample
of sizen, a well-posed learning problem is concerned with learningtarget function f that
belongs to a class of function§ that satis es certain (mild) assumptions, for example,
the class of smooth regression functions. We are interested controlling the maximum
expected excess risk of a learndr over the class of target functions under consideration,
sup 5= E[E(f)]. The minimum value of the maximum expected excess risk fahis class
over all possible learners, based onn observations yields a nite sampleminimax lower

bound for the learning problem
inf sup E[E(Fn)]  1(n);
fn f 2F

where :(n) depends on the size or complexity of the clads . As a typical example,
1(n) = Cin ", where Cy;r > 0 are constants. A minimax lower bound determines the
statistical complexity of a learning problem. A learning ajorithm is said to be minimax
optimal if it yields a learner  that can achieve the minimax lower bound to within a
constant factor, that is, there exists a nite sample upper bund on the performance ofP
given by
sup EEE®]  o(n);

where 0< liminfn;  1(n)= 2(n) limsup,; 1(n)= 2(n) < 1 . For example, ,(n) =
Con ", whereC, C;> 0is a constant. If the clas$ is xed, r characterizes theuniform

rate of error convergenceat which the maximum expected excess risk over the clags



converges to zero as the number of training samplestend to in nity. For example, the

minimax rate of mean square error convergence is givenrasz2+d for estimation of Helder-
smooth d-dimensional regression functions [5,31]. This rate can laehieved by piecewise
polynomial ts over certain number of bins that scale with the humber of samples and
smoothness of the function characterized by.

In this thesis, we will develop and analyze learning algohims under the minimax frame-

work introduced in this section.

1.3 Contribution

The rst part of this thesis attempts to answer two open theoetical questions related
to statistical learning using sets under the nonparametridramework. The second part
aims to bridge the gap between theoretically optimal and prically useful estimators by
investigating two critical applications in biology and neworks.

The rst problem we address is the estimation of the supportet or level set of a density
under the Hausdor metric. In many applications, it is desiable to have a spatially uniform
con dence interval around the estimated set. The Hausdor eor controls the maximal
deviation between points in the estimated set and true set,nad hence guarantees a local
and uniform convergence of the set estimate. However, mosiél set estimation methods
[16,22,32{37] optimize a global error criterion based on ¢hsymmetric set di erence measure
that is a measure of the total erroneous region, and does noémalize where the error is
incurred. This can result in estimates which veer greatly ém the desired level set. There are
a few research papers [34,35,38] that address Hausdor ate level set estimation but these
either focus on very restricted classes of densities or raguthat the density possesses some
smoothness at all points in the domain. Moreover, these metts rely on a priori knowledge
of the density regularity in the vicinity of the level of interest. In this thesis, we present
a histogram-based level set estimation method that can prme minimax optimal rates of
Hausdor error convergence over a more general class of déas than considered in previous

literature, while imposing no smoothness requirements ohe density away from the level of



interest. Furthermore, the proposed method is adaptive tonknown local density regularity.
To achieve adaptivity, we introduce a novel data-dependentrocedure that is speci cally
tailored to the level set estimation problem. In the contexbf support set estimation, previous
work on Hausdor control has been con ned to uniform densits [39]. For uniform densities,
as well as densities that are bounded from below, support sstimation is equivalent to level
set estimation at an appropriate level (greater than zero)We characterize minimax optimal
rates (lower and upper bounds) of support set estimation fothe class of densities that
gradually transition to zero. The derived rate of Hausdor @&curate support set estimation
is faster than level set estimation (except for densities #t transition sharply to zero), as is
known to be the case under the symmetric di erence measure agll [35].

The second problem we investigate is semi-supervised ldagy Since labeled data is
expensive and time-consuming to obtain, semi-superviseshtning methods focus on the use
of unlabeled data to learn the decision sets in supervisedataing tasks such as regression
and classi cation. Once the decision sets are learnt, the gervised learning task reduces to a
simple majority vote or averaging on each decision set. Whikemi-supervised methods have
enjoyed empirical success in favorable situations, receattempts at developing a theoretical
basis for semi-supervised learning have been mostly pesstio [26,27,40], and only provide
a partial and sometimes apparently con icting ([27] vs. [4]) explanations of whether or not,
and to what extent, unlabeled data can help in learning. In tis thesis, we develop a rigorous
minimax framework to identify situations in which unlabel@ data help to improve learning,
and characterize the amount of improvement possible, usingite sample error bounds. We
demonstrate that there exist general situations under whiic semi-supervised learning can
be signi cantly better than supervised learning in terms ofachieving smaller nite sample
error bounds than any supervised learner, and sometimes iaris of an improved rate of
error convergence. Moreover, our results also provide a quiacation of the relative value
of unlabeled to labeled data. The resulting analysis prove$ a largely missing statistical
theory for semi-supervised learning that explains the emal success of semi-supervised

learning in favorable situations.
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In the second half of this thesis, we explore two critical apigations where statistical
inference relying on set estimation is particularly useful The rst application arises in
statistical analysis of fMRI data. Current techniques for MRI data analysis view the brain
activity detection problem as a hypothesis testing problemat each brain voxel, and employ
some form of voxel-wise thresholding. Since multiple hypmtses (equal to the number of
voxels) need to be tested simultaneously, a Bonferroni ceation (union bound) is applied
to raise the threshold and guarantee an overall false alarnortrol. However, this results in
overly conservative thresholds with very weak detection peer. An alternative is to use a
data-adaptive threshold to control the expected proportio of false discoveries [42,43]. This
accounts for sparsity of the activation, however voxel badenethods assume that activations
in the brain are independent from voxel to voxel and do not tak advantage of the correlation
structure of the activation regions in the brain. We proposea level set based approach to
fMRI data analysis that optimizes a set based localizationreor. The proposed method
can adaptively aggregate neighboring voxels based on theretation map and thus exploits
structural information. We present simulation results on gnthetic and real fMRI data that
re ect the capabilities of level set based techniques to elqgit structural information and
boost detection compared to standard techniques being ustat fMRI neuroimaging.

The second application we address is e cient path planningol mobile sensors that
are used in environmental monitoring, such as aquatic andrtestrial ecosystem studies [20],
detection of toxic biological and chemical spreads, oil disi, and weather patterns. As mobile
sensors are energy constrained, adaptive sampling pathsedeto be designed that focus
on regions where the environmental phenomenon exhibits aatfgepoint. Based on recent
advances in active learning [4], we characterize the optilntadeo s between pathlength,
latency, and delity. We also present a feedback driven patiplanning scheme that can
achieve these optimal tradeo s and guides mobile sensorold) interesting regions of the

domain, thus conducting fast and accurate spatial surveys.
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1.4 Organization

This thesis is comprised of four main chapters. Each chaptstarts with a summary of
its contents and is self-contained. The rst two chapters pFsent the theoretical aspects of
this research, and the last two chapters focus on practicapplications.

Chapter 2 presents the Hausdor accurate level set estimatn procedure and establishes
its minimax optimality and adaptivity to unknown local density regularity. In this chapter
we also set up directions for making the procedure more praml and discuss some open
guestions.

In Chapter 3 we develop a general rigorous statistical thepfor semi-supervised learning
that can be used to analyze situations under which unlabeledata can help improve the
performance of a supervised learning task, and also quantithe relative value of labeled
and unlabeled data.

Chapters 4 and 5 focus on the two applications - fMRI data angdis and path planning
for mobile sensors, respectively. Chapter 4 proposes thedkeset based approach to detecting
brain activation in fMRI data and demonstrates the e ectiveness of the proposed approach
using synthetic and real data sets. Chapter 5 presents the &gtive path planning scheme for
mobile sensors. Recent developments in active learning bteaa theoretical characterization
of the tradeo s between pathlength, latency and accuracy. fie theory and methods are
illustrated using a simulation study of water current mappng in a freshwater lake.

Finally, Chapter 6 summarizes the research work presented this thesis and explores

directions for future work.
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Chapter 2
Adaptive Hausdor Estimation of Density Level Sets

Consider the problem of estimating the -level setG = fx : f (x) g of an unknown

density. This problem has been addressed under global erooiteria related to the symmetric
set di erence. However, in certain applications such as anmaly detection and clustering, a
spatially uniform con dence interval is desired to ensurehat the estimated set is close to
the target set everywhere. The Hausdor error criterion preides this degree of uniformity
and hence is more appropriate in such situations. The minimaoptimal rate of Hausdor
error convergence is known to benElogn) (2 ) for level sets with boundaries that have
a Lipschitz functional form, and where the parameter characterizes the regularity of the
density around the level of interest. However, previously aVeloped estimators are non-
adaptive to the density regularity and assume knowledge of. Moreover, the estimators
proposed in previous work achieve the minimax optimal rateof rather restricted classes of
sets (for example, the boundary fragment and star-shapedtsgethat e ectively reduce the
set estimation problem to a function estimation problem. Tis characterization precludes
level sets with multiple connected components, which areridamental to many applications.
This chapter presents a fully data-driven procedure that iadaptive to unknown local density
regularity, and achieves minimax optimal Hausdor error catrol for a class of level sets with

very general shapes and multiple connected components.
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2.1 Introduction

Level sets provide useful summaries of a function for many @igcations including cluster-
ing [1,12], anomaly detection [16,17,32], functional neaimaging [18,44], bioinformatics [24],
digital elevation mapping [22,45], and environmental motaring [29]. In practice, however,
the function itself is unknown a priori and only a nite numbe of observations related tof

are available. Here we focus on the density level set probleextensions to general regression

dent, identically distributed observations drawn from an mknown probability measureP,
having densityf with respect to the Lebesgue measure, and de ned on the domaX  RC.

Given a desired density level , consider the -level set of the densityf :
G =fx2X :f(x) g

The goal of the density level set estimation problem is to gerate an estimate® of the level
set based on then observationsf X;g,, such that the error between the estimatoi® and
the target setG , as assessed by some performance measure which gauges tiseress of
the two sets, is small.

Most literature available on level set estimation methodslp, 22, 32{37] considers error

measures related to the symmetric set di erence,
G1 G2=(G1nGy) [ (G2nGy): (2.1)

Here G; nG, = G;\ G, where G° denotes the complement of the seG. For example,

in [16, 34, 35, 37] a probability measure of the symmetric sel erence is considered, and
in [22,33, 37] a probability measure of weighted symmetrietsdi erence is considered, the
weight being proportional to the deviation of the function fom the desired level. Symmetric
di erence error based performance measures are global meas ofaveragecloseness between
two sets and hence may produce estimates that deviate sigoantly from the desired level set
at certain places. However, some applications such as andyndetection and clustering may

require a more local or spatially uniform error measure as @rided by the Hausdor metric,



14

for example, to preserve topological properties of the ldveet as in clustering [1, 12, 14],
or ensure robustness to outliers in level set based anomalgtection [16,17,32] and data
ranking [15]. Controlling a measure of the symmetric di enace error does not provide this
kind of control and does not ensure accurate recovery of thegological features. To see
this, consider a level set with two components as depicted irigure 2.1 as an example.
The gure also shows two candidate estimates, one estimatermects the two components
by a \bridge" (resulting in a dumbbell shaped set), while theother preserves the (non)-

connectivity. However, both candidate sets have the same hhe&sgue measure (volume) of
symmetric di erence, and hence a method that controls the Yome of the symmetric set

di erence may not favor the one that preserves topologicalrpperties over the other. Thus,

a uniform measure of closeness between sets is necessarudh situations. The Hausdor

error metric is de ned as follows between two non-empty sets

di (G1;Gz) = maxf sup (x;Ga); sup (x; Gz)g (2.2)
x2 G x2Gy
where
(x;G) =inf_jix vij; (2.3)
y2G

the smallest Euclidean distance of a point il&s to the point x. If G; or G, is empty, then let
d; (G1; G,) be de ned as the largest distance between any two points itné domain. Control
of this error measure provides a uniform mode of convergenas it controls the deviation
of even a single point from the desired set. In the dumbbell sped set in Figure 2.1, the
Hausdor error d; (Ga; G ) is proportional to the distance between the clusters (i.ethe
length of the bridge). Thus, a set estimate can have very smaheasure of symmetric set
di erence but large Hausdor error. Conversely, as long ashie set boundary is not space-
lling, small Hausdor error implies small measure of symmeic di erence error.

Existing results pertaining to nonparametric level set esnation using the Hausdor
metric [34, 35, 38] focus on rather restrictive classes of/é¢ sets (for example, the bound-
ary fragment and star-shaped set classes). These restrets, which e ectively reduce the

set estimation problem to a boundary function estimation pvblem (in rectangular or polar
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and has large Hausdor errord; (Ga; G ), while Gg preserves non-connectivity and has

small Hausdor error d; (Gg; G ).
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coordinates, respectively), are typically not met in pradgtal applications. In particular, the
characterization of level set estimation as a boundary fution estimation problem requires
prior knowledge of a reference coordinate or interior poir{in rectangular or polar coordi-
nates, respectively) and precludes level sets with multgplconnected components. Moreover,
the estimation techniques proposed in [34, 35, 38] requireepise knowledge of the local reg-
ularity of the density (quanti ed by the parameter , to be de ned below) in the vicinity
of the desired level in order to achieve minimax optimal rageof convergence. Such prior
knowledge is unavailable in most practical applications. &ently, a plug-in method based
on sup-norm density estimation was put forth in [46] that carhandle more general classes
than boundary fragments or star-shaped sets, however supfm density estimation requires
the density to behave smoothly everywhere to ensure that thestimate is close to the true
density at all points. Also, the method only deals with a speal case of the density regu-
larity condition considered here ( = 1), and is therefore not adaptive to unknown density
regularity.

In this chapter, we propose a plug-in procedure based on a vdgy histogram parti-
tion that can adaptively achieve minimax optimal rates of Hasdor error convergence over
a broad class of level sets with very general shapes and npiki connected components,
without assuming a priori knowledge of the density regularity parameter . Adaptivity is
achieved by a new data-driven procedure for selecting thestbgram resolution. The proce-
dure is reminiscent of Lepski-type methods [47], however ig speci cally designed for the
level set estimation problem and only requires local regulty of the density in the vicinity of
the desired level. While the basic approach is illustratechtough the use of histogram-based
estimators, extensions to more general partitioning sches such as spatially adaptive par-
titions [48{51] might be possible. The theory and method maglso provide a useful starting
point for future investigations into alternative schemessuch as kernel-based approaches [17],
that may be better suited for higher dimensional settings.

To motivate the importance of Hausdor accurate level set dsnation, let us briey

discuss its relevance in some applications.
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Clustering - Density levels set estimators are used by many data clusteg procedures
[1,12,14], and the correct identi cation of connected leVset components (i.e., clusters)
is crucial to their success. The Hausdor criterion can be @sl to provide theoretical
guarantees regarding clustering since the connected compats of a level set estimate
that is -accurate in the Hausdor sense, characterize the true lelveet clusters (in
number, shapes, and locations), provided the true clusteremain topologically distinct

upon erosion or dilation by an -ball. The last statement holds since
di (G1;G2) =) G G, Gy Gy
where G denotes the set obtained by dilation of seG by an -ball.

Data Ranking - Hausdor accurate level set estimation is also relevant faanking or
ordering data using the notion of data-depth [15]. Densityelvel sets correspond to
likelihood-depth contours and Hausdor distance o ers a rbust measure of accuracy
in estimating the data-depth as it is less susceptible to sefe misranking, as compared

to symmetric set di erence based measures.

Anomaly detection - A common approach to anomaly detection is to learn a (high)
density level set of the nominal data distribution [16,17,8]. Samples that fall outside
the level set, in the low density region, are considered anafies. Level set methods
based on a symmetric di erence error measure may produceiesites that veer greatly
from the desired level set at certain places and potentialiyclude regions of low den-
sity, since the symmetric di erence is a global error measer Anomalous distributions
concentrated in such places would elude detection. On thehatr hand, level set es-
timators based on the Hausdor metric are guaranteed to be uformly close to the

desired level set, and therefore are more robust to anomalim such situations.

Semi-supervised learning - Unlabeled data can be used, along with labeled data, to
improve the performance of a supervised learning task in tain favorable situations.

One such situation, commonly called the cluster assumptipiis where the regression
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function is constant or smooth in high density regions [2682. As we will discuss in
Chapter 3, improved error bounds can be obtained if these dsion regions (corre-
sponding to connected components of the support set) can Eaint using unlabeled
data, followed by simple averaging or majority vote on eachomponent to predict the

label which requires few labeled examples. Correct identiation of the connected com-
ponents of the support set is crucial to obtaining improvedreor bounds, and hence a

uniform control provided by the Hausdor error is needed.

Thus, Hausdor accurate estimation of density level sets ian important problem with many
potential applications. However, in all these applicatios there are other issues, for example,
selection of the density levels of interest, that are beyonithe scope of this dissertation.
This chapter is organized as follows. Section 2.2 states dugisic assumptions which al-
low Hausdor accurate level set estimation and also presesya minimax lower bound on the
Hausdor performance of any level set estimator for the clasof densities under considera-
tion. Section 2.3 discusses the issue with direct Hausdorsmation and provides motivation
for an alternate error measure. In Section 2.4, we presentefproposed histogram-based ap-
proach to Hausdor accurate level set estimation that can dgeve the minimax optimal rate
of convergence, given knowledge of the density regularitafameter . Subsection 2.4.1
extends the proposed estimator to achieve adaptivity to umiown density regularity. Sub-
sections 2.4.2-2.4.4 present extensions that address diameous estimation of multiple level
sets, support set estimation, and discontinuity in the denty around the level of interest.

Concluding remarks are given in Section 2.5 and Section 2.éntains the proofs.
2.2 Density assumptions

We assume that the domain of the densityf is the unit hypercube in d-dimensions,
i.e. X =[0;1]Y. Extensions to other compact domains are straightforward Furthermore,
the density is assumed to be bounded with range;[Q,a«], though knowledge off 5« is not

assumed. Controlling the Hausdor accuracy of level set @states requires some smoothness
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assumptions on the density and the level set boundary, whi@dre stated below. But before

that we introduce some de nitions:
-Ball: An -ball centered at a pointx 2 X is de ned as
B(x; )=fy2X :jix yi @
Herejj jj denotes the Euclidean distance.

Inner -cover: An inner -cover of a setG X is de ned as the union of all -balls

contained in G. Formally,

I (G) = | B(x; )

xB(x;) G
We are now ready to state the assumptions. The most crucial ens the rst, which char-
acterizes the relationship between distances and changesdensity, and the second one is a

topological assumption on the level set boundary that esd@lly generalizes the notion of

Lipschitz functions to closed hypersurfaces.

[A] Local density regularity: The density is -regular around the -level set, 0< < 1

and 0< <f ax, If

[Al] there exist constantsCy; ; > 0 such that for allx 2 X with jf(x) ] 1
ifx) 7 C (x@G);

where @G denotes the boundary of the true level se& and ( ;) is as de ned
in (2.3).

[A2] there exist constantsC,; , > 0 and a point X 2 @G such that for all x 2
B (Xo; 2),
fx) J C (x@QG) :

This condition characterizes the behavior of the density aund the level . [Al] states

that the density cannot be arbitrarily \ at" around the leve |, and in fact the deviation
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of the density from level is at least the -th power of the distance from the level set
boundary. [A2] states that there exists a xed neighborhood around some pion
the boundary where the density changes no faster than theth power of the distance
from the level set boundary. The latter condition is only regired for adaptivity, as we
discuss later. The regularity parameter determines the rate of error convergence for
level set estimation. Accurate estimation is more di cult a levels where the density is
relatively at (large ), as intuition would suggest. It is important to point out that we
do not assume knowledge of unlike previous investigations into Hausdor accurate
level set estimation [34, 35, 38,46]. Therefore, here thesamption simply states that
there is a relationship between distance and density levadut the precise nature of
the relationship is unknown. We discuss extensions to addie support set estimation
( = 0) in Subsection 2.4.3 and the case = 0 (which corresponds to a jump in the

density at level ) in Subsection 2.4.4.

[B] Level set regularity: There exist constants , > 0 and C3 > 0 such that for all o
| (G)6; and (x;I (G)) Cs forallx2 @G.

This assumption states that the level set is not arbitrarilynarrow anywhere. It pre-
cludes features like cusps and arbitrarily thin ribbons, asvell as isolated connected
components of arbitrarily small size. This condition is nexssary since arbitrarily small
features cannot be detected and resolved from a nite samplé&lowever, from a prac-
tical perspective, if the assumption fails to hold then it shply means that it is not

possible to theoretically guarantee that such small feates will be recovered.
For a xed set of positive numbersC,, C,, C3, 0, 1, 2, fmax», <Tf max, dand , we
consider the following classes of densities:
De nition 1. Let F,;( ) denote the class of densities satisfying assumptidael,B] .

De nition 2.  Let F,( ) denote the class of densities satisfying assumptidasl,A2,B]
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The dependence on other parameters is omitted as these do mouence the minimax
optimal rate of convergence (except the dimensiod). We present a method that provides
minimax optimal rates of convergence for the clads,( ), given knowledge of the density
regularity parameter . We also extend the method to achieve adaptivity to for the class
F,( ), while preserving the minimax optimal performance.

Assumption [A] is similar to the one employed in [35, 38], except that the ugw bound
assumption on the density deviation in [35,38] holds provad that the setf x : jf (x) ] 10
is non-empty. This implies that the densities either jump awss the level at any point
on the level set boundary (that is, the deviation is greateritan ;) or change exactly as
the ™ power of the distance from the boundary. Our formulation atiws for densities with
regularities that vary spatially along the level set boundey - it requires that the density
changes no slower than the " power of the distance from the boundary, except in a xed
neighborhood of one point where the density changes exactly the ™ power of the distance
from the boundary. While the formulation in [35,38] require the upper bound on the density
deviation to hold for at least one point on the boundary, our ssumption[A2] requires the
upper bound to hold for a xed neighborhood about at least ong@oint on the boundary.
This is necessary for adaptivity since a procedure cannotrse the regularity as characterized
by if the regularity only holds in an arbitrarily small region. Assumption [B] basically
implies that the boundary looks locally like a Lipschitz fution and allows for level sets
with multiple connected components and arbitrary locatios. Thus, these restrictions are
quite mild and less restrictive than those considered in therevious literature on Hausdor
level set estimation. In fact[B] is satis ed by a Lipschitz boundary fragment or star-shaped

set as considered in [34, 35, 38] as the following lemma state

Lemma 1. Consider the level setG of a densityf 2 Fs. ( ), whereFs. ( ) denotes the
class of -regular densities with Lipschitz star-shaped level sets de ned in [35]. ThenG

satis es the level set regularity assumptiofB] .
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The proof is given in Section 2.6.1. Thus, the classes undemsideration here are more
general, except for the exclusion of densities for which thgper bound on the local density
regularity assumption[A2] only holds in a region of arbitrarily small Lebesgue measure

Tsybakov establishes a minimax lower bound ohElogn) 42 ) in Theorem 4 of [35]
for the class of star-shaped sets with Lipschitz boundarieshich as per Lemma 1 also satisfy
assumption[B] . His proof uses Fano's lemma to derive the lower bound for asdrete subset
of densities from this class. It is easy to see that the disteesubset of densities used in his
construction also satisfy our form of assumptiofA] . Hence, the same minimax lower bound
holds for the classed=,( );F,( ) under consideration as well and we have the following
proposition. Proof of the proposition is given in Section B.2. HereE denotes expectation

with respect to the random data sample.

Proposition 1. There existsc > 0 such that, for large enough,

n d+2
inf sup E[d; (G,;G inf sup E[d; (G,;G c —— :
GﬂfZFli()) [1( n )] G”fZFZE) [1( n )] Iogn

The inf is taken over all set estimatorss,, based on then observations.

2.3 Motivating an Error Measure for Hausdor control

Direct Hausdor accurate set estimation is challenging agiere exists no natural empirical
measure that can be used to gauge the Hausdor error of a settiggte. In this section,
we investigate how Hausdor control can be obtained indirdty using an alternate error
measure that is based on density deviation error rather thadistance deviation. While the
rst alternate error measure we introduce is easily motivad and arises naturally, it requires
the density to have some smoothness everywhere, whereasydnkal smoothness in the
vicinity of the level set is required for accurate level setsimation. Based on these insights,
we propose our nal alternate measure. If we focus on candigaset estimates based on
a regular histogram, minimizing this nal alternate error measure leads to a simple plug-

in level set estimator that is the focus of this chapter. Hower, we introduce the general
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error measure since it o ers the potential to extend the propsed technique to more general
estimators based on spatially adapted partitions or kernddased methods.

The density regularity condition[A] suggests that control over the deviation of any point
in the estimate from the true level set boundary (x; @G) can be obtained by controlling the
deviation from the desired density level. In other words, ahange in density level re ects
change in distance. Moreover, in order to obtain a sense oftdince from an estimate of
density variation based on a small sample, the level set badery cannot vary too irregularly.
Speci cally, the boundary should not have arbitrarily small features (e.g., cusps) that cannot
be reliably detected from a small sample. Such features angled-out by assumption[B].
Thus, under regularity conditions on the function and leveket boundary, the deviation of
the density function from the desired level can be used as amgate for the Hausdor error.

Consider the following error measure:

E(G) = maxf sup (f (x) ); sup ( f(X))g (2.4)
x2G nG x2GnG
= ?(LZJJ(J( f ()l Lxen] (2.5)

where 1 denotes the indicator function and by convention sup. g(x) = O for any non-
negative functiong( ). The error measureE(G) has a natural empirical counterpart,l@(G),
obtained by simply replacingf (x) by a density estimator fb(x). Notice that the set @

minimizing the empirical error corresponds to a plug-in leat set estimator, that is@=fx:
fx) gl Also

E(@) =maxf sup (f(x) ) sup ( f())g sup jf(x) Pj:

x2G nd x28nG x28 G

The last step follows since a poink 2 8 G is erroneously included or excluded from the
level set estimate, and hence for2 @nG,  f(x) j f(x) Mx)jandforx2 G nd@,

f (x) j (X fb(x)j. Using this error measure, we have the following Hausdor otrol.

LActually the set 8 is not unigue since the pointsx with ib(x) = may or may not be included in the
estimate.
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Proposition 2. If the sup norm error betweenb(x) and the true densityf (x) converges in
probability to zero and® denotes the corresponding plug-in level set estimate, thender
assumptions[A] and [B], there exists a constanC > 0 such that for large enoughm, with

high probability
!

Sl
d (8;G) CE®F C sup jf(x) M(x)]

x28 G

1
C supjf (x) P(x)j
X2X

The proof is given in Section 2.6.3. This result shows that ghsup-norm error of a density
estimate gives an upper bound on the Hausdor error of a plugr level set estimate, which
agrees with Cuevas' result [46] for = 1. However, arbitrarily rough and complicated
behavior of the density away from the level of interest can cae a large sup-norm density
error, whereas the Hausdor accuracy of a level set estimasghould only depends on the
accuracy of the density estimate around the level of interesTherefore, we follow Vapnik's
maxim: When solving a given problem, try to avoid solving a more gealeproblem as an
intermediate step[52], and instead of solving the harder intermediate probie of sup-norm
density estimation (which requires some smoothness of thertity at all points), we approach
the set estimation problem directly.

We now consider a modi ed version of the error measure intraded above. Let denote a
partition of [0; 1]° and let G be any set de ned in terms of this partition (i.e., the union & any
collection of cells of the partition). We will consider a hiearchy of partitions with increasing
complexity and the setsG, de ned in terms of the partitions, form candidate represetations
of the level set of the densityf . The partition could, for example, correspond to a decision

tree or regular histogram. De ne the error ofG as
E(G)= sup ( f(AN[1a ¢ 1ascl
A2 ( G)

Here ( G) denotes the partition associated with setG and f (A) = P(A)= (A) denotes
average of the density function on the celh, whereP is the unknown probability measure
and isthe Lebesgue measure. Note the analogy between this emmad that de ned in (2.4).

We would like to point out that even though this error dependson the class of candidate
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sets being considered, it can be used to establish controleovhe Hausdor error which
is independent of the candidate class. This performance nse@e evaluates a set based on
the maximum deviation of the average density in a cell of thegstition from the level.
Note that f(A) [1an ¢ 1a+«g] > 0 whenever a cell with average densitiy(A) < is
included in the setG or a cell with f (A) > is excluded. A natural empirical error,l@(G),

is obtained by replacingf (A) with its empirical counterpart.
B (G)= max, A) [1a ¢ larol

P . .
Here f(A) = %, where B(A) = 171, 1ix,2a¢ denotes the empirical probability of an
observation occurring inA. Among all sets that are based on the same partition, the one

minimizing the empirical error B is a natural candidate:
8 =arg o min B (G) (2.6)

This rule selects the set that includes all cells with empical densitbe(A) > and excludes
all cells with Ib(A) < , hence it is essentially a plug-in level set estimator. We ¢as on sets
based on a uniform histogram partition and establish that nmimizing the empirical error
B (G), along with appropriate choice of the histogram resolutio, is su cient for Hausdor
control. The appropriate histogram resolution depends oylon the local regularity of the
density around the level of interest. Furthermore, we showhat the histogram resolution
can be chosen adaptively in a purely data-driven way withouassuming knowledge of the
local density regularity. The performance of the regular Bitogram-based level set estimator
is shown to be minimax optimal for the class of densitigs, ( ) (assuming knowledge of the
local density regularity parameter ) and F,( ) (using an adaptive procedure, to be de ned
later).

Remark 1: In practice, estimators based on spatially adapted partitins can provide better
performance since they can adapt to the spatial variations idensity regularity to yield better
estimate of the boundary where the density changes sharpipough the overall Hausdor

error is dominated by the accuracy achievable in estimatindpe boundary where the density
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changes slowly. Thus, it is of interest to develop spatiallpdapted estimators. While, in
the context of histogram based set estimators, only an apgsgate choice of the resolution
is needed, spatially adapted estimators require a more sagiicated procedure for selecting
the appropriate partition. We do not address this aspect her however the set up described

above can serve as a useful starting point.

2.4 Hausdor accurate Level Set Estimation using Histogram S

Let A; denote the collection of cells in a regular partition of [@] into hypercubes of
dyadic sidelength 2/, wherej is a non-negative integer. The level set estimate at this
resolution is given as

A2A | :YA)
Here f(A) = B(A)= (A), where BP(A) = %P ", Lix,2aq denotes the empirical probability
of an observation occurring inA and is the Lebesgue measure.

The appropriate resolution for accurate level set estimain depends on the local density
regularity, as characterized by , near the level of interest. If the density varies sharply
(small ) near the level of interest, then accurate estimation is e&s and a ne resolution
su ces. lIdentifying the level set is more di cult if the density is very at (large ) and
hence a lower resolution (more averaging) is required. Ourst result shows that, if the
local density regularity parameter is known, then the correct resolutionj can be chosen
(as in [35,38]), and the corresponding estimator achievesar minimax optimal rate over the
class of densities given b¥, ( ). Notice that even though the proposed method is a plug-in
level set estimator based on a histogram density estimatehe histogram resolution is chosen
to speci cally target the level set problem and is not optinzed for density estimation. Thus,
we do not require that the density exhibits some smoothnesserywhere. We introduce the

notation a, b, to denote that a, = O(b,) and b, = O(a,).
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Theorem 1. Assume that the local density regularity is known. Pick resolutionj j(n)

such that2 I s,(n=logn) (@ ), wheres, is a monotone diverging sequence. Then

1
n d+2

sup E[d @-;G Cs, ——
Sup Elty (8;G)) Cs o

for all n, whereC  C(Cy;Cs; o;fmax; 1;d; ) > 0is a constant.

The proof is given in Section 2.6.4 and relies on two key factBirst, the density regularity
assumption[Al] implies that the distance of any point in the level set estim is controlled
by its deviation from the level of interest . This implies that, with high probability, only
the cells near the boundary are erroneously included or exded in the level set estimate.
Second, the level set boundary does not have very narrow feeds that cannot be detected
by a nite sample and is locally Lipschitz as per assumptiofB] . Using these facts, it follows

that the Hausdor error scales as the histogram sidelength.

Theorem 1 provides an upper bound on the Hausdor error of owstimate. If s, is slowly
diverging, for example ifs, = (log n) where > 0, this upper bound agrees with the
minimax lower bound of Proposition 1 up to a (log) factor. Hence the proposed esti-
mator can achieve near minimax optimal rates, given knowlge of the density regularity.
We would like to point out that if the parameter ; characterizing assumption[A] and
the density boundf,x are also known, then the appropriate resolution can be chasas
j = blog, ¢ Y(n=logn)*¥ @2 ) ¢, where the constantc  c( 1;fmax). With this choice, the
optimal sidelength scales as 2  (n=logn) %2 ) and the estimator®; exactly achieves

the minimax optimal rate.

Remark 2: A dyadic sidelength is not necessary for Theorem 1 to hold, Wever the adap-
tive procedure described next is based on a search over dyadésolutions. Thus, to present

a uni ed analysis, we consider a dyadic sidelength here too.
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2.4.1 Adaptivity to unknown density regularity

In this section we present a procedure that automatically $ects the appropriate reso-
lution in a purely data-driven way without assuming prior krowledge of . The proposed
procedure is a complexity regularization approach that iseminiscent of Lepski-type meth-
ods for function estimation [47], which are spatially adapte bandwidth selectors. In Lepski
methods, the appropriate bandwidth at a point is determinedas the largest bandwidth for
which the estimate does not deviate signi cantly from estirates generated at ner resolu-
tions. Our procedure is similar in spirit, however it is taibred speci cally for the level set
problem and hence the chosen resolution at any point dependsly on the local regularity
of the density around the level of interest.

The histogram resolution search is focused on regular pditins of dyadic sidelength 2/,

j 210;1;:::;Jg. The choice of] will be speci ed below. Since the selected resolution needs
to be adapted to the local regularity of the density around tk level of interest, we introduce
the following vernier:

Vi = Tzl/p,- Ang’-\Jag\(AJ f (A%

Heref (A) = P(A)= (A), j°= b +log,syc, wheres, is a slowly diverging monotone se-
quence, for example log, loglogn, etc., andAj.\ A denotes the collection of subcells with
sidelength 2i° 2 [2 I=s,;2 i*1=s,) within the cell A. Observe that the vernier value is
determined by a cellA 2 A; that intersects the boundary@G. By evaluating the deviation
in average density from level within subcells ofA, the vernier indicates whether or not the
density in cell A is uniformly close to . Thus, the vernier is sensitive to the local density reg-
ularity in the vicinity of the desired level and leads to selgion of the appropriate resolution
adapted to the unknown density regularity parameter , as we will show in Theorem 2.

SinceV; requires knowledge of the unknown probability measure, weust work with
the empirical version, de ned analogously as:

¥, =min max j MAY;:

A2A| A%A o\ A
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The empirical vernierV;j is balanced by a penalty term:
S

log(2 %+ 16=) log(2 A1) 16= )
o= max ma A);8
e A2Ao n (A) x AA) n (A)
where 0< < 1 is a condence parameter, and (A) = 2 1. Notice that the penalty
is computable from the given observations. The precise forof is chosen to bound the
deviation of true and empirical vernier with high probabilty (refer to Corollary 3 for a formal

proof). The nal level set estimate is given by
6=6, (2.8)

where N o

p=arg omjinJ V., + o (2.9)
Observe that the value of the vernier decreases with incréag resolution as better approx-
imations to the true level are available. On the other hand, He penalty is designed to
increase with resolution to penalize high complexity estiates that might over t the given
sample of data. Thus, the above procedure chooses the appiage resolution automatically
by balancing these two terms. The following theorem charaetizes the performance of the

proposed complexity penalized procedure.

Theorem 2. PickJ J(n) suchthat2 7 s,(n=logn) 7, wheres, is a monotone diverging
sequence. LeP denote the resolution chosen by the complexity penalizedtimd as given by
(2.9), and 8 denote the nal estimate of 2.8). Then with probability at leastl 2=n, for

all densities in the class,( ),

d d+2 P
(S S— 2 CSnS
logn

d n d+2

d+2
logn

for n large enough (so thas, > ¢(Cs; o;d)), wherec;; c; > 0 are constants. In addition,

n dé
sup E[d @; G C82 —_—
2,0 ) [ l( )] n Iogn

for all n, whereC C(Cy;Cy;Cs; o;fmax; 1; 2;:d; ) > Ois a constant.
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The proof s given in Section 2.6.5. Observe that the maximunesolution 2 s, '(n=log n)%
can be easily chosen, based only an and allows the optimal resolution for any to lie in
the search space. By appropriate choice sf, for examples, = (log n) =2 with a small
number > 0, the bound of Theorem 2 matches the minimax lower bound of &position 1,
except for an additional (logn) factor. Hence our methodadaptivelyachieves near minimax

optimal rates of convergence for the clags,( ).

Remark 3: To prove the results of Theorems 1 and 2, we do not need to assu@n exact
form for s, except that it is a monotone diverging sequence. Howeves, needs to be slowly

diverging for the derived rates to be near minimax optimal.

Remark 4: It should be noted that there is a price of adaptivity. To obtan a rate that
is very close to the minimax optimal rate, we desires, to increase very slowly withn.
However, the slowes, grows, the more the number of samples required to meet the ctiton

Sh > ¢(Cs; o;d) and obtain a useful (non-trivial) bound.

Remark 5: We would like to point out that even though we state the convagence results

in expectation, the proofs also establish high probabilitgon dence bounds.

2.4.2 Multiple level set estimation

The proposed framework can easily be extended to simultaneoestimation of level sets
at multiple levels = f gk, (K < 1). Assuming the density regularity condition[A]
holds with parameter  for the | level, we have the following corollary that is a direct

consequence of Theorem 2.

Corollary 1. Pick J = J(n) such that2 7  s,(n=logn) ¥4, wheres, is a monotone
diverging sequence. Le® . denote the estimate generated using the complexity perealiz
procedure of @.8) for level . Then

n 1=(d+2max )

E[d, (B :G Cs? —
T3, L 000 €S gy
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for all n, hereC  C(Cy;CyCs; o;fmax; 15 2;d;f agke,) > 0.

Notice that, while the estimate® . at each level is adaptive to the local density regularity as
determined by , the overall convergence rate is determined by the level wieethe density
is most at (largest ).

Another issue that comes up in multiple level set estimatiois nestedness. If the density
levels of interest are sorted, ; 2 k , then the true level sets will be nested
G, G, G . . However, the estimated & .Ok.; may not be nested as the resolu-
tion at each level is determined by the local density reguldy ( ). For some applications,
for example hierarchical clustering, nested estimates mée desirable. We can enforce this
by choosing the same resolution, corresponding to the lagge i, at all levels. Since the
largest  corresponds to smallest vernieV , ; (see Lemma 5), nested level set estimates

can be generated by selecting the resolution according to
_ . . .
p=arg min, min V.i+ o

This does not change the rate of convergence, however if thendity is at at one level of
interest, this forces large Hausdor error at all levels, ean if the density at those levels is

well-behaved (varies sharply near the level of interest).

2.4.3 Support set estimation

In the earlier analysis, we assumed that the level of interes > 0. The case =0

corresponds to estimating the support set of the density fution, which is de ned as
Gy = fx:f(x)> 0g:

In the context of symmetric di erence error, it is known [3539,53] that support set estimation
is easier than level set estimation (except for the case= 0 when the density exhibits a
discontinuity around the level of interest). We show that tle same holds for Hausdor error
and the minimax rate of convergence is given as$logn) % ) which is faster than the

rate of (n=logn) =42 ) for level set estimation. For support set estimation the desity
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regularity assumption[A] holds only for points lying in the support of the density, tha is
[Al1, A2] hold only for x 2 G,.

First, we establish the minimax lower bound. We actually esiblish the bound for the
class of densities=gg (; ) that satisfy the local density regularity [A1, A2] for all x 2 G,
and whose support set$5, are Helder- boundary fragments. The case = 1 corresponds
to the class of Lipschitz boundary fragments which satisfy ssumption [B] (this can be
shown along the lines of the proof of Lemma 1). Thudrge (; 1) is a subclass of the
classesF;( );F,( ) under consideration, and hence a lower bound fdfgr (; 1) yields a

corresponding lower bound for these classes.

Proposition 3. There existsc > 0 such that

inf Efdy (Gy: Go)] n_otre
N Su ; cC —— .
Gn f2F g¢ E); ) ' e Iogn

for n large enough. This implies that

n d+
inf sup E[d; (G,; G inf sup E[d; (Gn; G c ——
G”fZFlE) [1( n 0)] G“fZFzF()) [1( n 0)] Iogn
for n large enough. Theinf is taken over all possible set estimatorG,, based on then

observations.

The proof is given in Section 2.6.6 and requires a construati similar to the minimax lower
bound derived in [35] for level set estimation.
Next, we establish that with knowledge of the local density agularity, the following

histogram based plug-in level set estimator

8o, = L, (2.10)

A2A; (A)>0
achieves this minimax lower bound of Proposition 3 for suppibset estimation using an
appropriate choice of the histogram resolution. This reqees a modi ed theoretical analysis
using the Craig-Bernstein inequality [54] rather than the elative VC inequalities used in the

proofs of Theorems 1, 2 for level set estimation. The proof $ketched in Section 2.6.7.
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Theorem 3. Assume that the local density regularity is known. Pick the resolutiony such

that 2/ s,(n=logn) ﬁ, wheres, is a monotone diverging sequence. Then
1
Efd;, (8::G)] Cs, ——
su i)
szlE) T e " logn

for all n, whereC  C(Cy;Cs; o;fmax; 1;d; ) > 0is a constant.

Achieving adaptivity for support set estimation requires nodi cation of the vernier pro-
cedure. This is because to judge the local density regularinear the level of interest, the
adaptivity procedure needs to focus on the cells that are de to the boundary. The vernier
can achieve this for level > 0 under assumptionfA] which implies that the density has no
at parts near the level of interest. However, for support seestimation, the density is at
(zero) outside the support set. Hence, observe that the veen output is not determined by a
cell intersecting the boundary and it fails to focus on the ¢is that are close to the boundary.
One direction to rectify this is to force the vernier to invesgate only those subcells which
have a certain positive average density. However, if the spprt set boundary is too close to
the cell boundary this can still cause the vernier to yield amsall value even when the cell
is large. To avoid such alignment artifacts, the vernier cabe de ned in terms of multiple

shifted regular partitions, but we do not pursue this furthe.

2.4.4 Addressing jumps in the density at the level of interes t

The case = 0 implies that the density jumps across the level of interésat all points
around the level set boundary. In the non-adaptive settingthe histogram-based plug-in
level set estimator of (2.7) achieves the minimax Hausdor grformance. To see this, the
theoretical analysis needs to be modi ed a bit and is discusd in Section 2.6.8. The adaptive
estimator can also be extended to handle the complete range 0 < 1 by a slight
modi cation of the vernier. Notice that the current form of the vernier may fail to select
an appropriate resolution in the jump case; for example, ihe density is piecewise constant

on either side of the jump, the vernier output is the same irspective of the resolution. A
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slight modi cation of the vernier as follows

L= j0=2 . . -,
Vi =2 ArrzuAr} AOETIA?Z\(AJ F(A%;

makes the vernier sensitive to the resolution even for the mp case, and biases a vernier
minimizer towards ner resolutions. A ne resolution is neeled for the jump case to ap-
proximate the density well (notice that a ne resolution imdies less averaging, however the
resulting instability in the estimate can be tolerated as tlere is a jump in the density). While
it is clear why the modi cation is needed, the exact form of te modifying factor 2 12 arises
from technical considerations and is somewhat non-intuite. Hence, we omitted the jump
case in our earlier analysis to keep the presentation simpli8ince the penalty is designed to

control the deviation of empirical and true vernier, it alsoneeds to be scaled accordingly:
S
- log(2A4+) 16=
j0:=2 1 max 8 o )
A2A o n (A)

log(2 %) 16=)
n (A)

This ensures that balancing the vernier and penalty leads tthe appropriate resolution

max 1b(A); 8

for the whole range of the regularity parameter, 0 < 1 . A proof sketch is given in

Section 2.6.8.

2.5 Concluding Remarks

In this chapter, we developed a Hausdor accurate level sesgmation method that is
adaptive to unknown density regularity and achieves nearlyninimax optimal rates of error
convergence over a more general class of level sets than iclmmed in previous literature.
The vernier provides the key to achieve adaptivity while regjring only local regularity of
the density in the vicinity of the desired level. The complety regularization approach
based on the vernier is similar in spirit to so-called Lepsknethods (for example, [47]) for
function estimation which are spatially adaptive bandwidh selectors, but the vernier focuses
on cells close to the desired level and thus is optimally dgsied for the level set problem.
However, Lepski methods involve sequential testing, whexg our procedure needs the vernier

to be evaluated at all resolutions to determine the appropaie resolution. It is of interest
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to develop a sequential procedure based on the vernier thatlwonly require local density
regularity, but will be faster to implement.

We also discussed extensions of the proposed estimator taleebs simultaneous multiple
level set estimation, support set estimation and discontinty in the density around the level
of interest. We provided some pointers to address adaptiyitfor support set estimation,
however we have not solved this completely yet. While we cader level sets with locally
Lipschitz boundaries, extensions to additional boundarynsoothness (for example, Helder
regularity > 1) may be possible in the proposed framework using technigusuch as wedgelets
[55] or curvelets [56]. The earlier work on Hausdor accuratlevel set estimation [34, 35,
38] does address higher smoothness of the boundary, but tHatlows as a straightforward
consequence of assuming a functional form for the boundarlso, we only addressed the
density level set problem, extensions to general regressitevel set estimation should be
possible using a similar approach.

Finally, we discuss and motivate estimators based on spaltia adapted partitions that
can o er improved performance in practice under spatial vaations in the density regularity.
It is well known that spatially adaptive partitions such as ecursive dyadic partitions (RDPS)
[48{51] may provide signi cant improvements over non-adapse partitions like histograms
for many set learning problems involving a weighted symmetr di erence error measure,
including classi cation [51], minimum volume set estimatn [32] and level set estimation [22].
In fact, for many function classes, estimators based on adag, non-uniform partitions can
achieve minimax optimal rates that cannot be achieved by dstators based on non-adaptive
partitions. However, the results of this chapter establishthat this is not the case for the
Hausdor metric. This is a consequence of the fact that symntec di erence based errors are
global, whereas the Hausdor error is sensitive to local esrs and depends on the worst case
error at any point. Having non-uniform cells adapted to the egularity along the boundary
can lead to faster convergence rates under global measuretiereas the Hausdor error
being dominated by the worst case error is not expected to beh from adaptivity of the

partition. While spatially adaptive, non-uniform partiti ons do not provide an improvement in
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convergence rates under the Hausdor error metric, if the dhsity regularity varies smoothly
along the level set boundary or if the connected component$ a level set have di erent
density regularities, non-uniform partitions are capabl®f adapting to the local smoothness
around each component and this may generate better estimatén practice. This might
be possible by developing a tree-based approach based onvheier or a modi ed Lepski

method, and is the subject of current research.

2.6 Proofs
2.6.1 Proof of Lemma 1

We proceed by recalling the de nition ofFs_( ) as de ned in [35]. The class corresponds
to densities bounded above by..x, satisfying a slightly modi ed form of the local density

regularity assumption[A] :

[A"] Local density regularity: The density is -regular around the -level set, 0< < 1

and <f ., if there exist constantsC, > C ;> 0 and ; > 0 such that
C: (xx@G) jf(x) | Co(x@G)

forall x 2 X with jf (x) ] 1, Where @G is the boundary of the true level seG ,

and the setfx : jf (x) ] 10 IS non-empty.
and the densities have level sets of the form
G =f(; ) 2[0 )% [62);0 r 9o ) Rg

where (; ) denote the polar/hyperspherical coordinates andR > 0 is a constant. g is a

periodic Lipschitz function that satisesg( ) h, whereh > 0 is a constant, and
jgC ) a( )i Li ju 8 5 200, ) % [02):

HereL > 0 is the Lipschitz constant, andjj jj; denotes the ; norm.
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We setR = 1=2 in the de nition of the star-shaped set so that the domain is subset of
[ 1=2;1=2]°. With this domain, we now show that the level selG of a densityf 2 F g ( )
satis es [B] . The same result holds for star-shaped sets de ned on the &bd domain [Q 1]°.

We rst present a sketch of the main ideas, and then provide aefailed proof. Consider
the -level setG of a densityf 2 Fg ( ). To see that it satis es [B], divide the star-
shaped setG into sectors of width so that each sector contains at least oneball
and the inner coverl (G ) touches the boundary at some point(s) in each sector. Now en
can argue that, in each sector, all other points on the bounda are O( ) from the inner
cover since the boundary is Lipschitz. Since this is true farach sector, we hav8x 2 @G,

(x;1 (G ))= O(). Hence, the result follows. We now present the proof in deta

To see thatG satises [B], x , h=3. Then for all o B(O; ) G (since
g ) h> ), and hencel (G) 6 ;. We also need to show tha9C; > 0 such that
for all x 2 @G, (x;1 (G)) C; . For this, divide G into M? ! sectors indexed by

m=(mgmy:ii;mg 1) 2f 1Mol L
n
2 (m 1 2m
Sm= (5 ):0 r o );% 41< Mdl
(mi 1) m ; . Y
_ i < — =1;:::; ;
M i M i=1; d 2
where =( q1; 2;:::; 4 1). Let
$ %
2sin ' —

within each sectorSm . This follows because the minimum angular width of a sector
with radius h required to t an -ball within is

2sin !

H 1 .
2sin h h - R
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(i) The angular-width of the sectors scales a®( ).

The second inequality follows since

i1
65in1ﬁ

i 1
SINCE — S = °0 >
z

sin }(z=2) zfor0

by choice of , h=3. The third inequality is true since

=2. The last step follows by choice of, h=3.

Mg® 1. We claim that there exists a pointxm 2 @G\ Sm, xm = (g( ); ) for some
2[0; )42 [0:2), suchthat (xm;! (G ))=0. Suppose not. Then one can slide the

-ball within the sector towards the periphery and never tout the boundary, implying that

the set G is unbounded. This is a contradiction by the de nition of theclassFs ( ). So

now we have,8y 2 @G\ Sm,y=(g( ); )

;1 (G))  (y;xm) =iy Xxmii

Now recall thatif y = (y1;:::5vq) (10035 4 1) =(9( ); ), then the relation between

the Cartesian and hypershperical coordinates is given as:

Y1 = TICOS ;
Yo = rsin icos ,
Y3 = rsin ;Sin ,C0S 3
Ya 1 = rsin i:::sin 4 »2C0OS 4 1

Ya = rsin i:::sin 4 »2Sin 4 1
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P
Now sincejjy xjj = ?:1 (yi xi)?, using the above transformation and simple algebra, we

can show that:

iy xmii? =iicaC ); ) (9 ); )i

X 1
(g( ) ga( )?+49g( )g( ) sin q:::sin ; 1sin 1:::8in ; 1sin?
(9C ) ol N*+4g( )9 )  sin® ———

i=1

2

Using this, we have8y 2 @G\ Sm
\g X . : i i
(y;1 (G)) (9C ) a( N*+49( )a( ) sin® 5

i=1

i i p_— X _ i i
jaC) 9()i+2 ga( )a( ) sin—
i=1
X1 N
L 1+ | 5
=1
X 1
= (L+1=2) ji i
i=1
(L+1:2)dm
9d(L +1=2) =C,

h

where the third step follows by using the Lipschitz conditioong(), g() R =1=2 and
sincejsin(z)] j zj. The fth step follows sincex;y 2 Sm and hencej ; il =M for
i=1;:::5;d 2andj 41 41 2=M. The sixth step invokes {i) above.

Therefore, we have foraly 2 @G\ Sm (y;lI (G )) Cs . And since the result is true

for any sector, condition[B] is satis ed by any level setG with density f 2 Fs.( ).
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2.6.2 Proof of Proposition 1

Notice that sinceF,( ) F ,( ), we have
ig:f;ljp() | E[d; (8,;G )] innff;ljp() | E[d; (8,:G )]
Therefore, it su ces to establish a lower bound for the classf densities given byF,( ).

We consider the class of densitielSs, ( ) with star-shaped levels sets having Lipschitz
boundaries, as de ned in [35]. Lemma 1 establishes that alledsities in Fs_ ( ) satisfy
assumption[B] . Further, since the discrete set of densitieE3 ( ) F s ( ) used to derive
the lower bound using Fano's lemma in [35], satisfy the locdensity regularity as stated in

assumption[A] 2, we have

n d+2
inf sup E[d; (8,;G )] inf sup E[d; (6,;G)] ¢ — :
@anFz() @anFISDL() |Ogn

for n large enough. The last step follows from proof of Theorem 4 j&5].

2.6.3 Proof of Proposition 2

Observe that assumption[B] implies that G is not empty sinceG | (G ) 6 ; for
o. Hence for large enougim, with high probability, the plug-in level set estimate @ is
also non-empty since the sup norm error betweeﬁa(x) and f (x) converges in probability to
zero. Now recall that for non-empty sets
d; (@;G ) =maxf sup (x; @);sup (x;G )o:
x2G x2®@
We now derive upper bounds on the two terms that control the Hasdor error.
First, observe thatif @ G 6 ;, then for all points x 2 8 G (that is, points that

are incorrectly included or excluded from the level set estiate), jf (x) | j f(x) Ib(x)j

2All densities in Fg () satisfy a weaker former of assumption[A] that only requires density regularity
to hold at (at least) one point along the boundary. However, or the discrete set of densities considered in
the construction of the lower bound, density regularity holds in an open neighborhood around at least one
point of the boundary, and hence these satisfy assumptiofd] .
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and hence regularity condition[A1l] holds at x since the sup norm error betweellp(x) and
f (x) converges in probability to zero and hence for large enough with high probability,
if (x) 1*3(x)j 1. So we have:

|

. . 1= :
sup (X,@G) sup jf()()ij i@)

x28 G x28 G Ca Ca

(2.11)

The last inequality follows since8x 2 8 G, if () j E (@). Also, notice that we
de ne equal to this upper bound. This result implies that all poins whose distance to
the boundary @G is greater than cannot lie in 8 G and hence are correctly included or
excluded from the level set estimate. Let, | , (G ). This implies that all points within
| , that are greater than away from the boundary lie inB\ G since they lieinl, G.

Hence,

sup (x; B8\ G) (2.12)

x2l 2

Using Egs. (2.11) and (2.12), we now bound the two terms of th¢ausdor error. To bound

the second term of the Hausdor error, consider two cases:

@ If 8nG =;,then® G . Hence

sup (x;G )=0:
x2®

(i) If 8nG 6 ;,then® G 6 ;. Hence using (2.11), we get:

sup (x;,G )= sup (xG) = sup (X@G)

x2® x28nG x28nG
I
sup (X, @G) =(®)
x28 G C1

Therefore, for either case

!
sup (x;G ) E(@)

(2.13)
x28 Cy

To bound the rst term of the Hausdor error, again consider wo cases:



42

() If G n@=; thenG ®&. Hence

sup (x; @):O:

x2G

(i) If G n 8 6 ;, then we proceed by recalling assumptiofB] which states that the
boundary points of G are not too far from the inner cover and using (2.12) to contto

the distance of the inner cover frons.

sup (x; @) sup (x;@\ G)

x2G x2G
= maxf sup (x;@\ G); sup (x;@\ G)g
x2l 2 x2G nl2
maxf ; sup (x;®\ G)g
x2G nl2

The last step follows from (2.12). Now consider any 2 G nl, . Then using triangle

inequality, 8y 2 @G and8z 21 ,,

(x;8\ G) xy)+ (;)+ (z6\G)
(cy)*+ (vi2)+ sup %6\ G)
xy)+ (v, + : 2
The last step follows from (2.12). This implies that8y 2 @G,
(x; 8\ G) (Gy)+ inf - (y;2)+
= (xy)+ (yil2)+
(xy) + Sup (Yo12)+
(x;y)+2C3 + :
Here the last step invokes assumptiofB] . This in turn implies that

x;8\ G) y2irgG (X;y)+(2Cs+1) 2 +(2Cz+1)

The second step is true fox 2 G nl,, because if it was not true then8y 2 @G,
(x;y) > 2 and hence there exists a closed -ball around x that is in G . This
contradicts the fact that x 62 b .
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Therefore, we have:
sup (x;@\ G) (2C3+3):

x2G nl»

And going back to the start of case (ii) we get:

sup (x;8) (2C;+3):
x2G

So for either case

I
E(®)
C

sup (x;8) (2C3+3) =(2C3+3)
x2G 1

(2.14)

Putting together the bounds from Egs. (2.13), (2.14) for thewo terms of the Hausdor
error, we get: For large enougim, with high probability

I
d; (@; G ) =maxf sup (X; @);sup (x;G)g (2C3+3) E(@)
x2G x28 Ci

This concludes the proof.

2.6.4 Proof of Theorem 1

Before proceeding to the proof of Theorem 1, we establish @& lemmas that will be
used in this proof, as well as the proof of Theorem 2. The rselmma bounds the deviation
of true and empirical density averages. The choice of penaltised to achieve adaptivity is

motivated by this relation.
Lemma 2. ConsiderO< < 1. With probability at leastl , the following is true for all
j O
maxjf (A) P
Proof. The proof relies on a pair of VC inequalities (See [8] Chapte3) that bound the

relative deviation of true and empirical probabilities. For the cokction A; with cardinality
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bounded by 2, the relative VC inequalities state that for any > 0
!

P(A) P(A) A n 2
P Aszli\pj)—pW 4 2%
and 0 1
P@supw 4 2dg n =
A2Aj Ib(A)
Also observe that
q__
BA) PA)+  BA)=) BA) 2maxP(A);23?) (2.15)
and
P(A) B(A)+ g P(A)=) P(A) 2max@®(A):2?): (2.16)

To see the rst statement, consider two cases:
1) B(A) 4 2. The statement is obvious.

2) B(A) > 4 2. This gives a bound on , which implies
B(A) P(A)+ P(A)=25) BA) 2P(A):

The second statement follows similarly.
Using the second statement and the relative VC inequalitie®r the collection A;, we
have: With probability > 1 8 29e " *** 8A 2 A; both

q
P(A) BA) " PMA)  2max®(A)2?)

and q

q__
B(A) P(A) B(A) 2 max(®(A); 2 2):

In other words, with probability > 1 8 29 " *=4 8A 2 A

q
iP(A)  B(A)] 2 max(®(A); 2 2):
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Setting = P 41og(298=;)=n, we have with probability > 1 ;, 8A 2 A;

S
jd 9= jd g .
P(A) B(A)] 8% max ﬁ(A);B%
Setting ; = 2 U*D and applying union bound, we have with probability> 1, for all

resolutionsj 0 and all cellsA 2 A;
S

iP(A)  B(A)] ax B(A):8

8|og(2] (d+1) 16= ) m Iog(Zi (d+1) 16= )
n n

The result follows by dividing both sides by (A). O

The next lemma states how the density deviation bound or pettg ; scales with resolu-
tion j and number of observations. It essentially re ects the fact that at ner resolutions,

the amount of data per cell decreases leading to larger esttion error.

Lemma 3. There exist constantscs;c;  Cs(fmax; d) > 0 such that if | j(n) satis es

2 = O((n=logn)*), then for all n, with probability at leastl 1=n,
r r

_logn _logn
2id <2 . 2id = -
Ca n PG n
Proof. Recall the de nition of
S
a log(2 (4+D) 16=) Jlog(2@+) 16=)
= Tza}\)f 8 A max fXA);8 A

We rst derive the lower bound. Observe that since the total mpirical probability mass is

1, we have

b(A) = max Ib(A):

1= (A) /m/ia)j( (A) 1A jJ_Tz%)f (A)  A2a

A2A;
Use this along with =1=n,j Oand (A)=2 19 to get:

r
21.d8|og 16
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To get an upper bound, using (2.15) from the proof of Lemma 2,eshave with probability
>1 8 2de "™ forall A2 A,

PA)  2max(P(A);2 d):

Setting = P 41o0g(298=;)=n, we have with probability > 1  ;, forall A 2 A;

B(A)  2max P(A);87|Og(zj:8:j)

Dividing by (A) =2 ¢, using the density boundf nax, we have with probability > 1 |,
forall A2 A;
. jd g— .
f{A) 2 max fmax;zldsw
Setting ; = 2 U*Y and applying union bound, we have with probability> 1, for all

resolutionsj 0

4 log(2 (@D 16=)
. njd
/Enz%?(Ib(A) 2max foax: 298 -

This implies

248 2max fmax; 298

log(2 (@D 16= ) log(2 @+ 16= )
n n

Using =1=nand 2 = O((n=logn)*¥M), we get:
r

i 04(f max d) 2d

logn

O

We now analyze the performance of the plug-in histogram-bed level set estimator pro-
posed in (2.7), and establish the following lemma that boursdits Hausdor error. The rst
term denotes the estimation error while the second term thais proportional to the side-
length of a cell (2) re ects the approximation error. We would like to point out that some
arguments in the proofs hold fors, large enough. This implies that some of the constants
in our proofs will depend onf s;g-, , the exact form that the sequences, takes (but not on

n). However, we omit this dependence for simplicity.
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Lemma 4. Consider densities satisfying assumptiorfdl] and[B] . If j  j(n) is such that
2 = 0O(s,Y(n=logn)¥), wheres, is a monotone diverging sequence, amd  No(f nax; d;

1, o;C1; ), then with probability at leastl 3=n
" #
P 1 j o P—
dy (B;;G) max(2C;+3;8 d,Y) ot d2
1

Proof. The proof follows along the lines of the proof of Propositiod. LetJo = dog, 4p d= e,

where , is as de ned in assumptionB] . Also de ne
" #

. 1= _ i
i = L +pd2'

Consider two cases:

. j<Jo.
For this case, since the domaiiX = [0; 1], we use the trivial bound

p P,

dy (§;G6) ' d 2J°(pazi) 8 d,!:

The last step follows by choice of, and since ;;C; > 0.

. j Jo.
Observe that assumption[B] implies that G is not empty sinceG | (G ) 6 ; for
o- We will show that for large enoughn, with high probability, @j \ G 6 ; for
j  Joand hence@j is not empty. Thus the Hausdor error is given as
dy (8;;G )=maxfsup (x;8);sup (x;G )g; (2.17)
x2G x28,

and we need bounds on the two terms in the right hand side.

To prove that @j is not empty and obtain bounds on the two terms in the Hausdor
error, we establish a proposition and corollary. In the fadwing analysis, ifG = ;, then
we de ne sup.,g 9(x) = 0 for any function g( ). The proposition establishes that for
large enoughn, with high probability, all points whose distance to the boadary @G

is greater than ; are correctly excluded or included in the level set estimate
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Proposition 4. If j  j(n) is such that? = O(s,! (n=logn)¥¥), andn  ny(f max;

d; 1), then with probability at leastl 2=n,

1=

. p_ .
sup (X, @G) L + d2)=
x28;, G Cy
Proof. If 8, G = ;, then SUR,s, ¢ (X @G) =0 by de nition, and the result of

Proposition 4 holds. If6, G 6 ;, considerx 2 &

containing x at resolution j. Consider two cases:

(i) Ax\ @G 6 ;. This implies that

G . Let A, 2 A; denote the cell

(x; @G) paz I

(i) Ax\ @G = ;. Sincex 2 @j G , it is erroneously included or excluded from

the level set estimate@j. Therefore, iff (Ay)

, then fb(Ax) < otherwise if

f(Ay) < ,thenfXA,) . Thisimpliesthatj f(A)] j f(A) ™A
Using Lemma 2, we gef  f (Ay)] j with probability at least 1

Now let x; be any point in A, such that |

f(X)] ] f (Ayx)j (Notice that

at least one such point must exist inA, since this cell does not intersect the

boundary). As argued abovej f(Ay)] i with probability at least 1 ~ 1=n

(for =1=n). Using Lemma 3, for resolutions satisfying!2= O(s, }(n=logn)¥9),

and for large enougm  ny(fmax; d; 1),

1 and hencg  f (Xy)] 1, with

probability at least 1  1=n. Thus, the density regularity assumption[A1] holds

at x; with probability > 1 2=n and we have

jofe) B j

(X1, @G) C,

Sincex; xq 2 Ay,

(X @G) (x:@G)+ @

A P

C. C,
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So for both cases, if j(n) is such that 2 = O(s,! (n=logn)¥), and n
N1 (f max; d; 1), then with probability at least 1  2=n, 8x 2 @,- G

= p_
(X; @G) C—‘ + d2=:

O

Based on Proposition 4, the following corollary argues thafor large enoughn and
] Jo= dog, 4IO d=,e, with high probability, all points within the inner cover | 2,(G)
that are at a distance greater than ; are correctly included in the level set estimate,

and hence lie in@j \ G . This also implies that@j iS not empty.

Corollary 2. Recall assumptionB] and denote the inner cover oG with 2 ;-balls,
l12,(G) | 2, forsimplicity. Forany n  ng  No(fmax;d; 1; 0;Cy; ), ifj  j(n)is
such that2 = O(s,*(n=logn)*%) andj Jo, then, with probability at leastl 3=n,

G 6; and sup (xG\G)

X2|2j

Proof. Observe that forj  Jo, Zp d2 ] 2p d2 % ,=2. By Lemma 3, for resolu-

tions satisfying 2 = O(s,*(n=logn)*9), and for large enoughn  nu( o;f max; C1; ),
2( =C)¥ =2, with probability at least 1 1=n. Therefore for resolutions sat-
isfying 2 = O(s,Y(n=logn)*) andj Jo, and forn n,, with probability at least

1 1=n2; o and hencel ,, 6 ;.

Now consider any 2 -ball in l2,. Then the distance of all points in the interior of
the concentric ;-ball from the boundary ofl ,,, and hence from the boundary of5
is greater than ;. As per Proposition 4 forn  ng = max(ns; ny), with probability
> 1 3=n, none of these points can lie i}; G , and hence must lie inG; \ G since

theyareinlzj G. Thus,@j 6 ; andforallx2I2j,

x6\G) ;:
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We now resume the proof of Lemma 4. Assume the conclusions edposition 4 and
Corollary 2 hold. Thus all the following statements hold foresolutions satisfying 2 =
O(s, (n=logn)™9), j  Joandn ng No(fmax;d; 1; o;C1; ), with probability at
least 1 3=n. SinceG and @j are non-empty sets, we now bound the two terms that
contribute to the Hausdor error:

sup (x; &) and sup (x;G)
x2G

X2@j
To bound the second term, observe that
sup (x;G )= sup (XG) = sup (X@G) sup (X, @G) ;
x2 6 x28;nG x26; nG x28; G
where the last step follows from Proposition 4. Thus,
sup (x;,G ) j: (2.18)
X2@j

To bound the rst term, we recall assumption[B] which states that the boundary
points of G are O( ;) from the inner coverl (G ), and using Corollary 2 to bound

the distance of the inner cover fronf; .
sup (X; @j) sup (x; @j\ G)
x2G x2G

= maxf sup (X; @j\ G);, sup (X @j\ G )g

X2I2j x2G nlzj

maxt ;; sup (8 \ G)g;

x2G nlzj

where the last step follows using Corollary 2.

Now consider anyx 2 G nl;,. By the triangle inequality, 8y 2 @G and 8z 21

x 8\ G) xy)+ (;2+ 8\ G)
xy)+ (y;2+ sup (2%6\ G)

202|2j

xy)+ (;2+ j;
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where the last step follows using Corollary 2. This implieshat 8y 2 @G,

x8\ G) OGy)+ inf - (y;2)+
z 2j
= (xsy)t (yilz)+
(Gy)+ sup  (Y512,)+
yR2 @G
(xy)+2Csj + j;
where the last step invokes assumptiofB]. This in turn implies that

(x;@j\G) yzirge (Xy)+(2Cs+1); 2;+(2C3+1) ;:

The second step is true fox 2 G nl,,, because if it was not true then8y 2 @G,
(x;y) > 2; and hence there exists a closed;2ball around x that is in G . This

contradicts the fact that x 62 b ;. Therefore, we have:

sup  (X; @j\ G) (2C3+3)
x2G nlzj

And going back to (2.19), we get:
sup (X; @j) (2C5+3) j: (2.19)
x2G

From Eqgs. (2.18) and (2.19), we have that for all densities 8sfying assumptions
[A1, B],if j  j(n)is such that 2 = O(s,'(n=logn)¥), j Jo, andn ng
No(f max; d; 1; o;Cy; ), then with probability > 1 3=n,
di (8;G) = maxfsup (x;8);sup (x;G)g (2C3+3) ;:
x2G x28,

And addressing both Case lj(< J o) and Case Il {  Jo), we nally have that for all

densities satisfying assumption§Al, B] , if j  j(n) is such that 2 = O(s,(n=logn)¥),

andn ng  No(fmax;d; 1; o;Cy; ), then with probability > 1 3=n,

p_
dy (8;;G) max(2C; +3;8 d %) ;:
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We now establish the result of Theorem 1. Since the regulariparameter is known, the
appropriate resolution can be chosen as 2  s,(n=logn) @27, Let denote the event
such that the bounds of Lemma 3 (with = 1=n) and Lemma 4 hold. Then forn  ng,
P() 4=n where denotes the complement of . For n < ng,, we can use the trivial

inequality P() 1. So we have, for alh
cayL o ~ol
P() max (4, nO)n = C -
HereC® CYfmax;d; 1; 0:C1; ).
So8f 2 F,( ), we have: (Explanation for each step is provided after thegeations.)
E[d: (8;G)] = P() Eld (8;G)jl+ P() Eldi (§:G)j]
. P
Elch (8;:G)jl+ P() d
# p_

p_ o opo
max(2Cs;+3;8 d %) + d2] +C°7Ol

( I N 1)
. 0 n 2 .
Cmax 242970 2 0. =
n n
( o+ A g
_ n g n ®
Cmax s, —  — =
logn logn n
dl
n +2
Cs, —— :
logn

HereC C(Cy;Cs; o fmax; 1;d; ). The second step follows by observing the trivial bounds
P() 1 and since the domainX = [0; 1), E[d, (@j G )] P d. The third step follows
from Lemma 4 and the fourth one using Lemma 3. The fth step fédws since the chosen

. ; 1
resolution 2!  sy(n=logn) @2,

2.6.5 Proof of Theorem 2

To analyze the resolution chosen by the complexity penalideorocedure of (2.9) based
on the vernier, we rst establish two results regarding the ernier. Using Lemma 2, we have

the following corollary that bounds the deviation of true anl empirical vernier.
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Corollary 3. Consider0< < 1. With probability at least 1 with respect to the draw

of the data, the following is true for alj  O:
]V i b;j J jo:

Proof. Let Ay 2 A denote the cell achieving the min de ningV; and A; 2 A; denote the
cell achieving the min de ning ¥ ; . Also let A, and A%, denote the subcells at resolution
j O within Ag and A;, respectively, that have maximum average density deviatiofrom

Similarly, let A3, and A?, denote the subcells at resolutionp®within A and A1, respectively,
that have maximum empirical density deviation from . Then we have: (Explanation for

the steps are given after the equations.)
Vi 0y o= i fAR T A
i A DAL
i f(A%) (AL
= maxff(Al) MAL);MAL) f(Al)g
maxtf (Af) A% PAD)  f(AD)g
maxif (&) PA)
J‘O
The rst inequality invokes de nition of A, the third inequality invokes de nitions of the

subcellsAY,, A9;, and the last one follows from Lemma 2. Similarly,
byovy o= 0 AT AR
i AR T (AR
i f(A%) A
Here the rst inequality invokes de nition of A;. The rest follows as above, considering cell

Ao instead ofA;. O

The second result establishes that the vernier is sensitite the resolution and density

regularity.
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Lemma 5. Consider densities satisfying assumption®] and [B] . Recall thatj®= b +
log, snc, wheres, is a monotone diverging sequence. There exi€Is C(Cy;fmax; 25 )> 0

such that if n is large enough so thas, > 8 max(3 ,1;28; 12C3)p d, then for allj O,
. L0 p- .
min( 1;C)2!' VvV 3  C( d2'):

Proof. We rst establish the upper bound. Recall assumptiofA] and consider the cell
Ao 2 A; that contains the point xo. Then Aj\ @G 6 ;. Let AJ denote the subcell at
resolution j ® within Ag that has maximum average density deviation from . Consider two

cases:
(i) If the resolution is high enough so thatIO d2 i 2, then the density regularity as-
sumption [A2] holds 8x 2 Ag sinceA, B(Xq; »), the »-ball around xo. The same
holds also for the subcelAS. Hence
o (Al C( d27)
(i) If the resolution is not high enough andp d2 I > ,, the following trivial bound holds:

iTAY fee Py
2

The last step holds sincep a2 > ,.

Hence we can say for ajl 0 there existsAp 2 A such that

f p_
. R O\: . I'max j
UGN f(A%=j f(AJ)] max Cy : ( d27)

This yields the upper bound on the vernier:

p_ . p_ .
V, max C2;fmax ( d27)) =cCc( d2)
2

whereC  C(Cy;fmax; 27 ).
For the lower bound, consider any celh 2 A;. We will show that the level set regularity

assumption[B] implies that for large enoughn (so that the sidelength 2° is small enough),
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the boundary does not intersect all subcells at resolutiojf within the cell A at resolution

j. And in fact, there exists at least one subcelA? 2 A\ A ;o such that 8x 2 AY,

(x; @G) 21"
We establish this statement formally later on, but for now asume that it holds. The local
density regularity condition [A] now gives that for allx 2 A%, j  f(x)j min( 1;C.2 I°)
min( 1;C,)2 I° . So we have

. . . O\: . . jO_
Ry fF(AY j  f(AD] min( 1;C)2 1

Since this is true for anyA 2 Aj, in particular, this is true for the cell achieving the min
de ning V. Hence, the lower bound on the vernie¥ ; follows.
We now formally prove that the level set regularity assumptin [B] implies that for large

enoughn (so that s, > 8 max(3,1;28; 1203)p d), 9A9 2 A\ A o such that 8x 2 AY,

(x;@G) 2%

Observe that if we consider any cell at resolution®:= j° 2 that does not intersect the
boundary @G, then it contains a cell at resolutionj° that is greater than 2 I° away from
the boundary. Thus, it su ces to show that for large enoughn (so that s, > 8 max(3 ,*; 28;
1203)'06), 9A%2 A\ A jwsuch that AN @G = ;. We prove the last statement by
contradiction. Suppose that fors, > 8 max(3 ,*; 28, 1203)p d, all subcells inA at resolution
j ©intersect the boundary@G. Let = 3P a2 Then,

24p d_ . 24p d
2 o
Sn Sn

p

=3 d21”= 12p

d2 1°<

where the last step follows sincs, 24p d ,*. By choice of , every closed -ball in A must
contain an entire subcell at resolutionj ®and in fact must contain an open neighborhood
around that subcell. Since the boundary intersects all sublis at resolutionj % this implies
that every closed -ball in A contains a boundary point and in fact contains an open neigh-

borhood around that boundary point. Thus, (i) every closed-ball in A contains points not
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in G , and hence cannot lie il (G ). Also, observe that since all subcells iA at resolution
. 00: N : . R L
j “intersect the boundary ofG |, (i) there exists a boundary pointx; that is within = d2 1®

of the center of cellA. From (i) and (ii) it follows that,

21 p- . 2| p_ .
X1; — = =
(il (G) 5 a2 1”2 5 28 d2 1°
!
.156pa 2 ]
> 21 = > ——
2 Sh 4

where the last step follows since, > 224p d. However, assumption[B] implies that for

[0} ]

2403IO d2 |

Sn

p_ . p_ 2]
(x1;1 (G)) Cs =3Cs d21”=12C5 d2 /° R
where the last step follows sincse, > 96C3p d, and we have a contradiction.

This completes the proof of Lemma 5. O

We are now ready to prove Theorem 2. To analyze the resolutidhchosen by (2.9), we
rst derive upper bounds onV., and p, that e ectively characterize the approximation
error and estimation error, respectively. Thus, a bound onhe vernierV.,, will imply that
the chosen resolutio cannot be too coarse and a bound on the penalty will imply thathe
chosen resolution is not too ne. Using Corollary 3 and (2.9we have the following oracle

inequality that holds with probability at least 1
0

n

V;p v;p+ po=gnjinJ ‘b;j + o OrT}IianV;j +2 jod:
Lemma 5 provides an upper bound on the vernie¥, , and Lemma 3 provides an upper
bound on the penalty ;.. We now plug these bounds into the oracle inequality. Her€

may denote a di erent constant from line to line.

r— )

. - .
V.p bp+ po C min 21 + ZJodﬂ
' ' 0j J n
( r 7|!)
CominJ max 27 ; Zidsﬁ%
]

d n d+2
Csﬁl+2 -
logn
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HereC C(C; fmax; 2:d; ). The second step uses the de nition ¢f® and the last step fol-

T2 (n=logn) @ .

lows by balancing the two terms for optimal resolutioj given by 2} S
This establishes the desired bounds ovi., and .
Now, using Lemma 5 and the de nition ofj °, we have the following upper bound on the
sidelength: Fors, > 8 max(3 ,%;28; 1203)p d,
2 p Sp2 pe Sh ﬁ czsns% % "
wherec,  G(Cy;Coifmax; 1, 2,d; ) > 0. Also notice that since 2  s,! (n=logn)¥,
we have 2°  2° .22 (n=logn)™, and thus j° satis es the condition of Lemma 3.

Therefore, using Lemma 3, we get a lower bound on the sidelémg With probability at

least 1 2=n,
! !
S S 5 n d 2 n @ n =
0
2 P> _n2 p =n _p_ C1Sh sﬁ*z _ -
2 2 ¢ logn logn logn
2 di1
=2 n 2
= C]_Snsd+2 .
logn
g 1
= ClSW —n o ;
logn ’

wherec; ¢ (Cy;fmax; 2;d; ) > 0. So we have fors, > 8max(3 ,1;28, 12C3)pa, with
probability at least 1  2=n,

1 1

4 n d+2 _d n d+2
2P CrSnSh™

C1S ; (2.20)

logn
wherec; Ci(Cofmax; 2;d; ) > 0andc, ¢(Cq;Cofmax; 1; 2;d; ) > 0. Hence the

automatically chosen resolution behaves as desired.

Now we can invoke Lemma 4 to derive the rate of convergence ttve Hausdor er-

. p_
ror. Consider large enougm  n;(Cs; o;d) so that s, > 8max(3,?;28 12C;3) d. Also,
recall that the condition of Lemma 4 requires thatn No(fmax; d; 1; o; C1; ). Pick

n max(ng; n;) and let denote the event such that the bounds of Lemma 3, Lema
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4, and the upper and lower bounds on the chosen sidelength 2.Z0) hold with = 1=n.

Then, we haveP () 6=n. For n < max(no; n1), we can use the trivial inequalityP () 1.

So we have, for alh

P() max(6; max(no; nl))% =: C%;

whereC  C(Cy;Cs; o fmax; 1;d; ).

So8f 2 F,( ), we have: (HereC may denote a di erent constant from line to line.

Explanation for each step is provided after the equations.)

E[d; (8;G )] = P() E[ds (8;G)j1+ P() E[d (8:G )j]

Elgh (8:G)i1+ P() ' d

p
¢ o
(
C max

(

Cmax sp? —

d

Cs,si™

L
" logn

R logn ZL_

#

HereC C(Cy;Cy;Cs; o;fmax; 1, 2;d; ). The second step follows by observing the trivial
boundsP () 1 and since the domainX = [0;1]¢, E[d; (@; G)jl P d. The third step

follows from Lemma 4 and the fourth one from Lemma 3. The fth tep follows using the

upper and lower bounds established on Bin (2.20).

2.6.6 Proof of Proposition 3

We proceed by formally de ning the clas$gf ( ;

). The class corresponds to densities

bounded above byf ., satisfying the local density regularity assumptiondA1,A2] for
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points within the support set, and the densities have suppbsets that are Helder- boundary

fragments. That is,
Go= f(xxa); %2 [0;1] 10 x4 g(x)g;

where the functiong satisesh g(x) 1 h, where O<h < 1=2 is a constant, andg is
Helder- smooth. That is, g has continuous partial derivatives of up to order [|, where []

denotes the maximal integer that is< , and9 > 0 such that
8z x2 [0;1]° :jiz )j 9@ TP«(%[ 1)) Lkz xk

whereL; > 0, TP«( ;[ ]) denotes the degree | Taylor polynomial approximation of g
expanded aroundx;-and jj jj denotes Euclidean norm.

The proof is motivated by the minimax lower bound proof of Therem 1 in [35], however
the construction is slightly di erent for support set estimation. For the sake of completeness,

we present the entire proof here. We will use the following #orem from [57].

Theorem 4 (Main Theorem of Risk Minimization (Kullback divergence vesion)). Let
be a class of models. Associated with each mode2  we have a probability measur .
Let M 2 be an integer and led( ; ) : I R be a semidistance. Suppose we have

f o;ii:; mg2 such that

1.d(j;k) 2s> 0; 80j;k M s

P
3. & L KL(P,kP,))  logM;

where0< < 1=8. The following bound holds.

p— r
M
inf P d(* —pB— 1 2 2
'2 Sf?p () s 1+ M logM

where the in mum is taken with respect to the collection of lapossible estimators of , and

KL denotes the Kullback-Leibler divergence.
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The following corollary follows immediately from the theoem using Markov's inequality.

Corollary 4. Under the assumptions of Theorem 4 we have
P_— r

inf supE[d(® )] s—E": 1
o2 1+ M

S ca-
logM s

for somec c¢(;M ) > 0.

We now construct the model class F of densities that is a subset of densities
from the classFge (; ). Thus, Corollary 4 would give a minimax lower bound for the
classFgr (; ). Considerffg;:::;fywg 2 F as follows. Letx = (x;Xq) 2 [0;1]4, where

%2 [0;1]¢ * and xq4 2 [0;1]. Also let
& L '
n (@ d1
m = —
G logn
wherecy, > 0 is a constant to be speci ed later. De ne

r:J'm1=2; B= Xx:ix2 X 1. + 1

and

0= K mix X))

( 1=2;1=2)* . Now de ne

fo(X) = Go(x) and  fr(x) = Go(X) + Gy(X) + G2(X);

where 8
30 xq > 1=2,% 2 [0; 1]
Wx)= _ 3% 1 oxy 1=2 ,<xgq 1=2x2 [0 ?
E 1 Ca1*tCo 2 i1
— Xqg 172 ;%2 [0:1]

8

% Ci1+Co % X4 % r()e) <Xy %;)(—2 By
Ci1+C 3 .

Ge00= | E2 X ¥ 2 20 <xa 3 0
' % G2l 1 (%) xq *x2Bp

0 elsewhere
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fo(z) J5(x)
X X
dl ‘ I =5 — n5(%)
1 1 //_— 1-3n@
2 2 N7

r — r —

Figure 2.2 Densities used in the lower bound constructionrfétdausdor accurate support
set estimation.

and 8
< CULKC 1,C2) oy (( +1)+ d 1)

Q)= 7 Xg 122 ;x2[01F?
2 - .

elsewhere

whereCY ;L;K;C 1;C;) = €% 1 ;1 L2KkKk ii. See Figure 2.2.

R R
Thus, M = mY 1, Observe thatfg;:::;fy are valid densities since g, = 1, Oy +

Rgz =0and fg;:::;fm 0 provided , is small enough but xed andn is large enough
but xed. Moreover, observe that provided ; is small enough but xed, the densities satisfy
assumptiongAl, A2] for all points within the support. The exact requirements on; , and

n can be speci ed but are cumbersome and of no interest to theswdts. The corresponding

support sets are given as:

Gy = fx:0 x¢<1=29

G

r fx:0 xg<1=2 (%)g

Observe that the support sets are Helder- boundary fragments. Thus,F F g (; ).

Now, we show thatF satis es the assumptions of Theorem 4 fod d; .
1. For all 6 K,
d; (Gr; Gp) = max(max (x);max p(x)) = L maxK (x)m =:2s>0;
x x x
and also for allj

d; (Gr; Gp) =max (x) = L maxK (¥)m =:2s> O
x x
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2. Clearly, P Po; 8 by construction.

3. We now evaluate the KL divergence.

#
O N OO T,

=n lo -
fo(Xi) [0;1]¢ gfo(X) d

The last integral consists of three terms considering whefe(x) > 0 that we evaluate

X
i=1

next.
yi Z .,
2 2 X) + X
= n log 2L+ 8 (4 ) 4+ g(x)) dxgdlx
¢ 1 o go(X}
- C%((+l)+dl)' +1)+d 1
= nlog 1+ e Cn ((w9rd
2 +1

nCxO 2 (+D+d 1
2
ChCR2g,) 2 ¢ D+ d 1)@ logM

where the inequality follows from log(1 +x)  x and de ning C%*= —z&¢—. In
2 +1

the last step, 0< < 1=8 by appropriate choice of.

. £ gy(x)
I = n log =——=0go(X)dxqdx =0
(0119 nB, 1=2 J Qo(X) ‘

Z Z:
> (%)
M = n " 10g 2T 9 (0 4 gu(x)) dxgce
By % 3, Go(X)
Z Z:
7 (%) (¢
= n ' log 1 1r( ) G+C 1 H(%) Xg  dxgdx
B 3 309 2 Xd 2 2
0
Finally, we get
1 M

M KL( P;-kPo) logM:
j=1

Thus, all the conditions of Theorem 4 are satis ed and Cordry 4 implies the desired lower

bound sinces := L max.K (¥*)m =2.
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2.6.7 Proof sketch of Theorem 3

We derive an upper bound on the Hausdor error of the estimatoproposed in (2.10) for
support set estimation ( = 0). We follow the proof of Theorem 1, except that instead of
Lemma 2 based on the VC inequalities, we will use the follonglemma that is based on the

Craig-Bernstein inequality [54].
Lemma 6. With probability at least1 1=n, the following is true for all]j 0 and all
A2A,
f(A) 2qA)+ P
Similarly, with probability at leastl 1=n, the following is true for allj O and allA 2 A

oa) 2f(A)+ °

Proof. The proof hinges on the following concentration inequalitglue to Craig [54]:
Proposition 5 (Craig93). Let f Uig, be independent random variables satisfying the Bern-
stein moment condition
, . K!
E[Ui  E[U]i*] = var(Ui)Eh" 2,

for someh> 0and allk 2. Then
n var (+U)

1
P H(Ui E[Ui]) n—"' 21 0

for 0< h c<land > 0.

First let U, = 1x,2a. Then E[U] = P(A). SincejU; E[U]] 1, the Bernstein

moment condition is satis ed as follows.

E[U  E[U*]

E[U  E[UJ* 3U  E[UJY E[U  E[U]?]

|
var(U;) var(Ui)%hk 2

forh=1and all k 2. Therefore, we have with probability> 1 e

n var (U var (Up)
PR+ P(A) n " 21 © n " 2(1 ©
P (A)

n 2(1 o
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The last step follows sincevar(U;)  E[jUij?] E[jUij] = P(A). Setting = c=1=2, we
have with probability > 1 29e ,forall A2A;

P(A) 2B(A)+ %

Now let = log # i = 2 0D and apply union bound to get with probability > 1
for all resolutionsj 0 and allA 2 A

2i (d+1) o

4lo
P(A) 2b(A)+ 229
The rst result follows by dividing by (A) =2 9 and setting = 1=n.

To get the second result, letJ; = 1x,,, and proceed as before. We get with probability

>1 ,forallresolutionsj OandallA2A;

2 log2 %Y 2 41024 2
B(A) SP(A)+f 2P (A) +

O

Analogous to Lemma 3, there exist constants;; ¢s > 0, such that for resolutions satisfy-
ing 2 = O((n=logn)*), | |
29 logn 0 29 logn
i Cs
n n

: (2.21)

Also, the following analogue of Proposition 4 holds.

Proposition 6. Forany n  ny(d;Cy), if j  j(n) is such that2 = O(s,*(n=logn)¥?),
then, with probability at leastl 1=n

o = p_
sup (X, @Q) C—’ + d2!=
x285 G, 1
Proof. Proof follows along the lines of the proof of Proposition 4.f I@o;j Gy = ;, then

SUB,a,, o, (X @G) =0 < ; by denition. If 8y; G, 6 ;, considerx 2 8y, G,. Let

A, 2 A denote the cell containingx at resolution j. Consider two cases:
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(i) Ax\ @G#6 ;. This implies that
x; @GQ) pHZ I

(i) Ax\ @G = ;. Sincex 2 @o;j Gy, it is erroneously excluded from the support set
estimate @0;,-. Therefore,f (Ayx) > 0 and 1b(AX) = 0. (Notice that if f (Ay) =0, then
fb(Ax) = 0 as no data points lie in A,, hence a cell cannot be erroneously included
in the support set estimate.) Sincd (Ax) > 0 andA,\ @G = ;, Ax G,. Using
Lemma 6, since‘b(Ax) =0, we getf (Ay) JO with probability at least 1  1=n.

Now let x; be any point in A, such that 0<f (x;) f (Ay) (Notice that at least one
such point must exist inA, since this cell does not intersect the boundary). As argued
above, f (Ay) JO with probability at least 1  1=n. From (2.21), for resolutions
satisfying 2 = O(s,*(n=logn)**%), and for large enoughn  ny(d; ;), ? ;and
hencef (x;) 1, with probability at least 1  1=n. Also, X; 2 Ay G,. Thus, the
density regularity assumption[Al] holds atx; with probability > 1 1=nand we have
fo) 0 a0 & P

@@ ¢ C, C

Sincex; xq 2 Ay,

(x; @G) (Xl;@®)+p821' C_1 + d2
O

Rest of the proof of Theorem 3 follows as for Theorem 1. Sincé’ behaves essentially

as the square of ;, we get a bound that scales as,(n=logn) ¢ ).

2.6.8 Proof sketch for 0

First consider the non-adaptive setting when is known to be zero. In this case the

plug-in histogram estimator of (2.7), along with a choice ofesolutionj such that 2
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s»(n=logn) ¥ achieves minimax optimal performance for the class of détnss given by
F,(0). This follows along the lines of the proof of Theorem 1 e&pt that for the case =0,

the following result analogous to Proposition 4 holds.

Proposition 7. Foranyn ni(fma;d;Cy),if j  j(n)issuchthat? = O(s,* (n=logn)*Y),
then, with probability at leastl 2=n,
sup  (x; @G) paz b=
x2®; G

Proof. If =0,then 8x 2 X, j f(x)j min(Cy; 1). Consider any cellA that does not
intersect the boundary. Thenj f(A)] min(Cq; 1) i ] f(A) Ib(A)j. The second
step holds, with probability at least 1 1=nforn ny(fnax;d; Cy; 1) and resolutions satis-
fying 2 = O(s, }(n=logn)¥?), using Lemma 3. And the third step follows with probability
at least 1 1=n using Lemma 2 (with = 1=n). Since] f(A)] | f(A) 1b(A)j, for
resolutions satisfying 2 = O(s,*(n=logn)*¥) and n  n; (f max; d; Cy; 1), with probability
at least 1 2=n, all cells A that do not intersect the boundary are correctly included or
excluded from the level set estimate. Hence, syp, 4 (X, @G) P d2 7. O
This yields a corresponding Hausdor error bound (analog@uto Lgmma 4) of

dy (8;;G) max(2C;+ 3;8IO d,b th d2 3 : (2.22)
Thus, the result follows as 2/ s,(n=logn) .

Next, we prove that adaptivity can be achieved, and hence Tleem 2 holds, for the whole
range 0 using the modi ed vernier and penalty proposed in Section.24. First, notice
that Corollary 3 still holds for the modi ed vernier and modied penalty since V ; ;V;j as
well as ;o are all scaled by the same factor of 22 And we have the following analogue

of Lemma 5 using the modi ed vernier:

Lemma 7. Consider densities satisfying assumptiojf] for 0 and assumptionB] . Re-
call thatj°= bj +log, s,c, wheres, is a diverging sequence. There exis®s  C(Cy; f max; 1)>

0 such that forn large enough (so thas, > 8 max(3 ,*;28; 12C3)p d), thenforallj 0

. o p_ .
min( 1;C)2 1° 2122 v ;  C( d2) 2%
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Following the proof of Theorem 2, we derive upper bounds oh., and , using the oracle
inequality. Since both the modi ed vernier and penalty are caled by the same factor, the

two terms in the oracle inequality are still balanced for thesame optimal resolutionj given
: d
by 2 ! sn? (n=logn) &2, Hence we get:

( +1=2)
d(_+1=2) n d+2

Vi Vp+ c2i 2 Cs, s, ™

logn
Using this upper bound onV., and y,, we derive upper and lower bounds on the chosen

resolution P as in the proof of Theorem 2. Using Lemma 7, we have the followji upper

bound on the sidelength: Fors, > 8 max(3 ,1;28; 12C3,)IO d,

Czsr%—ﬂ SW

min( 1; Cy) " logn
1
d+g n a2 .

V. 1=( +1=2) 2 d n T
2 p Sh P

CoSnS —
" logn

And using Lemma 3 for the modi ed penalty, we have:

r
foso

62 | logn

2%

jo:

This provides a lower bound on the sidelength:

| 1 | 1
2 - —_— 2( +1=2) - d 1
poS o 7 e
25> =2 S C1Sn S, Sn — —
2  4clogn logn logn

1
1 2d(_+1=2) n Tz

d d d
CiSpsy P syt e

logn
1
d n d+2
= S —
logn

So as before we have fa, > 8 max(3 ,1; 28, 12C3)p d, with probability at least 1~ 2=n,

1 1

_— n d+2 _d n a2
d+2 2 P C25n5d+2

C1S — — ;
logn logn

where ¢, C(Coifmax; 1;d; ) > 0 and ¢ C(Cq; Co;fmax; 1;d; ) > 0. Hence the

automatically chosen resolution behaves as desired for 0.
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To arrive at the result of Theorem 2 for 0, follow the same arguments as before but
using Lemma 4 to bound the Hausdor error for > 0, and (2.22) to bound the Hausdor
error for =0. Thus, Theorem 2 holds and the proposed method is adaptivier all 0

(including the jump case), using the modi ed vernier and peaity.
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Chapter 3
Quantitative Analysis of Semi-Supervised Learning

Empirical evidence shows that in favorable situations sersupervised learning (SSL)
algorithms can capitalize on the abundance aflabeledtraining data to improve the perfor-
mance of a learning task, in the sense that fewkbeledtraining data are needed to achieve a
target error bound. However, in other situations unlabeledata do not seem to help. Recent
attempts at theoretically characterizing the situations n which unlabeled data can help have
met with little success, and sometimes appear to con ict wit each other and intuition. In
this chapter, we attempt to bridge the gap between practiceral theory of semi-supervised
learning. We develop a rigorous framework for analyzing th&tuations in which unlabeled
data can help and quantify the improvement possible using ite sample error bounds. We
show that there are large classes of problems for which SSinagni cantly outperform su-
pervised learning, in nite sample regimes and sometimessal in terms of error convergence
rates. Moreover, we also provide a characterization of thelative value of unlabeled and

labeled data.

3.1 Introduction

Supervised learning involves learning a mapping from an iop or feature spaceX to
an output or label spaceY givenn labeled training exampled X;; YgL, , that are indepen-
dent and identically distributed according to a joint probaility law Pyxy . Labeled training
data can be expensive, time-consuming and di cult to obtainin many applications. For

example, hand-written character or speech recognition amtbcument classi cation require
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an experienced human annotator, or in some applications éalabel might be the outcome
of a specially designed experiment. Semi-supervised laagn(SSL) aims to capitalize on the
abundance of unlabeled training data to improve learning pformance. A thorough survey
of semi-supervised learning literature is available in [F8 Empirical evidence suggests that
in certain favorable situations unlabeled data can help, wie in other situations it does not.
Recent attempts at developing a theoretical basis for semispervised learning have been
mostly pessimistic [26,27,40], and only provide a partiainal sometimes apparently con ict-
ing ([27] vs. [41]) explanations of whether or not, and to whaextent, unlabeled data can
help in learning. In this chapter, we develop a minimax franweork to identify situations
in which unlabeled data help to improve learning and quantyf the value of unlabeled data
using nite sample error bounds.

Two common supervised learning tasks are classi cation adgression. In binary clas-
si cation, the target function or optimal mapping that mini mizes the probability of error
is given asf (x) = Ltpyx (Y=1iX =x) Pyjx (Y=0jX =x)gs and in regression, the target function
or optimal mapping that minimizes the mean square error coegsponds to the conditional
mean and is given ag (x) = Eyjx[YjX = x]. Notice that the target function or optimal
mapping f for both classi cation and regression only depends on the mditional distri-
bution of the label Y given the input featuresX . Since unlabeled data can only provide
information about the marginal distribution, unlabeled dda can only be expected to help in
supervised learning situations where the marginal distriiion of the featuresPy provides
some information about the conditional distribution Pyjx. In other words, there exists a
link between the marginal and conditional distributions. Two coimon collections of linked
distributions considered in the literature for which semsupervised learning is expected to
yield promising results are the high density smoothness oluster assumption [26{28] and
the manifold assumption [27,41]. The former assumes theKithat the target function is
locally smooth/regular over high (marginal) density regias of the feature space (but may
not be globally smooth), whereas the latter assumes that tharget function lies on a low-

dimensional manifold and is smooth with respect to the geosie distance on the manifold.



71

In the cluster case, knowledge of the high density regions olusters reduces the problem
of estimating an inhomogeneous function to a homogeneousdtion, and in the manifold
case, knowledge of the manifold reduces a high-dimensiopabblem to a low-dimensional
problem. Thus, knowledge of these high density regions oreghmanifold (henceforth called
decision region$ which can be gleaned from unlabeled data, can greatly sinifylthe learning
task.

In this work, we focus on learning under the high density smtliness or cluster as-
sumption. We formalize this assumption in the next sectionrad go on to establish that
there exist nonparametric classes of distributions, dened Pxy , for which the high density
regions are discernable from unlabeled data. Moreover, weow that there exist clairvoy-
ant supervised learners that, given perfect knowledge of the algon regions denoted by
D, can signi cantly outperform any generic supervised leasr f, based on then labeled
samples in these classes. That is, R denotes a risk of interest,i’%;n denotes the clair-
voyant supervised learner, ance denotes expectation with respect to training data, then
Sups,, E[R(ftb;n)] < inf sups,, E[R(fn)]. This would imply that knowledge of the deci-
sion regions simpli es the supervised learning task. Baseamh this, we establish that there
also exist semi-supervised learners, denot&l;n, that use m unlabeled examples in addition
to the n labeled examples in order to estimate the decision regionghich perform as well as
fl?;;n, provided that m grows appropriately relative ton. Speci cally, if the error bound for
IbD;n decays polynomially (exponentially) inn, then the number of unlabeled datan needs
to grow polynomially (exponentially) with the number of lakeled datan. We provide general
results for a broad range of learning problems using nite saple error bounds. Then we
consider regression problems in detail, and examine a cogter instantiation of these general
results by deriving a minimax lower bound on the performancef any supervised learner and
compare that to upper bounds on the errors df)., and 3., .

In their seminal papers, Castelli and Cover [59, 60] had suggjed that, in the binary

classi cation setting, the marginal distribution can be vewed as a mixture of class conditional
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distributions:
Px(X)= aP(xjy =1)+(1 aP(xjY =0);

wherea = P(Y =1). If this mixture is identi able, that is, learning Py is su cient to resolve
the component distributions, then the classi cation probém reduces to a simple hypothesis
testing problem of deciding the label (61) for each component. For hypothesis testing
problems, the error converges exponentially fast in the numer of labeled examples, whereas
the error convergence is typically polynomial for classiation. The ideas in this chapter are
similar, except that we do not require identi ability of the mixture component densities, and
show that it su ces to only approximately learn the decisionregions over which the label
is smooth. More recent attempts at theoretically charactézing SSL have been relatively
pessimistic. Rigollet [26] establishes that for a xed cdadkction of distributions satisfying a
cluster assumption, unlabeled data do not provide an imprewment in convergence rate. A
similar argument was made by La erty and Wasserman [27], bad on the work of Bickel and
Li [61], for the manifold case. However, in a recent paper, Ydigi [41] gives a constructive
example of a class of distributions supported on a manifoldh@se complexity increases with
the number of labeled examples, and he shows a lower bound dfL) for any supervised
learner (that is, the error of any supervised learner is bodled from below by a constant),
whereas there exists a semi-supervised learner that can yice an error bound ofO(n 72),
assuming in nite unlabeled data. We bridge the gap betweenhese seemingly con icting
views. Our arguments can be understood by the simple exam@hown in Fig. 3.1, where
the distribution is supported on two components separatedyba margin and the target
function is smooth over each component. Given a nite samplef data, the high density
regions may or may not be discernable depending on the samplidensity (see Fig. 3.1(b),
(c)). If is xed (this is similar to xing the class of cluster-based dstributions in [26] or
the manifold in [27,61]), then given enough labeled data a gervised learner can achieve
optimal performance (since, eventually, it operates in rége (c) of Fig. 3.1) and unlabeled
data may not help. Thus, in this example, there is no improveent due to unlabeled data

in terms of the rate of error convergence for a xed collectioof distributions. However,
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(@) (b) ()

Figure 3.1 (a) Two separated high density regions with di eznt labels that (b) cannot be
discerned if the sample size is too small, but (c) can be estbed if sample density is high
enough.

since the underlying true separation between the componeants unknown, given a nite
sample of data, there always exists a distribution for whiclthe high density regions are
indiscernible (e.g., ! 0). This perspective is similar in spirit to the argument in #1].
We claim that meaningful characterizations of SSL perfornmece and quanti cations of the
value of unlabeled data require nite sample error bounds,ral that rates of convergence and
asymptotic analysis may not capture the distinctions betwen SSL and supervised learning.
Simply stated, if the high density regions are discernabledm a nite sample sizem of
unlabeled data but not from a nite sample sizen < m of labeled data, then SSL can
provide better performance than supervised learning. Fumer, we also show that there are
certain plausible situations in which SSL yields rates of o@ergence that cannot be achieved
by any supervised learner.

The rest of this chapter is organized as follows. In the nexestion, we describe a mathe-
matical model for the cluster assumption. Section 3.3 dedaes a procedure for learning the
high density regions using unlabeled data. Our main resulharacterizing the relative perfor-
mance of supervised and semi-supervised learning is présdrnn Section 3.4, and Section 3.5
applies the result to the regression problem. Conclusionseadiscussed in Section 3.6, and

proofs are deferred to Section 3.7.
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3.2 Characterization of model distributions under the clus ter as-
sumption

In this section, we describe a mathematical model for the Higlensity smoothness or clus-
ter assumption. We de ne the collection of joint distributionsPxy ( ) = Px P yjx indexed
by a margin parameter as follows. LetX;Y be bounded random variables with marginal
density p(x) 2 Px and conditional label distribution p(YjX = x) 2 Pyjx, supported on the
domain X =[0; 1].

The marginal densityp(x) = P i|=1 a pi(x) is the mixture of a nite, but unknown, number
of component densities pigl_, , wherel < 1 . Here the unknown mixing proportionsa;

|

P
a>0and ,_, & = 1. In addition, we place the following assumptions on the mture

component densitied pigl_;

1. p; is supported on a unique compact, connected s€f X with Lipschitz boundaries.

Speci cally, we assume the following form for the componemiupport sets:
T I VI My @y v .
Ci=1fx (Xy;iiXe)2X 1g7(Xe;::5Xd 1) Xda G7(Xa5::5 Xa 1)0;

Wheregi(l)( ); gi(z)( )ared 1 dimensional Lipschitz boundary functions with Lipschitz

constant L.

This form is a slight generalization of the boundary fragmerclass of sets considered in
literature on set estimation and image reconstruction [34and is used only for ease of
analysis. The insights developed in this chapter apply to me generic formulations of
the cluster assumption, however that would require a more ghisticated and detailed
analysis that would not add much in terms of understanding té distinctions between

supervised and semi-supervised learning.
2. pi is bounded from above and below,®b p B.

3. pi is Helder- ; smooth onC; with Helder constant ;. Formally, p; has continuous

partial derivatives of up to order [ {], where [ ;] denotes the maximal integer that is



75

X positive X negative

Figure 3.2 The margin measures the minimal width of a decision region, or separaii
between support sets of the marginal mixture component datiss. The margin is positive
if there is no overlap between the component support sets, dmegative otherwise.

< 4,and9 > 0 such that
8z;x2 Citjjz xjj )] p(2 TP(z[ DI  1kz xk*

where 1; 1> 0, TP«( ;[ 1]) denotes the degree [;] Taylor polynomial approximation

of p; expanded aroundx, and jj jj denotes Euclidean norm.

Let the conditional label density on each component; be denoted byp(YjX = X).
Thus, a labeled training point (X; Y ) is obtained as follows. With probability a;, X is drawn
from p; and Y is drawn from pi(YjX = x). In the supervised setting, we assume access
to n labeled training dataL = fX;;Y,gL, drawn i.i.d according to Pxy 2 Pxy ( ), and
in the semi-supervised setting, we assume accessnoadditional unlabeled training data
U = fX;g?;, drawn i.i.d according toPx 2 Px.

The characterization presented above implies that the ovalt marginal density p(x) jumps
at the cluster boundaries, since the component densitieseabounded from below, and is
smooth over the regions that are obtained as intersection$ bCigl_; or their complements
f Ctgl., . Letthis collection of sets be denoted b, excluding the set\ |_; C¢ that does not lie
in the support of the marginal density. That is, a setD 2 D is of the formd;\ d,\ \ d
where d; 2 f C;; C¢g, but not including \ |_; C®. Observe thatjDj 2', and in practical

situations the cardinality of D is much smaller as only a few of the sets are non-empty.
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The cluster assumption is that the overall target function$ smooth or constant on each of
the regionsD 2 D, except possibly the decision boundaries, hence the setsDnare called
decision sets At this point, we do not consider a speci c target function;in Section 3.5, we
will specify the smoothness assumptions on the target funeh in the regression setting.
The collection Pxy is indexed by a margin parameter , which denotes the minimum
width of a decision region or separation between the compang C;. The margin is

assigned a positive sign if there is no overlap between compats, otherwise it is assigned

dj = Min peer 1.2 kg gj(q)kl i 6 ];

di = kgi(l) gi(Z)kl :
wherek k; denotes the sup-norm, and
8
S 1 G\ C =;8i6] wherei;jj 2f1:::;lg
sgn =
1 otherwise

Then the margin is de ned as

3.3 Learning Decision Regions

Ideally, we would like to break a given learning task into seate subproblems on each
D 2 D, since the cluster assumption is that the target function ismooth on each decision
region. In the section, we show that the decision regions desarnable using unlabeled data.
Since the marginal densityp is smooth within each decision regio® 2 D, but exhibits
jumps at the decision boundaries, the collectioD can be learnt by estimating the marginal
density from unlabeled data as follows:
1) Marginal density estimation| The procedure is based on the sup-norm kernel density
estimator proposed in [62]. Consider a uniform square gridier the domainX = [0; 1]% with
spacing A, whereh,, = o ((logm)?=m)*9 and o> 0 is a constant. For any pointx 2 X ,

let x denote the closest point on the grid. LeK denote the kernel andH,,, = hy 1, then the
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estimator of p(x) is
X

— K(Hp (% )

m =1

2) Decision region estimation| Two points Xi;X, 2 X are said to beconnected denoted

p(x) =

by X1 $ X, if there exists a sequence of points; = z1;2y;:::;2 1,2« = X, such that

unlabeled data points betweerx; and x,. Two points X;; X, 2 X are said to bep-connectedf
in addition to being connected, the sequence is such that fall points that satisfy kz; z k
hm logm, jp(zi)) p(z)j m = (log m) 2. Thatis, there exists a sequence opﬁhm-dense
unlabeled data points betweernx; and x, such that the marginal density varies smoothly
along the sequence. All points that are pairwise p-connedtespecify an empirical decision
region. This region estimation procedure is similar in sptrto the semi-supervised learning
algorithm proposed in [63]. In practice, p-connectednesslg need to be evaluated for the
test point X and the training points with labels, that isfX;g; 2 L.

The following lemma shows that if the margin | is large relative to the average spac-
ing between unlabeled data pointsri 79), then with high probability, two points are p-
connected (lie in the same empirical decision region) if anghly if they lie in the same

decision regionD 2 D, provided the points are not too close to the decision boundas.
Lemma 8. Denote the set of boundary points as
Bi=fz:z4= gi(p)(zl;:::;zd i 2fl g p2fl; 299
and de ne the boundary region as
Rg:= fx:infkx zk 2pahmg:
z2B
If j j > Co(m=(logm)?) ¥4 whereC, = 6pa o, then for all p 2 Py, all pairs of points
X1;X2 2 supdp) nRg and allD 2 D, with probability > 1 1=m,

X1 $ X, ifand only if Xq;x,2 D;

for large enoughm  mg  Mo(Pmin;!; 1;d; 1;B;K; o).}

1Dependence of a constant oK implies the constant depends on a norm or moment of the kernek .
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The proof is given in Section 3.7.1.

Remark: If we are only concerned with distributions that have a posite margin, then
only connectedness is needed to identify the decision reggo In fact, for the positive mar-
gin case, the decision regions correspond to connected comgnts of the support set, and
Hausdor accurate support set estimation proposed in Chapt 2 (also see [64]) can be used
to estimate the decision regions instead of identifying caecting sequences. One advantage
of using Hausdor accurate support set estimation over comtting sequences is that we can
also handle densities that do not jump (are not bounded awaydm zero) but transition
gradually to zero. However, in the negative margin case pfutectedness is needed since the
supports of the mixture constituents in this case are ovenging and the decision regions

are characterized by a sharp transition in the density.

3.4 SSL Performance and the Value of Unlabeled Data

We now state our main result that characterizes the perforrmce of SSL relative to a
clairvoyant supervised learner (with perfect knowledge dhe decision regions), and follows
as a corollary to the lemma stated above. LeR (f) denote a risk of interest for a learner
f and the excess riskE(f) = R(f) R , whereR is the in mum risk over all possible
learners. The risk is given by the probability of erroPyy (f (X) 6 Y) for classi cation and

the mean square erroExy [(f (X) Y)?] for regression.

Corollary 5. Assume that the excess risk is bounded. Suppose there exists a clairvoy-
ant supervised Iearnelft?;;n, with perfect knowledge of the decision regiom, for which the

following nite sample upper bound holds

sup E[E(M )] a(n):

Pxy ()

Then there exists a semi-supervised Iearné}‘n;n such that ifj j > Co(m=(logm)?) 9 then
|
1=d’

1 m
Sup B0 5N gy
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The proof is given in Section 3.7.2. This result captures thessence of the relative char-
acterization of semi-supervised and supervised learning the margin based model distribu-
tions. It suggests that if the regionsD are discernable using unlabeled data (the margin is
large enough compared to average spacing between unlabelath points), then there exists
a semi-supervised learner that can perform as well as a swised learner with clairvoyant
knowledge of the decision regions, provideah n, so that (n= z(n))d = O(m=(logm)?)
and the additonal term in the performance bound of the semipervised learner is small
compared to ,(n) . This implies that if ,(n) decays polynomially (exponentially) inn, then
m needs to grow polynomially (exponentially) inn.

Further, suppose that the following nite sample lower boud holds for any supervised
learner based om labeled data:

inf sup E[E(fn)] 1(n):

fn Pyy ()

If ,(n) < 1(n), then there exists a clairvoyant supervised learner with grfect knowledge
of the decision regions that outperforms any supervised le@r that does not have this
knowledge. Hence, Corollary 5 implies that SSL can provideetier performance than any
supervised learner provided (i)m  n so that (n= z(n))d = O(m=(logm)?), and (ii) knowl-
edge of the decision regions simpli es the supervised learg task, so that ,(n) < 1(n). In
the next section, we provide a concrete application of thiesult in the regression setting. As
a simple example in the binary classi cation setting, ip(x) is supported on two disjoint sets
and if P(Y =1jX = Xx) is strictly greater than 1=2 on one set and strictly less than =2 on
the other (that is, the label is constant on each set), then ptect knowledge of the decision
regions reduces the problem to a hypothesis testing problefor which ,(n) = O(e ©"),
for some constantC > 0. However, if is small relative to the average spacing ¢ be-
tween labeled data points, then 1(n) = c¢n @ wherec > 0 is a constant. This is because
in this case the decision region boundaries can only be ldzatl to an accuracy ofn ¥,
the average spacing between labeled data points. Since theubhdaries are Lipschitz, the

expected volume that is incorrectly assigned to any decisigegion is greater thancn 9,
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wherec > 0 is a constant. This implies that the overall expected excesisk is greater than
cn ¥4 A formal proof for the lower bound can be derived along therles of the minimax
lower bound proof for regression in the next section. Thuspaexponential improvement is
possible using semi-supervised learning provided the nuerbof unlabeled data examplem
grows exponentially inn, the number of labeled data examples. In other words, to olitathe
same performance bound as a supervised learner withabeled examples, a semi-supervised
learner only needsn® logn labeled examples in the binary classi cation setting, andhe

number m of unlabeled examples needed is exponential 4 that is, polynomial in n.

3.5 Density-adaptive Regression

Let Y denote a continuous and bounded random variable. Under sqed error loss,
the optimal decision rulef (x) = E[Y]jX = x], and the excess riske(f) = E[(f (X)
f (X))?]. Recall that p/(YjX = x) is the conditional density on thei-th component and
let E; denote expectation with respect to the corresponding cordinal distribution. The

optimal regression function on each component f$(x) = E;[YjX = x] and we assume that

1. f; is uniformly bounded,jf;j M.
2. f; is Helder- , smooth onC; with Helder constant 5.

This implies that the overall regression functiorf (x), given as

o= PPN,
-1 =1 &R (X)
is piecewise Helder- smooth, where = min( ; ). Thatis, f is Helder- smooth on
eachD 2 D, except possibly at the decision boundaries. Since a Hetde smooth function
can be locally well-approximated by a Taylor polynomial, wepropose the following semi-
supervised learner that performs local polynomial ts witln each empirical decision region,
that is, using labeled training data that are p-connected aper the de nition in Section 3.3.

While a spatially uniform estimator su ces to estimate a Helder- smooth function, we use
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the following spatially adaptive estimator proposed in Sé&on 4.1 of [5] which is shown to
yield minimax optimal performance for piecewise-smooth figtions. This ensures that when
the decision regions are indiscernible using unlabeled dathe semi-supervised learner still
achieves an error bound that is, up to logarithmic factors, mworse than the minimax lower
bound for supervised learners.

Brn (X) = B (X)
where

. X1 2
RO =argmin (Y fAX)Lg,, +pen(f9:

i=1
Here denotes a collection of piecewise polynomials with qmtized coe cients of degree []
(the maximal integer< ), de ned over recursive dyadic partitions of the domairX = [0; 1]
with cells of sidelength between 2'09(n=logn)=2 +dje gng 2d log(n=logn)=de (gee [5] for details).
The penalty term penf 9 is proportional to Iog(P i”=1 1Le Xi) #E0 whereP i”=1 1e X, simply
denotes the number of labeled training data that are p-conoeed to X, that is are in the same
empirical decision region ax, and #f © denotes the number of cells in the recursive dyadic
partition on which f%is de ned. It is shown in [5] that, under the Helder- assumption,
this estimator obeys a nite sample error bound oh 2= @ *9 ignoring a logarithmic factor.
Also, it is shown that for piecewise Helder- smooth functions, this estimator yields a nite
sample error bound of maxg 2= @ *9:n 179 ignoring a logarithmic factor.

Using these results from [5] and Corollary 5, in Section 33].we derive nite sample upper
bounds on the mean square excess risk of the semi-supervisadner (SSL) described above.
Also, we derive nite sample minimax lower bounds on the pesfmance of any supervised
learner (SL) based om labeled examples in Section 3.7.4. Our results are summaidzin
Table 3.1, for model distributions characterized by variosi values of the margin parameter

. In the table, we suppress constants and log factors in therer bounds, and assume that
m  n% so that the performance bound on the semi-supervised learrgiven in Corollary 5
essentially scales as,(n). The constantsc, and C, characterizing the margin only depend

on the xed parameters of the clas®xy ( ). Also, o denotes a constant, and thus the cases
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Margin range SSL upper bound SL lower bound SSL helps
2(Nn) 1(n)
B n 2= (2 +d) n 2=(2 +d) No
Coh 1=d n 2=(2 +d) n 2=(2 +d) No
c,n 4> Co(ﬁ) 1=d n 2=@ +d n 1= Yes
Co(ﬁ) 1=d 5 Co(ﬁ) 1=d n 1=d n 1=d No
Co(ﬁ) 1=d 5 n 2=(2 +d) n 1=d Yes

Table 3.1 Comparison of nite sample lower bounds on the measguare error for
supervised learning, with nite sample upper bounds on the gan square error for
semi-supervised learning, for the margin based model disttions. These bounds hold for
m n*andd 2=(2 1), and suppress constants and log factors.

oand o> correspond to considering a xed collection of distributinos (whose
complexity does not change with the amount of data).

Consider the case when the dimension is large or the targenfttion is smooth enough
sothatd 2=(2 1).Ifd<2=(2 1), then the supervised learning error incurred by
averaging across decision regions (which behaves like=?) is smaller than error incurred in
estimating the target function away from the boundaries (with behaves liken 2= +d),
Thus, whend < 2= (2 1), learning the decision regions does not simplify the supesed
learning task, and there appears to be no benet to using a sésupervised learner. So
focusing on the case whemnl 2=(2 1), the results of Table 3.1 state that if the
margin is large relative to the average spacing between labeled dagpoints n 79, then
a supervised learner can discern the decision regions aetaly and SSL provides no gain.
When 0, We consider a xed collection of distributions, and this agument is similar
in spirit to the argument made by La erty and Wasserman [27].However, if > 0 is small

relative to n 9, but large with respect to the spacing between unlabeled dapointsm =9,
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then the proposed semi-supervised learner provides impeaverror bounds compared t@any
supervised learner. This is similar in spirit to the argumenmmade by Niyogi [41] that the true
underlying distribution can be more complex than can be discned using labeled data. If j

is smaller thanm 79, the decision regions are not discernable even with unlabdldata and
SSL provides no gain. However, notice that the performancéthe semi-supervised learner is
no worse than the minimax lower bound for supervised learresince we chose an estimator
that is also optimal for piecewise smooth functions (recathat the overall target function is
piecewise smooth). In the < 0 case, when the component support sets can overlap, if the
magnitude of the marginj j larger thanm =9, then the semi-supervised learner can discern
the decision regions and achieves smaller error bounds {=? *9), whereas these regions
cannot be as accurately discerned by any supervised learn€or the overlap case (< 0),
the supervised learners are always limited by the error inmed due to not resolving the
decision regionsif *79). In particular, for the xed collection of distributions with < 0

a faster rate of error convergence is attained by SSL compdr® SL, providedm  n?,

3.6 Concluding Remarks

In this chapter, we develop a framework for evaluating the pBrmance gains possible
with semi-supervised learning under a cluster assumptiorsimg nite sample error bounds.
The theoretical characterization we present explains whynicertain situations unlabeled
data can help to improve learning, while in other situationghey may not. We demonstrate
that there exist general situations under which semi-supe@sed learning can be signi cantly
superior to supervised learning, in terms of achieving snhal nite sample error bounds
than any supervised learner, and sometimes in terms of a bettrate of error convergence.
Moreover, our results also provide a quanti cation of the rative value of unlabeled to labeled
data.

While we focus on the cluster assumption in this paper, we cgeature that similar tech-

niques can be applied to quantify the performance of semigervised learning under the
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manifold assumption as well. In the manifold case, the curtiwre and how close the man-
ifold can get to itself or another manifold will play the rolethat the margin plays under
the cluster assumption. In particular, we believe that the se of minimax lower bounding
techniques is essential because many of the interestingtufistions between supervised and
semi-supervised learning occur only in nite sample regirsgand rates of convergence and
asymptotic analysis may not capture the complete picture.

In this work, we also show that though semi-supervised ledang simpli es the learning
task when the link relating the marginal and conditional difibutions holds, it is possible
to ensure that the performance of the semi-supervised leamg does not deteriorate when
the link is not discernable using unlabeled data or does nobld. For example, when the
margin is small relative to the spacing between unlabeled @ the decision regions cannot
be identi ed using unlabeled data, however by employing a me sophisticated tool (a learner
that has optimal performance for piecewise smooth functish similar to what a supervised
learning algorithm would use, we ensured that the SSL perfoance is no worse than what
a supervised learner would achieve. In this sense, the sesupervised learner we propose is
somewhat agnostic. However, if the number of decision reggcan grow withn, the semi-
supervised learning algorithm can perform worse becausewbuld break the problem into
a large collection of subproblems. Thus, it is of interest tdevelop an agnostic procedure
that can identify such situations and switch from a semi-sugrvised learner to a supervised
learner, for example using cross-validation, to determingne learner with smaller risk. We

elaborate on this idea some more in Chapter 6.

3.7 Proofs

Since the component densities are bounded from below and abgode ne pyin := bmin; g

P(X) B = Pmax-
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3.7.1 Proof of Lemma 8

We present the proof in two steps - rst, we establish some nelés about the proposed
kernel density estimator, and then using the density estimi@n results, we establish that the
decision regiond can be learnt based only on unlabeled data.

1) Density estimation

Theorem 5. [Sup-norm density estimation in non-boundary regions] Consider

P
the kernel density estimator proposed in Section 3t8x) = —1- T, K(H,'(X; X)), where

Hn = hnl, hy = o((logm)2=m)¥4, ;> 0is a constant, andx denotes the point closest to

x on a uniform grid over the domainX =[0; 1]° with spacingZhr,é. Let the kernelK satisfy
z <1j=0
suppK) =[ L 1% K 2 (0;K max] and WK (u)du= ;
[ L 01 j 4]
where supp) denotes the support of a function, then for apd 2 P x , with probability at least

1 1=m, S |

Iogm- _

su in(x X)j c3 hmnd:a) 4 =
Xzsupp%nRBJp() p(x)i ¢ hg mhd

form m; my(K;B), wherecs; c¢(l; 1;d; 1;B;K) > 0is a constant. Notice that ,

my

decreases with increasing.

Proof. Consider anyp 2 Py . Sincep(x) = p(x),

sup jp(x)  P(x)j sup jp(x) pO)i+  sup jp(x) p(x)j (3.1)
x2SUPQRp)nRs x2SUPQp)nRE x:x2SUPRp)nRs

To bound the rst term of (3.1), observe that sincex 2 supp()nRg andkx xk P dh,
by de nition of Rg if x 2 C; then x 2 C; and vice versa. Thus, for alk 2 supp(p) n Rg,

X X
ip(x)  p(x)j = api(x) api(x) g jpi(x)  pi(x)]
i=1 i:k
= ajpi(x)  pi(x)j
i:x;XZC-D k] 1
X _ ()
2@ Cany e L A

i:x;x2Cj j=1

C1 hmin(l ; l)’
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wherec; ¢ (l; 1;d; 1;B) > 0is a constant. The last step follows since g is Helder- ;

smooth, then all its derivatives up to [ ;] are bounded anckx  xk P dhy,.

To bound the second term, notice that for allx : x 2 supp() n Rg,

jp(x)  p(x)j = jp(x)  E[p(X)]j + JE[R(X)]  P(X)]
We now bound the two terms in the last expression.

1. For all x : x 2 supp(p) n Rg, consider
z

X+ hm
jp(x)  E[p(X)]j = p(x) hid i K(Hn'(y  x))p(y)dy

Notice that given the conditions on the kernel,

X1 o) (¢ .
p(x) = P09 (hpuy K (U)dlu
[ 31 oo J!
Z 1]
1 % x+hm ) NI .
= KHply x) > f Yy xydy
m x hm j=0 It
Therefore, we get
jp(x) E[;(X)]J Ok] 1
1 £ xrha 50 (x .
= = KMy 0@ Py gy pyA ay
m X hnm j=0 )
0 1
1 2 xehn XK () |
= KHn'y x) a@ 2=y x)dy pi(y)Ady
m X hm i=1 j=0 J:
1 Z X+|’lm
= K(Hn'ly X)) iky xk *dy
hm ZX hm
" kuk *K (u)du h.! = c h.};
[ 11

wherec, ¢( 1;K; 1) > 0is a constant.



87

2. Now consider

X
P sup  JE[p(x)] p(x)j > P (E[p(X)] b(Xx)j> )
x:x2SUPQp)nRg X |
X xn '
= P E[z] Zi >mh¢
X i=1 |
X xn '
P JE[Zi] Zij>mh§
X i=1
whereZ; = K (H,,}(X; x)). Now observe thatjE[Z;] Z;j Kma and
X+ hm
var(z;) E[z7] = K2(Hpn'ly  x))p(y)dy
X pm
= hd K 2(u)p(x + Hyu)du
Z[ 1;1)d
= hj K ?(u)(p(x) + o(1))du
[ L9

2kK Kap(x)h?  2kK k3Bh®

Thus, using Bernstein's inequality,I we get:

s (mhg, )2=2
; . i d m
P Bz ZijEmhy, XD S B mAd + Kymnd =3

i=1

_q
Setting =4kK kzp B 9™ and observing thatK max =3  2kK ksB for large enough

mhd,

m m; my(K;B), we get:

S !
P sup  JE[(X)] B(X)j> KKk, B °9M
x:x2SUPPp)nR s Iﬂh%
X oo LBKK KEBmhG logm=2
) AKK kZBmh¢
h,%expf 2logmg
11
m2 m

Therefore we get, with probability at least 1 1=m, form m(K; B ) we have the following

bound on the second term s

p—
sup  jp(x) P(x)j chy +4kKk, B 5
x:x2SUPQPp)nR g lﬂhm

logm
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And putting the bounds on the two terms together: For allp 2 Py, with probability at least
1 1=m,form my(K;B)

s !
sup  jp(x) P(x)j cg hmindia) 4 &T ;
x2SUPQ(p)nRg mhm
wherec; c3(l; 1;d; 1;B;K) > 0is a constant. -

Remark: This bound can be tightened taO(h,,* + P logm=mhd ) by also estimating the den-
sity derivatives at the grid points and de ning p(x) as the Taylor polynomial approximation
expanded around the closest grid poirk, see [62]. Also, the arguments of the proof hold if
hm = o(logm=m) (@2 1) Hence, we recover the minimax rate d((m=logm) :=(d*2 1)
for sup-norm density estimation of a Helder- ; smooth density. However, we want to charac-
terize the largest collection of distributions (smallest rargin) that a semi-supervised learner
can handle, and thus we seek the smalleht, (which determines the smallest margin that

can be handled) for which the bound,, decreases with increasing.

Corollary 6. [Empirical density of unlabeled data] Under the conditions of Theo-
rem 5, forallp2Pyx andm mz  ms(pmin;l; 1;d; 1;B;K; o), with probability at least
1 1=m, for all x 2 supgp) n Rg, there exists an unlabeled data poinX; 2 U such that

kXi xk pahm.

Proof. From Theorem 5, for allx 2 supp(p) nRg, form my(K;B)

p(X) p(x) m Pmin m > 0

The last step follows for large enouglm  my  mMuy(pmin;l; 1;d; 1;B;K; o) since n, is
P
decreasing withm. This implies that 2, K(H,'(X; x)) > Oform mj3 = max(m;; my),

and therefore there exists an unlabeled data point withirlfuJ dh, of x. O

2) Decision region estimation - Using the density estimation results, we now show that
ifjj> 6IO dh,, then for all p2 Py, all pairs of pointsx; X, 2 supp(P) nRg and allD 2D,
form mg  mo(pPmin;!l; 1;d; 1;B;K; o) with probability > 1 1=m, we havex; ¢ X2

if and only if x;;x, 2 D. We establish this in two steps:
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1. X2 D;x,62D) xllf X2

Since x; and X, belong to di erent decision regions andx;; X, 2 supp() n Rg, all
sequences connecting; and x, through unlabeled data points pass through a region
where either (i) the density is zero, or (ii) the density is psitive. In case (i), there
cannot exist a sequence connecting and X, through unlabeled data points such that
for any two consecutive pointsz; z.; along the sequencé&z; 7.1k 2p dhy, since
the region of zero density is at leasf j > 6p dh,, wide. Therefore,x; 6$ x,, and
hencex; § X,. In case (i), sincex; and x, belong to di erent decision regions, the
marginal density p(x) jumps by at least p,i, one or more times along all sequences
connectingx; and X,. Suppose the rst jump (in the sequence) occurs where decisi
region D ends and another decision regioD®6 D begins. Then sinceD;D° are at
leastj j > 6IO dh,, wide, by Corollary 6 with probability > 1 1=mform ms, for
all sequences connecting; and X, through unlabeled data points, there exist points
z;2°in the sequence that lie inD nRg, D°nRg, respectively, andkz  z%  h,, logm.
We will show that jp(z) p(z29  Pmin  O((hy logm)™n(: 1)) which using Theorem 5
implies that jp(z) B(z9] Pmin  O((hm logm)™n: 1y 2 > for m large enough.

Hencex; & Xo.

To see these claims, observe that sind@® and D are adjacent decision regions, if

Thus, fi:z2 C; orz°2 Cig= ig. Sincekz z% h,, logm, we get:

_ _ X X
in2) P = aipi(2) aipi (29
i=1 i=1
X X
= a(p(2) P+ a(p(2) P29
i:z2C; Or z%2¢; i:2;29%2C;
X
i ao(po(2) P2V a(pi(2) P29
i:2;22 C;
X
ab a(pi(2) pi(29)

i:2;2%2C;i
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Pmin  Ca(hm log m)min(l; 1);

wherec, > 0 is a constant. The fourth step follows sincel, 6 d?o and hence either
pi,(2) is zero orp;, (29 is zero, and sincep;, is bounded from below byband a;  a.
To see the last step, recall that the component densitigs are Helder- ; smooth and

kz® zk hy,logm. Thus, we have:

X X _ _
a(p(2) P29 ajp(2) (29
i:2;292 Ci i:2;292 Ci
0 K ) !
X 1
a@ (hlogm) :+ D0 gy A
i:2:292C; j=0 ’

Cs(hm logm)™n@: 1)

wherec, ¢4(l; 1; 1;B) > 0 is a constant. Here the last step follows since [ is

Helder- ; smooth, then all its derivatives up to [ ;] are bounded.

Now sincez; z° 2 supp(p) n Rg, using Theorem 5, we get with probability> 1 1=m,

form  max(mq; m3)

iz) P2 = jp2) p@+p(2) pE)+pE)  BD)]
ip@ PNz p@iipE) KD

Pmin C4(hm IOg m)min(l; 2 2 m
l — .
(logm)=s — ™
The last step holds for large enouglm = my  m4(Pmin;!; 1;d; 1;B;K; o). Thus, for
case (i) we have shown that,fom max(mi; mz; m,) with probability > 1 1=m, for
all sequences connecting; and x, through 2p dh,,-dense unlabeled data points, there
exists pointsz; 2°in the sequence such thakz z% hy,logm but jp(z) p(z%) > .
Thus,

X1 2 D;Xx, 62D ) xllf Xo:

2. X1;%22 D) x1§ Xo

Since D has width at leastj j > 6p dh,,, there exists a region of width> 2p dhp,
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contained in D n Rg, and Corollary 6 implies that for m m3, with probability
> 1 1=m, there exist sequence(s) contained iD n Rg connectingx; and x, through
2p dh,,-dense unlabeled data points. Since the sequence is corggirin D n Rg, and
the density onD is Helder- ; smooth, we have for all pointsz; Z°in the sequence such

that kz z% hy, logm,

iz) b9 = ip2) p@)+ pi) pEY+ p(zd P29
i b2 p@i+ip(z) p@%i+ip(z) (29
2m+ip(z)  p(29)]

2 m + cs(hm logm)™e: v
1 — .

(logm)=3 — ™

where ¢cs > 0 is a constant, and the last step holds for large enough Mms

ms(l; 1;d; 1;B;K; o). The third step follow sincez;z°2 supp(p) nRg, and invoking

Theorem 5. To see the fourth step, since;z°2 D, if z 2 C; then z°2 C; and vice

versa. Thus,
- - X X - -
ip(z) P9 = a(pi(2) pi(29) aijpi(2)  pi(2)]
i:2;292 C; i:2;292 Ci
0 il ) 1
il (i
3@ y(hnlogm) ++ P 2y A

i:2,;22C; j=0

CS(hm |Og m)min(l v 1) :

wherecs cs( 1;1;B; 1) > Ois aconstant. Here the third step follows sindez® zk
h, logm, andp; is Helder- ; onC;. The last step follows since if; is Helder- ; smooth,

then all its derivatives up to [ ;] are bounded. Thus, we have shown that

X1;X22 D) x1§ Xo:

Thus, the result of the Lemma holds form  mg = max(my; m3; mg4; ms), where mq

Mo(pmin;1; 1;d; 1;B;K; o) is a constant.
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3.7.2 Proof of Corollary 5

Let ; denote the event under which Lemma 8 holds. TheR( §) 1=m, where ¢

denotes the complement of . Let , denote the event that the test pointX and training

P( 3 (+1)P(Rg) (n+1)pmavol(Rg) = O(nhp):

The last step can be explained as follows. Since the decisloyundaries are Lipschitz and is
nite, the length of the decision boundaries is a nite consant, and hence volRg) = O(hy,).

Now observe thatl’%;n essentially uses the clairvoyant knowledge of the decisioegionsD

we can de ne a semi-supervised Iearné?n;n to be the same aétb;n except that instead of
using clairvoyant knowledge of whetheiX; X ; 2 D, @m;n is based on whetheiX § Xi. It
follows that sup,, () E[E(ibm;n)j 15 2] = supp,, () E[E(I’%;n)]; and since the excess risk is
bounded,

sup E[E(ibm;n)] = Ssup E[E(ibm;n)j 1 o2PC 1 2+ E[E(ibm;n)j il ZPC Il %

Pxy () Pxy ()
1
sup E[E(®.)]+ O = + nhy
Pxy () m I
1 m 1=d’
+0 —+ _—
2(n) m n (logm)?

3.7.3 Semi-Supervised Learning Upper Bound

If the margin j j > C,(m=(logm)?) ¥4, whereC, = 6p d gandm n®, we show that
the semi-supervised learner proposed in Section 3.5 aclee\a nite sample error bound of

O (n=logn) 2=(#2 ) Observe that the clarivoyant counterpart offd,., (X ) is given as

.0 (X) = £ (X)
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where
. X] 2
BO=argmin (Y fIXi)*Lex 20 +pen(f 9:
i=1
Observe thatl’%;n is a standard supervised learner that performs piecewise lyrmomial t

on each decision regiod 2 D, where the regression function is Helder- smooth. Let

P . . .
np = * ir‘:l 1x,2p denote the number of labeled training examples that fall in @ecision

n

regionD 2 D. Since the regression function on each decision region islther- smooth, it
follows (for example, along the lines of Theorem 8 in [5]) tha

nD d+2

BT 0O Rin(X)Lxznime]  C 5o

Now consider
X
E[(f (X) ®a(X)2=  Ef (X) @4(X)?1x20]P(D):
D 2D

We will establish the result by taking expectation ovemp Binomial(n; P (D)) (if P(D) =
O(logn=n), we simply use the fact that the excess risk is bounded), arslimming over all

decision regions recalling thajDj is nite. Consider two cases:

281
1. If P(D) > Z&lan,

E[(F (X)  f:n(X))*1x20]P(D)
ELELE (X) (X ))*1x20ino ]IP (D)

d+2
EC P(D)
lognp
)@ n #
= C P P(np)P(D)
) lognp
np =0
xXn T
s P(no)P(D)
_, logn
nD—O 3
C dnP (R)=2e 1 ) Xn )
4 N, ™ P(np)+ np™* P(np)5 P(D)

2
(logn) @+ np =0 hp = dnP (D)=2e
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" i
W P(np nP(D)=2)+(nP(D)=2) T2 P(D)
C h 3nP (D) ) ) i
ﬁ e = P(D)+2n @2 P(D)dz
ogn) d#2
c l+2n G
(logn) &z~ n !
n a2
) logn

The second last step follows since

P(np nP(D)=2) P(nP(D) np nP(D)=2)

X
P P(D) 1Xi2D nP(D):2

i=1 '

= P Z, nP(D)=2
i=1

(nP (D)=27=2 e 0).
nP(D)(L P(D))+ nP(D)=6 '

exp

The last step follows using Bernstein's inequality sincef@; = P(D) 1x,.p, we have

that jZ;j 1 andvarZij)= P(D)(1 P(D)).

2. If P(D) 229" we have

EIf (X) f,n(X)%1x20]P(D)  4M2P(D)= O “’%

Thus, it follows that sincejDj 2!

() Ba()1=0 o "
And using Corollary 5,
|
e 1=d’
) BnX)F=0 i T e en

If m n%, then I=m+ n(m=(logm)?) ¥ = O((n=logn) ) and we get an upper bound of

O (n=logn) @2 on the performance of the semi-supervised learner.
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If j j < Co(m=(logm)?) =9 the decision regions are not discernable using unlabeled
data and the target regression function is piecewise Helde smooth on each p-connected
region. As shown in [5], for piecewise Helder-functions, the proposed estimator achieves an

n 1=d

error bound of maxp 2= @ *9n ) Also, notice that the number of resulting p-connected
regions cannot be more thafgDj since the procedure can miss detecting where the marginal
density jumps, however with high probability it will not declare two points to be p-connected
when the marginal density does not jump between them. Thushé number of p-connected

regions are nite, and an overall error bound of max{ 2= @ *®n ) holds.

3.7.4 Supervised Learning Lower Bound

Consider the single cluster clasB?, with supp(px) =[0; 1J%. For this class, it is known
[31] that there exists a constantt > 0 such that
inf supE[(f (X) fn(X))? cn 25@*2).
fn Py
Notice that P, P xy () for all . Therefore, we get:

inf sup E[(f (X) fa(X))? cn 27@2):
fn Pyy ()

If <con 9, wherec, > 0 is a constant, we derive a tighter lower bound afn 79, Thus,
we will have
inf sup E[(f (X) f.(X))3 cn ¥

fn Pyy ()
To establish the tighter lower bound ofcn ¥, we use the following theorem based on

Assouad's lemma (adapted from Theorem 2.10 (iii) in [57]).

Theorem 6. Let = f0;1gY the collection of binary vectors of length. LetP = fP';! 2
g be the corresponding collection o2 probability measures associated with each vector.

Also let H( ; ) denote the Hellinger distance between two distributionsndd (; ) denotes
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the Hamming distance between two binary vectors. H2(P'"P') < 28102
(1 9=1, then

inf maxE, [ (t! )] g(l g 1 =4)

We will construct such a collection of joint probability didributions P P xy ( ) sat-
isfying Theorem 6 withqg = "¢ 1, where' = dgn'™e, ¢ > 0 is a constant. Notice that

E[(f (X) f.(X))?]= E[R(f ;f,)], whereR(f ;f,) denotes the mean square error
Z
R(f ;fa) = (F () fa(x))?p(x)dx:

Since the mean square error is not symmetric, we will rst rate it to a semi-distanced( ; )
de ned as follows: 7
d(f;fn)= (F () fa(x))%dx:

For f f' andf, f", we will show that the mean square error and semi-distanceear

related as follows:
R(f';f") b[d¥f';f") 4M? (3.2)

We will then show the following lower bound on the semi-distece in terms of the Hamming

distance:
' f" o () (3.3)

wherec; > 0 is a constant. Thus, we will have

inf sup E[(f (X) fo(X))? = irgf sup E[R(f ;fn)]

" Pyy () n Pxy ()

ifn“f SUpE[R(f' ;f")] =inf supE, [R(f';f")]
P P2
b inf supE, [d*(f';f")] 4M?

M2

b ¢, YinfsupE [ (I; M)] 4M?2
)
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b ¢ dg(l Pd =2y am?

b T @ =4) aMi n
where the last step follows sincg= "9 1, = degn™@e and < c,n ¥ Thus, there exists
Co  Co(Cs;C7;M; ), for which we obtain the desired lower bound ofn 9, wherec > 0 is
a constant.

We now constructP P xy () along the lines of standard minimax construction that
satis es Theorem 6 withq= "¢ 1, = dgsn' e, and Equations. (3.2) and (3.3). We construct
the elements p' ;') of our collection as follows. Le = (x;X4) 2 [0;1]%, wherex-2 [0; 1] *
and x4 2 [0;1]. De ne

1=

X .

and (%) = - Cx x))

Then g () is a Lipschitz function with Lipschitz constant L. Now de ne for! 2

P(x) = ap(x)+Q  ap(x);

wherea 12, pi (x) is uniform and supported overC; = x 2 [0;1]:Xg 3+ 5+ g (%)

and p, (x) is uniform and supported overC, = x 2 [0; 1] : X4 % 5+ 0 (%) . Therefore,

the margin is equal to . And

ap, (X)my(x) + (1 a)p, (x)ma(x)
P (X)

f ! (X) = 1f p' (x)60g M 1f p' (x)=0 gs

wheremy(x) = M and my(x) = M. Let Y be continuous and bounded, and also assume
that p; (YjX = x);p,(YjX = x) W, whereW > 0 is a constant. This implies that

ap ()P (YIX = )+ (1 ap()p(YiX = x)  2BW _ praxW

'(YjX = x) =
p ( J ) p! (X) ab pmin




p" p" £
“IQII|I u

p" p" W
-I g1 u

@) (b) ©)

Figure 3.3 Examples of two sets of marginal density functismp' ;p'° for (@) < 0, (b)
> 0 and regression function$' ;f'° used for minimax construction.
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Figure 3.3 shows examples of two marginal density functiops; p' * for positive and negative
margin, and corresponding regression functioris ; f ' °.

Notice that the component densities are supported on comgacconnected sets, are
Helder- smooth for any , and are bounded from above and below by 1 andB 4.

To see the latter, notice that

PL(x)= —— = R 0= = R -

vol(C) T 5 g (9dx vol(Ch) 1 S+ g (e)dx

The lower bound follows since vofg; ); vol(C;) 1, and the upper bound follows since
Z

! I 1 1 o - Lk ki - .
vol(C;) vol(C}) = 5 5 g (%) x> 5 " 1=d 2, n ¥4 1=4:
Here the second last step follows since
Z
X
g (%)dx = Les(®) "9 Tk kg 9= Lk kgt L; kln e
T2f 100 L Co

and the last step holds forn n(co; Gs; d; L; k ki) large enough. Further, the support
sets of the component densities have Lipschitz boundariesthvLipschitz constant L. The
component regression functions are uniformly bounded besen M and M, and are Helder-
smooth forany . ThusP P xy ().
We rst establish (3.2).

Z
REEIEY = (100 £100)% (0dx
Z
b (' () (X)Lep osogdX
Z Z

b (f'(x) f"(x))%dx F' ) (X))t =0 gdX
b[d?(f':f") 4M? ]

Next, we establish (3.3). We will consider two cases:
If > 0,
Z
(F 00 f7(x)%dx
X z
= 4M? jle g2 L9 dx=4M2Lk ko 4 (1)
[O;l]d 1

(FE )
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If 0,
Z
d?(fHfh) = (f'(x) f"(x))%dx
0 M@ a) 2M (1 a) 1z
min @ volch) ; vol(cy)
+ 1 a) a + 1 a)
vol(c!) vol(ig) volcr) = volcy)
e M2 +() ¢
T2f 1m0 gd 1 CE
. I(C! I(Ch) 2 .
MM2@2min 2 (C,). vol(C, ) Lk k> 4 (1; M)

vol(C; )’ vol(C})

4M2a—2Lk ke 4 (M)
16+ Y

The second step follows from the de nition of ' and p', and the third step follows since
a 1=2) 1 a aandsincevolC;) vol(C})forall! 2 . To see the last step, observe
that forall ! 2 ,

| 1 R 1 R 1 ~ 1
vol(C;) _3 3 pY (¢)dx 5 g).(x)dx 5 Lk kg 1
vl(Ch) ~ 1 S+ g(gdx L ,+ g(9dx 1+Lkk T 4
Here the third step follows since land g (¥)dx Lk ki 1, and the last step follows
forn n(cs; d;L;k ky) large enough since = degn*™e. Therefore, for all , we have
2
d’(f';f") 4M2%5Lk k™ (M=t )

Thus, (3.3) is satis ed.
Now we only need to show that the condition of Theorem 6 is methat is, H2(P'";P')

< 2,81 92 : (I;1 9=1. Observe that
H(P'%P') = H2(P'"(fX4;Yagl,); P (FX1; YaglLy))

Y HAPTX YD) P (X V)
2

1
N
=

i=1
We now evaluate
Z

p p
( PXiY) P (Xi;Yi)?

H2(P'(Xi:Y);P' (Xi: Y)))
yd

q q
(BB (X)) B (X, (YiX0)?
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Recall that p!YJ.X (YijXi) PmaxW=pmin. Since (!;! 9 = 1, let | denote the index for
which ! . 6 ! ]9 and without loss of generality, assume that . = 1 and ! ]9 = 0. Also let

B = fx:x2 (% zl‘?*r + 2l\)g. We will evaluate the Hellinger integral over 4 di erent

regions: (Here we use or to denote that the top sign is for the case > 0 and bottom

sign is for the case 0)

First consider

A =fx: %2 By 1=2 =2 Xxgq<1=2 =2+g (%);
1=2 =2<xg min(1=2 =2+g(¥);1=2 =2)g

Sincep (X); P (Xi) 2 [b; B] and p!Y?x (YiiXi); Py jx (YiiXi) 2 [0; pmax\W=pin], for this region,

we bound the argument of the integral byB pmax W=pmin -
Z Z
q | | H q | | . B W
BB (X)) B (K0P i (YiX1)? ";"‘—
min 1
BomaW ) 4
pmin

= BPraW |y

pmin

2BPma WLk ki
Pmin (Zcﬁ)d

For x 62A, notice that p!Y‘j’X (YiiXi) = pjx (YiiXi)  PmaxW=pmin, therefore we have:
Z

(
A

q q
" ( BCXDPYx (YiXi) P (Xipy x (YiiXi))?
X 1 Z q ,

- g
P (Xi) P (X))

pm ax W

Pmin X621

We now evaluate the latter integral over three regions: Beffe that, we set up some results

that will be used in all these cases.
Z

. : Loy . o, . Lk k
jvol(C}) vol(CL")j:jvol(C) vol(CL))j pde = Lk kg ¢ in &

(2c5)? no

Also, we establish that

vol(C} ); vol(C}*); vol(Ch); vol(Ch")  1=4:
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For this, observe that forn  n(c,; Gs; d; L; k ki) large enough
Z

voliCl) wvol(Cl)=1=2 =2  g(o> 1= 2p e LKk o
7 2 2Cs
vol(Ch) vol(Ch)=1=2 =2+ go(x) 1=2 %n 1=d 1y
We are now ready to consider the three regions:
A, =fx:xqg 1=2 =2+g (¥g
Notice that
Z q q 2 Z r r 2
a a
LXK (X = — —
A R Y
a 1 12
4 A, vol(C{") vol(C})
Z . o
1 jvol(Cl) wol(Cl%j L%k k&,
4 n, vol(Ci’)vol(Ci) (2c6)%
The second step follows since 2 1=vol(C]")+ = 1=vol(C}).
Az =fx:xgy 1=2 =2+ go(¥)g
Notice that
S S I
z qlo(x_)q!(x_)z_z 1 a 1 a
a0 B aeVOICE)  vol(Ch)
1 a“ 1 1 ?
4, vol(C)%) vol(C))
z . o
1 jvol(Cy) wol(CyYj 2 L2k k2,
4 n, vol(C}vol(C) (2c6)
The second step follows since 2 1=vol(C}") + = 1=vol(C)).

Ag=fxix6Br 122 =2+go(x) <Xxq< 12 =2+ g o(x);
2 Bp min(l=2 =2+g¢(%);1=2 =2)<xg4<1=2 =29
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If > 0, Notice that 7
q q 2
Py (X1) P (Xi) =0

Ay
If 0, then
S S I,

z q o 9 , 2_ z a 1 a a 1 a

pX(XI) pX(XI) - 10 + 1 0 ] + ]

As As vol(C; ) wvol(C;) vol(C;) vol(C;)
}Z a . 1 a a 1 a °?
4ZA4 vol(C;%)  wvol(Cy")  wvol(C}) wvol(C})

1 a a 1 a 1 a °*
4 A, Vvol(C{® vol(C}) vol(C5°%)  vol(C})
17 jwol(C}) vol(Cl)j , jvol(C}) vol(Ch)i
4 A, vol(C{°)vol(C}) vol(C)°)vol(C})

L%k k2,

e

The second step follows since 2

a + 1 a + a + 1 a
volict®  volcy? volici) ~ wvolicy)®
Therefore, we get that

H2(P (Xi; Vi) P (X33 Y, n l+24 T~ 2 Tin
( ( I I) ( I I)) pmin(zcﬁ)d Pmin (2C6)2d
4Bpmax WLk ki .
n - =:GCh
pmin(zcﬁ)d

where the second step holds far  n(cs; d;L; k k;) large enough. Andcg > 0O is a constant.

n
H2P'%P') 21 1 %nl 21 e %)=

where the second step holds far n(cg) large enough. Thus, the conditions of Theorem 6

are met and we have established the desired lower bounds fapervised learning.
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Chapter 4
Level Set based Approach to fMRI Data Analysis

This chapter describes a new methodology and associated dhetical analysis for rapid
and accurate extraction of activation regions from functioal MRI data. Most fMRI data
analysis methods in use today adopt a hypothesis testing aggach, in which the BOLD
(Blood Oxygen Level Dependent) signals in individual voxsl(volumetric element of brain
activation map) or clusters of voxels are compared to a thrbeld. In order to obtain statisti-
cally meaningful results, the testing must be limited to vey small numbers of voxels/clusters
or the threshold must be set extremely high. Furthermore, wlization introduces partial
volume e ects (PVE), which present a persistent error in thdocalization of activity that no
testing procedure can overcome. We abandon the multiple hgthesis testing approach, and
instead advocate an approach based on set estimation that@s to control the localization
error. To do this, we view the activation regions as level sebf the statistical parametric map
(SPM) under consideration. The estimation of the level setén the presence of noise, is then
treated as a statistical inference problem. We describe avéd set estimator and show that
the expected volume of the error is proportional to the sidehgth of a voxel. Since PVEs are
unavoidable and produce errors of the same order, this is tisenallest error volume achiev-
able. Experiments demonstrate the advantages of this newdbry and methodology, and
the statistical reasonability of controlling the localizaion error rather than the probability

of error for multiple hypothesis testing.
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4.1 fMRI Analysis

Statistical analysis of fMRI (functional Magnetic Resonace Imaging) data involves trans-
lating a time series of MRI brain images, collected while theubject is performing a desig-
nated task, to an activation map that identi es regions of tre brain that have high activity
associated with the task. The time series data is used to geate a statistical parameter
map (SPM) in the form of t-statistics, cross-correlation ce cients, z-statistics, or one of
a variety of other measures, as described in [65]. First weview the standard hypothesis
testing approach used in most studies today, and we point otibe limitations and aws of
such methods. Then we formulate the fMRI analysis problem aslevel set estimation task,
and discuss the virtues of this perspective. Before movingh,owe establish basic notation
that will be used throughout the chapter. Lety;, i = 1;:::;n, denote the elements of the
SPM under consideration,n being the number of voxels. In this chapter, for simplicity ©
presentation, we will assumey; 2 [ 1;1]. In general, each statistic is modeled as the sum of

a deterministic and stochastic component:
yi=fi+ i

The deterministic componentf; is the mean value ofy;, and is viewed as the average of an
underlying continuous activation function over thei-th voxel. The stochastic component;

is assumed to have a mean value of zero. Assume that the voluofeghe brain is embedded
into the unit cube [0; 1°, and that each voxel corresponds to=in of this volume. Let f
denote the continuous activation function de ned on [p1. Then f; = n Rvi f (x) dx, where
V; is the subcube that is thei-th voxel (the factor of n accounts for normalization by the

voxel volume).

4.1.1 Hypothesis Testing for fMRI

Broadly speaking, hypothesis testing procedures are based thresholding the SPM, or
functions of it, at a certain level. Points exceeding the theshold are declared as active. In

voxel-wise testing, it is usually assumed that the; are zero-mean Gaussian errors. Inactive
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voxels are assumed to havé; = 0, and the Gaussian distribution of ; then provides a
principled means for selecting an appropriate threshold. irfRe this involves simultaneous
testing of multiple hypotheses (equal to the number of voxg| n), the threshold needs to be
adjusted to account for this and provide a family-wise errocontrol, i.e. instead of a 5%
false alarm control per voxel, we want that the test should gort false activation anywhere
only 5% of the times. To accomplish this, either the threshdlis increased using Bonferroni
correction (BC) (union bounding) by a factor ofn, or a sequential p-valué method such as
FDR (False Discovery Rate) which is de ned as the expected pportion of false discoveries
(falsely detected activations) [42]. FDR is controlled by aata-dependent threshold based on
the observed p-value distribution, and thus is adaptive tohe sparsity of the signal [43]. This
notion is useful since in multiple hypotheses testing prodims, such as fMRI, most of the tests
are expected to follow the null hypothesis as there is actittan only in very small regions
of the brain. However, the activations in the brain are not idependent from voxel to voxel,
and hence these techniques result in overly conservativeréisholds with very weak detection
power; typically very few voxels exceed these stringent,kadit statistically sound, thresholds.
One way to circumvent this problem is to perform a much smaltenumber of tests, say on
a subset of voxels or larger clusters/groups of voxels [66However, a heuristic clustering
procedure is proposed in [66] and it is noted that good clusieg is essential for the success
of the approach as aggregation in homogeneous regions letm$ower variance and hence
improved SNR, but aggregation of heterogenous regions laai higher bias and weakening
of the signal. Thus restricting the testing to a subset of vas or clusters may signi cantly
sacri ce the resolution or regional speci city of fMRI anaysis. An excellent discussion of
this tradeo may be found in [67], which also describes a vaty of testing approaches based
on the theory of Gaussian elds. Also, we mention that other lgernatives to voxel-based
testing have been proposed. For example, [68] uses hypothdesting based on the wavelet

transform of the SPM to detect activity. Thresholding the waelet coe cients is helpful in

LIn statistical hypothesis testing, the p-value is the probability of obtaining a value of the test statistic
under the null hypothesis that is at least as extreme as the oa that was actually observed.
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detecting edges or discontinuities in the SPM. However, braactivation is typically spatially
di used and cannot be accurately characterized as a sharpamsition. Thus, wavelet based
approaches often yield conservative estimates of brain aaty.

Beyond these di culties associated with hypothesis testig approaches to fMRI, there is
also the error due to partial volume e ects (PVE). PVEs are alays present in fMRI and
place a limit on the regional speci city (i.e., accuracy wit which activation can be localized).
The localization accuracy is proportional to the sidelendpt of a voxel. For example, suppose
that a certain voxel contains a volume of the brain that is advated in one half of the voxel,
but not the other. It is quite possible that the SPM value for his voxel could exceed a
detection threshold, but subsequently inferring that thisimplies this entire voxel volume is
active is obviously incorrect. One can only safely say thabme part of the voxel volume is

active. Similar problems arise in cluster- and wavelet-bed testing.

4.1.2 Level Set Estimation for fMRI

In light of the challenges associated with controlling the nobability of error in fMRI, and
the fact that even under such control, errors in regional specity persist at the voxel level
due to PVE, we advocate an alternative to hypothesis testingThe best we can hope for is
a localization error whose volume is proportional to voxelide-length, so we aim to localize
activation to within this accuracy.

The ideal goal of fMRI is to determine the subset of [A]® where the activation function
f exceeds a certain positive level, indicating regions whettee BOLD response is especially

strong.
Aim 1. (ldeal): For a given level > 0, determine the level set
G fx2[01F:f(x) g [01F:

This is similar in spirit to testing approaches based on theheory of Gaussian random
elds [67,69]. In those approaches, the SPM is viewed as a etated representation of an

underlying continuous Gaussian eld. The functionf in our set-up would be the mean of
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such a eld. Based on the Gaussian eld assumption, one cangdabilistically characterize
the excursion set which is closely related to our notion of a level set. The edtsion set is a
level set of the SPM, wherea& is the gamma-level set of only th&eterministic component
of the SPM.

The ideal aim is not achievable for two reasons. First, the P artifact limits the accuracy
of any approach to this problem ton =3, the side-length of a voxel. Second, the stochastic
component of the SPM introduces another source of error. Rankably, a careful statistical
analysis shows that the e ect of the stochastic error can beoatrolled to order n G+ ),
The extra price, as re ected by the term in the exponent is related to the smoothness
of the activation function around the level of interest. If tie activation function changes
sharply, localization is easier and is small. On the other hand if the activation is di used,
it is harder to identify the level set and hence is large. In anticipation of this, we pose a

second, more useful, aim:

Aim 2. (Practical): For a given level > 0, construct an estimator of the -level set,
denoted®, that satis es the following error bound:
h i
Ewvol &8 G / n X6 (4.1)
where 0 is related to the smoothness df around the level , E denotes the expectation
over the random stochastic errorsyol stands for volume, and8 G denotes the symmetric

di erence between the set§ and 8, and is de ned in (2.1), Chapter 2.

Similar quanti cations of the size of the error can be made iterms of probability, rather
than expectation, but the expectation bound most clearly lustrates the performance.
Remark: As discussed in Chapter 2, controlling the volume of the synetric set di erence
may result in set estimates that deviate signi cantly from he true set. This is undesirable
as the reconstructed brain activation patterns are used fdurther inference regarding the
functioning of the brain. Thus it is of interest to control the Hausdor or worst-case error
as de ned in (2.2) that guarantees a spatially uniform con @&nce interval, and can preserve

the shape and connectivity of the activation regions. The seilts of Chapter 2 indicate that
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a Hausdor control of n **3* ) can be provided on the maximal distance deviation between
the true and estimated activation regions. However, sincéhé¢ resolution of fMRI images is
limited to 64 64 pixels/slice, the current histogram based technique da#ed in Chapter 2
may not yield practically impressive performance as it reaees su ciently high number of
samples to yield useful results. The symmetric set di eremdbased estimator that we describe
in this chapter uses spatially adaptive partitions that yiéd practically e ective results. Thus,
we will focus on average error control as o ered by the volunt the symmetric set di erence,
though it will be desirable to guarantee worst-case controbnce Hausdor accurate spatially

adapted estimators are developed.

4.1.3 The Level Set Approach vs. Gaussian Field Approaches

As pointed out above, there is a close connection in the fortation of level set estimation
and testing based on Gaussian random eld models. Our mainiticism of the latter is that
they are based on a strong assumption about the spatial dekmcies in the BOLD signal,
namely that the SPM is a realization of a smooth Gaussian press. While there is little
doubt that dependencies exist, it is very unclear that a Gawg$san process is a reasonable
model for them. The assumed smoothness of the elé/ in [67], strongly in uences the
shapes, sizes and boundary smoothness of the excursion.sét&n the best choice oV may
not yield excursion sets that are good models for real actittan patterns. In contrast, the
level set approach assumes only that the boundary & is lower dimensional (e.g., a two
dimensional surface when studying a three dimensional vahe). No further assumptions

are placed on the shape or smoothness of the level set.

4.2 Level Set Activation Detection in fMRI
4.2.1 Error metrics

The symmetric set di erence measure does not have a naturaheirical counterpart, and
hence careful selection of an error metric is the rst step idesigning an e ective level set

estimator. In particular, we use the method presented in [22hat is designed to minimize
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the weightedsymmetric di erence 2
E(G;G) ] f (x)jdx: (4.2)
G G

We show that, under mild assumptions on the local regularityf the activation function
around the level of interest, this metric can provide contricover the volume of the symmetric
set di erence. First, consider activation functions withf (x) < ., in inactive regions and
f(X) > max In active regions. Note that if i, < < nax, then there exist constants

c;C > 0 such thatc | f(x)] C. It follows that
Z

cvol(G G) ] f(Xjdx Cvol(G G);
G G

and therefore minimizingE(G; G ) minimizes the volume of the erroneous region, as desired.
Now consider the case when the activation function does nottebit a sharp transition but

is smooth as characterized by the following assumptidras introduced in [37].

De nition 3.  Forany > O0; 1, a function f is said to have -exponent at level with
respect to a probability measur® if there exist constantscy > 0 and o > 0 such that, for
all 0< 0
P(fx:jf(x) J @ o
Observe that =1 corresponds to a jump in the activation function at the leel and
increasing implies increasing smoothness ®f around level . Under this local smoothness

assumption, Proposition 2.1 from [37] implies that there ésts C > 0 such that
vwl(G G) C(EG;G)¥: (4.3)

Thus, control over E(G; G ) implies control over the volume of the erroneous region.

The quantity E(G; G ) cannot be directly evaluated without knowledge of5 (the level
set we wish to estimate.) However, as shown in [22], the weigh symmetric di erence can
be decomposed a&(G;G )= R(G) R (G ); where

f (x)
2

2This metric is also known as the excess mass de cit, see [37].
3This is analogous to Tsybakov'snoise margin assumption[70, 71] for the classi cation setting.

R(G) [1xoc  lx2ce]dx (4.4)
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(a) (b)

Figure 4.1 (a) An example Recursive Dyadic Partition (RDP) 6a 2-d function domain
and (b) associated tree structure.

and 15 =1 if event A is true and 0 otherwise. Thus minimizingg(G; G ) is equivalent to
minimizing R(G), sinceR(G ) is a constant, and the value oR (G) is independent ofG .
Furthermore, R(G) has an empirical counterpart that can be computed from the FBM:

i=1

X0 _
2,0)= =" Vs Lol 5)

h i

Note that R(G) = E R,(G) .

4.2.2 Estimation via Trees

Following [22], we estimate the level set of the activatioruhction f based on the SPM by
using a tree-pruning method akin to CART [48] or dyadic decien trees [51]. The estimator
is built over a recursive dyadic partition (RDP) of the doman. An RDP can be identi ed
with a tree structure, where each leaf of the tree corresposidio a cell of the dyadic partition
(see Fig. 4.1). Trees are utilized for a couple of reasonsrdtj they provide a simple means of
generating a spatially adaptive partition, yielding an aubmatic data aggregation in regions
estimated to be strictly above or below the level. This adaptive and automatic aggregation
e ectively boosts the signal-to-noise ratio. Second, theptimal partition can be computed
very rapidly using a simple bottom-up pruning scheme. Hereensummarize the tree-based
estimator proposed in [22].

Let T, denote the collection of all 8-ary trees in three dimensior{8-ary trees are based on

recursively partitioning cubic volumes into 8 sub-cubes)or example, consider a 6464 64
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voxel volume. The voxels represent the limit of the 8-ary pétion process, generated by
a 6 level 8-ary tree (2 = 64). In this example, n = 642 and the side-length of each voxel
is n ¥ = 1=64 (assuming the brain volume is normalized to be the unit caf). Note,
however, that is not necessary to complete the partitioningrocess to the voxel level; using
less than 6 levels will result in partition cells composed afroups of voxels. Moreover, the
level of the tree can vary spatially, yielding smaller cellsn certain areas and larger cells in
others. A spatially adapted partition is crucial in level seestimation, since ideally we wish
to aggregate the SPM wherevef (x) strictly exceeds or falls below the target level of to
boost the signal-to-noise ratio.

Let (T) denote the partition induced on [Q1] by the 8-ary tree T. Each leaf node of
the tree corresponds to a cell of the partition. A zero or ones iassigned to each leaf node
of T (equivalently, to each cellL 2 (T)), and the union of leafs with label one form a set
denotedGr. Let jLj denote the volume of the leal.. Based the theory of tree-based level
set estimators developed in [22], we have the following rédtsu
Theorem 7 (Lemma 2, Willett et al. [22]). With probability at leastl 1=n,

R(Gr) Ru(Gr)+ o(T) 8T2Ty;
where s
X 2jLj 4n

n(T) - log a3
L2 (T) It

(4.6)

The proof of this theorem utilizes a union bound over the leag coupled with Hoe ding's
inequality (a concentration of measure inequality for boutled random variables), which
bounds the contribution of the risk from each individual led Theorem 7 shows that the
ideal quantity, R(Gr), that we wish to minimize is upper bounded by the sum of empoal
version F‘?n(GT) and ,(T), both of which are easily computed; i.e., althougR (Gt) requires
exact knowledge of (x), the upper bound does not. Thus, the set that minimizeé?n(GT)+

n(T) also makesR (Gt) (and hence the volume error) small with very high probabity.
Intuitively, we can interpret ,(T) as a regularization term which discourages excessively

complex partitions.
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Theorem 7 leads directly to the following level set estimato
o]

& =arg Jmin nﬁ?n(GT) + (T (4.7)
In addition, the estimator de ned by (4.7) and (4.6) is rapidy computable. In fact, a
translation-invariant estimator can be computed inO(n logn) operations [22]. Furthermore,
as shown in the following section, the estimator is nearly ¢ijmal in terms of the expected

volume of the erroneous region.

4.2.3 Performance Analysis

In Theorem 6 of [22] an upper bound orE(@T; G ), the expected weighted symmetric
di erence error of the estimator proposed in (4.7), is dered. Coupled with (4.3), we can
translate the performance bound on the weighted symmetrici drence error to an upper
bound on the expected volume of the erroneous region (totablume of missed activation
and falsely detected activation). In particular, the follaving theorem shows that for a broad
class of functiond , the proposed method is nearly optimal in terms of the expestl volume
of the erroneous region. Here it is assumed that the boundesi of G are two-dimensional

surfaces (i.e., the boundary of a volume is a surface); pleasfer to [22] for details.

Theorem 8.

h i

h i 1=(3+2( 1))
Ewvl 8 G / E (E(®r;6 )" ;

logn
n
This shows that the expected volume of the error is nearly eguto the minimum dic-
tated by partial volume e ects, n =3, except for a term in the exponent that depends on
the smoothness of the activation map in the vicinity of the dered level . For =1, the
expected localization error is exactlyn =3 except for a logarithmic factor, which is relatively
negligible. Furthermore, the estimator automatically adpts to the smoothness of the under-
lying activation map, as well as form and extent of the leveles G , without prior constraints
on shape or size of the activation regions. The level set esttor is also computationally

e cient.
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4.3 Improved Estimation via Cross-Validation

The above theoretical analysis demonstrates that the estator in (4.7) controls the
expected volume of the error. However, in practice, becauee regularization term ,(T)
is based on worst-case analysis techniques, the resultireydl set estimate can be over-
regularized (i.e. over-smoothed). Attenuating the regulé&ation term can result in improved
performance. It can be shown that choosing this attenuatiofactor using a cross-validation
procedure is both empirically e ective and retains the optnality of the original estimator.

In particular, we assume that we have access to two data sets runs collected under
the same conditions, and we denote the two resulting SPMs &g g, for training data
and fyY g, for validation data. Such data is often available in fMRI stalies [66]. For an

attenuation factor 2 [0; 1], we have the estimator
e " R °
— ; T .
=arg min  R(Gr)+ o(T) ; (4.8)

WhereFl?I (4.5) is evaluated using the training data. We then choose ¢hoptimal attenuation
as
b = arg m2in RY(8);

where Ii?){ is (4.5) evaluated using the validation data, and [0; 1] such that the size
of the regularization parameter search spage j is polynomial inn and 12 . The latter
condition ensures that the theoretically optimal estimato without attenuation ( = 1) of

the regularization term is contained within the search spa&c Set the nal estimate to be
@ = @bi
From here it is possible to derive the following theorem.

Theorem 9.

h i h i
E E(8;G) mzinE E®;G) + ij%
, logn =@2

n
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Proof. The proof of the theorem follows through a straightforward pplication of the results
in [72] for cross-validation using a generic risk functionWe provide a brief sketch here.

Applying Hoe ding's concentration inequality and union baund, we have
P mZaXR(@ ) RY(@)> | je"™

Using this we get, with probability > 1 1=n,
r r

R(B) RY(®)+ 2@ RY(B )+ 2@:

The last step holds for everyf@ g » . Taking expectation with respect to the validation

and training data sets,
r

E[R(®)] ER(® )+ 2% + %:

Since this is true for everyf@ g2 , the rstresult follows by subtracting R(G ) from both
sides. The error bound in terms oh follows since the unscaled estimator corresponding to
=1 is contained in the search space, and using Theorem 8 thatqvides an upper bound

on the performance of the unscaled estimator. O

Sinﬁe the bounqs hold with high probability and not just in epectation, it can be shown
that E vol 8 G / (log n:n)1=(3+2( Y Thus, Theorem 9 implies that the error volume

of the cross-validated estimator is also near-optimal.

4.4 Experimental Results
4.4.1 Simulated Data

We rst use simulated data to perform our holdout method for mrameter tuning. The
simulated activation pattern consists of regions of dierst activation level, representing
levels of neurological activity. Additive unit-variance 2ro-mean Gaussian noise is used to
corrupt this underlying activity to form our simulated data. The SPM is then computed

using this knownN (0; 1) noise distribution. In Fig. 4.2, we compare the results daained by
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the proposed level set method to those obtained by traditi@ pre-smoothing and thresh-
olding (without using Bonferroni correction) at level = 0:7. Figure 4.2(a) shows the level
set estimate obtained by the hold-out procedure described the last section. In Fig. 4.2(b),
we use a Gaussian smoothing kernel, where the smoothing bewdth of 1.2 voxels FWHM
(Full-Width at Half-Maximum) was chosen clairvoyantly via directly minimizing voI(@ G)
on the holdout data set, and then threshold at level = 0:7. Since this clairvoyant estimator
is based on knowledge of the true simulated activation patte, the performance of this con-
ventional approach will exceed what is possible in practicghen the true activation pattern
G is unknown. In Fig. 4.2(c), we also show a more typical examglWwhere a bandwidth of
3 voxels FWHM is chosen, demonstrating a severe degradationperformance due to over-
smoothing of the SPM. Note that in comparison to simple smobing and thresholding, the
errors of the level set method are well-localized along thebndary of the level set, as the
theory predicts. Averaging over 100 realizations of the SPMve have an average symmetric
di erence volume of 0024 using level sets, :030 using thresholding with clairvoyant pre-
smoothing, and 0077 using thresholding with a xed typical amount of pre-smothing. This
shows that the level set estimation procedure outperformsgsmoothing and thresholding

estimate even with the best clairvoyant choice of the smoothing baindiiv.

4.4.2 fMRI Data

We now consider real fMRI data. This data set consists of 64 64 axial slices with 122
time samples taken during a nger-tapping experiment. By dfting the data into two tem-
poral halves, we generate two independent sets of data foretlcross-validation method: the
rst 61 time samples for training, and the remaining 61 for vadation. Shown in Fig. 4.3 are
the results of the holdout based level set procedure and tlafeolding with pre-smoothing,
using two di erent levels of . For pre-smoothing, we used a Gaussian smoothing kernel
with a 1.2 voxel FWHM, corresponding to the clairvoyant chaie of bandwidth in the sim-
ulated experiment of the previous section. By picking, we can examine di erent levels of

activation in fMRI studies. Figure 4.3 (a) and (c) show the reults of the proposed level
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@) (b) (©

Figure 4.2 Comparison of =0:7 level set estimation, thresholding with clairvoyant
pre-smoothing, and thresholding with typical pre-smoothig for a simulated activation
pattern. Black regions are false positives, light gray regmns indicate false negatives, their
union comprises the erroneous regidﬁ G . (a) Level set estimate; voI(Q G )=0:024.

(b) Voxel-wise threshold estimate with clairvoyant pre-smothing; vol(@ G )=0:030. (c)
Voxel-wise threshold estimate with typical pre-smoothingvol(@ G )=0:075.

set based method for =0:95 and = 0:9, respectively. Comparing these results to voxel-
wise thresholding with pre-smoothing (without Bonferronicorrection) in Fig. 4.3 (b) and
(d), we can see that the detected regions using the proposexiél set estimation method
show signi cantly fewer spurious detected areas compared tonventional methods, yield-
ing better localization of neural activity. For statistically sound thresholding procedures,
typically Bonferroni correction or FDR is used to address th multiplicity of the hypothesis
testing problem, however applying these corrections to thiiMRI data set resulted in overly

conservative thresholds and no signi cant activation was etected.

4.5 Concluding Remarks

In this chapter, we abandoned standard hypothesis testindg/lRI analysis in favor of a
level set approach that aims to control the volume of the erreous region. We argued that
controlling the error volume is more natural in light of parial volume e ects, which result in
an unavoidable error in any event. The proposed level set esator produces an estimate of
active regions that is guaranteed to have an error that is comensurate with partial volume

e ects. In other words, the error volume, and hence the erroin regional speci city, is
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(© (d)

Figure 4.3 Estimates of neural activation regions. The dargray regions overlaid onto the
anatomic brain image represent the declared activity. With = 0:95: (a) level set estimate,
(b) voxel-wise threshold estimate with pre-smoothing. Wh = 0:90: (c) level set
estimate, (d) voxel-wise threshold estimate with pre-smaloing.
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controlled to nearly the absolute minimum. One matter that ve have not investigated here
is the choice of level, . The higher the level , the smaller the level setG . In e ect,
gauges the strength of the activation in the se6G . The selection of could be based on a
secondary criterion, such as the false discovery rate. Altetively, it may be informative to
examine several di erent level sets. These sets will be nedt with lower level sets containing

higher level sets, providing a more descriptive view of thecevation patterns.
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Chapter 5
Adaptive Mobile Sensing for Environmental Monitoring

This chapter investigates data-adaptive path planning sa@mes for wireless networks of
mobile sensor platforms. We focus on applications of envinmental monitoring, in which the
goal is to reconstruct a spatial map of environmental factgrof interest. Traditional sampling
deals with data collection processes that are completelydependent of the target map to
be estimated, aside from possible a priori speci cations extive of assumed properties of
the target. We refer to such processes as passive learningtimes. Alternatively, one
can envision sequential, adaptive data collection procedks that use information gleaned
from previous observations to guide the process. We refer$ach feedback-driven processes
as active learning methods. Active learning is naturally sted to mobile path planning, in
which previous samples are used to guide the motion of the migs for further sampling. We
investigate capabilities of active learning methods for nule sensing and based on recent
advances in assessing active learning performance, we eletgrize the optimal tradeo s
between latency, path lengths, and accuracy. Adaptive patplanning methods are developed
to guide mobiles in order to focus attention in interesting eégions of the sensing domain,
thus conducting spatial surveys much more rapidly while mataining the accuracy of the
estimated map. The theory and methods are illustrated in th@pplication of water current

mapping in a freshwater lake.
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5.1 Introduction

Many environmental monitoring applications require ne reolution and high delity
mapping of a spatial phenomenon distributed over a vast phigsl extent, e.g. aquatic and
terrestrial ecosystem studies, detection of toxic biologal and chemical spreads, oil spills
and weather patterns. This requires an impractically largemumber of sensing elements to
be distributed according to a pre-computed sampling straggy over the given area. Mobile
sensor networks o er an alternative by trading o the cost oflarge number of static sensors
in exchange for increased latency, and provide exible saripgy opportunities. E cient path
planning is necessary to harness these bene ts of mobile sielg systems and obtain the best
possible resolution in minimum time.

Traditional data sampling methods use a pre-computed, xedtrategy that involves uni-
form sampling of the eld at regular intervals, and the samphg pattern is not updated as
measurements are collected. We refer to such strategiespassive learningnethods. When
the spatial phenomenon of interest is smoothly varying, pase methods are known to per-
form well. However, many environmental variables exhibit ighly localized features in the
spatial map like changepoints or edges that need to be acctety captured and tracked. For
such cases, one can envision sequential, adaptive path plang where information gleaned
from previous samples is used to focus mobile paths towardsgions of sharp changes in
the environmental eld where more intensive sampling is regred. Such feedback-driven
approaches where future sampling locations are determineg past sampling locations and
observations are referred to aactive learningmethods. Active learning has been successfully
applied to standard problems in statistical inference and acthine learning, however there
has been very little work aimed at harnessing the power of agt¢ learning for designing e -
cient sampling paths for mobile sensing networks [30,73].6\ise active learning methods to
design adaptive paths for mobile sensors that achieve mirax e ciency of eld reconstruc-
tion and latency for environmental monitoring type applicéions. When the environmental

phenomenon exhibits localized features, for example a sphdevel transition, the proposed
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adaptive path algorithms signi cantly outperform traditi onal non-adaptive sampling path
strategies. It is shown that for reconstruction of al 2 dimensional piecewise constant eld
to a desired mean square error (MSE) of active path designs require the mobile sensor to
cover a pathlength/  “¢ and result in a latency that scales as © V. Notice that both
the pathlength and latency increase as the desired error lvis decreased, as one would
expect. On the other hand, a non-adaptive uniform samplinggth scheme would require
the sensor to move over a pathlength  * and result in latency that scales as 9. In the
non-adaptive case, the pathlength and latency both increasmuch more rapidly as the error
level is decreased. In fact, adaptive path planning providea signi cant reduction in path-
length and latency (by factors of ¢ and , respectively), that translates directly to network
resource savings or better capabilities for tracking the gmonmental phenomena of interest.
Also notice that the rate exponent gain is equivalent to a dimnsionality reduction of the
estimation task. Since the features of interest are locateédad 1 dimensional subset of the
original domain, one can see that active learning results aths that adapt to the e ective
dimension of the data. Even more dramatic improvements areopsible in one-dimensional
scenarios (e.g., vertical measurements through a foresicgy or marine environment).

The path planning strategies developed here can be used f@pécations like the NIMS
(Networked Infomechanical Systems) architecture [20,30The NIMS system uses controlled
mobility of sensors for spatio-temporal sampling of vari@aienvironmental variables like solar
radiation intensity, atmospheric water vapor, temperatue, and chemical composition over
the vast expanse of a forest. The sampling paths of these serssneed to be designed so
that the scale of motion matches the environmental monitonig needs in terms of accuracy,
delity and tracking capabilities. Many of the phenomena ofinterest exhibit changepoints,
for example, the solar radiation intensity map exhibits edgs due to shadows cast by the
vegetation. Further, measurements of di erent environmel variables require diverse sen-
sors with di erent sampling duration and velocity requirenents. For example, the sampling

duration required to achieve a certain SNR (Signal-to-Nogs Ratio) may vary from a few
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seconds for solar intensity measurements to a few minutes {60, sampling. We present
path planning algorithms that accommodate this wide rangefesensing capabilities.

Another potential application arises in the North Temperaé Lakes Long Term Ecological
Research program in Wisconsin [74]. This project involvessgnsor network system equipped
on boats to take measurements of temperature, water currentdissolved gases, algae and
other biological species concentrations across the lakedaat various depths. Continuous
monitoring of these phenomena and change detection requirthe boats to sample the 3D
transect in the most e cient manner. The results presentedn this chapter provide guidelines
for planning the path, velocity and number of boats requiredo achieve a certain desired
accuracy of measurement in the least time. To verify the e g¢iveness of our methods and
theoretical results, we present an illustrative example tt uses adaptive and passive sensor
mobility to estimate the water current velocity map for a freshwater lake in Wisconsin.

Some other applications that can benet from fast spatial stveying adapted to the re-
gions of interest include landscape scanning using sensquipped aerial vehicles, estimating
boundary of an oil spill using aerial or buoy sensors, predicn of weather patterns by
monitoring atmospheric pressure, and geological faultiie detection [75].

While several research papers have explored the use of melsensors and proposed a
variety of path planning algorithms (e.g., game-theoreti@pproaches, pursuit evasion, sen-
sor exposure etc. [76{78]), the research has mainly beingcéised on target detection and
tracking. We develop path planning algorithms for mobile sesors used in environmental
monitoring type applications that involve mapping of a spatlly distributed eld. We lever-
age the bene ts of active learning methods to design feedlbadriven adaptive sensing paths
that achieve minimax optimal e ciency in terms of mean squae error distortion and la-
tency under varying sensor capabilities (velocity and sarfipg frequencies). A theoretical
framework is provided for the analysis of tradeo s in lateng accuracy and path lengths. We
also investigate cooperative strategies for networked $gms of multiple mobile sensors or

combination of sensors with and without mobility. It is showm that the advantages of task
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distribution under cooperative strategies can also be atitaed while requiring minimal coor-
dination between sensors. Such a scheme is robust to sensduffes and degrades gracefully
as one or more sensors turn faulty.

The chapter is organized as follows. Section 5.2 reviews thetive learning methods
developed for function estimation and associated theoreél results. Section 5.3 presents
the application of active learning methods to adaptive pattplanning for a mobile sensing
network and discusses the tradeo s in accuracy, latency anghth lengths. In Section 5.4
we present the illustrative simulation study of water curret velocity in Lake Wingra that is
located in Madison, Wisconsin, using both passive and aday sensing paths. We conclude

in Section 5.5.

5.2 Active Learning for Spatial Mapping

Consider the task of spatial mapping of an environmental vable by mobile sensors that
sample the given transect ah locationsf X; g, . Denote the observed (scalar) sample values

by fYigl,, that are assumed to obey the measurement model:
Yi=f (Xi)+ W, i2f1;:::;ng;

where the functionf is the eld of interest and the sensor measurement nois¥,; is charac-
terized as iid random variables that are independent of theasple locationsf X;g,. The
task is to reconstruct a map of the spatial eldf from sample locations and noisy obser-
vations f X;; YigL, . Classical (passive) sampling techniques consider uniiordeterministic
or random sampling locations that are speci ed prior to gathring the observations. Active
learning methods, on the other hand, select the future sampg locations online based on
past locations and observations, i.eX; depends deterministically or randomly on the past
sample locations and observationSX;;Y; g} _+ [4,5,75,79{81].

While the concept of active learning is not new, there is verijttle theoretical evidence to
support the e ectiveness of active learning, and existinghteories often hinge on restrictive

assumptions that are questionable in practice. However, ¢he are a handful of key results
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that can be leveraged to aid in the design of mobile wirelessnsing systems. Burnashev and
Zigangirov [79] investigated the problem of changepoint textion in a 1-d function using
sequential sampling. They show that the error in the locatio of the changepoint decays ex-
ponentially in n, the number of samples, as opposed to ! for non-adaptive sampling. More
recently, Castro et al. [4,5] investigate the fundamentalrhits of active learning for various
nonparametric function classes including spatially homegeous édder smooth functions,
and piecewise constant functions that are constant exceph@d 1 dimensional boundary
set or discontinuity embedded in thed-dimensional function domain. They reveal that signi -
cantly faster rates of convergence, in the minimax sense gaachievable using active learning
in cases involving a function whose complexity is highly ceentrated in small regions of
space. In this section we review the active learning methogsesented in [79] and [4,5].

In [79], Burnashev and Zigangirov address the problem of esating the con dence
interval of an unknown parameter fromn controlled observations. This problem is equivalent
to estimating the changepoint in a 1d function by adaptive sampling. The problem can be

stated formally as follows. Consider the class of functions
F =ff [0;1]! Rjf (X)=1 )(X)g

where 2 [0;1]. The goal is to estimate the changepoint from observationsf Y;g, , where
8

< (X with probability 1
vi= (Xi) ! P ”ty Pt X)) w
1 f (Xj) with probability p

Here indicates a summodulo 2 and W; represents Bernoulli noise. Clearly, if there is
no noise p = 0) it is easy to design an estimator”, using binary bisection that attains
exponential error probability i.e. j "j = O(2 "). Burnashev and Zigangirov show that
even whenp > 0, a similar probabilistic bisection approach can be used @et EJj e
O(2 ™). Notice that this adaptive sampling rate is much faster tha the passive rate of
O(n 1) (under both the noiseless and noisy scenarios). The prohldtic bisection method
is based on a bayesian posterior update. A Bayesian posterigpdate method that does

not restrict the noise W, to be Bernoulli was given by [3] and is presented in Figure 5.1n
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Probabilistic Bisection Sampling

1. Initialization : Assume uniform prior for .

p°(x) = uniform([0 ; 1])
2. Repeati=1,...,n

Sample selection The sample locationx; is selected to be the median of the

distribution of
istributi x

xi: p lx)dx=1=2
0
Record noisy observatior; = f (x;) W,.

Posterior update Update the distribution of based on the observed samphé
at location X; according to Bayes rule.

pv(yi = x)p '(x).

P = Py; (Y)

wherey 2 f 0; 1g.
3. Estimator:

N n .
= arg max X):
n = arg max p (X)

Figure 5.1 Probabilistic bisection sampling strategy (Hatein [3])
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practice, a discretized distribution for (e.g. a histogram form) is considered, as described
in [79]. The next sampling location is randomly chosen to bétleer end point of the interval in
which the median lies by ipping a coin with head/tail probabhility that ensures the average
value is the actual median. A corresponding modi cation isequired in the distribution
update, refer to [79] for details. In the next section, we psent an illustrative example using
this method to design a mobile sensor's path assuming senseadings contaminated with
Gaussian noise (measurement error) and Bernoulli noise iiser fault).

For multidimensional settings, Castro et al. [4,5] develagd an active learning method
based on dyadic partitioning that provides near-minimax ogmal error convergence for cer-
tain classes of nonparametric multivariate functions, andssuming the noise satis es certain
moment conditions. One of the main results of that work showthat any piecewise con-
stant d-dimensional function separated by al-1 dimensional boundary can be accurately
estimated through adaptive sampling methods using far fewesamples than required by
conventional non-adaptive sampling. Fod = 1 they obtain the same exponential rates as
shown by Burnashev. Their main results (fod 2) can be summarized in the following
three theorems:

Set up: An estimation strategy consists of a pairf(»; S,), where f), denotes an estima-
tor of the d-dimensional functionf using n noisy observationsf Y;g,, and S, denotes a
sampling strategy for choosing the sampling locatiorfsX;g; . Let ave denote the set of

all active estimation strategies.

Theorem 10 (Theorems 3 and 8, Castro et al. [5])Let H( ) denote the class of spatially

homogenous klder- smooth functions, then
inf  sup Er 5 [ifn f 2 n 7

(f1:Sn)2 acive f 2H( )

The notation a, b, means thata, = O(hy) and b, = O(a,), ignoring logarithmic

factors. This rate is the same as the minimax learning rate ti passive methods, hence for

1The function has b ¢ continuous derivatives, where b c is the maximal integer < , and the function can be well approxi-
mated by degree-b c Taylor polynomial approximation. A formal de nition is giv en in Chapter 3.
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this class of smooth functions that do not contain highly lo&lized features, both passive and

active methods perform equally well in terms of rate of erraconvergence.

Theorem 11 (Theorems 5 and 12, Castro et al. [5])Let P C denote the class of piecewise
constant functions withd-1 dimensional boundaries, then

inf sup Er s, fiifs f i n oI
(fAﬂ ;Sﬂ)z acive f 2PC

Thus the error rate is determined by the e ective dimensionfahe function. On the other
hand, in this situation the non-adaptive sampling error deays like n ¥ and thus we see
that active methods can lead to signi cant improvements whe the target function contains

localized features.

Theorem 12 (Theorem 6, Castro et al. [5]) Let PS( ) denote the class of more general
piecewise Hlder- smooth functions withd-1 dimensional boundaries, then
inf sup Er s fifn f ji4 cmaxn 2+i;n aig;
(fniSn)2 acive f 2PS( )

wherec > 0 is a constant.

It is conjectured in [5] that the above result should charaetrize the optimal rate, that
is, an upper bound matching the minimax lower bound should &t, though this is not
formally proved. This theorem follows directly from the preious two and essentially states
that the rate of convergence is determined by the dominatingause of function complexity
- dimensionality of the edge or complexity of function deratives away from the boundary.

Castro et al. also present an active learning algorithm thatearly achieves these minimax
rates; the exact performance bound on the MSE of the proposedgorithm is discussed
later. In Figure 5.2, we rst review the strategy proposed in4, 5] for piecewise constant
functions. This procedure produces a non-uniform samplingattern in which more samples
are concentrated near boundaries in the eld; half of the saphes are focused in a small

region about the boundary. Since accurately estimatinf near the boundary set is key to
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Multiscale Adaptive Sampling
1. Preview Step n=2 samples are collected at uniformly spaced points and a cearesti-
mate of the eld f is generated from these data using a complexity-regularderee

pruning procedure. This provides a rough indication of wherboundaries may exist.

2. Re nement Step n=2 additional samples are collected at points in regions neérne
rough location of boundaries detected in the Preview Step. A8imilar tree pruning
procedure is used in these regions to obtained re ned estitea in the vicinity of

boundaries.

3. Fusion Step The estimates from Preview and Re nement Steps are combithéo pro-

duce an overall estimate.

Figure 5.2 Multiscale adaptive sampling strategy, Castrotel. [4,5]

obtaining faster rates, we expect such a strategy to outpemrm a strategy based on passive
sampling.

The estimators used in the rst two steps are built over recwsive dyadic partitions (RDPS)
of the function domain. An RDP can be identi ed with a tree stucture, where each leaf
of the tree corresponds to a cell of the dyadic partition (seBigure 4.1 in Chapter 4). An
estimate is generated on each leaf of the RDP by averaging tléservations collected in
each leaf. If the eld is Helder- smooth on either side of the boundary, the estimator
consists of a least square degrée< polynomial t to the observations [5] rather than simple
averaging, as for piecewise constant eld. If we consider d be the set of all RDPs that
can be generated on the input domain, the best RDP is chosencacding to the following

complexity-regularized estimation rule:

( )
r=argmin (Y FOX)Z+ (D) (5.1)

i=1
where () is a penalty term that depends on j, the number of leaves in RDP and i)

is the estimator containing average of all observations inaeh leaf of the RDP. The nal
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estimate for each stepf), is given by
i, = £ (5.2)

The computation off}, can be done e ciently using bottom-up tree pruning algoritms [48].
In the Preview Step, leaves that are not pruned back indicategions of the eld where further
averaging (through pruning and aggregation) would have letb large data tting errors.
Thus, these leaves indicate regions that probably contairdindaries or other sharply varying
characteristics of the eld, and these are the focus regiorier sampling in the Re nement
Step. There are a few additional subtleties involved in therpcedure [5], but this gives one
the main idea of the method.

The MSE off), can be shown to decay liken =(¢ 1*1=d for piecewise constant functions,
much faster than the best passive rate ai 9. Furthermore, performing repetitive re ne-
ment steps leads to an improved rate afi =4 1* ) where 0< 1=d decreases with the
number of re nements. Thus, this method can be arbitrarily tbose to the minimax rate of
Theorem 11.

We use this algorithm to plan the path of a current velocity sesor equipped boat and
generate a spatial map of the water current velocity pro ledr a freshwater lake in Wisconsin.
Simulation results reveal that huge savings in time can be laieved for reconstructing the
spatial map to same accuracy as a passive path. In the next 8en we show how the active
learning methods discussed here can be used to design fasiiye spatial survey paths
for mobile sensing networks and explore the tradeo s in patlength, accuracy and latency

under varying sensor capabilities.

5.3 Adaptive Sampling Paths for Mobile Sensing

We now apply the active learning methods discussed in the tasection to design e cient
adaptive paths for a mobile sensing network that is requiretb generate a high delity, ne

resolution estimate of a spatially varying environmental penomenon.
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5.3.1 Single mobile sensor

We start with the simplest case of a single mobile sensor thageds to e ciently sample a

1-d eld containing a change point. This situation is well-suied, for example, to a NIMS [20]

like sensor suspended on cableways that measures solaratidn intensity within the forest

transect with the shadow cast by an object constituting a chagepoint. We model a toy

example (Figure 5.3) for estimating this 1d function under two scenarios:

Measurement noise - Typically the sensor measurements are noisy due to environ
mental uctuations and slight uncertainties in sensor reaithgs. Such noise can be
modeled as a Gaussian random variable. Figure 5.3 shows tlangling locations and
the corresponding noisy observations made by the mobile sen with (a) adaptive
sampling using probabilistic bisection and (b) passive sasting. In the adaptive case,
though the sensor takes longer excursions for the initial sgoles, it quickly \homes-in"
on the more interesting feature of the eld concentrating mst of its measurements
around the changepoint with only a few samples where the elt constant. For a
100 m transect containing a changepoint at 70 m that needs tcebmapped to a reso-
lution of 0:1 m and assuming noise variance ofX) the number of samples required in
the adaptive scheme are exponentially less - only about 10 @gposed to 700 samples
for passive case. A NIMS sensor typically moves at 1 m/s andkes 1 sec to record a
sample of the solar intensity, which implies that an adaptie® mobile sensor would take

2 mins instead of 13 mins to accomplish the task.

. Sensor fault - We model this case by assuming the noid¥; is a Bernoulli(p) random

variable with p denoting the probability that either the sensor fails to reord a reading
or the reading is corrupted and has to be discarded. We simtdathe same example as
before for Bernoulli noise withp = 0:2. It was observed that 20 samples were required
with the adaptive path to achieve the desired resolution of:0m, as opposed to nearly

700 for non-adaptive path.
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Figure 5.3 A toy example of estimating a Id solar intensity map containing a single
changepoint at 70 m due to a shadow, using a NIMS type mobilers®r. The sample
locations and observations are shown in (a) for adaptive suey and (b) for passive survey.
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For a 2d transect, the multiscale adaptive sampling technique delaped by Castro et
al. [4,5] can be used for designing adaptive paths for a mabgensor. In the following, we
rst translate their algorithm and analysis to the mobile sesing setting. This will provide a
characterization of how the path length and latency incurré by a mobile sensor scale with
a desired delity (MSE). Then, we discuss the implications bthese results under varying
sensor capabilities. We start with the case of a single mobikensor and later extend the
result to multiple mobile sensing network and a network systn comprised of heterogeneous
sensors with and without mobility.

The design of the sensing path for a single mobile sensor cam tescribed as follows.
For simplicity, we assume that the coordinates are scaled $ioat the area to be monitored
can be described as a unit square or hypercube; 1. Also, we only describe the case
where the eld is piecewise constant, i.e. the variable of terest exhibits a level transition
taking on constant values on either side of the boundary. Ithe eld is not constant, but
say Helder- smooth on either side of the boundary, the path planning is s@& as described
for the piecewise constant case, except that the estimatonvolves a least square degrde-c

polynomial t to the observations rather than simple averagng.

1. Coarse survey- With no prior knowledge of the eld, the mobile sensor stag by
doing a coarse passive survey of the eld in a raster scan fasm The sensor col-
lects n=2 samples at regular intervals along the coarse survey pathi length ~. A
complexity penalized estimatef® is constructed using then=2 samples over recur-
sive dyadic partitions of the eld according to equations (8l) and (5.2), with penalty

(j j) = C 2log(n=2)j j; that is proportional to the number of leavesj j and sensor
measurement noise 2. C > 0 is a constant that depends on the dimensiod and
smoothness of the eld [5]. Notice that this penalizes RDPsithh ne partitions and
leaves at maximum depth are retained only if pruning by aveging the observations
would lead to large data tting errors. The estimator averag@s out the noise where the

eld is smooth (reduces the variance where bias is low), whilperforming no averaging
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on the samples around the boundary (where bias is high). Thigelds an RDP esti-
mate of the eld with leaves at the greatest depth] providing a rough location of the

boundary:
B = fRegions where the coarse estimate contains leaves at maximdepthg

Since at each depth in the tree, the sidelength of cells is katl, at maximum depthJ
the leaves have sidelength 2, which is equal to the nest resolution of " provided
by a pathlength of *. The volume at this maximum depth is” 9, which implies that
the maximum possible number of leaves at this depth is'. Of these, onlyO(' ¢ %)
intersect the boundary since the boundary occupiesdkl dimensional subspace in the

monitored region. Thus,jBj = O(9 1).

. Re nement pass- The mobile sensor is now guided along the regions identi eds
containing the boundary in the coarse survey (seB) to collect an additional n=2
samples in these regions, again traversing a pathlength A complexity penalized
estimator ¥ is generated on each region in the s&, similar to the estimator built on
the entire area in the coarse survey. This con nes the boundalocation (and hence
bias) to even smaller regions, while averaging out the noisad lowering the variance

in the smooth regions of seB.

. Field reconstruction - A nal estimate of the eld is now generated by fusing the

estimates obtained in the coarse survey and the re nement ps as follows:
8

< f'(x) ifx2B

I!\active (x) =,

f*(x) otherwise

Figure 5.4 shows the two stages of the adaptive mobile sergsipath. The advantage of a

two-step method is that the computation involved can be doneither on the mobile platform

or if enough processing power is not available on board the bhie, the data can be dumped

to a fusion center after each pass where processing and desiffuture paths may be carried
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() (b)

(©) (d)

Figure 5.4 Multiscale adaptive path of a mobile sensor for rpping a eld containing a
boundary. In the rst step, the mobile sensor follows a coaessurvey path (a) and produces
a rough estimate of the eld (b). In the re nement pass (c), the mobile follows a path

adapted to the interesting regions of the eld and produces ae resolution estimate (d).
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The mean square error (MSE) of the estimator can be upper boded using the Craig-

Bernstein inequality as shown in [4,5], and for piecewisergiant elds this yields:

1=d
log n°
nO

ylogn

Eliifhcive T ji1 Ci 294 C,20 1

whereJ denotes the maximum depth of the RDP tree estimator in the coae step andn®=
n=(2jBj) denotes the number of samples in each preview leaf colletia the re nement pass
and C;;C, > 0 are constants. Since= =2 7 as discussed before, in terms of pathlength

the above bound can be expressed as:

=d
logn® ¢, . 1logn
+C 1=

MSE C
! no n

(5.3)

wheren®= n=(2"(@ ) n=2 samples distributed ovejBj = O('¢ 1) leaves that contain rough
location of the boundary. The rst term denotes the error inarred in the re nement pass in
regions close to the boundary and the second term denotes tgor incurred in the coarse
survey in regions away from the boundary. The two terms can delanced by appropriately

choosing the number of samples and path length:
O nu d1)21+d . (5.4)

where denotes polynomial order dependence, dropping any log tesmThis represents the
classical bias-variance tradeo since the length primarily determines the bias in estimating
the boundary location, while the number of samples determines the variance. If a spatial
map with a MSE accuracy is desired, then by setting the MSE bound in (5.3) to and

combining with (5.4), we nd that the minimum number of samples required and the optimal

sensing path length would scale with the desired accuracy:as
1
nopt O( (d 1+d))

and,

Topt O( %).
where the latter expression is obtained by substitutingng: into (5.4). This implies that for

a 2d eld, as in the water current mapping in a lake, increasing te accuracy by a factor
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of 10 would require the mobile sensor to traverse roughly 3mes longer pathlength and
collect about 30 times more samples. This is a signi cant immpvement over the passive
approach, where the mobile would have to cover 10 times lomgeath and collect 100 times
more samples.

If the mobile sensor moves at a velocity and requires timeT to record one sample of
the environmental variable to a desired Signal to Noise Rati(SNR), the total time required

to generate the estimate is given by

Thus for a xed sampling time T and xed velocity v,

t O(maxf nopt; lopt)

O( (d 1+ %))

forall O < 1.

If the mobile sensor was to move along a passive path, the timequired to achieve the
same accuracy would b©( ¢9), and the mobile would need to traverse a length add( 1).
Thus, the improvement provided by adaptive path planning isessentially equivalent to a
dimensionality reduction of the eld estimation problem. This shows that active learning
adapts to the complexity of the problem, since the e ective idnension of the eld in the
piecewise constant case is the dimension of the boundaryX). This represents a huge
reduction in latency and pathlengths, that directly transhtes to network resource savings as
well as allows for more accurate tracking of the temporal chges in the spatial map of the
environmental variable.

In practice, sensors for measuring di erent environmentalariables may have sampling
time anywhere from a few seconds for measuring water currevelocity to few minutes for
measuringCO, level in a forest canopy. Also sensors might be restricted mobility to a
certain maximum velocity. For example, NIMS type sensors tt are suspended on cableways

are limited to a maximum velocity of about 1 m/s, on the other land sensors mounted on
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aerial vehicles can move at hundreds of m/s. Thus for a degiresmall accuracy of , we

identify two distinct regimes of operation based on sensogrpabilities.

Sampling time constrained- If the sensor mobility is constrained by the sampling time,
the latency incurred is primarily due to the time spent in reording samples. This
represents thevariance limited regime since the noise in sensor measurements limits
achievable accuracy, while the sensor can move at high enbugelocity to cover the

path length required to reduce bias. In this situation the lgency scales according to
t O(ng) O( @9

Balancing the two terms contributing to latency (T = "=v), we nd that the minimum

velocity required for a sampling time constrained sensoraes like
d 2+ 2.
Vopt O q):

The sensor can move at any velocity greater than or equal to ehoptimal velocity.
However if the sensor's velocity is limited to less thaw,y,, we are in the velocity

constrained regime.

. Velocity constrained - If the sensor mobility is velocity limited (i.e., if the platform

is not capable of moving at the minimum required velocity ab@), then the time to
move from one sampling location to the other is the primary ease of latency. This
corresponds to thebias limited regime since enough samples can be collected to reduce
the variance, while the path length that the sensor can coveand hence reduction in

bias, is limited. In this regime the latency scales like
t OCom) O( )

Again this rate is faster than that for passive pathsO( 1), leading to time savings
of the same order as in the variance limited regime where thersor is sampling time

constrained.
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Notice that even for thenoise-free case (i.e. when the sensor reading has high enough
SNR), latency scales with pathlength since the variance isegligible (ideally zero) and
the error is completely due to bias in locating the boundaryln this case, no error is
incurred in cells away from the boundary, and the pathlengtlkletermines the resolution
or bias. Thus the adaptive rates for bias-limited regime atscharacterize the noise-
free case and one sees that multiscale adaptive scheme perfobetter than passive

whether noise is present or not.

It should be noted that if the environmental variable does noexhibit much variability
and the spatial map is smooth, the path planning strategiesedcribed above will yield
performance similar to a uniform passive scan of the eld. Tus active learning paths are
data adaptive, resulting in shorter localized paths if therteresting phenomena are con ned
to certain regions of space and longer uniform paths if the phomena are spatially well

distributed.

5.3.2 Mobile Sensing Network

So far we have developed strategies to design adaptive patbs a single mobile sensor.
Now we consider a network of mobile sensors. Intuitively, is clear that if there arek mobile
sensors, the eld estimation task can be distributed amongthem leading to reduced latency
(by a factor of k). However, the way the task distribution is done can have gigcant impact
on the robustness of the system. For example, an obvious appch is to divide the eld
into k equal regions and require each mobile to perform eld estirian on one region.
Assuming, for example, that the mobile sensors have a xedmspling time and are moving
at the optimal velocity, the MSE distortion is reduced by a fator of k ¢ *3) for a desired
latency, or equivalently, for a given distortion it yields afactor k improvement in latency.

However, this approach is clearly not robust to sensor faile. We wish to devise a path
planning strategy that would degrade gracefully with nodedilures. Certainly, as long as
there is at least one working sensor, the error should be nadar than the error in the single

mobile sensor case. A cooperative strategy needs to be fold where sensors coordinate
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their movements so that even with sensor failures there is eguate sampling of the entire
eld, though at a reduced resolution. We outline such a collzorative strategy in Figure 5.5.
If the failures are random, with p the probability of a sensor failure, it can be shown that
under this cooperative strategy the distortion will be redaed by a factor of pk) =@ 1+,
with pk re ecting the e ective number of active sensors. Thus this @operative strategy is
robust and degrades gracefully with sensor failures. The amlination requirements of this
scheme during the data collection process can actually bedteed. It can be shown that if
the mobile sensors start at uniformly random locations andotlect uniformly random samples
independent of other sensors in each pass, we can still gudes distortion improvement by
the same factor, provided the estimates in each step are faethusing collective measurements
and the fusion center transmits the rough location of the badary to all sensors after the
rst step.

It is envisioned that in many cases mobile sensors will be asto complement a static
network of sensors. In this case, the static sensor networ&rcbe deployed uniformly across
the region of interest to form a low resolution estimate of th spatial map. This would
provide continuous monitoring of the environmental variake, and if an event of interest
occurs the mobile sensor(s) can be dispatched to collect dged measurements and form a

re ned estimate of the changepoints.

5.4 Case Study: Lake Mapping

In this section, we use the path planning strategies preseut above for a real-life problem
of water current mapping in a freshwater lake. The Lake Ecodfy research group in Wiscon-
sin [74] is interested in studying hydrodynamics in lakes a@nhow the biophysical setting of
the lake in uences these dynamics. One of the primary req@ments for such studies is the
spatial mapping of the water current velocity in the lake. Curently, such measurements are
taken by a sensor called Acoustic Doppler Current Pro ler manted on a boat that moves
around the lake taking samples at regular intervals. Howekethe time requirements for pro-

ducing a spatial map of the entire lake have restricted the searchers to base their inference
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Cooperative strategy for k mobile sensors

1. Initialization - The mobile sensors start at uniformly spaced locations imé eld. This

provides robustness if sensors are likely to fail with progssion in time.

2. Coarse survey- The mobile sensors survey the whole eld in a raster scan fasn
moving along paths that are interleaved such that spacing beeen adjacent mobiles'
paths is =", where " is the pathlength a sensor would traverse if acting alone @é&ig.
5.4). Notice that rows of each raster scan are nok=" apart since there arek sensors.
Thus, each mobile covers & times shorter (and hence less dense) path and colleotsk
measurements. The measurements are transmitted to a fusieenter where a coarse
RDP estimate of the eld is constructed using measurementsdm all k mobiles. The

rough location of the boundary is then conveyed back to all gtnmobiles.

3. Re nement pass- The mobile sensors move along coordinated paths, similav the
coarse survey (each path is again widely spaced by a factorl)f along the regions
identi ed as possibly containing the boundary to collect aditional n=k measurements

each. The nal re ned estimate is then generated using the dective measurements.

Figure 5.5 Cooperative strategy fok mobile sensors
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Figure 5.6 Simulated low resolution water current velocityro le in Lake Wingra. Notice
there are two distinct regions characterized by low or highelocity, with signi cant
gradient between them.

on eld measurements collected from a small part of the lak@nd at coarse resolutions. The
techniques presented in this chapter for designing adapépaths that yield low latency, high
resolution spatial map can greatly bene t such research erts.

The water current velocity in a lake is in uenced by many fadbrs including the lake
bathymetry (depth pro le), littoral-zone vegetation, strati cation induced by temperature
and the wind pro le generated by the lake surroundings. Theiculation velocity map is
shown in Figure 5.6 for a freshwater lake. The map exhibits twdistinct regions with sig-
ni cant velocity gradient between the two. Hence, the eld @n be characterized as a level
transition with an irregular boundary. This situation is ideally suited for the multiscale
adaptive sampling based path planning approach developed the last section. We inves-
tigate the performance of the multiscale adaptive approachgainst a passive approach by
designing the path for the sensor-carrying boat using bothtrategies and comparing the
accuracies obtained for the reconstructed maps.

To apply our algorithms to the lake model, we consider a squaregion around the lake
with the values at the edges of the lake interpolated to Il thke square area. This is necessary
to prevent the algorithm from focusing samples along the badary of the lake itself, rather
than the boundary of the velocity gradient that we really see We use the data from a three-
dimensional non-hydrostatic and stratied ow model (SDNHYS) [82] for our experiments.
For simplicity we model the lake with a piecewise constant fiction. In general, platelet or

polynomial ts can be used to approximate the velocity on elter side of the boundary. The
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platelet t has been used in [83] for a network of static sens® and is shown to provide good
approximation to a smooth eld using the active learning metod of [4].

To study the circulation pattern, spatial map of the water curent velocity at a resolution
of 10m is required. The original discrete model data providedylthe limnology group is
fora 2km 1km lake with a resolution of 25 m between samples. We interfate this data
using nearest neighbor interpolation to get a sampling relsmion of 25=3 = 8:3m. These
samples can be thought of as the data collected using a sensmunted on a boat that moves
along a dense uniform passive path around the entire lake. @fe 256 256 samples in our
square region, 37323 samples actually lie in the lake regiand are meaningful to evaluate
the accuracy, latency and pathlength of a boat recording tls@ measurements. In the eld
experiments done by the lake research group, the samplingeaf data collection using the
acoustic doppler current pro le sensor is 2Hz (i.e. :Bsecs/sample), and the boat speed is
about 2m/s. This implies that the boat needs to cover an extesive pathlength of 310 km
and takes nearly 48 hrs to collect all the samples. Analysi$ the latency shows that only
5hrs are spent in the measurement process, while most of the¢ is consumed in moving
around the lake. Thus for this problem, we are in the \velocit-constrained" regime. The
reconstructed estimate for the passive case is shown in Figlb.7(d) with MSE =3 10 4.

In the two-step adaptive approach, the boat makes an initiatoarse survey collecting
samples at 32 m resolution. Figure 5.7(a) shows the estimate obtainedtaf the coarse
survey and 5.7(b) shows the cells corresponding to the rougbundary locations (as indicated
by the coarse estimator), superimposed on the noisy eld. lthe re nement pass, the boat is
guided along the rough boundary location identi ed by the carse survey to collect additional
samples at ner resolution of 8 m. The nal reconstructed map is shown in 5.7(c). The
adaptive approach achieves nearly the same accuracy as thesgive with MSE =4 10 4
and requires only 8077 samples in the lake. The pathlengthtisus reduced by a factor of 3
to 92km and the time reduced to nearly 14 hrs. This representsige savings in time, and
makes the desired task much more feasible. Multiple sensoifsavailable, can be used to

reduce the latency further, e.g. 5 such sensors would redube time to less than 3 hrs.
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(a) Estimate generated after the coarse survey in(b) Cells denoting rough location of the boundary
a 2-step adaptive path approach. as indicated by the coarse estimate, superimposed

on the noisy eld.

(c) Final estimate generated after the re nement (d) Estimate generated by a boat moving along a
pass over the cells in 5.7(b). MSE = 4 10 4, uniform passive path. MSE =3 10 4, latency =
latency = 14 hrs. 48 hrs.

Figure 5.7 Comparison of passive and adaptive path plannirapproaches for water current
velocity mapping in a freshwater lake. The adaptive stratggrequires only 14 hrs for
mapping the nearly 2km 1km lake to a resolution of< 10 m, as opposed to 48 hrs using
the passive method.
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5.5 Concluding Remarks

In this chapter, we proposed adaptive path planning appro&es to design paths of mobile
sensors used for mapping a spatially distributed environm&al phenomenon. Based on re-
cent advances in the active learning literature, fast spadl surveying methods are developed
to guide the mobile sensors along interesting regions of tkensing domain. A theoretical
framework is developed for evaluating the accuracy, pathigth and latency tradeo s un-
der varying sensor capabilities. It is shown that the propesl data-adaptive path planning
procedures achieve signi cant improvements in latency angathlength, for a given desired
accuracy, over a non-adaptive raster-scan approach if thegronmental phenomenon ex-
hibits a sharp transition along a lower dimensional boundsr Application of the developed
methods to water current mapping in a lake results in latencymprovement from 48 hrs to
14 hrs.

The two-step path-planning scheme proposed in this chaptéas provable optimal guar-
antees in terms of how the path length and latency scale withedired delity, and an advan-
tage of a two-step method is that the computation involved aabe done either on the mobile
platform or if enough processing power is not available on b the mobile, the data can
be dumped to a fusion center after each pass where processamgl design of future paths
may be carried out. However, in scenarios where there is egbun-board processing power
on the mobile sensor, or the span of the eld to be monitored ismall so that the sensor
can easily contact the base station at frequent intervals,gth planning strategies that can
modify the path in an online fashion as new samples are colied are more desirable. While
some solutions to online path design are available in the rotics literature, these are either
heuristic or place strong a priori assumptions on the eld tde monitored. It is of interest
to develop online path planning schemes under a nonparamietframework that can exploit

optimal tradeo s between pathlength, latency and delity.
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Chapter 6
Summary and Future Directions

This thesis addresses some open theoretical questions anitical applications that in-
volve statistical learning and inference using sets in theonparametric framework. Speci -
cally, it (a) extends the applicability of Hausdor accurate set reconstruction that ensures a
spatially uniform con dence interval around a region of inérest, which is particularly rele-
vant to problems that require robustness of the set estimater statistical guarantees based
on connectivity of sets. A data-adaptive method is proposeithat can provide minimax op-
timal Hausdor guarantees for density level set estimatiorover a more general class than
considered in previous literature, without assuming a prioknowledge of any parameters and
requiring only local regularity of the density in the vicinty of the desired level. This thesis
also (b) provides a solid theoretical foundation for analyrg the semi-supervised learning
setting where unlabeled data are used to learn the decisioets, and characterizes the rela-
tive value of labeled and unlabeled data. This analysis sugsgts that conventional evaluation
tools such as minimax rates of error convergence or asymptoainalysis may be inadequate
for characterizing certain situations, and reinforces thealue of nite sample error bounds
to quantify the performance of a learning algorithm. Final, this thesis also contributes
to two applications in neuroimaging and sensor networks. Ifc) proposes a novel level set
based approach to fMRI data analysis that can exploit struetral information by adaptively
aggregating neighboring voxels to boost detection of weakdin activity patterns and (d)
suggests feedback-drive adaptive mobile sensing paths éowironmental monitoring that fo-

cus on regions where the environmental phenomenon exhibgtdéransition, and characterizes
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the optimal tradeo s between path length, latency and delty under various mobile sensing
capabilities.

The concluding remarks at the end of each chapter suggest some-grained extensions
and open problems related to the work presented. | now elalate on some of these and also
provide some broader directions for future work.

Statistical Guarantees for Clustering : One of the main motivating applications for
studying the Hausdor metric was clustering. Since clusténg is typically used as a rst
step in exploratory data analysis, it is desirable to devefpa nonparametric distribution-
free framework for clustering that places very mild assumyans on the data distribution.
Identi cation of arbitrary shaped clusters relies on accuate recovery of the connectivity
of constituent components, and hence Hausdor accurate setconstruction is particularly
relevant. Observe that a Hausdor control of between two sets ensures that the boundary
of each set is contained within an-tube around the boundary of the other set. This follows

from the following argument:
di (G1;Gy) =) G Gy Gy Gy

where G denotes the set obtained by dilation of seG by an -ball. This implies that
Hausdor control can preserve the shape and connectivity @onnected components of a set
up to erosion or dilation by . Thus, it o ers the potential to provide statistical guarantees
for clustering. Recently, the importance of distance betvem cluster boundaries to guarantee
clustering stability was realized in [84]. Here we sketch aiternative approach to clustering
and the associated statistical guarantees. We de ne euster as a connected component
of the density at some level. Since it is not possible to detearbitrarily small clusters
based on a nite sample from the distribution, we pose the fldwing problem: Detect all
clusters containing at least > 0 mass. In order to detect every cluster of mass , it
su ces to select density levels = f gk, that are close enough so that the di erence in
mass between consecutive density level sets is less tharior example we may require that
jP(G..,) P(G )i =2 for all k. This ensures that no -mass cluster will be missed

and in fact, we will detect at leastm =2 of the mass of any cluster with masm
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Appropriate levels can be empirically selected based on ¢ai over discrepancy of true and
empirical mass of sets, and the fact that Hausdor control b@een two sets also guarantees
control over the deviation of mass of the sets. As an examplge propose a bisection based
density level search. The highest density level of interest corresponds to mass present

in the smallest resolvable volume of-n, given n samples.

Bisection Level Search
1. Initialization: = fO;n ¢

2. lterate: Generate Hausdor accurate level set estimates8 g , ().
Fori=1:end 1
If BB ) BB .yy)> =4, add ((i)+ (i+1)=2to .
If does not change
Stop.
Else
Sort in ascending order.

Repeat.

Theorem 13. Consider the class of densities,( ) as de ned in Chapter 2. Letf & oK
be the level set estimates generated by the bisection seatghrithm, then there exist«C > 0

such that for alln with probability at leastl 3=n
iP(G,,,) P(G) =4+

where n
. l . 1
> n min d+2 o,'d+2 g

Csh logn

Here ;=miny ; 2=maxyx «;C C(C1;CzC3Ch o fmax; 0;d;f k0K ).

o

Proof. See Appendix. O
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So for su ciently large n, the procedure selects density levels such that di erence mass
between consecutive level sets is less than and hence no -mass cluster is missed. The
approach suggested here corresponds to attempting to reeovhe cluster-tree as introduced
in [1], minus the branches that lead to clusters with mass Igghan

The main statistical guarantees for clustering can now beaed as follows. Assume that

the regularity of any density level can be characterized byy 2 [ 1; »]. Then there exist

"oy © 1
min ;1 _——
n d+2 o'd+2 1 n d+2 o
2 2
1 Cs;] and , Csj

logn logn

such that with high probability (at least 1  3=n)

Detection - The algorithm detects at leastm =4 ; of the mass of all clusters with

massm

Estimation - The estimated clusters preserve the shape and connectyif correspond-

ing true clusters up to erosion or dilation by an ,-ball.

As ; , depends on , we see that the regularity parameter also characterizeseahdiscern-
ability" of clusters and hence the complexity of the clustering praodn.

While this can provide a nice theoretical characterizatiorof clustering that places very
mild assumptions on the cluster shapes, devising a practiyauseful algorithm requires an
e cient Hausdor accurate set estimation method. As we disassed at the end of Chapter 2,
spatially adapted partitions may result in better practicd estimates, as these can adapt to
the local density smoothness around each connected comparet a level. We believe that
it is possible to devise an approach based on spatially adapt partitions using the vernier
or a modi ed Lepski method.

SSL Analysis under the Manifold Assumption : In Chapter 3 we suggested that
the analysis techniques and arguments presented for the sfer assumption should also be
applicable to analyze semi-supervised learning in the méold setting. Under the manifold
assumption, the target function lies on a low-dimensional amifold and is smooth with

respect to the geodesic distance along the manifold. If theamifold can be learnt, that is,
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geodesic distances can be recovered using unlabeled datentthe supervised learning task
reduces to taking a majority vote on the manifold in classi ation, or computing the average
(or polynomial t) within geodesic balls along the manifoldin regression. A result that
can be leveraged in this regard is presented in [85] that st that geodesic distances on
manifolds can be well-approximated using distances on gtapconstructed using unlabeled
data, where the quality of the approximation depends on ceatn geometric properties of the

manifold, and is summarized below:

Theorem 14 (Main Theorem A, Bernstein et al. [85]) Let M denote a geodesically convex
manifold with minimum radius of curvaturer, and minimum branch separatiors,, where the
latter is de ned to be the largest positive number for whidkx  yk <sq implies dy (X;y)
r o, K k denotes Euclidean distance andy denotes geodesic distance. Assume that the
sampling density of the unlabeled data points is high enoughthat 8x 2 M, there exists
an unlabeled data poinX; such thatdy (x; X;) , where > 0.! Let dg( ;) denote the
shortest distance between two points on the graph constaetuusing -rule on the unlabeled
data, that is, two unlabeled data points have an edge if thedidean distance between them
IS no more than .

Then given positive real numbers;; , < 1,if < min(sp; (2= )rop 24 ) and 2 =4,

then for all unlabeled data pairs<; X 5,
(1 )du(X1;X2) de(X1;X2)  (1+ 2)dw (X1;Xy):

Thus, in the manifold case, the minimum radius of curvatureg, and minimum branch
separationsy play the role of the margin, and it can be argued that if theserpperties are
resolvable using unlabeled data but not using labeled datthen semi-supervised learning can
yield improved error bounds. For example, assuming a unifor marginal density and that

the boundary of the manifold is regular, the sampling condibn is satis ed with m =

1This condition is satis ed with high probability if the marg inal density is bounded from below and the
boundary of the manifold satis es the following condition: 8x 2 M, voly (By(r)) crdforallr ry, where
voly denotes the d-dimensional volume measured along the manifold with intrhsic dimensiond, By (r)
denotes a geodesic ball of radius around the point x and c;r; > 0 are constants.
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with probability at least 1  1=m. This implies that the manifold structure is resolvable (tle
geodesic distances can be learnt using graph distance) pd®ad so; ro are large compared to
m 9. Derivation of bounds for regression or classi cation in ta manifold setting require
slightly careful analysis since the geodesic distances ardy learnt approximately, and hence
the problem is tantamount to solving an error-in-variablegproblem [86].

Other Directions for Semi-Supervised learning : The semi-supervised learning lit-
erature contains many computationally e cient algorithms for using unlabeled data [58],
however they provide no or very weak guarantees. The theorgwekloped in this thesis helps
characterize and understand the improvements possible ngi unlabeled data in favorable
situations, and the next step would be to identify good pradtal algorithms based on these
insights that are both statistically and computationally ecient. Moreover, while we focus
on the cluster and manifold assumptions, it is also useful identify other favorable situations
where semi-supervised learning is helpful, for example, deal on identi ability of mixtures
as pioneered by the work of Castelli and Cover [59, 60]. Theage some recent results on
identifying component distributions in a multivariate mixture [87] that might be leveraged in
this direction. Lastly, since semi-supervised learning expected to yield performance gains
only in favorable situations where there exists a link betvesn the conditional and marginal
densities and in practice it is not known a priori that such aihk exists, it is important to
safeguard against such situations and develop procedurdst are agnostic One possible
approach to an agnostic solution is to develop a minimax optial supervised learneft, along
with the semi-supervised Iearnei"?n;n and choose the one that has smaller error on a hold-out
data set. In the case where the size of the candidate classsedifor both supervised and

semi-supervised learning is nite, we can specify the nakharnerf as
8
oo Onn it R(0yn)  R() +peng, +pengg,
' 0 otherwise
Here R denotes empirical risk on a hold-out data set, pgp is a penalty term that depends
on the size of the candidate class used for supervised leagiFs. and bounds the di erence

JR(f) Ii?(f )j for all f 2 Fs. with high probability (at least 1 n ¢, for any ¢ > 0)
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and pernyg, is a penalty term that depends on the size of the candidate slsiFss. used
for semi-supervised learning and bounds the dierencgR(f) Fl?(f )j for all f 2 Fgs
with high probability (at least 1 n €, for any ¢ > 0). The rationale is that in favorable
situations, R(8,,)  R(f) which implies that with probability at least 1 2n ¢, R(f,.,)
R() + peng, + penss, . And if the situation is not favorable, then the semi-superiged
learner is replaced by the supervised learner. This impligkat the overall error incurred
is never much worse than the best supervised learner, and isich smaller in favorable
situations.

Exploiting structure in multiple hypothesis testing probl ems : The fMRI data
analysis problem considered in this thesis is one example miltiple hypothesis testing
problems where it is useful to exploit structural informaton to enhance detection capabilities.
Similar problems arise in testing for signi cance of gene pression in microarray analysis [9]
and detection of weak patterns of spatially distributed agvity in a network [88]. While
the activation at a single node or gene may not be statistidgl signi cant, aggregation of
activations based on structural information can boost det#ion power. Notice that the
method proposed in this thesis may not apply here, since theth are unordered and lie on
a graph. Thus, an important open problem is to exploit struaire for improved detection
in a fashion that is adaptive to the unknown size and shape ohe structural pattern. We
would like to point out that these multiple hypothesis testng problems can also be viewed
as detection of sparse activations, where sparsity can bemed in an appropriate structural
basis. While there is a urry of recent research activity on ddressing sparsity, identifying
the appropriate sparsifying basis adaptively remains an en problem. Recent attempts at
developing e cient representation of functions de ned on gaphs such as di usion wavelets

[89] seem particularly promising in this direction.
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APPENDIX
Proof Sketch of Theorem 13

The proposed algorithm for clustering yield$li9(@ 1) Fb(@ ) =4. If we can show
that jP(G ) B(8,)j =2forallk, thenitfollows that jP(G ) P(G ) =4+ .
First observe that

iP(G,) B(@)j PG, PB+IPEB,) B@&);

We now establish bounds on the two terms of the right hand siddo bound the rst term,
we prove that Hausdor control also provides mass control wter regularity assumptions on

the density. From Corollary 1, we have8k 2 K

1
n @
dl (leék) CSﬁ m = 0

So8x2 @ NG, (X@G) O If the boundary @G, is locally Lipschitz, it implies that
the length of the boundary is a constant, say. Therefore, we have
B, nG,) °°

And 8x 2 G n ¢] oo (6 @b ) % In fact it is also true that (x; @G) O (recall

Proposition 4). Since the length of the boundary of the trueelvel set is a constant, we have
(G ,n@,) 0
Translating this to mass control, (HereC may denote a di erent constant from line to line):
iP(G,) P8 P(G,nB,)+P@B, nG))
(k+C2%) (G, n8 )+ « (8,nG))
Ck (G, nB)+ « (B,nG))
C 0
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where the second step invokes the assumption on the densiggularity that the deviation
in density from the level  scales as the  power of the distance from@G .
For the second term, recall that for all setsG de ned by collections of cells fromAg.;,

that is let G be a collection of cells with sidelength 2(®) in a regular partition of [0; 1]°,

X X
jP(G) P(G); P(A) PA) = if(A) ®A) (A) e

A2G A2G

where the last step follows from proof of Lemma 2. So we have:

k
d+2

. . n

mink k
n d+2min | g

.— 00

logn

The second step follows from Theorem 2 using the bounds edislhed on the chosen side-
length.
The result of Theorem 13 follows by taking = 2(maxf & °9).
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