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Linear classifiers
which line Is better?

Which decision boundary is better?



Pick the one with the largest margin!
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+ X ¥ Plus-Plane
— Classifier Boundary
Minus-Plane

Classification rule:

Classify as.. +1 if w-x+b>1
-1 if w-x+b<-1
Universe if -I<w-x+b<1
explodes

How large is the margin of this classifier?
Goal: Find the maximum margin classifier



Computing the margin width

2
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Maximize M = minimize w-w !



Observations

We can assume b=0

Classify as.. +1 if w-x+b>1
-1 if w-x+bs<-1
Universe if -I<w-x+b<1
explodes

This is the same as  yi(x;,w) > 1, Vi=1,...,n



The Primal Hard SVM

o Given D = {(x;,9;),t = 1,...,n} training data set.
e Assume that D is linearly separable.

) @
D - 1 2
W = arg min s||lw
g min 5wl
subject to y;(x;,w) > 1, Vi=1,...,n
J
—/

Prediction: fg(x) = sign({w,x))

This is a QP problem (m-dimensional)
(Quadratic cost function, linear constraints)



Quadratic Programming

Find ARG MIM o Huw + UUT"( T € ‘
we ™
Subject to
Aw £l
~— ry\ n

AR weR L ER
and to Cw = ol

g x e~ 5

ce R A€ R

Efficient Algorithms exist for QP.
They often solve the dual problem instead of the primal.



Constrained Optimization

min, z2
s.t. z>1
=1
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Lagrange Multiplier

min, z2
s.t. z>b x-&>0

1 Moving the constraint to objective function

Lagrangian:
L(z,a) = 2% —a(x — b)
s.t. >0

—————

Solve:

: AN
| ming maxy L(z,a) )
s.t. a>0 Constraint is active when a > 0

|
D(i y R
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Lagrange Multiplier — Dual

Variables
Solving: . L(xl,oz)
Xﬂ ming maxe z2 — a(z — b)
s.t. >0 - ‘
%—O = X :§ X )(X’_Z.:
\ * 1 L -
LT, = oL _ | = Q")
0—L=O = o = max(2b,0) ( )> L\ j
Dol ~ A & Y_
—ZJQJ':C;_?& 20

When o > 0, constraint is tight



From Primal to Dual

Primal problem:

—~ . 1 2
W = dr N 5||W
\ g min 3wl

[subject to yi(x;,w)y > 1, Vi=1,...,n

Lagrange function:

a = (ai,...,an)! >0 Lagrange multipliers

n
L(w,a) = 5[[wlI? = > ai(yitxi, w) = 1)
1=

14



The Lagrange Problem

L(w,a) = 3wl — % o(yi(x;, w) — 1)

1=

The Lagrange problem: ‘

wW.Q) = arg min max L(w,«
(W, @) gweRmogaeRn (w, )
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The Dual Problem

L(w,a) = 3|w)2 — % a;(yilx;, w) — 1)

=1
T~ :

=1
1 2Z - 3
=51 > csyixill” +al1n = 3 aiyilxi, Y ajysx;)
_1=1 y é:]- J=1 _
IYGY o ITYGY o

Y = diag(y1,..-,yn), ¥; € {—1,1}"

G € R™" = {Gy;};5", where Gy = (x;,x;) Gram matrix.
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The Dual Hard SVM

Y = diag(yla IR 7yn)a Y; € {_19 1}7’1,

G € R"*" = {Gw}?;ﬂ, where sz = (Xi,Xj> Gram matrix.

4)

.
0 & = arg max al1,, — %aTYGYoz
acR"

subject to a; >0, Ve =1,...,n

—/
Quadratic Programming (n-dimensional)

n
Lemma W = QY X
=1

Prediction: fg(z) = sign((w,x)) = sign( 3> &w; (x;,x))

= k‘(Xi,X) 17



The Problem with Hard SVM

It assumes samples are linearly separable...

What can we do if data is
not linearly separable???
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Hard 1-dimensional Dataset

If the data set is not linearly separable, then adding new
features (mapping the data to a larger feature space) the
data might become linearly separable
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Hard 1-dimensional Dataset

Make up a new feature!

Sort of...
... computed from
original feature(s)

2
z, =(x,,x,)

Separable! MAGIC!

Now drop this “augmented” data into our linear SVM.
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Feature mapping

d 7 general! points in an n-1 dimensional space is always

linearly separable by a hyperspace!
= it is good to map the data to high dimensional spaces

d Having n training data, is it always good enough to map
the data into a feature space with dimension n-1?

e Nope... We have to think about the test data as well!
Even if we don't know how many test data we have and
what they are...

QA We might want to map our data to a huge (oo) dimensional
feature space

A Overfitting? Generalization error?.,..
We don’t care now...

21



How to do feature mapping?

Let us have n training objects: x;, = [fijl,a_:"z‘jz] cR?, i=1,....,n

The possible test objects are denoted by # = [#1, #5] € R?

Use features of features of features of features....

Let ¢(&) = [sin(dn), exp(Zo + #1), &1, 22" EV) ]

N _/
Y
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The Problem with Hard SVM

It assumes samples are linearly separable...
Solutions:
1. Use feature transformation to a larger space

=- each training samples are linearly separable in
the feature space

= Hard SVM can be applied ©
=- overfitting... ®

2. Soft margin SVM instead of Hard SVM
* We will discuss this now

23



Hard SVM

The Hard SVM problem can be rewritten:

~ .1
Whard = arg anfan j”w”z

subject tow V1
N

n
- : A
Whard = drd Wn;]anm igl l0— 0o ((Xis W), 4;) + §||W||2

where
oo tab< 0 Misclassification

0:ab>0 Correct classification

lO—OO(afa b) = {
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From Hard to Soft constraints

Instead of using hard constraints (points are linearly separable)

Tl
Whara = ard min > lo_ oo ({33, W), y:) + 5|2
weR™ ;=1

We can try to solve the soft version of it:
Your loss is only 1 instead of oo if you misclassify an instance

n
Wsoe =arg min 3 lo-1({xi, W), 4i) + 3llwll?
1=

-
where x'W

1 - y@ <0 Misclassification
lo—1(y, f(x)) = { '

0:yf(x) >0 Correct classification

25



Problems with |, ; loss

n
Wsoft = al'd Wn;]anm igl lo—1({x4, W), ;) + %”W“2

lo—1(y, F(x)) = { oS

It is not convex in yf(x) = It is not convex in w, either...
... and we like only convex functions...

Let us approximate it with convex functions!

26



Approximation of the Heaviside step

0SS

function

< - quadratic loss
lQuad(ya f(x)) \
o - LUin(y, f(X))
1:y{w,x) <O
lo_ W, X)) = ’ N
o 0 1(ya< ) >) { 0 <W,X> > 0 . hinge loss
f(:lj) K _ -
-
o 7
— - T ny(x)sO
P ’ -
-~ o’
-~ < . -
o 4 ” .
I [ [ | | | I
2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0
—yf(x) Picture is taken from R. Herbrich 27



Approximations of |, ; loss

e Piecewise linear approximations (hinge loss, |;;,)

lin(f(x),y) = max{1l —yf(x),0)}
AN

[We want yf(x) > 1]

e Quadratic approximation (Ig.q)

lqua,d(f(x)a y) = max{l — yf(x), O)}2



The hinge loss approximation of |

T
w=arg min > L ((x;,w),y;) +5[w|?
1

Where,

& = lin (f(X4),y:) = max{1l —y;f(x;),0)}

> 1 —y; (W, %) > lo-1(yi, f(x:))
f(x;)

The hinge loss upper bounds the 0-1 loss
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Geometric interpretation:
Slack Variables

& = lin (F(%5),93) = max{l —y;f(x;),0)}

= max{1 — y;(wx;),0}



The Primal Soft SVM problem

mn
~ _ . A
Woofe = arg min, > lin((i, W), yi) +5|wl*
£i>0

where
& = Lin(F(x),y;) = max{1 — y;(w'x;),0}

Equivalently,
~ . : L hY >
Faoft =9 I 2, 6 2%
subject to y;(x;,w) >1—-¢;, Vi=1,...,n
&E>0,Vi=1,....n

&0 Slack variables
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The Primal Soft SVM problem

T
N _ - A 2
\' 4 — arg min -+ 5llw
soft WER™ £ER™ igl &i 2“ ”
subject to y;(x;,w) >1—-¢&;, Vi=1,...,n
&E>0,Vi=1,...,n
Equivalently,

We can use this form, too.:

n
W, fr = ar min C 1wl
soft gWERm,£ERn Z; & +2|| |

T
where ' = % & 1n

What is the dual form of primal soft SVM?

32



The Dual Soft SVM (using hinge loss)

W — ar min C w||?
soft gWERm,£€Rn Z; & T 2” | ‘

subject to y;{x;,w) >1—-&,Vi=1,....,n\ ol
&>0,vi=1,....n ) 4

oy = M)T > 0 Largrange multipliers
*B8=(B1,...,8n)! > 0 Largrange multipliers

—

weR" 0<«

EeR* 0<p0
where

L(W £« 7/6)—_||WH2+CZ & — sz y; (X, W) 1+§>_ Z@gz
1=1

h 7,— =1 T

33



The Dual Soft SVM (using hinge loss)

L(w,& a,B) = —||w|| ‘t+oett, - Z ay; (i, Wy +al 1, — ¢ (a+3)
NIN =

s éfbwwm _v-%o

n
QYiX; = W = Z QY X
1=1

—

oL
0= (w£, ’ﬁ)‘ —C’ln—a—/6:>/6201n—cx20
= 0<a<C
A ~—— I
= (&,3) = arg max Lév’(r,ﬁ,a,ﬁ)
0<as Y
_ T 1T
= & = arg oinc%ca Im — 50" YGY 64,, <x*) )>




The Dual Soft SVM (using hinge loss)

Y = diag(ys, ... yn) € {~1,1}7  Xi DO (aed=die

k(x;,%;)
G € R™" = {Gy;};5", where Gy = (x;,x;), Gram matrix.
- U (~1Ki XD o), 005)D =% X5)
A) = - e X
& = arg max al'l,, — %aTYGYa

acR™?
subject to 0 < ; < C

J

where C =% | If A = 0 = soft-SVM — hard-SVM

This is the same as the dual hard-SVM problem,
but now we have the additional 0 < «a; < C constraints.
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SVM classification in the dual space

Solve the dual problem

) 9
o T T
a = arg max o'l, — ja YGY «
oacR? T —— —
subject to 0 < a; < C' Wi
/
oiOli)’\
L letwe £ ), 96D
where C = 5. Let w = Z O YK - <(’(/Y4);“€

NS ———
T

On test data x: fz(x) = (g,}) = > auy; (X4, X)
| k(Xi7X)
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Why is it called

Support Vector Machine?

a = (ai,...,an)! >0 Lagrange multipliers
L(w. @) = 3wl = 3% ay(fxnw) — 1)
_— 1= -
\/\f' ~
KKT conditions N 7ro0N

om’\PLEﬂEMNM G K NES? cOND /] )0

-1)=0 ANVD >0
o (a: x> o)

_~

£ITHER g =9

. . \
(j’b~<x~)w>')¢° N 7\/5 o THE MRRGIN LINES
SUPPORT LECTCRY



Why is it called

Support Vector Machine?

wXx+b>0
S
S
L
—
. Y
S

w-X+b<0 Hard SVM:

Linear hyperplane defined

- _ by “support vectors”

— = Moving other points a little
doesn'’t effect the decision
boundary
only need to store the

— support vectors to predict

— labels of new points

38



Support vectors in Soft SVM

mn
W = ar min C 4+ w2
soft gWEIW”,&ER" i§162+2|| ||

A = / S.t. yi(x;,w) >1—-¢&, Vi=1,...,n

+ 0<& <l . &>0,Vi=1,....n

ok




Support vectors in Soft SVM

mn
W = ar min C 4+ w2
soft gwER””,&ER" igl &i 2” ||

S.tT. yi(xi,w) >1-&, Vi=1,...,n
&>0,Vi=1,....n

= Margin support vectors
yi (X, w) =1

= Nonmargin support vectors
& >0




Dual SVM Interpretatlon

J
Only few o;s can be
non-zero : where
constraint is tight

(<W,X;>+ D)y, = 1

41



What about multiple classes?

O o
o (o) (o)
O o
4 O © -
+ -
+ ||
+ 4+ T _ N
3
+ + || -



One against all

Learn 3 classifiers
separately:
Class k vs. rest

(Wi, Oy )i 23

y = arg max wW,-X + b,

K

But w,s may not be
based on the same
scale.

Note: (aw)-x + (ab) is
also a solution

43



Learn 1 classifier: Multi-class SVM

Simultaneously learn 3 sets of weights.
Constraints:

wi¥i) . x; + p¥i) > W) X+ p(V) 4+ 1. vy £ yi, V]

Margin - gap between

o °o° o correct class and nearest
o o other class
. T © o- = Yy =arg max, wk-. x + b®
+ -
+ 4+ * _ - 7
+ 4. T - _

+ - - 44



Learn 1 classifier: Multi-class SVM

Simultaneously learn 3 sets of weights
minimizey, >, wW . wlW) 4Oy, Zy;éy-fj('y)

w¥5) X, + p(¥i) > ww) X, + b(¥) 41 — gj(jy), Yy # y;, Vi

£ >0 | VY & yj, V)
© o
° o o
°© o
& o © _
N + ~ = y=arg max, wh. x + b
+ 4 T - T Joint optimization: w,s
= _ have the same scale.
o
+ 4 - _

+ - T 45



What you need to know

Maximizing margin

Derivation of SVM formulation

Slack variables and hinge loss

Relationship between SVMs and logistic regression
* 0/1 loss

* Hinge loss

* Log loss

Tackling multiple class

« One against All

« Multiclass SVMs

46



SVM vs. Logistic Regression

SVM : Hinge loss: loss(f(x;),y;) = (1 — (W x; +b)y;))+

T
w =arg min Y loss(x; -w+b,y;) -I-%IIWH2
weRTi=17 £>0 i
1

Logistic Regression : Log loss ( log conditional likelihood)

loss(f(75),y;) = —log P(y; | ;,w,b) = log(1 + e~ (W@it0)us)

T
W =arg min > loss(x; -w+b,y;)
weR™ ;=1

Log loss\\Hinge loss

0-1 loss

-1 0 1 (W-z; +b)y; 4



SVM for Regression

) <t L8

;
o 1 [n-wlEE WX
1y CTHERWIST
[*9- WA
/N
\




SVM classification in the dual space

1 . ) @
Without b” @ )

a = arg max all, — 50’ YGY «

acR™
subjectto 0 < ; < C
o/
: 0 n
i=1 o

(D
& = arg max al'l,, — %aTYG’Ya
acR™

subjectto 0 < ; < C

Y oy =0
i




So why solve the dual SVM?

« There are some quadratic programming
algorithms that can solve the dual faster than
the primal, specially in high dimensions m>>n

« But, more importantly, the “kernel trick”!!!

50



What if data is not linearly

separable?

Use features of features
of features of features....

For example polynomials

q)(X) - (X13, X23, X33, X12X2X3, ..... )



Dot Product of Polynomials

d(x) = polynomials of degree exactly d
n]oln ]
X —= 7 —
o 29

d=1 CD(X)CD(Z) — [ 1 ][ 1 ] — CE1Z1—|—CIZ222 = X-Z

U8 <D
d=2
x% - | z% 2 2 2.2
CD(X) . CD(Z) = \/5331332 . \/52:12:2 — 33‘12:1 + 51’)22:2 —|— 2:1’:13322122
2 2
Lo I L *2

(z121 + z020)?
(x - 2)?
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Dot Product of Polynomials

M:}/X‘}\ Z\B\ ®

P % B YA
x|\ B /
le/ i v, 929
X.B%:) t })(,ZXZ“%}%L ) g Y, e X %l
3
< (X, 2 *‘771?7)

d oK) @) =K(kx,2) = (x-2)°




Higher Order Polynomials

Feature space becomes really large very quickly!

m — input features d — degree of polynomial
_ — 1)!
num. terms = d+m—1 :(d+m 1)'~md
d d'(m —1)!

grows fast: d = 6, m = 100, about 1.6 billion terms

a & ¢ atr 9+ C :Of ‘

'\/DXZ, Xb

atlrc + m-/ = of+m-/
m(«%i—m‘y
LC\J:/__L'—f\__,\’_ ~ n-

[ < 54



Dual formulation only depends

on dot-products, not on w!

. 1
MaxXiMmiIZEy Zz Q; — 5 Zl,j QLYY Xy - Xy

—
CZO&I;>O

U

maximizea Yoy — 53 5 auoyyiyi K (x4, %)
|_'_|
K(x;,x5) = ®(x;) - P(x;)
C 2 87 >0

®(x) — High-dimensional feature space, but never need it explicitly as
long as we can compute the dot product fast using some Kernel K
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Finally: The Kernel Trick!

- 1
maximizes > a; — 5324 5 ooy K (X, X5)

K(x;,x;) = P(x;) - P(x5)

>y =0
CZ(XZZO

Never represent features explicitly
— Compute dot products in closed form

Constant-time high-dimensional dot-
products for many classes of features

W =) o,y D(x;)
i

b=y —w-P(xz)

for any k£ where C' > aj, >0
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Common Kernels

Polynomials of degree d Ku,v) = (u-v)?

Polynomials of degree uptod K(u,v) = (u-v + 1)d

Gaussian/Radial kernels (polynomials of all orders —

recall series expansion) lu — V] |2
K(u,v) = exp (— 5 )
20

Sigmoid
K(u,v) =tanh(nu-v 4+ v)

Which functions can be used as kernels???
...and why are they called kernels???
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Overfitting

* Huge feature space with kernels, what about
overfitting???

Maximizing margin leads to sparse set of
support vectors

Some interesting theory says that SVMs
search for simple hypothesis with large margin

Often robust to overfitting
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What about classification time?

w =Y o;y;P(x;)
i

b=y, —w-DP(xg)

for any k£ where C' > aj. > 0

« For a new input X, if we need to represent ®(x), we are in
trouble!

» Recall classifier: sign(w-®(x)+b)
« Using kernels we are cool!

K(u,v) = ®(u) - d(v)
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Kernels in Logistic Regression

1

P(Y = 1 ‘ X, W) o 1 + e—(W-CD(X)—l—b)

» Define weights in terms of features:
w =) o;P(x;)
i

1

1+ e~ (i ai®(x)-®(x)+D)
1

1 4 e~ (i@l (xx;)+b)

Py =1|x,w) =

 Derive simple gradient descent rule on o
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A few results



Steve Gunn’s svm toolbox
Results, Iris 2vs13. Linear kernel

ko, of Support Wectars: 2 0 1.7%)
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Results Irls 1vs23 2nd order kernel

=] BB

2nd order dec
(parabol "




Bound




Results, Iris 1vs23, 13th order kernel

- 'i Dregr &s [ 13 | [ Separakl= Eound t 10 |




w

Sigma

| Separable

‘Bound
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—v||2 0 =) Me

K(u,v) = exp _”112—;|| 6- ) roRg gyprorT VECTUQS
o)

Gaussian REF Sigyrms lII || Separable Eiounc ‘




Chessboard dataset

Eound




|| Separable Bounc

Mo, of Support W
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|| Separable Bound




Bound




Results, Chessboard, RBF kernel

Bound |I|




