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Direcied ¢ Bayestan\Neiwokks

A Compact representation for a joint probability distribution

A BayesNet = Directed Acyclic Graph (DAG) + Conditional
Probability Tables (CPTs)
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Direcied ¢ Bayestan\Neiwokks

A Graph encodes local independence assumptions (local Markc
Assumptions)

A Other independence assumptions can be read off the graph
using dseparation

ARAAUOUNANOGdzOAZ2Y FILFOG2NARI Sa | O0:
satisfies all independence assumptions found megaration
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A Does the graph capture all independencies? Yeslfoost all
distributions that factorize according to graph. More in' @8



D-sepatation

A ais Dseparatedf N2 Y 0 "“0lé¢ O |
A Three important configurations
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Undirected e Markov RantomrRelds

Popular in statistical physics, computer vision, sensor
networks, social networks, proteiprotein interaction network

Example; ImageDenoising X; ¢ value at pixel

y; ¢ observed noisy value




Conditiongl | ntependence propeities

A No directed edges
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A A, B, @ norrintersecting set of nodes
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l.e. path contains a node z in C.
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Factofiization

A Joint distribution factorizes according to the graph

ceC
C is the set of maximal cliques in the graph /
3
.. . . . . T4 /
Yo (xc) is a potential function on the clique z¢
L, Arbitrary positive function Clique, X¢ = {X3,X5}

Maximal clique

normalization factor 2
Xc = {X2,X3:X4}

Z=> 1] ve(ze)

r CeC
typically NPhard to compute



MRFHExzxample
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Often Ve (xc) = exp{—E(x¢)}

|—> Energy of the clique (e.g. lower if
variables in clique take similar values)

p(x) = [ expi—E(xc)} = exp{— 3 E(xc)}

cecC ceC



MRFeExample

Isingmodel:

Y3 Ya
o y2, cliques are edges.= {,%}
binary variablesx {-1,1}
1/
ve(xe) = exp{Bzz;}
>_/CU1 T2 -
1ifx=X%

-Lifxr %
p(X) = H eXp{ﬁ,’E@‘.ﬁCj} = exp{ Z 533@'333,'}

(i,j)eE (i,7)eE

Probability of assignment is higher if neighbors x
and x; are same



HammersteyClifford Theorem

A Set of distributions that factorize according to the gragh

A Set of distributions that respect conditional independencies
Implied by grapkseparationg |

| > F
Important becauseGiven independencies d?can get MRF structurée
I - F

Important becauseReadindependencies of from MRFstructure G
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A Graphical Models: Directed Bayesian networks, Undirected
Markov Random Fields

I A compactepresentationfor large probability
distributions

I Not an algorithm
A Representation of a BN, MRF
I Variables
I Graph
i CPTs
A Why BNs and MRFs are useful
A D-separation (conditional independence) & factorization



TopicsiindaraphtoaliModels

A Representation

I Which joint probabillity distributions does a graphical
model represent?

A Inference

I How to answer guestions about the joint probability
distribution?

A Marginal distribution of a node variable
A Most likely assignment of node variables

A Learning

I How to learn the parameters and structure of a graphical
model?



Inference

A Possible queries:
1) Marginaldistribution e.g. P(S)
Posterior distribution e.gP(F|H=)

2) Most likely assignment of nodes H he
argmax P(FfA=a,Ss,Nen|H=1)

fa,s,n



Inference

A Possible queries:

1) Marginal distribution e.g. P(S) @
Posterior distribution e.g. P(F|H=1)

P(FIH=1) ? Sing
P(FIH=1) =" ey Hadaghe  (Noss

_ P(F, H=1)
_If-l, t &)y

" P(F, H=1) will focus on computing this, posterior will
follow with only constant times more effort



Marginalization

Need to marginalize over othears

(o

t o{ 0O fdSn t O
fa,nh
t 0CZ 1 I Majs,nfd1l)H t O @

a,S,n
—

23 terms

To marginalize out n binary variables,
need to sum over 2terms

Inference seems exponential in number of variables!
Actually, inference in graphical models is NP -hard L



Bayestan\Neiworks Exaniple

Alternator FanQelt LQ ngﬁge A 18 blnary attrIbUteS
‘3“@;‘-' EQ”'S*“* A Inference
O O NI O N i P@BatteryAge|Startsf)
e )
Radio astzalige
strer R A need to sum over 2 terms!
EngineCranks A Not impressed?
Q g, i HaillFindeBN¢ more
ruclpume P than 4=
RO 58149737003040059690
390169 terms

SparkPlugs



FastiProbabilisticrifiference

t O Cz;’s!”n Majs,nH1)H t O @
[ H t os[FaRME)P(HEI)

a,5,Nn

1 6CU SsFattod 107 npisk as
n
Push sums in as far as possible Hhe

Distributive property: 2 + %z = z(x+X,)
2 multiply 1 mulitply



FastiProbabilsticrinference

t 0 CX | I Ras,n[B1)H t O
a,S,n 8 values x 4 multiplies
I H ot OsEgROfs)P(HEs)

't 6CO giFattod 10r sauo ;

a S

"t 6CU SiFaP(BI#L) H
a S 4 values x 1 multiply ‘he

[ tO0CO,(FA t Ol 0

A 2 values x 1 MM 32 multlplles vs. 7 multiplies
= P(F) gF) 2" vs. n 2K
i k d scope of largest factor

1 multiply

(Potential for) exponential reduction in computation!



FastiProbabilisticrinference
Variable iElimination

t 0OCZI I m0 B|FaPhs)BBLE)O | ’Fﬁu’

a,S,n
1

't 6CO HFaltod 107 MAlSH G
a S
P(H=1|F.a)
| i J
P(H=1[F)

(Potential for) exponential reduction in computation!



Variable Eliminaitone Order can

make atHWGEBitiference
t 6 CX ;’S!’n MO B|FaPOs)B(BLls)0 |'1 @)
[t 6CO gjFattod 107 st © t g

a S
P(H=1|F.a)
P(H=1/F)

t 0 CZ I rngo [ ©|BdPH|s)RHALS)E H H 0

n |S

|
gFa,n 3 d scope of largest factor

(Potential for) exponential reduction in computation!



Variable Eiimmatione Order can
make aHHWGEBidiference

P(X:) = > PY)PXY) ] P(XY)
Y. X9, X0 i=2
= ) PYPXY) ][] PXiY)) P(Xo|Y)
Y, X3, X0 i=3 . R - 1 d scope of
a(Y) largest factor

= > ) PY)PX4|Y) HPX|Y)

Xoyes X [V n d scope of

g()ﬁ_,Xz, . ,){1) largest factor




Variable tEhimimattonsAdgaritim

A Given BN; DAG and CPTs (initial factarp(x|pa;) fori=1,..,n)
A Given Query Xlev X,8t 6 Xcset of variables
A Instantiate evidence ee.g. setH=1 | IMPORTANT! |
A Choose an ordering on the variables e.gs, XXX
A Fori=1ton, If X {X,&
I Collect factors ¢ X Ihat include X
I Generate a new factor by eliminatingfdom these factors

Q—ZHQJ

X; j=1
I Variable Xhas been eliminated!

I Remove ¢& X drom set of factors but add g
A Normalize PX,8 to obtain PX|e)




Comglexttyftor (Rolytree: graphs

Alternator FanQelt Le@ Ea;eryﬂge

Ch:rge EQwState

; | ;

Lights BatteryPower
o Q
Radio GasGauge

Starter LQB

)

EngineCranks

<

Fue;Pump 5!'“
DQbutor

SparkPlugs

Gas;nTank

Variable elimination order:

AConsider undirected version

AStatF N2 Y a&f SI @S

Afind topologicalorder

Aeliminatevariables in reverse
order

Does not create any factors
bigger than original CPTs

For polytrees , inference is
linear in # variables (vs.
exponential in general)!



Complextiyftorggraphswiithdopps

A Loopc undirected cycle

Linear in # variables but exponential in size of largest factor
generated!

Sglng Moralize sgma

Q AR

Tuberculosis Cg:r E‘&chltls |::> Tuberculosis Caneer Bronchitis
4 F )
T,m (connect parents ThOrCa

Into a clique
x! ; & drop direction @ ;
' yepned of all edges) ' repnes

When you eliminate a variable, add edges between its neighb:



Complextty fforgraphswiithdopps

A Loopc undirected cycle

Vareliminated Factor generated

Sging >

TM,- Bronchitis
)
ThOrCa

e ‘
XRay Dyspnea

O 4 0O 0w

9,(C,B)
9.(C,0,D)
9(C,0)
04(T,0)
95(0,X)
J6(X)

Linear in # variables but exponential in size of largest factor
generated ~ tree -width (max clique size -1) in resulting graph!



Example L kargertreguidtih witlh small
Aumber of parents

10 Y240 H LI NByYylda LISNI y2RSX

Compact representation Y Easy inference L



Cheosingan: elimination eleer

A Choosing best order is N®mplete
I Reduction from MA>XClique

A Many good heuristics (some with guarantees)

A"t GAYLE 0St & sharhesg @inferén&el G bt
I Even optimal order can lead to exponential variable

elimination computation

A In practice

I Variable elimination often very effective

I Many (manymany) approximate inference approaches
available when variable elimination too expensive



Inference

A Possible queries:
2) Most likely assignment of nodes
argmax P(FFA=a,Ss,Nen|H=1)

fa,s,n

Use Distributive property: H he
max(Xz, %Z) = Z maxgxx,)
2 multiply 1 mulitply



TopicsiindaraphtoaliModels

A Representation

I Which joint probabillity distributions does a graphical
model represent?

A Inference

I How to answer guestions about the joint probability
distribution?

A Marginal distribution of a node variable
A Most likely assignment of node variables

A Learning

I How to learn the parameters and structure of a graphical
model?



Leaning

-Mxm . CPTg

X g g | P({ Pay)

\/ structure parameters
_

Given set of m independent samples (assignments of random
variables),

find the best (most likelyBayedNet (graph Structure + CPTSs)



LeamnimgttheCER Igi(given struetlire

- \ For each discrete variab
X(l) Compute MLE or MAP estimates for
(m) - :

Sl plarlpay)

.

Recall
COUﬂt(Xi = xj, Xj = :EJ)
Count(X; = x;)

MAP: Add psuedocounts




MLEsddecouplédoreachrCRBayes
Nets

A Given structure, log likelihood of data ®\ /®

log P(D | 0g.9) /©\

— log H PP e p@ 0N pod O ®

_ Tz_n: llog P(F+10g P(H+109 P8 A8 +10g P(RY+10g PAY]
— i_n: IogP(f( +Z log P(GR-FZ |09P(9?f( j
c[))r?l)p/eonnds qe oA Ok A Z og PAMIS4 3 > log G

qH|S CI|\||s
Can computer MLEs of each parameter independently!



Information theoretic interpretation
of MLE

log P(D | 0g,G) = >_ Z OQP( -—:L-gj)|Pa -—Xn(aja)X>
j=1li=1

()
— Z Z Z COUnt(Xi = x;, PaXz' — Xani) IOg P (XZ = x; | PaXi — XPaXi)

i=1 %i XPay.
Plugging in MLE estimates: ML score

log P(D | 65,G) = Z Z IogP( () IX%)X.)
j=1:= ‘

(L
=mY Y Y P(xixpay) 109 P (; | xpay.

1=1 % XPaX.
)

Reminds of entropy



Information theoretic interpretation
of MLE

mn
log P(D | 0g,G) =m ), >, » P(z;Xpay)logP (CL‘@ | XPaXi)

=1 % XPaX,

:—mZHX | Pay,)

7=1

ML score for graph structui:

arg mé;\xlog P(D | Qg, G) = argmaxZI X@, PaXi)



ML ¢ DecomposablesSeare

A Log data likelihood
log P(D | 0g,9) =m Y [I(X;,Pay,) — H(X;)]
1=1
A Decomposable score:
I Decomposes over families in BN (node and its parents)
I Will lead to significant computational efficiency!!!
I Score( : D =a; FamScore(KPa,: D)



How manytirees:aretbere?

A Treesc every node has at most one parent
A n"2possible trees/( | & { TBedrom)

td £d 63 £
6d £3 €3 €4
£d £3 €3 63
Ao Ao oho o

Nonetheless 9 Efficient optimal algorithm finds best tree!

— AN AN



Seofing=aittee

arg maxlog P(D | 6g,G) = 1(X;, Pax.
gmaxlog P(D | 0g,G) argmgXZ( X;)

1=1

Equivalent Trees (same score): [(A,B) + 1(B,C)

(- W@ WE-©

Score provides indication of structure: °

(D9 (®) (&

I(A,B) + I(B,C) I(A,B) + I(A,C)



ChowLiu @lgofitivm

A For each pair of variablegX
i Compute empirical distribution P (z;, z;) =
I Compute mutual information:

R _ P(x;,x;)
I(X;,X;) = > P(x;,z;)log =)

—~

Count(x;, ;)

m

A Define a graph

I Nodes X> X2
i Edgeij) gets weight/(X;, X;)

A Optimal tree BN

i/ 2YLIWz0S YIEAYdzY 6SAIKOGYBRHBYYA QA
algorithm Oflogn))

I Directions in BN: pick any node as root, breafitst-search defines

directions



ChowLiu agmﬂﬂnm @oaa:mpme




Seofingegeneralgraphical medels

A Graph that maximizes ML scote complete graph!
A Information never hurts
|l 6! yuy. 0O X |l ol puy. X/ 0

A Adding a parent always increases ML score
Lo!' 2. X/ 0 x Lo! Z. 0

A The more edges, the fewer independence assumptions, the
higher the likelihood of the data, but walverfitX

A Why does ML for trees work?
Restrictedmodel space tree graph



A Model selection
I Use MDL (Minimum description length) score
I BIC score (Bayesian Information criterion)

A Still NPchard
A Mostly heuristic (exploit score decomposition)

A ChowLiu: provides best tree approximation to any
distribution.

A Start with ChowLiu tree. Add, delete, invert edges. Evaluate
BIC score



