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Agenda

Linear Algebra Review

Matrix Derivatives

SVD
PCA




Linear Algebra Review

a11b11 + a12b21 + a13031 ai; Qai2 Aais bi1
a21b11 + ag2b21 + a23b31 = as1 Q22 a23 ba1
az1b11 + as2bar + aszbs; asy a3z ass bs1

What does it mean to take the derivative with respect
to a vector or a matrix?

Reference Reading: Bishop Appendix C.




Linear Algebra Review

What does it mean to take the derivative with respect
to a vector or a matrix?
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Just do this component wise.




Linear Algebra Review

What does it mean to take the derivative with respect
to a vector or a matrix?
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= 2x1a11 + (CL12 + a21)x2

= 2x9a99 + (CL12 + a21)x1




Linear Algebra Review

What does it mean to take the derivative with respect
to a vector or a matrix?

of

—— =2x1a11 + (@12 + aos1)x
o1 1611 + (a12 21)T2
aof

—— = 2%9a99 + (a2 + aos1)x
979 2a22 + (a12 21)T1
of 2a11 a2 + as; =
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Linear Algebra Review

What does it mean to take the derivative with respect
to a vector or a matrix?

of _ 2a11 a2 +az | o
0T a1z + a1 2a22

If A is symmetric:

Can work these kind of identities out for
matrix/vector equations as well.




Square Matrix.

Eigenvalue.




N = Av




N = Av
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N = Av







Eigen-WHAT?222?

® How do we find eigenvalues?

AU = AU
MU = AU
0= A Allo DETAILS

Step One: Find eigenvalues for which:/
det ([A— AI]) =0
Step Two: Use eigenvalues and solve for eigenvectors:

0=[A—\]F




Singular Value
Decomposition

Very cool fact: For any matrix, A, I can find a set of orthogonal vectors
U1, ..., Uy such that @, = Av1, ..., Uy = Avs are orthogonal as well.
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Singular Value
Decomposition

Very cool fact: For any matrix, A, I can find a set of orthogonal vectors
U1, ..., Uy such that @, = Av1, ..., Uy = Avs are orthogonal as well.

e Let v7 and 3 be orthogonal eigenvectors of AT A with eigenvalues A;, As.

e By definition we have: i, = Av; and Uy = Avs.

ST = =\T A Because this is symmetric
Uy U2 = (Avl) Aty we can always find an orthornormal
T . . : it
= 0] ATAUQ eigenbasis for it

T —
= U1 A2V2
=0




Singular Value
Decomposition

This is great because if we now have an orthonormal basis, ¥ ...4,, for A
and we know that o; — Ajul, ... U, = VA, Un,, SO we can write:

A=UxVT
a1 a2 a3 Ui Uiz w13 ~ o
a1 Qa2 G23 U1 U2 U23 \/71 0 0 V11 Vi2 V13
agr azz agz | = | uzr uzx us3 0 VA 0 U1 U2z 23
41 Q42 Q43 ugr ug2 uag | | O 0 VAs | | vs1 vz us3
as1  as2  As3 Us1  Us2  Us3

U1 U2 U23 \/X V11 V21 V31
= | us1 usz2 Uuss 0 V12 V22  U32

Ugl  Ugy  U43 0 V13 U3 Us3
Us1  Us2  Us3
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Singular Value
Decomposition

Uil U2 U3

U2l U2  U23 Vi 0 0 V11 V21 V31

= | uz1 U3z Us3 0 VA 0 Vi V22 V32
U4l Ug2  U43 0 0 Vs V13 V23  Us3
Us1  Us2 U3




Singular Value
Decomposition

Uil U2 U3

U21 U2 U23 \/K 0 0 V11 V21 V31

= | uz1 U3z Us3 0 Vi 0 Vi V22 V32
U4l Ug2  U43 0 0 Vs V13 V23  Us3
Us1  Us2 Us3




Singular Value
Decomposition

Uil U2 U3

U2l U2  U23 Vi 0 0 V11 V21 V31

= | uz1 U3z Us3 0 VA 0 Vi V22 U3
U4l Ug2  U43 0 0 Vs V13 V23  Us3
Us1  Us2 U3




Singular Value
Decomposition

Uil U2 U3

U2l U2  U23 Vi 0 0 V11 V21 V31

= | uz1 U3z Us3 0 Vi 0 Uiz V22 V32
U4l Ug2  U43 0 0 Vs V13 V23  Us3
Us1  Us2 Us3




U1
U21
U3l
U4q1
Us1

U12
U22
u3z2
Ug2
Us2

Singular Value
Decomposition

uis
U23
us3
U43
Us3

VA 00
0 VX O
654




U1
U21
U3l
U4q1
Us1

U12
U22
u3z2
Ug2
Us2

Singular Value
Decomposition

uis
U23
us3
U43
Us3

VA0 0
0 VX O
e




U1
U21
U3l
U4q1
Us1

U12
U22
u3z2
Ug2
Us2

Singular Value
Decomposition

uis
U23
us3
U43
Us3

VA 00
0 VX O
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U1
U21
U3l
U4q1
Us1

U12
U22
u3z2
Ug2
Us2

Singular Value
Decomposition

uis
U23
us3
U43
Us3

VA 00
0 VX O
[[*=%




Singular Value
Decomposition

U3zl Uz2 U3z
Uq1  Uqg2  U4q3

U1 Uiz U3
U21 U2 U23
Us1  Us2 Us3




Singular Value
Decomposition

U3zl Uz2 U3z
Uq1  Uqg2  U4q3

Uil Uiz U113
U21 U2 U23
Us1  Us2 Us3




Singular Value
Decomposition

U3zl Uz2 U3z
Uq1  Uqg2  U4q3

U1 Uiz U3
U21 U2 U23
Us1  Us2 Us3




Singular Value
Decomposition

U3zl U2 U33
Uqg1  Ug2  U43

U1 Uiz U3
U21 U2 U23
Us1  Us2 Us3




Singular Value
Decomposition

U3zl Uz2 U3z
Uq1r  Ug2  U4q3

U1 Uiz U3
U21 U2 U23
Us1  Us2 Us3




Singular Value
Decomposition

U3zl Uz2 U3z
Uq1  Ug2  U4q3

U1 Uiz U3
U21 U2 U23
Us1  Us2 Us3




Singular Value
Decomposition

U3zl Uz2 U3z
Uq1  Ug2  U4q3

U1 Uiz U3
U21 U2 U23
Us1  Us2 Us3




PCA

Find vector v such that variance of projected data is maximized.

Unit vector.  Each column is a sample.

l

L11 Ti12 T13
Lo1 T22 T23
L3171 T32 T33
L41 T42 T43

UTX:[’Ul V2 Ug U4}




PCA

Find vector v such that variance of projected data is maximized.

Variance of Projected Data = o7 X XT¢

Want to maximize this subject to ¢ being a unit vector.

L(0) = ("X X5 — A\0"5 - 1))

T

Lagrange multipliers: next week!




PCA

Find vector v such that variance of projected data is maximized.

L(®) = (" XXT5 - AN#"7 - 1))




PCA

Find vector ¥ such that variance of projected data is maximized.

L(®) = (7" XX"0 - A@"7-1))

oL
— =2XX"7 -2\
O
0= (XXT -7
Thus, we are justflooking for the
eigenvector of this matrix.

Can also think of the equivalent SVD problem.




