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Agenda

• Linear Algebra Review

• Matrix Derivatives 

• SVD

• PCA



Linear Algebra Review
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What does it mean to take the derivative with respect 
to a vector or a matrix?  

Reference Reading: Bishop Appendix C.
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What does it mean to take the derivative with respect 

to a vector or a matrix?  
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Just do this component wise.
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Linear Algebra Review
What does it mean to take the derivative with respect 

to a vector or a matrix?  
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If A is symmetric:

@f

@~x

= 2A~x

Can work these kind of identities out for 
matrix/vector equations as well.



Eigen-WHAT?????

�~v = A~v

Square Matrix.

Eigenvector

Eigenvalue.
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• How do we find eigenvalues? 

Eigen-WHAT?????

�~v = A~v

�I~v = A~v

0 = [A� �I]~v

det ([A� �I]) = 0

Step One: Find eigenvalues for which: 

Step Two: Use eigenvalues and solve for eigenvectors:

0 = [A� �I]~v

DETAILS



Singular Value 
Decomposition

Very cool fact: For any matrix, A, I can find a set of orthogonal vectors

~v1, . . . ,~vn such that ~u1 = A~v1, . . . , ~u2 = A~v2 are orthogonal as well.

v1

v2 u2

u1



Singular Value 
Decomposition

Very cool fact: For any matrix, A, I can find a set of orthogonal vectors

~v1, . . . ,~vn such that ~u1 = A~v1, . . . , ~u2 = A~v2 are orthogonal as well.

~uT
1 ~u2 = (A~v1)

TA~v2

= ~v1
TATA~v2

= ~v1
T�2 ~v2

= 0

Because this is symmetric 
we can always find an orthornormal 

eigenbasis for it. 

• Let ~v1 and ~v2 be orthogonal eigenvectors of ATA with eigenvalues �1, �2.

• By definition we have: ~u1 = A~v1 and ~u2 = A~v2.



Singular Value 
Decomposition

This is great because if we now have an orthonormal basis, ~v1 . . .~vn, for A

and we know that ~v1 !
p
�1 ~u1, . . .~vn !

p
�n~un, so we can write:

A = U⌃V T
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PCA
Find vector ~v such that variance of projected data is maximized.

~v

T
X =

⇥
v1 v2 v3 v4

⇤
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⇤

Unit vector. Each column is a sample.



PCA
Find vector ~v such that variance of projected data is maximized.

Variance of Projected Data = ~vTXXT~v

Want to maximize this subject to ~v being a unit vector.

Lagrange multipliers: next week!

L(~v) =
�
~vTXXT~v � �(~vT~v � 1)

�



PCA
Find vector ~v such that variance of projected data is maximized.
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0 = (XXT � �I)~v



PCA
Find vector ~v such that variance of projected data is maximized.

L(~v) =
�
~vTXXT~v � �(~vT~v � 1)

�

@L

@~v
= 2XXT~v � 2�~v

0 = (XXT � �I)~v

Thus, we are just looking for the 
eigenvector of this matrix.

Can also think of the equivalent SVD problem. 


