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Basic Inference Tasks

Filtering
P(Xt‘elzt)

Posterior probability over the current
state, given all evidence up to
present

Prediction

P(XH—k‘elzt)

Posterior probability over a future
state, given all evidence up to present

Smoothing

P(Xk‘elzt)

Posterior probability over a past state,

given all evidence up to present

Best Sequence

arg max P(X 1.¢|e1.¢)
Xl:t

Best state sequence given all evidence
up to present




Filtering

P(Xt|€1:t)

Posterior probability over the current state, given all evidence up to present

Where am | now?



Filtering

Can be computed with recursion (Dynamic Programming)

P(Xii1leritr) o< Plery1|Xiy1) ) P(X o] X 1) P(Xtler.r)

posterior observation model X, motion model orior



Filtering

Can be computed with recursion (Dynamic Programming)

P(Xii1leritr) o< Plery1|Xiy1) ) P(X o] X 1) P(Xtler.r)

observation model X, motion model

What is this?



Filtering

Can be computed with recursion (Dynamic Programming)

P(Xii1leritr) o< Plery1|Xiy1) ) P(X o] X 1) P(Xtler.r)
X ¢

T same type of ‘message’ —



Filtering

Can be computed with recursion (Dynamic Programming)

P(Xii1leritr) o< Plery1|Xiy1) ) P(X o] X 1) P(Xtler.r)
Xt A

T same type of ‘message’ —

called a belief distribution

sometimes people use this annoying notation instead: Bel(xt)

a belief is a reflection of the systems (robot,
tracker) knowledge about the state X



Filtering

Can be computed with recursion (Dynamic Programming)

P(Xii1leritr) o< Plery1|Xiy1) ) P(X o] X 1) P(Xtler.r)
X+t

Where does this equation come from?

(scary math to follow...)



Filtering

Can be computed with recursion (Dynamic Programming)

P(Xii1leritr) o< Plery1|Xiy1) ) P(X o] X 1) P(Xtler.r)
X+t

just splitting up the notation here

P(Xit11lert+1) = P(Xi41let1,€1:t)



Filtering

Can be computed with recursion (Dynamic Programming)

P(Xii1leritr) o< Plery1|Xiy1) ) P(X o] X 1) P(Xtler.r)
X+t

P(Xt—l—l ‘elzt—l—l) p— P(Xt—l—l ‘et—|—17 el:t) Apply Bayes' rule (with evidence)



Filtering

Can be computed with recursion (Dynamic Programming)

P(Xii1leritr) o< Plery1|Xiy1) ) P(X o] X 1) P(Xtler.r)
X+t

P(Xiy1leri+1) = P(Xiy1lei+1,€1:4)
P(et-|-1|Xt—|-17el:t)P(Xt—l—l‘elzt) Apply Markov

assumption on

P(et—|—1 ‘el;t) observation model




Filtering

Can be computed with recursion (Dynamic Programming)

P(Xii1leritr) o< Plery1|Xiy1) ) P(X o] X 1) P(Xtler.r)
X+t

P(Xit1lert+1) = P(Xiy1letyr, er:)
P(et—|—1|Xt—|—17el:t)P(Xt—l—l‘elzt)
P(€t+1\€1:t)
_ aPer1| Xost)P(Xoplers)  Codtonen




Filtering

Can be computed with recursion (Dynamic Programming)

P(Xii1leritr) o< Plery1|Xiy1) ) P(X o] X 1) P(Xtler.r)
X+t

P(Xit11lert+1) = P(Xi41let1,€1:t)
P(et—|—1|Xt—|—1ael:t)P(Xt—l—l‘elzt)
P(€t+1\€1:t)
— ozP(et+1 Xt_|_1)P(Xt-|-1|61:t)
— &P(€t+1 Xt+1)ZP(XtH‘Xtaelzt)P(Xt|€1:t)

X ¢ Apply Markov assumption on motion model




Filtering

Can be computed with recursion (Dynamic Programming)

P(Xii1leritr) o< Plery1|Xiy1) ) P(X o] X 1) P(Xtler.r)
X+t

P(Xit1lert+1) = P(Xiy1letyr, er:)
P(et—|—1|Xt—|—17el:t)P(Xt—l—l‘elzt)
P(€t+1\€1:t)
= aP(er1|X41)P(Xtr1lers)

= OéP(et+1 Xt+1)ZP(XtH‘Xtaelzt)P(Xt|€1:t)
X ¢

— &P(€t+1|Xt+1)ZP(Xt+1‘Xt)P(Xt|€1:t)
X ¢




Hidden Markov Model example

'In the trunk of a car of
a sleepy driver’ model

binary random variable (left lane or right lane)

$0—>"L'1—>f132—>,’1}3—>m4

L = {xlefta CEright}



From a hole Iin the car you can see the ground

binary random variable (center lane is yellow or road is gray)

€ = {egraya 6yellow}



Lleft

Lright

0.5

0.5

P(x¢|zi—1) | Tleft  Lright
Lleft 0.7 (.3 Whatneeds
' ' to sum to
Lright | 0.3 0.7

ro — 1 — L2 ——> T3 — T4

This is filtering!

.

l

l

€1 €3
P(et|T:) | Lleft Lright
Eyellow | 0.9 0.2
Cgoray 0.8

l

€4

What's the probability of being in the left lane at t=47



P(zg) | Tleft Lright P(xi|lxi—1) | Tleft Lright P(eiz;) | Tleft Lright
0.5 0.5 Lleft 0.7 0.3 Cyellow 0.9 0.2
Lright 0.3 0.7 Cgray 0.1 0.8
Filtering: P(Xiqilerq1) x Plei1|X141) »  P(X 11| X 1) P(X |er)
X,

What is the belief distribution if | see yellow at t=1 p(ml\el — eyenow) =¥

Prediction step: p(:l?l) — ZQEO p(azl |a30)p(a30)

Update step:

p(x1le1) = a p(e1|z1)p(x)



P(xo) Lleft Lright

0.5 0.5

P(x¢|Ti—1) Tleft Lright
Lleft 0.7 0.3
Lright 0.3 0.7

P(elz:) | Tleft Lright
Cyellow 0.9 0.2
Cgoray 0.1 0.8

What is the belief distribution if | see yellow at t=1 p(ml\el = eyenow) =¥

Prediction step: p(ml) = ZZBO p(iBl \a:o)p(azo)

0.7 0.3](0.5) +[0.3 0.7

0.7 0.3

03 0.7

0.5

05

(0.5)

0.9
0.9




P(zg) | Tleft Lright P(xi|lxi—1) | Tleft Lright P(eiz;) | Tleft Lright
0.5 0.5 Lleft 0.7 0.3 Cyellow 0.9 0.2
Lright 0.3 0.7 Cgray 0.1 0.8
Filtering: P(Xiqilerq1) x Pleg1|X141) »  P(X 11| X 1) P(X¢|ers)
X,

What is the belief distribution if | see yellow at t=1 p(ml\el = eyenow) =¥

Update step: p(ff;l\el) = p(€1|$1)p($1)



P(zg) | Tleft Lright P(xi|lxi—1) | Tleft Lright P(eiz;) | Tleft Lright

0.5 0.5 Lleft 0.7 0.3 Eyellow 0.9 0.2
Lright 0.3 0.7 Egray 0.1 0.8

Filtering: P(Xiqilerq1) x Pei1]|X141) Y P(Xi41|X1)P(Xile1:)
X,

What is the belief distribution if | see yellow at t=1 p(wl\el — eyenow) =¥

Update step: p(x1|e1) = a p(er|x1)p(axq)
Qo (09 02) k (05 05) observed yellow

|09 00]]05] | 045 ]
%100 02|05 ] 01
- 0.818 |

more likely to be in which lane?

2

0.182



P(xo) Lleft xright P(x|zi—1) Lleft xright
0.5 0.5 Xleft 0.7 0.3
Lright 0.3 0.7

P(elz:) | Tleft Lright
Cyellow 0.9 0.2
Cgoray 0.1 0.8

Xt

Filtering: P(Xiqilerq1) x Pei1]|X141) Y P(Xi41|X1)P(Xile1:)

What is the belief distribution if | see yellow at t=1 p(ml\el — eyenow) =¥

Summary

Prediction step: p(ibl) — Zwo p(azl |a30)p(m0)

- 03 |

Update step:

I
Y

0.818
0.182

p(x1le1) = a p(e1|z1)p(x)



Tleft <right

0.5 0.5

P(x¢|xi—1) Tleft Lright
Lleft 0.7 0.3
Lright 0.3 0.7

P(eix:) | Tleft Lright
Cyellow 0.9 0.2
Cgoray 0.1 0.8

Filtering:

P(X¢i1leripr) < Plerr1|X 1) Y P(X 41| X o) P(Xylers)

Xt

What if you see yellow again at t=2 p(wg ‘61, 62)

—



P(zg) | Tleft Lright P(xi|lxi—1) | Tleft Lright P(eiz;) | Tleft Lright
0.5 0.5 Lleft 0.7 0.3 Cyellow 0.9 0.2
Lright 0.3 0.7 Cgray 0.1 0.8
Filtering: P(Xiqilerq1) x Plei1|X141) »  P(X 11| X 1) P(X |er)
X,

What if you see yellow again at t=2 p(wg ‘61, 62) =¥

Prediction step:  p(X2leq) :Zm p(x2|x1)p(x1]er)
1

Update step:

p(xiler,e2) = a p(ei|z1)p(x)



P(xo) Lleft Lright

P(x¢|xi—1) Tleft Lright

P(edxz;) | Tleft Lright

0.5 0.5 Lleft 0.7 0.3 Eyellow 0.9 0.2
Lright 0.3 0.7 Egray 0.1 0.8
Filtering: P(Xts1lerit1) o Ples1|Xey1) Y P(Xe11|X o) P(Xi|er:r)
X,

What if you see yellow again at t=2 p(wg ‘61, 62) =¥

Zml p(x2|x1)p(eer)

Prediction step:

p(wz \61)

0.7 0.3

03 0.7

- 0.818 - 0.627

0.182 | ~ | 0.373

Why does the probability of being in

the left lane go down?



P(xo) Tleft <Lright P(x¢|xi—1)

Tleft Lright

0.5 0.5 Lleft

Lright

0.7 0.3
0.3 0.7

P(elz:) | Tleft Lright

Eyellow 0.9 0.2
Cgoray 0.1 0.8

Filtering: P(Xiqilerq1) x Pei1]|X141) Y P(Xi41|X1)P(Xile1:)

Xt

What if you see yellow again at t=2 p(wg ‘61, 62) =¥

Update step: p($2 |@17 62)

¢

a p(ez|T2)p(x2|er)

N 0.9 0.0 ][ 0.627
0.0 0.2 || 0373

- 0.883

- 0.117 | € —

Why does the probability of being in
the left lane go up?



Basic Inference Tasks

Filtering Prediction

P(Xt‘elzt) P(Xt—l—k‘elzt)

Posterior probability over the current
state, given all evidence up to

Posterior probability over a future
state, given all evidence up to present

present
Smoothing Best Sequence
P(Xileis) arg max P(X1.;|eq.¢)
1:¢
Posterior probability over a past state, Best state sequence given all evidence
given all evidence up to present up to present




Prediction

P(Xt+k|€1 t)

Posterior probability over a future state, give

Where am | going?



Prediction

same recursive form as filtering but...

P(Xt+k+1|€1:t) — Z P(Xt—|—k—|—1‘wt—|—k)P(wt—|—k‘€1:t)

CBt+k
- No new evidence!

What happens as you try to predict further into the future?



Prediction

P(Xt+k+1|€1:t) — Z P(Xt+k—|—1‘wt—|—k)P(wt—|—k‘€1:t)
Cwm
- NO new evidence
What happens as you try to predict further into the future?

Approaches its ‘stationary distribution’



Basic Inference Tasks

Filtering
P(Xt‘elzt)

Posterior probability over the current
state, given all evidence up to
present

Smoothing

P(Xk‘elzt)

Posterior probability over a past state,

given all evidence up to present

Prediction

P(Xt—l—k‘elzt)

Posterior probability over a future
state, given all evidence up to present

Best Sequence

arg max P(X 1.¢|e1.¢)
Xl:t

Best state sequence given all evidence
up to present




Smoothing

P(Xk|€1:t)

Posterior probability over a past state, given all evidence up to present

Wait, what did | do yesterday?



Smoothing

/ some time In the past

P(Xk‘el;t) 1 <k<t

P(Xlert) = P(Xk|e1k, €rt1:t)
— @P(Xk elzk)P(€k+1:t
aP(Xle1.r)P(egt.t

Xk) el:k)
X,)

‘forward’ ‘backward’
message message

this is just filtering

- this is backwards
filtering
Let me explain...



Backward message

Pleki1:¢| Xk) = Z Plegi1:4| X, Tpq1) P(p1]|Xy) oo

copied from last slide L k+1
p— Z P(ek_l_lt|ajk_|_1)P(a'}k_|_1 |Xk') Markov Assumption
L1
— Z P(ek_|_1,ek_|_2;t|CUk_|_1)P(.’]3k_|_1|Xk) split
L1

— Z P(ek+1|a3/<;+1)P(6k+2:t\$k+1)P($k+1‘Xk)

observation model motion model

L1 .
+ recursive message

This is just a ‘backwards’ version of filtering where

initial message  P(€;_1.¢|X¢) = 1



Basic Inference Tasks

Filtering
P(Xt‘elzt)

Posterior probability over the current
state, given all evidence up to
present

Prediction

P(Xt—l—k‘elzt)

Posterior probability over a future
state, given all evidence up to present

Smoothing

P(Xk‘elzt)

Posterior probability over a past state,

given all evidence up to present

Best Sequence

arg max P(X 1.¢|e1.¢)

Xl:t

Best state sequence given all evidence
up to present




Best Sequence

arg max P(X1.;|e1.¢)
Xl:t

Best state sequence given all evidence up to present

| must have done something right,
right”



Best Sequence Viterbi Algorithm

max P(CEl, ey Lty Xt-|—1‘61:t—|—1)
L]y...,L¢
= aP(es1]| X 121) max [P(Xt+1\mt) max P(x1,..., %1, X¢|e1:s)
X+ L1y Lt —1

recursive message

|dentical to filtering but with a max operator

Filtering equation

P(Xii1leriin) o Plerii| X)) P(Xii1| X o) P(Xler)
X,

recursive message



Now you know how to answer all the important questions in life:

Where am | now?
Where am | going”?

Wait, what did | do yesterday?

| must have done something right,
right”



