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Gravity Resistance to 
Compression Viscosity

Fluid Forces

ρv̇ = fgravity + fpressure + fviscosity
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ρv̇ = fgravity + fpressure + fviscosity

External
Forces

Resistance to 
Compression Viscosity

Fluid Forces

−∇p µ∇2vf
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ρu̇

From Particles to PDES
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From Particles to PDES
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= −∇p + µ∇2u + f

∂u
∂t

= u á∇u +∇p + µ∇2u + f

s.t. ! · u = 0

Incompressible 

Navier-Stokes 

Equations!
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Grids
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Grids

¥Scalar quantities  
are deÞned at cell 
centers.

¥Vector quantities  
are deÞned at cell 
faces.

In general...
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Example: " p

¥ Where is the pressure 
gradient " p deÞned?

(! pi,j )x =
1

∆x
(pi,j " pi ! 1,j )

(∇pi,j )y =
1

! y
(pi,j − pi,j −1)

∇p = [∂p/∂x, ∂p/∂y]

pi,j pi+1,jpi ! 1,j

pi,j +1

pi,j−1

(∇pi,j)x

(∇pi,j )y

(∇pi,j+1 )y

(∇pi+1,j)y
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Example: " ! u

¥Where is the divergence 
" ! u deÞned?
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Example: " ! u

ux
i,j ux

i+1 ,j

uy
i,j

uy
i,j +1

(! · u)i,j

Interpretation:

Divergence (" ! u) is the 
net flux in a given cell.

∇ · u = ux
i+1 ,j − ux

i,j + uy
i,j+1 − uy

i,j

(" ! u) = zero divergence 
= incompressible!!!
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Interpolated Density
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Interpolated Density
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Interpolated Density
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Interpolated Velocity
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Interpolated Velocity
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Explicit Integration
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Stable Fluids
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Splitting Methods

• Suppose we had a system:

• …and we define a simulation Sf.

• Then we could define:
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Splitting Methods

Advect Project Diffuse Add Forces
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Semi-Lagrangian

f (x, t + ∆t) = f (x −∆t, t )

!t
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SL Advection
f (x, t + ∆t) = f (x −∆t, t )
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Advection
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Projection
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Diffusion

• Solved implicitly (like projection)
• I don’t have a picture of this.
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Add Forces (e.g. heat)
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Simulation Recap

• Decided Upon grid-based represenation.
• Explicit Methods will not work.
• Stable Fluids solves all our problems…

–…maybe.
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Questions

¥How could we handle boundaries?

¥How could we handle moving boundaries?

¥How could we handle free surfaces?

¥(All of these questions mostly change the 
pressure step!)
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