
15-850: Advanced Algorithms CMU, Spring 2023
HW #5 (out Monday April 17, 2023) Due: Friday April 28, 2023

This homework is optional; if you submit this, we will use the points as bonus to boost your
total score. Same as HW#4: collaboration OK (in small groups).

Please submit solutions to at most two (2) of the five problems.

1. (Hmm, That’s Odd...) To solve the max-weight perfect matching problem on general
graphs, we need to optimize over the perfect matching polytope. In turn, this requires that we
find a separation oracle for the odd-set constraints. Specifically, given edge weights x ∈ R|E|

with x ≥ 0, we wish to find a set S ⊆ V such that |S| is odd, and x(∂S) is minimized,
where x(∂S) :=

∑
i∈S,j ̸∈S xij . Then, comparing this min-odd-cut value to 1, we can find

a violated constraint (if one exists). Assume that |V | is even, else the LP has no feasible
solution anyways.

(a) A function f : 2V → R is called submodular if for all A,B ⊆ V , we have

f(A) + f(B) ≥ f(A ∪B) + f(A ∩B).

Show f(A) := x(∂A) is submodular. Observe f is symmetric, i.e., f(A) = f(V \A).

Define a min-cut to be a set C ⊆ V such that x(∂C) is the least among all cuts where both
C, V \ C are non-empty, and a min-odd-cut to be a set C ⊆ V with |C| odd, where x(∂C) is
the least among all cuts with odd size.

(b) (Do not submit, instead submit part (c) instead.) Let C be a min-cut, and let C be its
complement. Show that if |C| is even, then there exists a min-odd-cut contained within
either C or C.

We now extend part (b) slightly: Given a set T with an even number of vertices, define a
min-T -cut to be a set C ⊆ V where both C ∩T, T \C are non-empty, having smallest x(∂C).
And a min-T -odd cut such that both C ∩ T, T \ C are odd, having smallest x(∂C).

(c) Let C be a min-T -cut, and let C be its complement. Show that if |C ∩ T | is even, then
there exists a min-T -odd-cut contained within either C or C.

(d) Give an algorithm to find a min-odd-cut in polynomial time. (Hint: when you recurse,
think about how to use the ability to choose the set T . Also, how would you find a
min-T -cut in polynomial time?)

2. Covering using Small Sets. In the (min-weight) set cover problem we’re given a set system
(U,S), with each set S ∈ S having weight wS ≥ 0, and the goal is to pick some sets S ′ ⊆ S so
that their union equals U , and their total weight

∑
S∈S′ wS is minimized. We have n := |U |

elements and m := |S| sets.
In lecture we solved the unweighted case using (i) a combinatorial analysis for greedy, and
(ii) solving the LP optimally and then randomized rounding. Now suppose each set S ∈ S
has size at most B ≤ n, and sets have weights. We’ll show O(logB)-approximations for the
weighted setting.
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(a) Show that the greedy algorithm has cost O(logB) times the weight of the optimal
solution. Here the greedy algorithm picks a set S that maximizes the number of new
elements covered by S, divided by its weight.

(b) For each element e ∈ U , let S(e) ∈ S be the lightest set that contains e. Show that
1
B

∑
ewS(e) ≤ OPT . (This is unrelated to the part above.)

(c) Give an algorithm that solves the LP and then picks some of the sets (randomly) based
on the optimal LP solution, and has cost at most O(logB) times the optimal weight, in
expectation. (You may need part (b) above.)

3. Bin There, Done That. In the Bin Packing problem we used several ideas: (a) allocating
the small items at the end, (b) linear grouping to reduce the number of remaining sizes to
D = O(1/ε2), and (c) getting a basic solution to the LP with only D fractional entries. Let’s
improve this algorithm further. Consider an instance I, with item sizes s1 ≤ s2 ≤ · · · ≤ sn ≤
1, and bins of size 1. Let δ = s1, the minimum item size.

(a) (Do not submit.) Call S(I) :=
∑

i si the total size of the instance. Suppose δ ≤ 1
S(I) .

Show that putting aside all items smaller than 1/S(I) to get instance I ′, getting an
approximation for I ′, and then adding back these small items using First Fit can only
increase the approximation factor by additive constants.

We can now assume that all items have size at least 1/S(I). Suppose we replace linear
grouping by the following logarithmic grouping.

� Classify all items into O(logS(I)) super-groups Gi, which contains items with sizes in
( 1
2i+1 ,

1
2i
].

� Then for each super-group, form groups Gi,1, Gi,2, . . . by repeatedly taking the largest
4 · 2i items in it, until all items are in groups.

� Remove all items in the first and last group of a supergroup (call these the junk groups).
Increase the size of each item to the size of the largest item in its group.

Call this new instance I ′.
(b) Show that the items in junk groups can be packed into O(logS(I)) bins, and that the

number D of distinct item sizes in I ′ is S(I)/2.
(c) Now solve the Gilmore-Gomory LP for I ′ to get x∗. Say I1 are the subset of items

that get packed by picking ⌊x∗C⌋ copies of each configuration C, and I2 = I ′ \ I1 be the
remaining items. Show that

OPT (I1)︸ ︷︷ ︸
integer OPT

+OPTLP (I2)︸ ︷︷ ︸
LP OPT

≤ OPTLP (I ′).

(d) Show the total size of instance I2 is at most S(I)/2.
Hence this suggests an algorithm for any instance I: (a) put aside all items of size at most
1

S(I) to pack later, (b) logarithmically group the other items into at most S(I)/2 classes and

use O(logS(I)) bins for the junk, (c) solve the LP and round variables down instead of up,
and (d) recurse on the remaining instance with at most half the total size. Convince yourself
that this results in an algorithm that uses

OPT (I) +O(log2OPT (I)) bins.
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4. Load Balancing with Picky Jobs. You are given n jobs (each job j having size pj) and
m machines, and you want to assign jobs to machines to minimize the makespan, namely the
max load (total size of jobs) assigned to any machine. But here’s the catch: not every job
can be assigned to every machine. (E.g., some machines don’t have the power to work on
some jobs, etc.)

In fact, there is a bipartite graph (M,J,E), where |J | = n are the jobs, |M | = m are the
machines, and there is an edge (i, j) ∈ E if job j can be assigned to machine i.

Let OPT be the makespan of the optimal schedule.

(a) Show that for every pair of integers m,n with m ≥ n, there exists an instance where
the greedy algorithm (which just considers the jobs in the given order p1, p2, . . . , pn
and assigns them to an arbitrary least loaded machine thus far) can result in a load of
log2 n ·OPT .

(b) Hence we need a different algorithm. Here’s one: we write the following LP:

min L

such that
∑

j∈J :(i,j)∈E

pjxij ≤ L ∀i ∈M

∑
i∈M :(i,j)∈E

xij = 1 ∀j ∈ J

xij ≥ 0

Let (x∗, L∗) be an optimal (vertex) solution to this LP. Show that L∗ ≤ OPT .

(c) The support of x∗ is the set of edges (i, j) ∈ E on which x∗ij ̸= 0. If x∗ is a vertex
solution for the LP, show that its support cannot have any cycles.

(d) Since the support of x∗ is a forest F ⊆ E, for each tree T ∈ F do the following: root T
at some vertex corresponding to a job. Now assign each job j in T to an arbitrary one
of the machines which are its children in T . If j has no child, then assign it to its parent
machine.

Show that the total load of any machine i after this process is at most

L∗ + max
j:x∗

ij ̸=0
pj ≤ 2OPT.

5. Online Primal-Dual. In the online (unweighted) set cover problem, you are given a set
system (U,S) in advance with n elements and m sets. You just don’t know which of the
elements of U you want to cover. A sequence σ of elements e1, e2, . . . , et arrives one by one:
if the next element ei is not covered by the sets picked thus far, we must pick a new set S(i)

containing it. (We can pick multiple sets S(i,1), S(i,2), . . . instead of just one set, of course.)

Let set(σ) ⊆ U denote the set of elements that appear in σ, and OPT (σ) be the smallest sub-
collection of S that covers all elements of set(σ). Let A be an online algorithm for Set-Cover,
and A(σ) be number of sets picked by it on sequence σ. The competitive ratio ρ ≥ 1 is

ρ := max
σ

A(σ)
OPT (σ)

.

If the algorithm A is randomized, replace the numerator by E[A(σ)]. We want small ρ.
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(a) (Do not submit.) Example A: Let n = 2d, the universe be {0, 1}d, and the set system
is S = {Si}di=0 with S0 = {0d}, and for 1 ≤ i ≤ d, Si is the set of all strings with 1 in the
ith place. Given any deterministic algorithm A, show that the adversary can choose an
input sequence σ such that OPT (σ) = 1 but A(σ) = d. This shows that no deterministic
algorithm for this problem has a competitive ratio of better than d = log2 n.

(b) (Do not submit.) Example B: Let the universe be U = [n], and the set system be
the collection of all subsets of U with

√
n elements (hence m = |S| =

(
n√
n

)
). Given any

deterministic algorithm A, show that the adversary can choose an input sequence σ such
that OPT (σ) = 1 but A(σ) =

√
n. This shows that no deterministic algorithm for this

problem has a competitive ratio of better than Ω( logmlogn ).

Suppose we want to cover the subset U ′ ⊆ U . Take the natural LP relaxation of the (un-
weighted) set cover problem (from the approximation algorithms lecture), and write down its
dual.

min
∑

S∈S xS max
∑

e∈U ′ ye (1)

s.t.
∑

S:e∈S xS ≥ 1 ∀e ∈ U ′ s.t.
∑

e∈S ye ≤ 1 ∀S ∈ S (2)

x ≥ 0 y ≥ 0 (3)

We will develop a primal-dual online algorithm to get an approximate fractional solution to
this LP, and then round that LP.

Since we don’t know the elements we want to cover, initially U ′ = ∅. When an element e
arrives online, we get a new constraint (

∑
S:e∈S xS ≥ 1) in the primal. Also, a new variable

ye gets added to some of the |S| constraints in the dual.

(c) We construct (feasible) primal solution x and a (possibly infeasible) dual solution y,
both in an online fashion, such that (i) x is feasible, (ii)

∑
S xS ≤ 2

∑
e ye, and moreover

(iii) y/O(logm) is feasible. Explain why this proves that
∑

S xS is at most O(logm)
times the optimal LP solution.

(d) Here is the procedure. Initialize xS = 1/2m for all S.

� When element e arrives, set ye ← 0.

� While
∑

S:e∈S xS < 1
double all the xS for sets S ∋ e; also ye ← ye + 1.

Show that
∑

S xS ≤ 1
2+

∑
e ye at all times. Show that after the first element has arrived,∑

S xS ≤ 3
2

∑
e ye.

(e) Show that, at any point in time, y/(log2 2m) is a feasible dual solution.

(f) We just showed how to obtain a fractional solution to the minimum set cover which
has value at most O(logm) times the optimal LP solution. To get an integral solution,
we use the following randomized rounding procedure: suppose an uncovered element e
arrives. If it causes some variables xS to be doubled one or more times, then once this
doubling is over, pick each such set S ∋ e with probability O(log n) · xS , where xS is
the LP value at the time. If the element is not covered by these random picks (if any),
additionally pick any set containing it.

Show that the expected cost of this process is at most O(log n) times the online LP
solution, and hence at most O(log n logm) times the optimal number of sets to cover
the elements in the input sequence so far.
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