
15-850: Advanced Algorithms CMU, Spring 2023
HW #4 (out Tuesday Mar 7, 2023) Due: Friday Mar 24, 2023

Same as HW3: Collaboration in a group of 2-3 is encouraged. Please solve two of the four problems.

1. Solving a Linear System. Given a positive-definite matrix A ∈ Rn×n with eigenvalues
0 < λ1 ≤ λ2 ≤ . . . ≤ λn, the condition number for A is κ := λn

λ1
. Given a vector b ∈ Rn,

the goal is to find a “near”-solution to the linear system Ax = b. Consider the function
f(x) = 1

2x
⊺Ax− bx.

(a) (Do not submit) Show that f is a convex function, with ∇f(x) = Ax − b. Hence infer
that the minimizer x∗ of f(x) satisfies Ax∗ = b. Moreover, show that f is λ1-strongly-
convex and λn-smooth. Ideally, use the first-order definitions of strong-convexity and
smoothness from §17.5 of the lecture notes (corresponding to Lecture 19).

(b) Consider performing gradient descent updates (i.e., xt+1 ← xt−η∇f(xt)) on the function
f(·), starting at some point x0 ∈ Rn and having step size η > 0. Show that

∥xt − x∗∥2 ≤ max{|µ1|, |µn|}t · ∥x0 − x∗∥2

where µ1 ≤ · · · ≤ µn are the eigenvalues of (I − ηA).

(c) Show that a suitable choice of η ensures that ∥xt−x∗∥2 ≤ δ ·∥x0−x∗∥2 after O(κ log δ−1)
iterations. Use this to show that the error is

∥Axt − b∥2 ≤ ε

after O(κ log λmax∥x0−x∗∥2
ε ) iterations.

(As an aside, you can get similar results if you try to minimize f(x) := ∥Ax− b∥2, although
the calculations are a bit different.)
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2. Gradient Descent, meet Linear Optimization. In constrained gradient descent (over
convex body K ⊆ Rn), we took a step along the negative gradient, and then projected back
to K. Another approach is to use linear optimization: given xt ∈ K, the next iterate is:

yt ← argmin{(∇f(xt))⊺y | y ∈ K}
xt+1 ← (1− ηt)xt + ηt yt.

The minimizer in the first step can be found using linear optimization over K, which may
be much simpler than general convex optimization. Let’s analyze this for the case where f is
β-smooth with respect to norm ∥ · ∥: i.e., f(y) ≤ f(x) + ⟨∇f(x), y − x⟩ + β

2 ∥y − x∥2. Your
arguments for parts (a)-(c) should work for any β-smooth norm ∥ · ∥.

(a) Let D := maxp,q∈K ∥p−q∥ be the diameter of K. Use smoothness to show that for t ≥ 0:

f(xt+1)− f(xt) ≤ ⟨ηt∇f(xt), x∗ − xt⟩+
β

2
η2tD

2.

(b) Define Φt := t(f(xt)−f(x∗)). Use convexity and part (a) to show that Φt+1−Φt ≤ β
2 ηtD

2

if we set ηt =
1

t+1 . Hence, infer that f(xT ) ≤ f(x∗) + ε after T ≥ O(βD
2

2ε log 1
ε ).

(c) (Do not submit.) Show that if K is a polytope with m≪ n non-trivial constraints (and
n non-negativity constraints), then any vertex of this polytope has at most m non-zero
coordinates. So if we start with x0 = 0⃗, the final solution xt is very sparse — it has at
most mt non-zero coordinates. E.g., for K = ∆n := {x ∈ Rn |

∑
i xi = 1, xi ≥ 0}, xt

has at most t non-zeroes.

Now let us use this in an application. Given a topic matrix A ∈ Rm×n where each column
is a “topic” and each row is a “word”, and given a “document” y ∈ Rm, we want to find a
small set of topics may generate this document: i.e., we want to find x ∈ Rn s.t.

y is close to Ax and x is sparse.

Since ∥x∥0 minimization is hard, we use ∥x∥1-minimization instead: i.e., we solve

min
x∈Rn

∥y −Ax∥22 s.t. ∥x∥1 = 1, x ≥ 0

In this setting n≫ m (there may be n = billions of topics, but only m ≈ 105 words), and we
don’t want to take poly(n) time! Suppose we have an oracle that given w ∈ Rm can output
argmaxj∈[n]⟨w,A·j⟩ in Z ≥ m time — here A·j denotes the jth column of A.

(d) If we use the above linear optimization-based algorithm, show that each iterate xt can
be computed from xt−1 in time O(Z + t), by keeping track of just the non-zero entries
in xt.

(e) Show that if each column length ∥A·j∥2 ≤ L then f(x) = ∥y−Ax∥22 is 2L2-smooth w.r.t.
the ℓ1-norm. (You may use Exercise 3 without proof.) Also observe that the ℓ1-diameter
D of the polytope K = {x | ∥x∥1 = 1, x ≥ 0} is 1.

Hence we can get an ε-approximate solution in time O((ZL2/ε+ L4/ε2) log2 1
ε ).
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3. (Centroids and Volumes) Given an oracle that computes the centroid of any convex body
given to it, we show how to compute the volume of a convex body.

You may assume the following lemma: for a convex body K ⊆ Rn with centroid at the origin
consider any unit vector θ, and let {⟨x, θ⟩ | x ∈ K} take on values in the interval [−a, b] for
a, b ≥ 0. Then a ≥ b/n. (The proof is similar to Grunbaum’s lemma.)

(a) For a convex body K, consider a half-space H whose supporting hyperplane passes
through c = centroid(K), and let K1 = K ∩H, and K2 = K \K1. Let ci be the centroid
of Ki. Show that

c =
vol(K1)

vol(K)
c1 +

vol(K2)

vol(K)
c2.

Hence, infer that vol(K) = vol(K1) · ∥c2−c1∥
∥c2−c∥ .

Let K0 ⊆ R
n be the convex body whose volume we want to compute, assume w.l.o.g.

centroid(K0) = 0. Suppose we know 0 < r ≤ R such that [−r, r]n ⊆ K0 ⊆ [−R,R]n.
Consider the following iterative procedure:

At each step t = 0, 1, . . ., consider the body Kt, and let its centroid be ct. Find some
standard basis vector ei such that the width of Kt along direction ei is at least r. 1

If there are no such directions, halt.

Else, choose the sign σt ∈ {−1, 1} such the half-space Ht := {x | σtxi ≤ σt(ct)i} in
this direction ei with supporting hyperplane passing through the centroid ct contains
the origin. Let Kt+1 ← Kt ∩Ht. (For future reference, define K ′

t+1 = Kt \Kt+1,
and let c′t+1 be its centroid.) This ends step t.

(b) Show that final body KT is an n-dimensional cuboid, and each side length at least r/2n.
(Hint: the origin always lies inside the body Kt.) Hence show that the number of steps
is T = O(n log nR

r ).

(c) Use part (3a) to give an expression for the volume of K0 in terms of the volume of KT .

Finally, the problem of computing the volume is #P-hard, namely, it is as hard as counting
the number of satisfying assignments of a given 3CNF formula. Here’s one way to see it.

(d) (For your solving pleasure: do not submit.) Assume given a partial order ⪯ on a universe
of n elements, counting the number of permutations that are consistent with this partial
order is #P-hard.2 Now consider the polytope

K := [0, 1]n ∩
⋂

i,j∈[n]:i≺j

{x | xi ≤ xj}.

Show that vol(K) equals 1
n! times the number of permutations consistent with ⪯. This

completes the hardness reduction.

Hence we infer that computing the centroid exactly is also #P-hard.

1The width of K along e is maxx∈K⟨x, e⟩ −minx∈K⟨x, e⟩.
2This is surprising to me: finding one such permutation can be done in topological sort. But counting the number

of such extensions is hard.
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4. Solving Very Large LPs. We saw that the Ellipsoid algorithm can solve LPs with an
exponential number of constraints in polynomial time, given a strong separation oracle for
the polytope. Ellipsoid can often help if we have many variables but few constraints. An
example is the bin-packing problem, with n items [n] = {1, 2, . . . , n} and with item sizes
si ∈ Z+. The bin size B is poly(n).

(a) A configuration is a subset C ⊆ [n] such that s(C) :=
∑

i∈C si ≤ B. Suppose each item
i also has a value vi ∈ R≥0. Show how to find the max-value configuration in poly(n)
time. Your algorithm should work even if the values are not integers or not bounded by
poly(n). (Hint: DP.)

(b) (Do not submit.) Consider a bin-packing LP, with a variable xC for each configuration
C (meant to indicate if we choose configuration C or not).

min
∑

C xC (P)∑
C:i∈C xC ≥ 1 ∀ items i ∈ [n]

xC ≥ 0 ∀ configurations C.

Show that the dual for this LP is:

max
∑

i∈[n] yi (D)∑
i∈C yi ≤ 1 ∀ configurations C

yi ≥ 0 ∀ items i ∈ [n].

Let OPTLP denote the optimal solution value for these two LPs.

(c) The strong separation problem for the dual is: given a purported solution ŷ ∈ Rn, either
correctly claim that ŷ satisfies all the dual constraints, or output any one dual constraint
that is not satisfied. Solve this dual strong separation problem in time poly(n).

(d) Using this separation oracle, suppose Ellipsoid returns an optimal solution y∗ ∈ Rn to
the dual LP in poly(n). (There is no dependence on the numbers, because they are all
0 or 1.) Recall that during its run, Ellipsoid looks at only some m = poly(n) of the
constraints (namely those which were returned by the strong separation oracle as being
violated). Show that if C∗ = {C1, C2, . . . , Cm} is the list of configurations corresponding
to those constaints, then y∗ is also an optimal solution to the following poly(n)-sized
LP, with

∑
i y

∗
i = OPTLP .

max
∑

i∈[n] yi (SmallD)∑
i∈C yi ≤ 1 ∀ configurations C ∈ C∗

yi ≥ 0 ∀ items i ∈ [n].

(Hint: what happens if run Ellipsoid again on the smaller LP? Will its behavior change?)

(e) Using duality again, show how to get a poly(n)-sized (primal) LP, which can be solved in
poly(n) time, and whose solution can be extended to an optimal solution for the original
primal LP (P).

To wrap up: if you have many constraints in your LP (but few variables), Ellipsoid works in poly(n)

time if you can solve the primal separation problem. If you have many variables in your LP (but few

constraints), you may still get an optimal solution to (P) in time poly(n), as long as you can solve the

dual separation problem. This technique is essentially the same as column-generation idea, which is

widely used in practice. The primal LP has an exponential number of columns and the dual separation

oracle tells you which are the “interesting” columns to “generate” for your primal.
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