
15-850: Advanced Algorithms CMU, Spring 2023
HW #3 (out Monday February 20, 2023) Due: Friday Mar 3, 2023

Same as HW2: Collaboration in a group of 2-3 is encouraged. Please solve two of the four problems.

1. Nearly Orthonormal Vectors. Call a set of unit vectors “near-orthonormal” if the inner
product of any two of them is close to zero. In this problem we will show that while there
are at most d orthonormal vectors in Rd, there can be exponentially more near-orthonormal
vectors. For vectors x, y ∈ Rd, we use ⟨x, y⟩ =

∑d
i=1 xiyi to denote the inner product.

(a) Let x = (x1, x2, . . . , xd) and y = (y1, y2, . . . , yd) be two independently and uniformly
chosen vectors in {−1, 1}d. (I.e., each bit xi and yi in each vector is independently and
uniformly chosen from {−1, 1}.) Show that

Pr[|⟨x, y⟩| ≥ εd] ≤ 2 exp
(
−ε2d/6

)
(b) Given parameter ε > 0, a set S of unit vectors is called ε-orthonormal if for all x⃗, y⃗ ∈ S,

|⟨x⃗, y⃗⟩| ≤ ε.

Show that there exists a constant c > 0 and constant d0, such that for any ε ≤ 1/2
(say) and any d ≥ d0, if you sample N := exp(cε2d) random vectors independently and
uniformly from the set {− 1√

d
,+ 1√

d
}d, this sampled set is ε-orthonormal with probability

at least 1/2.

2. Sparse Graphs. For a graph G (with edge weights) and a subset S of nodes, define ∂GS :=
EG(S, V \ S), the set of edges in G crossing from S to V \ S, and w(E′) :=

∑
e∈E′ we for any

E′ ⊆ E. The global min-cut κG := minS⊆V :S ̸=∅w(∂GS) is the smallest weight set of edges
you can delete to break G into two parts. Here’s a useful theorem you can use without proof.

Theorem 1. For c ≥ 1, the number of sets S ⊆ V with w(∂GS) ≤ c · κG is at most n2c.

Now given two connected graphs G = (V,EG), H = (V,EH) with the same vertex set (with
edge weights w,w′ respectively) we say that G ≈ε H if for every S,

1− ε ≤ w(∂GS)

w′(∂HS)
≤ 1 + ε.

I.e., H is like a spanner for G, but for cuts—for each cut, the weight of edges crossing it is
almost the same in G and H. It is known that given G, we can get a graph H with only
O(n/ε2) edges, such that G ≈ε H. We now prove a weaker result, for the case when G has
edges of unit weight, and also has a min-cut κG ≥ 12 logn

ε2
.

Given G and ε ∈ (0, 1): for each edge e ∈ EG, independently flip a coin with bias
p := 12 lnn

κGε2
≤ 1. If it comes up heads, add e to EH , and set its weight in H to be

w′
e = 1/p, else do not add edge e to EH .

(a) For a fixed cut (S, V \S), show that the weight w′(∂HS) ̸∈ (1±ε) · |∂GS| with probability
at most 2

n4 .
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(b) Since there are exponentially many cuts, you cannot naively union bound over all of
them. However, use Theorem 1 to show that Pr[G ≈ε H] ≥ 1−O(1/n). (Hint: look at
your proof for part (a) and infer a better concentration bound for large cuts.)

Hence, given unit-weighted G with “large” min-cuts, there exists H with O(m logn
ε2κG

) edges
such that G ≈ε H. E.g., for G being the complete graph Kn, the min-cut κG = n− 1, so H
has O(ε−2n log n) edges, and cuts in Kn are approximated by a very sparse graph.

3. An Approximate Counter, and the Median-of-Means Estimator. Here is a way of
maintaining an approximate counter. (Call this the basic counter.)

Start with X ← 0. When an element arrives, increment X by 1 with probability
2−X . When queried, return N := 2X − 1.

(a) Suppose the actual count is n, show that E[N ] = n, and Var(N) = n(n−1)
2 .

Since its variance is large, average k independent basic counters N1, N2, . . . , Nk, and output
the sample average N̂ := 1

k

∑
iNi. Call this the k-mean counter.

(b) (Do not submit) Show that Pr[N̂ ̸∈ (1± ε)n] ≤ 1
2ε2k

.

Hence using k = 1
2ε2δ

counters can make the failure probability at most δ. (I.e., your error is
less than εn with “confidence” 1− δ.) Here’s a way to use only K = O( 1

ε2
log 1

δ ) counters to
get the same answer (and the approach is useful in many different contexts beyond this one).
We call this counter the median-of-means counter.

(c) Suppose Y is a real-valued random variable and let I ⊆ R denote an interval. Suppose
Pr[Y /∈ I] ≤ 1/4.

Now, take a collection of ℓ-many independent copies of Y and let M denote the median
of Y1, . . . , Yℓ. Show that by taking ℓ = Θ(log(1/δ), we get Pr[M /∈ I] ≤ δ. Hint: what
must happen for the the median to be too high? What is the chance of that?

(d) Using (c), conclude that by taking Y to be the k0-mean counter from part (b) with
k0 = Θ(1/ϵ2), we have Pr[M /∈ (1± ϵ)n] ≤ δ.

4. I Stream, You Stream. In the data streaming model, suppose we denote the frequency
vector by x = (x1, x2, . . . , xD) ∈ ZD

≥0 where xi counts the number of occurences of element
i ∈ [D] seen so far. We want a streaming algorithm that stores information about the stream
so that when the algorithm is eventually queried with some index q ∈ [D], the algorithm
returns a value x̂q that is ≈ xq with probability at least 1 − δ. We don’t want to store x
explicitly, we want to use less space.

Consider the following algorithm:

Keep a global hash function g : [D] → [d], and also d counters C1, C2, . . . , Cd

(initially zero), each with its own hash function hi : [D] → {−1,+1}. If you see
element e ∈ [D], first hash it using the global hash function g to get the bucket
number g(e), and then update

Cg(e) ← Cg(e) + hg(e)(e)

When faced with the query q, output A(q) := hg(q)(q) · Cg(q).
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Assume that g and the hi’s are all independently picked, and each hash function is chosen
from a pairwise-independent hash family.

(a) Show that E[A(q)] = xq.

(b) Show that the variance of the estimate A(q) = 1
d(F2 − x2q) ≤ F2/d. Recall that F2 :=∑

i x
2
i = ∥x∥22.

(c) Show that if we set d = 1
ε2δ

, we get estimate A(q) satisfies

Pr[A(q) ∈ xq ± ε
√
F2] ≥ 1− δ.

Note that because F2 :=
∑

i x
2
i = ∥x∥22, the error term is ε∥x∥2.

Hence using Θ
(

1
ϵ2δ

)
counters can make the failure probability at most δ. (I.e., your error is

less than ϵ∥x∥2 with “confidence” 1− δ.) Here’s a way to use only Θ
(
1
ϵ2
log

(
1
δ

))
counters to

get the same answer (and the approach is useful in many different contexts beyond this one).
We call this counter the median-of-means counter.

(d) Suppose Y is a real-valued random variable and let I ⊆ R denote an interval. Suppose
Pr[Y /∈ I] ≤ 1/4.

Now, take a collection of ℓ-many independent copies of Y and let M denote the median
of Y1, . . . , Yℓ. Show that by taking ℓ = Θ(log(1/δ), we get Pr[M /∈ I] ≤ δ. Hint: what
must happen for the the median to be too high? What is the chance of that?

(e) Using (d), conclude that by keeping Θ(log(1/δ))-many independent copies of the data
structure from part (c) (with d = Θ(1/ϵ2)), we can output an estimate M(q) with
Pr[M(q) /∈ xq ± ϵ∥x∥2] ≤ δ.
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