
15-850: Advanced Algorithms CMU, Spring 2023
HW #2 (out Monday Feb 6, 2023) Due: Friday February 17, 2023

Same as HW1: Collaboration in a group of 2-3 is encouraged. Please solve two of the four problems.

1. Directed Low-Diameter Decompositions. Given a directed graph G = (V,E) with non-
negative edge lengths we, and a parameter D > 0, the goal is to delete a random set Edel of
edges such that:

(i) The diameter of each SCC (strongly connected component) of the graph G′ := G \Edel

is at most D, and

(ii) For any edge e ∈ E, Pr[e ∈ Edel] ≤ β · we
D , where β = O(log2 n).

We will need some definitions. Define p := 8 lnn
D . For a graph H and a vertex v ∈ V (H),

define the R-out-ball to be B+(v,R) := {u ∈ V (H) | dH(v, u) ≤ R}. The R-in-ball is
B−(v,R) := {u ∈ V (H) | dH(u, v) ≤ R}. For parameter D, a vertex is out-light (respectively,
in-light) if |B+(v,D/2)| (resp., |B−(v,D/2)|) is at most |V (H)|/2. If a vertex is either in-
light or out-light, it is light, else it is heavy. Our algorithm is a close cousin of the one for
undirected graphs.

Algorithm 1: DirLDD(G = (V,E), D)

1.1 figure out which vertices are out-light, in-light, both, or heavy with respect to graph G.
1.2 Unmark all nodes in V .
1.3 while there exists unmarked light vertex v in the current graph (V,E \ Edel) do
1.4 if there exists unmarked out-light vertex v in the current graph then
1.5 sample Rv ∼ Geom(p) independently
1.6 mark vertices in B+(v,Rv)
1.7 add to Edel all edges going from B+(v,Rv) to some unmarked vertex.

1.8 if there exists unmarked in-light vertex v in the current graph then
1.9 sample Rv ∼ Geom(p) independently

1.10 mark vertices in B−(v,Rv)
1.11 add to Edel all edges going from some unmarked vertex into B−(v,Rv).

1.12 G′ := (V,E \ Edel)
1.13 foreach SCC C of the resulting graph G′ with diameter more than D do
1.14 call DirLDD(G′[C], D)

(a) For any two heavy nodes u, v show that d(u, v) ≤ D.

(b) Consider a call DirLDD(G,D), and let v be a vertex in some SCC of G with diameter
more than D. Show that with probability at least 1− 1/poly(n), the SCC containing v
in G′ either has at most |V (G)|/2 vertices or has diameter at most D.

(c) Infer that an edge is involved in at most O(log n) recursive calls in expectation, and
hence is cut with probability at most O(log n) · p · we.

Since the algorithm stops only when each SCC in the remaining graph has diameter at most
D, this proves the claimed performance guarantee.
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2. Spans, Ranks, and Duals. In HW1 you saw matroids; we’ll explore them a little more in
this problem. LetM = (U, I) be a matroid. A few more definitions:

� Rank of a set. For S ⊆ U , let rank(S) be the size of a largest independent set inside S;
i.e., rank(S) = max{|T | | T ⊆ S, T ∈ I}.

� Span of a set. For S ⊆ U , let span(S) be the largest T ⊆ U such that S ⊆ T and
rank(S) = rank(T ). (We will see in part (d) that this is well-defined.)

We use S + e to denote S ∪ {e}, and S − e to denote S \ {e}.
(a) (Do not submit) Show that S ∈ I if and only if rank(S) = |S|.
(b) Show the following inequality for any S ⊆ T ⊆ U , and any e ∈ U :

rank(S + e)− rank(S) ≥ rank(T + e)− rank(T ).

(c) Using part (b) repeatedly, prove that for any A,B ∈ U ,

rank(A) + rank(B) ≥ rank(A ∪B) + rank(A ∩B).

This shows the rank function is “submodular”.

(d) (Do not submit) Suppose T1 and T2 each satisfy S ⊆ Ti ⊆ U and rank(S) = rank(Ti).
Show that rank(S) = rank(T1 ∪ T2). Deduce that span(S) is well-defined.

(e) (Do not submit) For S ⊆ U , let X(S) = {e ∈ U | rank(S + e) = rank(S)}. Prove that
X(S) is identical to span(S).

(f) Suppose each element in U has a distinct non-negative weight we ∈ R≥0. Consider the
following LP for the problem of finding the max weight independent set:

max
∑
e

wexe

s.t.
∑
e∈A

xe ≤ rank(A) ∀A ⊆ U,A ̸= ∅

xe ≥ 0

For any set S ⊆ U , let χS ∈ {0, 1}|U | be its characteristic vector. Show that S ∈ I if
and only if χS is feasible for this LP.

(g) Write down the dual of this LP.

(h) The greedy algorithm starts with the empty set, and each time picks the max-weight
element e that does not lie in the span of the current set of picked elements. Let G
be the set eventually output by the greedy algorithm, and let w(G) :=

∑
e∈Gwe be the

weight of this set. Give a feasible dual solution y∗ such that the dual objective function
equals w(G) the primal objective function.

Hint: If greedy picks elements g1, g2, . . . , gr in this order, just focus on the sets Ri :=
span({g1, g2, . . . , gi}) for i ∈ [r]. Also, if you need something concrete to think about,
think about the “graphical” matroid where U is the set of edges of a graph and I are the
acyclic subsets.

3. Min-weight Perfect Matchings. Suppose G = (L,R,E) is a undirected bipartite graph
with (possibly negative) integer edge weights we, suppose M is some perfect matching. Let
HM be the digraph obtained by directing edges in E\M from left-to-right and putting weights
we on them, and directing all edges in M from right-to-left and putting weights −we on them.

2



(a) Prove: HM has a negative-weight cycle iff M is not a min-weight perfect matching.

(b) Consider the algorithm: Start with any perfect matching M . While there is a negative-
weight cycle C in HM , set M ←M△C. Show that you will eventually get a MwPM.

If T is the time to find a negative-weight cycle in an n-node graph, and W := maxe∈E |we|,
a naive bound on the runtime of the above algorithm would be O(nW ) ·mn, plus the time
to find the first perfect matching. (Do you see why? Recall that Bellman-Ford can find the
negative-weight cycle in time T = O(mn).)

(c) For matching M , define w(M) :=
∑

e∈M we. Show that if w(M) > w(M∗) then there

exists a cycle in HM with weight-ratio (defined in HW#1) no more than w(M∗)−w(M)
n ,

where M∗ is a min-weight perfect matching.

(d) Change the algorithm in (b) to say “While there exists a negative-weight cycle in HM ,
let C be the minimum weight-ratio, and set M ← M△C”. Bound the runtime of this
algorithm by O(n log(nW )) · T ′, plus the time to find the first perfect matching. Here
T ′ is the time to find a min weight-ratio cycle.

Since in HW1(#4) we gave an algorithm to find the min weight-ratio cycle in time T ′ =
O(mn(log(nW ))), we get an algorithm that finds a MwPM in time O(mn2(log(nW ))2).

4. A Market-Based Bipartite Max-Matching Algorithm. Given G = (I,B,E), the left
vertices are items, the right are buyers. Let n = max(|I|, |B|). For each edge ib ∈ E, let
vib = 1; if ib ̸∈ E, then vib = 0. The initial prices are pi = 0; define the utility of buyer b for
item i under prices p̄ = (p1, p2, . . . , p|I|) to be

uib(p̄) = max{vib − pi, 0}.

For some parameter δ ∈ (0, 1), consider the following algorithm:

(A1) Start with the empty matching M = ∅.

(A2) Pick any unmatched buyer b such that its highest-utility item i has uib(p̄) ≥ δ. Match
(i, b), which may require dropping (i, b′) for some other b′ from the current matching.
(So now i is assigned to b instead of b′.) Raise the price pi ← pi + δ.

(A3) If for each unmatched buyer, maxi uib(p̄) < δ, let the current matching be denoted M1.
Use the augmenting paths algorithm to augment M1 to a maximum matching M∗.

We now show that M1 is a “large” matching, and so step (A3) does not take “much” time.

(a) Show that |M1| ≥ |M∗| − nδ.

(Hint: you could try to use the following LP:

max
∑

ibvibxib∑
b xib ≤ 1 ∀i ∈ I∑
i xib ≤ 1 ∀b ∈ B

xib ≥ 0

And show that |M1| ≥ OPTLP − nδ using the duals.)

(b) Show how to use the appropriate data structures to implement the algorithm so that all
executions of step (A2) can be done in a total of O(1δ · (m+ n log n)) time.
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(c) Choose the value of δ so that the running time of the entire algorithm is as close to
O(m

√
n) as possible. (You may assume that each augmenting path can be found in

O(m) time, and hence (A3) takes a total of O(m)× (|M∗| − |M1|) time.)

Observe that this algorithm is different from the one in lecture: there the prices went up in
lock-step, here we just pick a single item and unilaterally raise its price by a tiny constant. We
also don’t get a perfect matching here at the end, we have to do some correction (Step (A3)).
BTW, what can you say about the performance of such an algorithm when you have general
weights? (You don’t have to submit any answers for these.)
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