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Recap of supervised ML

• Hypothesis function

• Loss functions

• Optimization
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Linear classifiers 
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Linear classifiers: XOR? 
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Linear classifier -> “feature” learning
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First attempt at feature learning 
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Second attempt 
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Activation functions 
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Hyperbolic tangent: 𝑓 𝑥 = tanh 𝑥 =
𝑒2𝑥−1

𝑒2𝑥+1

Sigmoid: 𝑓 𝑥 = 𝜎 𝑥 =
1

1+𝑒−𝑥

Rectified linear unit (ReLU): 𝑓 𝑥 = max 𝑥, 0



XOR example
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“Deep” neural networks

• Multi-layer perceptron 
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Universal function approximation

Theorem (1D case): Given any smooth function 𝑓:ℝ → ℝ, closed region 𝒟 ⊂

ℝ, and 𝜖 > 0, we can construct a one-hidden-layer neural network መ𝑓 such that 

max
𝑥∈𝒟

𝑓 𝑥 − መ𝑓 𝑥 ≤ 𝜖

Proof: Select some dense sampling of points 𝑥 𝑖 , 𝑓 𝑥 𝑖  over 𝒟.  Create a 

neural network that passes exactly through these points (see below).  Because 
the neural network function is piecewise linear, and the function 𝑓 is smooth, 

by choosing the 𝑥 𝑖  close enough together, we can approximate the function 
arbitrarily closely.
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Universal function approximation

Assume one-hidden-layer ReLU network:

መ𝑓 𝑥 =෍

𝑖=1

𝑑

±max{0,𝑤𝑖𝑥 + 𝑏𝑖}

Visual construction of approximating function.
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Backpropagation

For SGD or variants, we need to compute gradients of the loss with respect to 
weights (parameters)
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The gradient (recap)

A key concept in solving optimization problems is the notation of the gradient 
of a function (multi-variate analogue of derivative)

Derivative:

Partial derivative:  A partial derivative of a function of several variables is 
derivative with respect to one of those variables with rest constant
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The gradient (recap)

For 𝑓:ℝ𝑛 → ℝ, gradient is defined as vector of partial derivatives

Points in “steepest direction” of increase in function 𝑓
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𝛻𝑥𝑓 𝑥 ∈ ℝ𝑛 =

𝜕𝑓 𝑥

𝜕𝑥1
𝜕𝑓 𝑥

𝜕𝑥2
⋮

𝜕𝑓 𝑥

𝜕𝑥𝑛
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Backpropagation algorithm
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Computation graph

Directed Acyclic Graph to represent the functions computed 

- Root node has the final expression, intermediate nodes have subexpressions

- Convenient to compute gradients, used in popular frameworks like pytorch 
and tensorflow
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Computation graph example
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Computation graph chain rule
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Computation graph: gradients along edges
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Computation graph
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Auto diff 
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Multi-layer perceptron recap 
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Piazza poll question
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Piazza poll question
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Residual connection
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Residual connection

Two interpretations 

1. Easier to preserve identity / good features 

2. Addresses vanishing gradients due to “shortcut” connections
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Normalization
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The canonical architecture: transformers
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