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Recap: Optimization-based Mass-Spring Model

Elasticity, e.g. P.(z) = lzlk(|

2
1
E(x) = §Ha: — (z™ 4+ ") |5, +|h*P(x)

» Incremental Potential: [T — 5|2

[2 1)

Inertia term

Algorithm 3: Projected Newton Method for Backward Euler
Time Integration

Result: "1 yntl

1 x° < 2™
What about constraints? 2 do o
o _ 3 | P < SPDProjection(V*E(z"));
e.g. fixing certain nodes, 4 | p —PVE(2});
iInteraction with ﬂOOr, 5 o < BaCkTrackingLineSearch(xi, p); / / Algorithm 2: Backtracking Line Search
6 rt ol + ap; Result: o
7 while ||p||oo/h > €; 1 a1

hile E(z' + ap) > E(z') do
+1 . 2w
8 " T 3 | a+ a/2;

g vt (2"t — ")/ At;




Dirichlet Boundary Conditions

Constraints:




Dirichlet Boundary Conditions

Formulation




Case Study: Hanging Square

Gravity

P(z) = —z' Mg, VP(z)=—My,

import numpy as np

gravity = [0.0, -9.81]

def

def

val(x, m):

sum = 0.0
for i in range (0, len(x)):
sum += -m[i] * x[i].dot(gravity)

return sum

grad(x, m):
g = np.array([gravity] * len(x))
for i in range (0, len(x)):

gli] *= -m[i]

return g
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40

41
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43

and V?P(z)=0

def

def

IP val(x, e, x_tilde, m,

return InertiaEnergy.val(x,

12, k, h):

MassSpringEnergy.val(x, e,

) )
IP_grad(x, e, x_tilde, m,

MassSpringEnergy.grad (x,
m))

x_tilde, m) + h * h * (
12, k) + GravityEnergy.val(x, m

12, k, h):
return InertiaEnergy.grad(x, x_tilde, m) + h * h * (

e,

12, k) + GravityEnergy.grad(x,




Case Study: Hanging Square

Search Direction Modification

3 def search dir(x, e, x _tilde, m, 12, k, is DBC, h):
projected_hess = IP_hess(x, e, x_tilde, m, 12, k, h)
reshaped_grad = IP_grad(x, e, x_tilde, m, 12, k, h).
reshape (len(x) * 2, 1)

o) o o)
N

on

@)

for i, j in zip(*projected_hess.nonzero()):
if is_DBC[int(i / 2)] | is_DBC[int(j / 2)1]:

-J

o] on o on
00

9 projected_hess[i, jl] = (i == j)
60 for i in range (0, len(x)):
61 if is _DBCI[i]:

62 reshaped_grad[i * 2] = reshaped_grad[i * 2 + 1] =

63 return spsolve(projected

(x), 2)

€SS, —resnaped_graa).resnape en



Case Study: Hanging Square

Dirichlet Boundary Condition Setup

16 DBC = [n_seg, (n_seg + 1) * (n_seg + 1) - 1]

208

20 is_DBC = [False] * len(x)
30 for i in DBC:

3 is DBC[i] = True




Demo!

github.com/liminchen/solid-sim-tutorial/tree/main/2_dirichlet



Slip Dirichlet Boundary Condition



Slip Dirichlet Boundary Condition

Example

For the same two-node system in 2D
constrain the first node (x11,x12) inside the 3x + 4y = 2 line, the slip
DBC can be expressed as

3 4 0 0]

we can compute

and we can build 496 0.28 0.2 02 ~1
C 0.6 0.8 VIHY — 028 304 —-14 -14 and VTg— 2
_08 0.6 02 -—-14 4 —1 3
U=1,S=[1 0 0 0], VI = 0.2 —-14 -1 4 4
- L and solve the system
for changing the basis. Then in a time step where this slip DBC is already - 4 - - -
satisfied, assume we have 10 0 0 y11 0
’ 0 304 —-14 -—-14 Yi2| —2
R ! R ol I
B 1 —1. — | 1 Y22 | —3
1 1 1 4 4 for y. Then the search direction can be obtained by Az = Vy so that
LT : - - 3Azxq1 +4Ax12 = 0 and so the first node will stay on the 3z 4+ 4y = 2 line

for arbitrary step size.



Image Sources

e https://pub.towardsai.net/the-cantilever-v-s-chatgpt-bb9641b0a768
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