
1 ZERO-SUM GAMES



1 ZERO-SUM GAMES

/
IF

row player chooses strategy 1

Col player chooses strategy 0
THEN

row get -
'12
,
Col gets

'
12



1 ZERO-SUM GAMES

THM : PAYOFF

if the row player uses a mixed strategy F and the cot
player uses strategy §.. .
the EXPECTED PAYOFF of the game for row is . . .

Vrlpiq) = [ pig,- Rij
ij



1 ZERO-SUM GAMES

THIN : LOWER BOUND

the worst expected payoff for the row player is . . .

lb = max / min /vrlpiq) ) )p q

- wtf is going on here . . . ?
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THM : LOWER BOUND

the worst expected payoff for the row player is . . .

lb = max / min /vrlpiq) ) )p q

- suppose i am row and i picked some strategy p . pis fixed



1 ZERO-SUM GAMES

THM : LOWER BOUND

the worst expected payoff for the row player is . . .

lb = max / min /Vr /pig) ) )p q

=
-

p is fixed . min / V12 /piq)) is the most cot can punish me .
(cot knows my strategy)
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THIN : LOWER BOUND

the worst expected payoff for the row player is . . .

lb = max / min /Vr /pig) ) )p q
-

maxpminq /Vrlpiq)) . i choose the p with cot 's least
punishing move
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THIN : LOWER BOUND

the worst expected payoff for the row player is . . .

lb = max / min /vrlpiq) ) )p q
-

- so . . _ uh . . . how do i calculate this ?
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for every possible value of p , what is the
most punishing move ?
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for every possible value of 15, what is the
most punishing move ?

✓RT exp
. payoff

15 =/ p , I- p)

0 I p
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for every possible value of 15, what is the
most punishing move ?

vp
- exp . payoff

0 I p
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for every possible value of §, what are the
expected payoffs for every pure [?
VR
-

-

-
-

-
-

- - I

p
0
- -

- -

- -
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for every possible value of 15, what are the
expected payoffs for every pure §?
VR
-

-

A : Sp - 3-
-

-
-

B : 4- Sp- - I

p
0
- -

- -

- -
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most punishing move ?
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for every possible value of 15, what is the
most punishing move ?

VR
-

-

A : Sp - 3-
-

-

I , B : 4 - sp-

p
0
_ -

min /Vrlpiq) )- -

q- -
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what is the best p that minimizes the damage
of the punishing moves?

VR
-

-

A : Sp - 3-
-

-
-

B : 4- Sp- - I

p
◦
_

•

-

max min Vrlpiq)
- -

p q
- -
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what is the best p that minimizes the damage
of the punishing moves?

VR
A : Sp - 3-

-

-
-

B : 4- Sp- - I

- É
p

maxminvrlp'd0
- -

- -

p q
- -
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what is the best p that minimizes the damage
of the punishing moves?

✓
R
-

-

-
-

-
_

.

•?- '

p
0
- -

- -

-
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what is the best p that minimizes the damage
of the punishing moves?

VR

D= /¥ ,

VALUE
- ÷-

-

-
-

- - I

p
0
- -

- -

- -
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what is the best p that minimizes the damage
of the punishing moves?

VR
-

- i.
•

1¥ . :)
-

-

- P V

O
- -

- - => § = ( 71,0 , 3/10 )
- -
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VR
-

=

-

: 1¥ , 's)
-

- I- P v
p

0
- -

- - => § ?
- -
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2

•

In
⑥

-I÷

• - - -

÷ . :)-

-
-

-

L
p v②

0
- -

- - => oi-m.in?-m )
- -
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- now
,
it's your turn . . . .

VR
-

-

-
-

-
-

- - I

p
0
- -

- -

- -
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- now
,
it's your turn . . . .

← VALUE✓
R
-

-

-
(0 , } )

-

A : I - { p
-1 Xp

= ,: B :} -§ pp
0
- -

- -

- -

g.=/0,1) DOMINANT STRATEGY
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*
this problem is NP - Complete .
(a proof of this is in 15-251)
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- variables :
2 (what decisions do we need to make)

I

4

3

5



3 VERTEX -COVER

W; = 1 it in cover

✗ Wi =0 if not in cover

- variables : W
, , Wz ,Wz , W4 , Ws

2 (what decisions do we need to make)
I

• max/min :

4

3

5



3 VERTEX -COVER

W; = 1 it in cover

✗ Wi =0 if not in cover

- variables : W
, , Wz ,Wz , W4 , Ws

2 (what decisions do we need to make)
I

[ w; ← it [i. s]
• max/min :

4

◦ subject to :
(requirement of a vertex cover)

3

5



3 VERTEX -COVER

W; = 1 it in cover

✗ Wi =0 if not in cover

- variables : W
, , Wz ,Wz , W4 i was

2 (what decisions do we need to make)
I

[ Wi ← it [i. s]
• max/min :

4

◦ subject to : *

Wi ≥ 0
(requirement of a vertex cover)

3
w
,
+ Wz ≥ I ← one requirement5

for each edgeWi + Wz ≥ I

Wz + We, ≥ 1
we solved an

w
}
+We, ≥ I NP-complete

we, + Was ≥
1 problem ! $1M ! ! !
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who said an LP w; = 1 it in cover

alg must adhere to this? I Wi =0 if not in cover
- variables : W

, , Wz ,Wz , W4 , Ws
2 (what decisions do we need to make)

I

[ Wi ← it [i. s]
• max/min :

4

◦ subject to :
(requirement of a vertex cover)

3
w
,
+ Wz ≥ I ← one requirement5

for each edgeWi + Wz ≥ I

Wz + We, ≥ 1
we sotted an

w
}
+We, ≥ I NP-complete

we, + Was ≥
1 problem ! $1M ! ! !
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2
minimize W

,
+ Wz + Wz + Wit + Ws

1

S.t. w
,
+ Wz ≥ I

Wi + Wz ≥ I 4

Wz + We, ≥ I

Wz +We, ≥ I

W4 + Was ≥ I 3

5

Wi ≥ 0 ( Hi c- Is])
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2
minimize W

,
+ Wz + Wz + Wit + Ws

1

S.t. W
,
+ Wz ≥ I

Wi + Wz ≥ I 4

Wz + We, ≥ I

Wz +We, ≥ I

W4 + Was ≥ I 3

5

Wi ≥ 0 ( Hi c- Is])

WRITE INTO MATRIX FORM
(w/ a small example)
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2
W,

Wz

minimize 1 I 1 I l w}
'

4

V4

S.t. was

1 I O O O W,
I
*
Wi, ≥ 0

I 0 I 0 0 Wz I

0 I 0 I O w
}

≥ I 3

O O I I 0 Wu, I 5

O O O I I ws I

*write out :
WRITE INTO MATRIX FORM
(w/ a small example)

' rows correspond to
◦ cols correspond t
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2
W,

Wz

minimize 1 I 1 I l w}
'

wit

S.t. ws
4

1 I O O O Wi I

I 0 I 0 0 Wz I

0 I 0 I O w
}

≥ I 3

O O I I 0 Wu 1 5

00 0 I 1 Ws 1

WRITE INTO MATRIX FORM
(w/ a small example)

CONVERT VIA FORMULA
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2
Y,

maximize 1 I 1 I 1
"

I

÷
S.t. Ys

4

I 1 O O O
I

I 0 I 0 0 1

Yi 42 Ys Yy Ys
0 I 0 I 0 ≤ I

3

g
O O I I 0 I

O O O I I 1

WRITE INTO MATRIX FORM
(w/ a small example)

CONVERT VIA FORMULA
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2

÷
maximize 1 I 1 I 1 '

÷
S.t. "s

4
VERTICES

1 I O O O I

I 0 I 0 0 ☒ I
☐

0 I 0 I 0 0
Y' 42 43 44 Ys g ≤ I

◦ ◦ ' ' ° "
ˢ

EDGES I

O O O I I
1

WRITE INTO MATRIX FORM
(w/ a small example) Yi + Yz ≤ 1

(edge 1) + ledge 2) ≤ I

CONVERT VIA FORMULA *
you can only
select at most one

edge
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maximize Y
,
+ Yz + Yz + 44 + Ys I

5.t
. Y , + Yz ≤ I

3Yi + 43 ≤ I
2

Yz + Ya, ≤ 1 4

43 + 44 + Ys ≤ I 5

Ys ≤ 1

Yi ≥ 0 ( Hi c- Is])
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