
15-251: Great Theoretical Ideas In Computer Science

Recitation 6 Solutions

Announcements

• Midterm 2 next Wednesday, October 10! It will be held in DH 2315 from 6.30pm to 9.30pm
in place of the writing session. (Note the later end time.)

• Practice problems have been posted!

• We will be holding topical reviews with the venues and times to be confirmed. Watch Diderot
and the course calendar for updates!

• Homework solution sessions will be Saturday and Sunday 1:30pm to 2:30pm

Recap of some definitions and facts

• Regular graphs

• The tree-nity (the three salient features of a tree)

• The handshake lemma

2 3 Proofs 4 You

Give two proofs (one using induction and another using a degree counting argument) for the following
claim: the number of leaves in a tree with n ≥ 2 vertices is

2 +
∑
v∈V

deg(v)≥3

(deg(v)− 2)

Solution :

We prove by induction on n. For the base case, the only tree with n = 2 vertices is K2, which has no
vertices with degree at least 3 and so

2 +
∑
v∈V

deg(v)≥3

(deg(v)− 2)

︸ ︷︷ ︸
=0

= 2 leaves.

For the inductive case, suppose that for some n ≥ 2, this is true for all trees on n vertices. Consider a
tree T on n + 1 vertices. Let u be a leaf in T with neighbor w. Then T ′ := T \ {u} is a tree (why?)
on n vertices. Note that we cannot have degT (w) < 2 (why?).

Case 1: degT (w) = 2. Then degT ′(w) = 1 and so w is a leaf in T ′. It follows that T and T ′ have the
same number of leaves, and the set of vertices with degree at least 3 is identical in T and T ′, so
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we’re done. More algebraically,

Number of leaves in T = Number of leaves in T ′ = 2 +
∑

v∈V (T ′)
degT ′ (v)≥3

(degT ′(v)− 2) (by IH)

= 2 +
∑

v∈V (T )
degT (v)≥3

(degT (v)− 2)

since neither u nor w appear in the summation over both T and T ′.

Case 2: degT (w) ≥ 3. Then degT ′(w) = degT (w)− 1 ≥ 2 and so

Number of leaves in T

= Number of leaves in T ′ + 1

=

2 +
∑

v∈V (T ′)
degT ′ (v)≥3

(degT ′(v)− 2)

+ 1 (by IH)

Define x to be 1 if degT ′(w) ≥ 3 and 0 otherwise

=

2 +

 ∑
v∈V (T )

degT (v)≥3

(degT (v)− 2)

− (degT (w)− 2)

+ x(degT ′(w)− 2) + 1

Now, note that x(degT ′(w)− 2) = degT ′(w)− 2 in all cases, so

=

2 +

 ∑
v∈V (T )

degT (v)≥3

(degT (v)− 2)


+

(
degT ′(w)− 2

)
−
(
degT (w)− 2

)︸ ︷︷ ︸
=−1

+1

= 2 +
∑

v∈V (T )
degT (v)≥3

(degT (v)− 2)

We now prove via a degree counting argument. Let L be the number of leaves. By the handshake
lemma,

2m =
∑
v∈V

deg(v) =
∑
v∈V

deg(v)=1

deg(v)

︸ ︷︷ ︸
=L

+
∑
v∈V

deg(v)≥2

deg(v)

= L+
∑
v∈V

deg(v)≥2

(deg(v)− 2) + 2(n− L)

= L+
∑
v∈V

deg(v)≥2

(deg(v)− 2) + 2(m+ 1)− 2L
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from which that result follows, since the summation over deg(v) ≥ 2 is equivalent to deg(v) ≥ 3 (the
deg(v) = 2 terms are all 0).

“Clearly” Correct

A connected graph with no cycles is a tree. Consider the following claim and its proof.

Claim: Any graph with n vertices and n− 1 edges is a tree.
Proof: We prove the claim by induction. The claim is clearly true for n = 1 and n = 2.
Now suppose the claim holds for n = k. We’ll prove that it also holds for n = k + 1. Let
G be a graph with k vertices and k − 1 edges. By the induction hypothesis, G is a tree
(and therefore clearly connected). Add a new vertex v to G by connecting it with any other
vertex in G. So we create a new graph G′ with k+1 vertices and k edges. The new vertex
we added is clearly a leaf, so it clearly does not create a cycle. Also, since G was connected,
G′ is clearly also connected. A connected graph with no cycles is a tree, so G′ is also a tree.
So the claim follows by induction.

Explain why the given proof is incorrect.
The proof relies on a specific construction to obtain bigger graphs from smaller graphs. This really only
proves the statement for all graphs that can be contructed in this way (taking a smaller graph with the
property and connecting a new vertex to an existing vertex). In this case it is easy to see how and why
this fails. Consider any counterexample to the claim (any unconnected tree) and observe that it cannot
be obtained by connecting a new vertex to a smaller tree.
The general format for induction of graphs is something like this. Suppose we want to prove that all
graphs that satisfy hypothesis A have property B.

(a) Assume what is to be proven for all graphs on n vertices or less.

(b) Consider an arbitrary graph on n+ 1 vertices that satisfies hypothesis A.

(c) Remove some vertices to obtain a smaller graph that still satisfies hypothesis A.

(d) Cite the induction hypothesis to conclude that the smaller graph has property B.

(e) Reconstruct the original larger graph and argue that property B is maintained.

Also, saying “clearly” does not make your proof any more right that it originally was.

Counting Colors 1, 2, 3, ...

Let G = (V,E) be an undirected graph. Let k ∈ N+. A k-coloring of V is just a map χ : V → C where
C is a set of cardinality k. (Usually the elements of C are called colors. If k = 3 then {red, green, blue}
is a popular choice. If k is large, we often just call the colors 1, 2, . . . , k.) A k-coloring is said to be
legal for G if every edge in E is bichromatic, meaning that its two endpoints have different colors. (I.e.,
for all {u, v} ∈ E it is required that χ(u) 6= χ(v).) Finally, we say that G is k-colorable if it has a legal
k-coloring.

(a) Suppose G has no cycles of length greater than 251. Prove that G is 251-colorable. Hint: DFS.
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We present an algorithm to color G.
We may assume without loss of generality that G is connected; otherwise we can do this on each
of the connected components of G. Consider performing DFS on G starting at an arbitrary vertex.
The edges traversed by the DFS induces a spanning tree of G, because DFS visits every vertex
exactly once. Root this tree at the vertex we started with, and assign a color (from 0 to 250) to
each vertex equal to its depth in the tree mod 251.
Now we argue that this produces a legal 251-coloring. It follows by design that the edges of the
tree are bichromatic (adjacent vertices are on adjacent levels which are assigned different colors).
Now consider the remaining edges of G not present in the tree. We make two observations:

(a) We cannot have any edge between vertices of the same height. Indeed, between any two
adjacent vertices, one of them will be visited first in the DFS, and the other one will surely
be put on the next level.

(b) Edges cannot transcend more than 250 levels. If they did, that would create a cycle of length
greater than 251.

This allows us to conclude that all the remaining edges are bichromatic as well.

(b) Give an example to show that the above is tight, i.e., find a graph G with no cycles of length
greater than 251 that is not 250-colorable.

Consider the complete graph on 251 vertices. This is a graph with 251 vertices and every one
of the possible

(
251
2

)
edges. We denote this K251. It cannot have any cycle of length greater

than 251 since it has only 251 vertices. Furthermore, given any 250-coloring of K251, by the
pigeonhole principle, two vertices must be assigned the same color, and the edge between them
is not bichromatic, so it is not 250-colorable.

(Extra) Long Walks

Suppose a graph G has minimum degree δ (so the vertex of lowest degree has degree δ). Show that G
contains a path of length (at least) δ.

Suppose this were not true for some G. Let P be a maximal path (a path of longest length) with an
endpoint v. Since P has at most δ− 1 edges, it has at most δ vertices, with one of them being v. Also
note that v has at least δ neighbors (since the minimum degree is δ). In particular, this means that
at least one neighbor u of v does not lie on P . So we may extend P by attaching the edge {u, v},
contradicting maximality of P . (I.e., we found a longer path than P in G, but we assumed P was of
longest length, so that gives us the desired contradiction.)

(Bonus) Graphitti

How many colors do you need to color the vertices of this graph?
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This is the Grötzsch graph, and 4 colors are necessary and sufficient to color it. This is interesting
because it’s a triangle-free graph that is not 3 colorable (’every triangle-free graph is 3-colorable’ sounds
true, but it’s not).
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